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Abstract

We theoretically report an instability toward a skyrmion crystal in centrosym-
metric magnets under hexagonal and trigonal single-ion anisotropy. The re-
sults are obtained for a minimal spin model with a crystal-dependent single-
ion anisotropy on a triangular lattice by performing simulated annealing. By
constructing magnetic phase diagrams in the presence of six different types
of single-ion anisotropy while changing the amplitudes of external magnetic
field and single-ion anisotropy in a systematic way, we find that the hexagonal
and trigonal single-ion anisotropy becomes a source of the skyrmion crystal de-
pending on the magnetic-field direction. We show that the skyrmion crystal is
stabilized by the uniaxial-type or trigonal-type single-ion anisotropy under the
out-of-plane magnetic field, while it is stabilized by the hexagonal-type inplane
single-ion anisotropy under the inplane magnetic field. We also find various
multiple-Q spin states depending on the types of the single-ion anisotropy.

Keywords: skyrmion crystal, multiple-Q magnetic state, single-ion anisotropy,
crystallographic point group, triangular lattice

1. Introduction

A magnetic skyrmion, which is characterized by a topologically nontrivial
swirling spin texture, has been the subject of considerable interest in both the-
ory and experiment in condensed matter physics [1, 2, 3, 4, 5, 6]. A periodic
array of the magnetic skyrmions, referred to as the skyrmion crystal (SkX), was
originally found in cubic chiral magnets without spatial inversion symmetry,
such as MnSi [7, 8, 9], Fe1−xCoxSi [10, 11], FeGe [12, 13], and Cu2OSeO3 [14,
15, 16], and subsequently, it was also found in other noncentrosymmetric polar
magnets with square and trigonal symmetry [17, 18, 19, 20, 21, 22] and sur-
face [23, 24]. More recently, the SkX was observed in centrosymmetric magnets,
such as Gd2PdSi3 [25, 26, 27, 28, 29, 30], Gd3Ru4Al12 [31, 32, 33, 34], and
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GdRu2Si2 [35, 36, 37]. These findings of the SkXs in a wide range of materi-
als with distinct lattice and electronic structures indicate various stabilization
mechanisms.

In noncentrosymmetric skyrmion-hosting magnets, it was well recognized
that the Dzyaloshinskii-Moriya (DM) interaction [38, 39], which arises from the
relativistic spin-orbit coupling without spatial inversion symmetry, plays an es-
sential role to stabilize the SkX under an external magnetic field [3, 40, 41,
42, 43], although the axial anisotropy affects the stability range of the SkX
phase [44, 45, 46]. In addition, the interplay between the DM and higher-spin
interactions gives rise to not only the SkX with the small magnetic period in the
Fe/Ir interface [23] and EuPtSi [47, 48, 49, 50, 51] but also other topological spin
crystals, such as a hedgehog lattice in MnSi1−xGex [52, 53, 54, 55, 56, 57, 58, 59]
and a meron-antimeron crystal [60, 61]. In this way, rich topological mag-
netic textures in noncentrosymmetric magnets are brought about by the synergy
among several types of interactions: the ferromagnetic exchange interaction, the
DM interaction, the axial anisotropy, and the multiple-spin interaction, where
the former two interactions lead to the spiral modulation of spins, while the last
multi-spin interaction tends to superpose a spiral state resulting in an exotic
multiple-Q state with the small magnetic period. Furthermore, recent theoret-
ical studies have shown that the SkX can also appear in the centrosymmetric
systems with the local-type DM interaction [62, 63].

Meanwhile, the DM interaction is not necessarily for the emergence of the
multiple-Q states including the SkX [64, 6]. The pioneering work by Okubo,
Chung, and Kawamura has clarified that the SkX appears at finite tempera-
tures in the triangular-lattice Heisenberg model with the competing ferromag-
netic and antiferromagnetic exchange interactions but without the DM interac-
tion [65]. Then, the ground-state SkX has been clarified by additionally taking
into account the uniaxial single-ion anisotropy [66, 67, 68, 69, 70], two-ion mag-
netic anisotropy [71, 72, 73], dipolar interaction [74, 75] and nonmagnetic impu-
rity [76]. Furthermore, another mechanism to stabilize the SkX has been estab-
lished based on the spin-charge coupling in itinerant magnets [77, 78, 6, 79, 80].
Although the long-range nature of the interaction like the Ruderman-Kittel-
Kasuya-Yosida (RKKY) interaction [81, 82, 83] in itinerant magnets is different
from the short-range one in frustrated insulating magnets, an effective multi-spin
interaction arising from the Fermi surface instability gives rise to the ground-
state SkX even without the DM interaction [78]. Similar to the frustrated mag-
nets, it was shown that the effect of single-ion anisotropy [84, 85, 86, 87], two-ion
anisotropy [88, 89, 90, 91, 92, 93], circularly polarized microwave field [94], and
thermal fluctuations [95, 96] enhance the stability of the SkX. It was also shown
that the introduction of the DM or antisymmetric spin-orbit interaction in itin-
erant magnets leads to the SkX formation [43, 97, 98, 99, 100].

The above theoretical investigations have revealed that the SkXs are sta-
bilized under various interactions and magnetic anisotropy in both insulating
and metallic systems. In the present study, to further explore the SkX-hosting
physical systems based on the microscopic model, we consider the effect of the
crystal-dependent single-ion anisotropy in the hexagonal and trigonal systems

2



Table 1: The relation between the single-ion anisotropy (SIA) −AlmO
(lm)
i in Eq. (3) and

the spherical harmonics Ylm and Y ∗
lm under the hexagonal and trigonal point groups; fc3φi =

Sxi [(Sxi )2 − 3(Syi )2] and fs3φi = Syi [3(Sxi )2 − (Syi )2]. Note that D6h and D3d have nonzero
A66 instead of A66′ , while C3i and C6h have both Alm and Alm′ . The appearance of the
SkX in an external field in each single-ion anisotropy is also shown, where the results in (43),
(63), and (66) are the same as those in (43)’, (63)’, and (66)’ by replacing the spin component
appropriately. It is noted that the SkX can be stabilized in an inplane field in the case of (66)’
[or (66)].

SIA (−AlmO(lm)
i ) Ylm, Y

∗
lm point group SkX in a z field

−A20(Szi )2 (20) D6h, C6h, D3d, C3i A20 > 0
−A40(Szi )4 (40) D6h, C6h, D3d, C3i A40 > 0
−A60(Szi )6 (60) D6h, C6h, D3d, C3i A60 > 0

−A43′S
z
i f

s3φ
i (43)′ D3d, C3i |A43′ | > 0

−A63′(S
z
i )3fs3φi (63)′ D3d, C3i |A63′ | > 0

−A66′f
c3φ
i fs3φi (66)′ D6h, C6h, D3d, C3i No

systematically. By analyzing a simplified spin model including the exchange
interaction, single-ion anisotropy, and magnetic field, and performing simulated
annealing, we show that any type of single-ion anisotropy can be a source of
the SkX. In addition to the uniaxial anisotropy, the trigonal anisotropy tends to
stabilize the SkX in an out-of-plane magnetic field. Moreover, we find that the
interplay between the hexagonal inplane single-ion anisotropy and the inplane
magnetic field also induces the SkX. Besides, we find a variety of multiple-Q
states distinct from the SkX, which have not been reported so far. Our results
indicate that the single-ion anisotropy is another key ingredient to induce the
multiple-Q states including the SkX in centrosymmetric magnets.

The rest of the paper is organized as follows. In Sec. 2, we introduce a
spin model with the hexagonal and trigonal single-ion anisotropy and outline
the simulated annealing. We discuss the instability toward the SkX in Sec. 3.
We systematically show the magnetic phase diagrams under the uniaxial-type
single-ion anisotropy, trigonal-type single-ion anisotropy, and hexagonal inplane
single-ion anisotropy. A summary of results is given in Sec. 4.

2. Model and method

Let us start from a Heisenberg model with a classical spin on a two-dimensional
triangular lattice. Hereafter, we take the lattice constant of the triangular lattice
as unity. The Hamiltonian is given by

H = Hex +Hloc, (1)

Hex =
∑
〈ij〉

JijSi · Sj , (2)

Hloc = −
∑
i

∑
lm

AlmO(lm)
i −H

∑
i

Szi , (3)
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where Si is the classical localized spin with |Si| = 1. The total Hamiltonian H
consists of the exchange Hamiltonian Hex and the local Hamiltonian Hloc. The
exchange HamiltonianHex includes the interactions between further neighboring
spins, e.g., Jij = J1 (J2) represents the (next-)nearest-neighbor interaction. The
local Hamiltonian Hloc in Eq. (3) includes the single-ion magnetic anisotropy
in the first term and the Zeeman coupling in an external magnetic field in the
second term. We here incorporate the effect of the single-ion anisotropy arising

from the hexagonal and trigonal crystal symmetry; O(lm)
i is represented by the

spin product, which is anisotropic in spin space and Alm is the coefficient of

O(lm)
i . The anisotropy of O(lm)

i in spin space is characterized by the spherical
Harmonics Ylm with the integers l and m with −l ≤ m ≤ l. When considering
the centrosymmetric hexagonal and trigonal point groups, i.e., D6h, C6h, D3d,

and C3i, nonzero O(lm)
i up to l = 6 is given by

O(20)
i = (Szi )2, (4)

O(40)
i = (Szi )4, (5)

O(60)
i = (Szi )6, (6)

O(43)
i = Szi S

x
i [(Sxi )2 − 3(Syi )2], (7)

O(43′)
i = Szi S

y
i [3(Sxi )2 − (Syi )2], (8)

O(63)
i = (Szi )3Sxi [(Sxi )2 − 3(Syi )2], (9)

O(63′)
i = (Szi )3Syi [3(Sxi )2 − (Syi )2], (10)

O(66)
i = [(Sxi )6 − 15(Sxi )2(Syi )2{(Sxi )2 − (Syi )2} − (Syi )6], (11)

O(66′)
i = Sxi S

y
i [(Sxi )2 − 3(Syi )2][3(Sxi )2 − (Syi )2], (12)

where (lm) and (lm′) correspond to (−1)m(Ylm + Y ∗lm)/
√

2 and (−1)m(Ylm −
Y ∗lm)/

√
2i, respectively [101, 102, 103]. From the symmetry viewpoint, the

nonzero single-ion anisotropy for D6h, C6h, D3d, and C3i is given by (O(20)
i ,

O(40)
i , O(60)

i , O(66)
i ), (O(20)

i , O(40)
i , O(60)

i , O(66)
i , O(66′)

i ), (O(20)
i , O(40)

i , O(43′)
i ,

O(60)
i , O(63′)

i , O(66)
i ), and (O(20)

i , O(40)
i , O(43)

i , O(43′)
i , O(60)

i , O(63)
i , O(63′)

i , O(66)
i ,

O(66′)
i ), respectively. The appearance of O(l3)

i and O(l3′)
i in the trigonal point

group is owing to the lacking of the sixfold rotational symmetry. We summarize
the correspondence among the single-ion anisotropy, spherical harmonics, and
point groups in Table 1.

In the following, we investigate the effect of O(lm)
i on the stabilization of

the SkX in the ground state on the triangular lattice. In order to find the low-
energy state and the instability toward the SkX under the single-ion anisotropy
in Eqs. (4)-(12) in a systematic and efficient manner, we introduce a simplified
spin model derived from H as follows:

H̃ = −
∑
ν

JQν
SQν

· S−Qν
+Hloc, (13)
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where Hex is replaced with the first term in Eq. (13); SQν is the Fourier trans-
form of Si with the wave vector Qν . The first term in Eq. (13) stands for the
simplified exchange interaction by extracting the dominant q contribution in
the Fourier transform of Hex. In other words, we only consider the interactions
in the Qν channel and ignore the contributions from the other wave vectors.
This treatment is justified when considering the low-temperature (ground) state,
since the magnetic ordered states are characterized by the single-Q or multiple-Q
spin density waves consisting of the wave vector Qν that gives the lowest energy
of the spin Hamiltonian in Eq. (1) [66, 70]. As for Qν , we consider the contribu-
tions from six Qν to satisfy the threefold rotational symmetry of the triangular
lattice: Q1 = (Q, 0), Q2 = (−Q/2,

√
3Q/2), and Q3 = (−Q/2,−

√
3Q/2) with

JQν
= J̃ and Q = 2π/9. Such a situation can be realized by considering the

ferromagnetic nearest-neighbor exchange interaction J1 < 0 and antiferromag-
netic third-nearest-neighbor interaction J3 > 0 while keeping J3/|J1| > 1/4
(J3/|J1| ' 0.3025 for Q = 2π/9). We here neglect the contributions from the
higher harmonics like Q1 + Q2 and 2Q1 and q = 0 components in the inter-
actions for simplicity, although the former contribution sometimes play a role
in the SkX formation [92]. We take J̃ = 1 as the energy unit of the model in
Eq. (13).

We perform the simulated annealing for the spin model in Eq. (13) to ex-
amine the low-temperature spin states including the SkX following the manner
in Ref. [70]. The simulated annealing is carried out from high temperatures
T = 0.1-1.0 down to low temperatures T = 0.01 with a rate α = 0.99999-
0.999999; the nth-step temperature Tn is given by Tn+1 = αTn. In each tem-
perature, the simulations are performed for the system size with total spins
N = 362 under the periodic boundary condition by using the standard Metropo-
lis local updates. The 105-106 Monte Carlo sweeps are taken for measurements.
Although the simulations are performed by starting from a random spin con-
figuration from high temperatures, we also start the simulations from the spin
configurations obtained at low temperatures near the phase boundary where
several magnetic states have almost the same energy.

To identify magnetic phases, we calculate the inplane and out-of-plane spin
structure factors as

Sxys (q) =
1

N

∑
i,j

(Sxi S
x
j + Syi S

y
j )eiq·(ri−rj), (14)

Szs (q) =
1

N

∑
i,j

Szi S
z
j e
iq·(ri−rj), (15)

and the net magnetization along the field direction asMz = (1/N)
∑
i S

z
i . Then,

the magnetic moments with wave vector Qν are given by mxy
Qη

=
√
Sxys (Qη)/N

and mz
Qη

=
√
Szs (Qη)/N . We also compute the scalar chirality

χ0 =
1

N

∑
µ

∑
R∈µ

Si · (Sj × Sk), (16)
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where R stand for the position vectors at the centers of triangles consisting
of three sites i, j, and k in the counterclockwise order, and µ = (u, d) stand
for upward and downward triangles, respectively. The nonzero χ0 implies the
emergence of the SkX with the quantized skyrmion number of ±1.

3. Results

We examine the effect of single-ion magnetic anisotropy in Eqs. (4)-(12)
that appears in centrosymmetric hexagonal and trigonal point groups on the
SkX by performing the simulated annealing. In the following, we discuss the
effect of single-ion anisotropy one by one by categorizing into the three types:
uniaxial-type anisotropy in Sec. 3.1, trigonal-type anisotropy in Sec. 3.2, and
hexagonal-type inplane anisotropy in Sec. 3.3.

3.1. Uniaxial anisotropy

We discuss the results in the presence of uniaxial-type single-ion anisotropy,
namely, A20, A40, and A60, which has been studied in various magnetic sys-
tems [104, 105, 106]. Although some of the results for A20 have already been
reported in the literatures [66, 67, 68, 91], we discuss the effect of A20 again
to make the present paper self-contained and to compare the results with A40

and A60. Figure 1(a) shows the low-temperature phase diagram while changing
A20 and H. The positive (negative) A20 represents the easy-axis (easy-plane)
single-ion anisotropy. The phase diagram becomes asymmetric in terms of A20;
the multiple-Q and SkX phases in addition to the single-Q vertical spiral phase
appear for A20 > 0, while only the single-Q conical spiral state appears for
A20 < 0. The obtained phase diagram is consistent with those of previous
studies in Refs. [66, 67, 68, 91].

We show the H dependence of spin- and chirality-related quantities in the
case of A20 = 0.2 in Fig. 2(a), where there are four magnetic phases in ad-
dition to the fully-polarized state. Here and hereafter, we show the results in
each ordered state by appropriately sorting mxy

Qη
and mz

Qη
for better readabil-

ity. At zero field, the single-Q vertical spiral state appears, where the relation
mz

Q1
> mxy

Q1
is owing to the presence of the easy-axis single-ion anisotropy.

While increasing H, the uniform magnetization Mz linearly increases and mz
Q1

gradually decreases, as shown in Fig. 2(a). The real-space spin configuration
obtained by the simulated annealing is shown in Fig. 3(a). Around H ' 0.4, the
Q2 and Q3 components of magnetic moments, mxy

Q2
and mxy

Q3
, become nonzero,

which indicate the appearance of a triple-Q state. We call this state a triple-Q
I state, whose spin configuration is shown in Fig. 3(b). Compared to the spin
configurations in Figs. 3(a) and 3(b), one finds that the vortex-like spin configu-
ration appears in the region for Szi < 0 in the triple-Q I state, which reflects the
triple-Q nature of the inplane spin component. Accordingly, the triple-Q I state
exhibits the scalar chirality density waves along with the Q2 and Q3 directions,
which results in the checkerboard-type modulations of the scalar chirality.

While further increasing H, the triple-Q I state turns into the SkX, where
there is a jump of Mz, as shown in Fig. 2(a). The SkX is stabilized for 0.45 .

6



1Q VS

FP

3Q I

3Q II

SkX
1Q CS

 0.0

 0.5

 1.0

 1.5

 2.0

 2.5

 3.0

-0.4 -0.2  0.0  0.2  0.4

1Q VS

1Q collinear

3Q bubble I

FP

1Q CS

3Q II

3Q I

 0.0

 0.5

 1.0

 1.5

 2.0

 2.5

 3.0

-0.4 -0.2  0.0  0.2  0.4

SkX

(a)

(b)

1Q VS

1Q collinear

3Q bubble I

FP

1Q CS

3Q II

3Q I

 0.0

 0.5

 1.0

 1.5

 2.0

 2.5

 3.0

-0.4 -0.2  0.0  0.2  0.4

SkX

(c)

Figure 1: Magnetic phase diagram under the uniaxial single-ion anisotropy; (a) A20, (b)
A40, and (c) A60. The positive A20, A40, and A60 stand for the easy-axis anisotropy, while
the negative ones stand for the easy-plane anisotropy. The magnetic field H is applied along
the z direction. “SkX”, “VS”, “CS”, and “FP” represent the skyrmion crystal, vertical spiral,
conical spiral, and the fully-polarized states, respectively.
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Figure 2: H dependence of (left panel) Mz and (χ0)2 and (right panel) (mxyQη )2 and (mzQη )2

for (a) A20 = 0.2, (b) A40 = 0.2, and (c) A60 = 0.2. The magnetic field H is applied along
the z direction. The region drawn by red represents the SkX phase.

H . 1.2. The SkX is characterized by a superposition of three spiral states along
the Q1, Q2, and Q3 directions with equal intensity, i.e., mxy

Q1
= mxy

Q2
= mxy

Q3

and mz
Q1

= mz
Q2

= mz
Q3

. The real-space spin configuration shown in Fig. 3(c)
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-1

(a) 1Q VS (b) 3Q I

(c) SkX (d) 3Q II

(e) 1Q CS (f) 3Q bubble I

Figure 3: Real-space spin configurations of (a) the single-Q vertical spiral (1Q VS) state at
A20 = 0.2 and H = 0.2, (b) the triple-Q (3Q) I state at A20 = 0.2 and H = 0.4, (c) the SkX
at A20 = 0.2 and H = 0.8, (d) the 3Q II state at A20 = 0.2 and H = 1.3, (e) the 1Q conical
spiral (CS) state at A20 = −0.2 and H = 0.9, and (f) the 3Q bubble I state at A40 = 0.4 and
H = 0.8. The contour shows the z component of the spin moment, and the arrows represent
the xy components.

consists of a periodic array of the skyrmion cores, which are identified as the
position with Szi = −1, in a triangular-lattice way. The skyrmion core tends
to be located at the center of the triangle for small A and large H, while that
is located at the site for large A and small H [107]. The SkX has a net scalar
chirality χ0, as shown in the left panel of Fig. 2(a), which results in a quantized
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skyrmion number. In the case of Fig. 3(c), the SkX has the skyrmion number
of 1, which corresponds to the anti-type SkX. Owing to the spin rotational
symmetry in the model in Eq. (13), the SkXs with the skyrmion number of ±1,
i.e., the SkX with the negative skyrmion number and the anti-type SkX with the
positive one, are degenerate. The degeneracy between the SkX and the anti-SkX
is lifted by considering other anisotropic interactions, e.g., the bond-dependent
anisotropic exchange interaction [91].

The increase of H in the SkX phase leads to the transition to the other triple-
Q state denoted as triple-Q II state at H ' 1.25 with jumps of Mz and χ0. The
triple-Q II state is characterized by mxy

Q1
= mxy

Q2
and mz

Q3
without the net scalar

chirality. The spin configuration is shown in Fig. 3(d). Similar to the triple-Q
I state, this state shows the chirality density waves along with the Q3 direction
like the chiral stripe state found in the itinerant electron model [108, 109]. The
triple-Q II state turns into the fully-polarized state with the moments along the
z direction at H ' 1.6. Meanwhile, in the case of A20 < 0, only the single-Q
conical spiral state with mxy

Q1
but without mz

Q1
, whose spin configuration is

shown in Fig. 3(e), is stabilized except for the fully-polarized state, as shown in
Fig. 1(a).

Figure 1(b) shows the phase diagram under A40. In addition to the six
magnetic phases in Fig. 1(a), two phases additionally appear in the large A40

region: a single-Q collinear state at low fields and a triple-Q bubble I state
at intermediate fields. The single-Q collinear state corresponds to the single-
Q vertical spiral state without mxy

Q1
; the moments are along the z direction.

Similar to the correspondence between the single-Q vertical spiral and collinear
states, the triple-Q bubble I state corresponds to the SkX without the xy spin
component [68]. Indeed, the real-space spin configuration of the triple-Q bubble
I state is similar to that of the SkX, as shown in Figs. 3(c) and 3(f). In contrast
to the SkX, the amplitude of mz

Qη
is slightly different from each other depending

on the magnetic field, which might be owing to a fine balance among the energy
gain by the exchange energy, single-ion anisotropy, and magnetic field. A similar
triple-Q bubble I state has been discussed in the other systems with the dipolar
interaction [75] and spin-charge coupling [87]. The tendency where the multiple-
Q bubble crystal is stabilized under the uniaxial anisotropy is common to the
tetragonal-lattice case [110, 111].

We show the phase diagram under A60 in Fig. 1(c). The results clearly
represent that the overall phase diagram is common to the case under A40 in
Fig. 1(b), although there is a small quantitative difference of spin- and chirality-
related quantities between them shown in Figs. 2(b) and 2(c). Thus, the uniaxial
anisotropy gives a similar tendency of the SkX instability when considering its
small contribution.

3.2. Trigonal anisotropy

Next, we consider the effect of the trigonal single-ion anisotropy on the SkX.
As discussed in Sec. 2, there are four types of the trigonal single-ion anisotropy,
A43, A43′ , A63, and A63′ . We here present the results of A43′ and A63′ , since
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Figure 4: Magnetic phase diagram under the trigonal single-ion anisotropy; (a) A43′ and (b)
A63′ . The magnetic field H is applied along the z direction. “SkX”, “VS”, “CS”, and “FP”
represent the skyrmion crystal, vertical spiral, conical spiral, and the fully-polarized states,
respectively.

the results of A43 and A63 are obtained by exchanging x and y spin components
only when considering the single component of Alm.

Figure 4(a) shows the phase diagram in the plane of A43′ and H obtained
by the simulated annealing. The same magnetic phase diagram is obtained for
A43′ < 0. Similar to the results under the uniaxial anisotropy in Sec. 3.1, the
SkX is stabilized for nonzero A43′ . On the other hand, the instability tendency
toward the other single-Q and multiple-Q states is different from that under
the uniaxial anisotropy. For example, the triple-Q III, triple-Q IV, and triple-Q
vortex states appear instead of triple-Q I and triple-Q II states. Moreover, one
finds that the single-Q conical spiral state that appears only for the easy-plane
uniaxial anisotropy in Fig. 1 is stabilized under A43′ in the vicinity of the SkX.

We show the phase sequence against H at A43′ = 0.3 in Fig. 5(a). There
are six magnetic phases except for the fully-polarized state, which are distin-
guished by the first-order phase transition with jumps of Mz, χ0, and mQν
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Figure 5: H dependence of (left panel) Mz and (χ0)2 and (right panel) (mxyQη )2 and (mzQη )2

for (a) A43′ = 0.3 and (b) A63′ = 0.3. The magnetic field H is applied along the z direction.
The region drawn by red represents the SkX phase.

The behaviors of Mz and mQν in the single-Q vertical spiral state are similar
to those for A20 in Fig. 2(a). The spin configuration of the single-Q vertical
spiral state is shown in Fig. 6(a). The single-Q vertical spiral state changes into
the triple-Q III state with a different triple-Q superposition from the triple-Q
I state in Fig. 2(a). The triple-Q III state exhibits the triple-Q modulations in
both xy and z spin components, as shown in Fig. 5(a); mxy

Q1
> mxy

Q2
= mxy

Q3

and mz
Q1
' mz

Q2
= mz

Q3
. As mxy

Q1
is dominant and the magnitudes of mz

Qη

are almost equivalent, the real-space spin configuration of the triple-Q III state
is characterized by a superposition of the conical spiral [Fig. 6(d)] and the 3Q
bubble I state [Fig. 3(f)], as shown in Fig. 6(b).

The triple-Q III state is replaced by the SkX with the increase of H, as
shown in Fig. 4. This indicates that the trigonal-type single-ion anisotropy also
leads to the SkX that has not been reported so far. Although the real-space
spin configuration of the SkX in Fig. 6(c) seems to be similar to that by the
uniaxial anisotropy in Fig. 3(c), the spin configuration around the skyrmion
core is modulated so as to gain the energy by the single-ion anisotropy A43′ .
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Figure 6: Real-space spin configurations of (a) the single-Q vertical spiral (1Q VS) state at
A43′ = 0.3 and H = 0.3, (b) the triple-Q (3Q) III state at A43′ = 0.3 and H = 0.7, (c) the
SkX at A43′ = 0.3 and H = 0.8, (d) the 1Q conical spiral (CS) state at A43′ = 0.3 and H = 1,
(e) the 3Q IV state at A43′ = 0.3 and H = 1.3, and (f) the 3Q vortex state at A43′ = 0.3 and
H = 1.5.

To demonstrate that, we show the contour plot of O(43′)
i in the SkXs under

A43′ in Fig. 7(a) and A20 in Fig. 7(b). Clearly, there is almost no energy gain
by A43′ in the SkX in the hexagonal system [Fig. 7(b)], while the SkX in the
trigonal system gains the energy by A43′ [Fig. 7(a)]. Similar to the case under
the uniaxial-type single-ion anisotropy, the SkXs with the skyrmion number of
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Figure 7: Contour of O(43′)
i in the SkXs corresponding to (a) Fig. 6(c) and (b) Fig. 3(c).

±1 (SkX and anti-type SkX), are degenerate in the presence of the trigonal-type
single-ion anisotropy.

The high-field phase of the SkX is the single-Q conical state, which is differ-
ent from the result in Sec. 3.1. The spin configuration of the single-Q conical
state is shown in Fig. 6(d). While further increasing H, the triple-Q IV state
appears. This state exhibits the dominant inplane modulations along with the
Q1 direction and the subdominant inplane modulations along with the Q2 and
Q3 directions, as shown in the right panel of Fig. 5(a). This state also shows
a small out-of-plane spin modulation along with the Q1 direction. Such a fea-
ture is found in the real-space spin configuration in Fig. 6(e), where there is a
small modulation in the z-spin component. As shown in the phase diagram in
Fig. 4(a), the single-Q conical state is also replaced by the triple-Q IV state
by increasing A43′ . At A43′ = 0.5, the single-Q conical state vanishes, and the
direct phase transition between the SkX and the triple-Q IV state appears.

The triple-Q IV state further changes into the triple-Q vortex state with the
triple-Q inplane spiral along with the Q1, Q2, and Q3 directions with equal
intensity, as shown in the right panel of Fig. 5(a). This spin texture is regarded
as a periodic alignment of the vortex with the winding number of 2, as found in
the real-space spin configuration in Fig. 6(f). Although this spin state in a high-
field region is similar to the vortex crystal found in frustrated magnets [112, 76],
the winding number around each vortex is doubled as that in the previous
studies. The difference is owing to the presence of the single-ion anisotropy
A43′ , which favors the threefold-symmetric vortex with the winding number
of two rather than the sixfold-symmetric vortex with the winding number of
one [113]. It is noted that the total winding number in a magnetic unit cell
becomes zero, as there are vortices with the winding number of −1 and their
number is double that of the winding number of 2.

Figure 4(b) shows the phase diagram under A63′ . The overall phase diagram
is similar to that in Fig. 4(a). The behaviors of Mz and χ0 are also similar to
those under A43′ , as compared to the left panels of Figs. 5(a) and 5(b). Thus,
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Figure 8: Magnetic phase diagram under the hexagonal inplane single-ion anisotropy A66′ .
The magnetic field H is applied along the z direction. “VS”, “CS”, and “FP” represent the
vertical spiral, conical spiral, and the fully-polarized states, respectively.

the trigonal single-ion anisotropy, A43′ and A63′ , tends to favor the SkX as the
uniaxial one. The difference between A43′ and A63′ is found in the appearance
of the triple-Q state with a weak triple-Q modulation [denoted as weak 3Q
in Fig. 4(b)] in the intermediate field region. As shown in the right panel of
Fig. 5(b), the intensities of mQ2

and mQ3
are much smaller than that of mQ1

.
Reflecting the small modulation, the real-space spin texture is similar to that
in the single-Q conical state (not shown).

3.3. Hexagonal inplane anisotropy

Finally, we consider the effect of the single-ion anisotropy, O(66)
i and O(66′)

i ,
which is classified into the hexagonal inplane anisotropy. As the difference

between O(66)
i and O(66′)

i leads to the different spin orientation and does not
give a qualitatively different phase, we only examine the effect of A66′ on the
magnetic phase diagram. Similar to A43′ , this single-ion anisotropy also shows
the symmetric phase diagram in terms of positive and negative A66′ , and hence,
we focus on A66′ > 0.

Figure 8 shows the phase diagram when introducing A66′ . In contrast to
the results in Secs. 3.1 and 3.2, the SkX does not appear in the phase diagram.
This is intuitively understood from the fact that the SkX in centrosymmetric
magnets tends to be stabilized by the easy-axis anisotropy rather than the easy-
plane anisotropy, as exemplified in the phase diagram with A20 < 0, A40 < 0,
and A60 < 0 in Fig. 1. On the other hand, the hexagonal inplane anisotropy
gives rise to a variety of multiple-Q states shown in Fig. 8. This is distinct
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Figure 9: H dependence of (left panel) Mz and (χ0)2 and (right panel) (mxyQη )2 and (mzQη )2

for A66′ = 0.1. The magnetic field H is applied along the z direction.

from the case under the uniaxial easy-plane anisotropy, where only the single-Q
conical spiral state is stabilized.

We show the H dependence of Mz, χ0, and mQη at A66′ = 0.1 in Fig. 9.
There are five magnetic states in addition to the fully-polarized state. The
single-Q vertical spiral state can be stabilized in a low-field region, since the in-
plane anisotropy by A66′ exhibits an angle dependence in the xy plane to satisfy
the sixfold rotational symmetry; the spin polarization along the e1 = (1, 1, 0)
[e2 = (cos(π/12), sin(π/12), 0)] and their sixfold-rotational directions lose (gain)
the energy. Indeed, the inplane spin moments in the single-Q spiral state point
along with the direction from e2 rotated by π/3, as shown in Fig. 10(a). The
single-Q vertical spiral state vanishes for large A66′ or large H, and it is re-
placed by the single-Q conical spiral state, whose spin configuration is shown in
Fig. 10(b).

While gradually increasing H, the optimized spin state changes from the
single-Q conical spiral state to the triple-Q V, the triple-Q II, and the triple-Q
VI states. As shown in Figs. 10(c), 10(d), and 10(e), these three states are
characterized by the inplane spin modulations; the triple-Q V state is mainly
characterized by the single-Q inplane modulation, while the other triple-Q II
and VI states are mainly characterized by the double-Q inplane modulations.
The detail of mQη is shown in the right panel of Fig. 9. For large A66′ , the
triple-Q bubble II state appears in the narrow region between the triple-Q II
and triple-Q IV states, as shown in Fig. 8. The real-space spin configuration
shown in Fig. 10(f) is similar to the bubble crystal in Fig. 3(f), although the
spin-polarized direction is different from each other.

Although the SkX under the hexagonal inplane single-ion anisotropy is not
stabilized in the magnetic field along the z direction, it can appear in the inplane
field [70, 91]. We here apply the magnetic field along the y direction instead of
that along the z direction in the form of −Hy

∑
i S

y
i with Hy = 0.8. Then, one
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Figure 10: Real-space spin configurations of (a) the single-Q vertical spiral (1Q VS) state
at A66′ = 0.1 and H = 0.15, (b) the 1Q conical spiral (CS) state state at A66′ = 0.1 and
H = 0.4, (c) the triple-Q (3Q) V at A66′ = 0.1 and H = 0.95, (d) the 3Q II state at A66′ = 0.1
and H = 1.3, (e) the 3Q VI state at A66′ = 0.1 and H = 1.85, and (f) the 3Q bubble II state
at A66′ = 0.5 and H = 1.85.

finds the SkX for nonzero A66′ , where the spin configuration obtained by the
simulated annealing is shown in Fig. 11. The spin configuration in Fig. 11(a)
indicates a periodic alignment of two types of antimeron with a half skyrmion
number +1/2: One is characterized by the vortex with Szi > 0 and the winding
number +1 and the other is the vortex with Szi < 0 and the winding number
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Figure 11: (a,b) Real-space spin configurations of the SkX at A66′ = 0.3 and Hy = 0.8. In
(a) [(b)], the contour shows Szi (Syi ).

−1. In other words, the total skyrmion number in the unit cell is +1. The
SkX spin texture is also understood from the contour of Syi , which corresponds
to the field-direction component, in Fig. 11(b); the skyrmion core forms the
triangular lattice as found in Fig. 3(c). Thus, there is a chance of inducing the
SkX by applying the inplane field to the hexagonal magnets with hexagonal-type
easy-plane anisotropy.

4. Summary

To summarize, we have investigated the instability toward the SkX in the
presence of various types of single-ion anisotropy under the centrosymmetric
hexagonal and trigonal point groups. By performing the simulated annealing
for the triangular-lattice spin model, we found that the SkX is stabilized in
the out-of-plane field under the uniaxial and trigonal anisotropy, while it is
stabilized in the inplane field under the hexagonal inplane anisotropy. We also
showed that the single-ion anisotropy gives rise to a plethora of multiple-Q states
depending on the types of anisotropy. Our results provide another way of sta-
bilizing the SkX in centrosymmetric magnets based on single-ion anisotropy. In
particular, there are three important key factors to stabilize the SkX: the com-
peting exchange interaction leading to the spiral spin modulation with a finite
ordering vector at zero fields, the hexagonal and trigonal crystal symmetry, and
the presence of the single-ion anisotropy. For the last condition, the materials
consisting of magnetic ions with large orbital angular momentum, such as an
f -orbital wave function, are appropriate candidates to exhibit the SkX.

In addition, the present results give a possibility of realizing further exotic
multiple-Q states other than the SkXs, such as the hedgehog lattices [52, 53,
54, 55, 56, 114, 57, 115, 58, 116, 59], meron-antimeron crystal [117, 60, 118,
26, 61, 119], vortex crystal [120, 112, 121, 122, 76, 123, 108, 124, 109], and
bubble state [125, 126, 127, 68, 110, 111]. Indeed, we found instabilities to-
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ward the vortex and bubble crystals in the presence of different types of single-
ion anisotropy, as shown in Figs. 6(f) and 10(f). As different spin and scalar
chirality configurations emerge depending on the resultant multiple-Q super-
position, it is expected to obtain intriguing electronic states [128, 129, 130],
excitation spectra [131, 132, 133, 134, 135, 59], and nonreciprocal nonlinear
transport [136, 137, 79] driven by the magnetic phase transition. The present
study provides a platform to study such phenomena based on the microscopic
model.

This research was supported by JSPS KAKENHI Grants Numbers JP19K03752,
JP19H01834, JP21H01037, and by JST PRESTO (JPMJPR20L8). Parts of the
numerical calculations were performed in the supercomputing systems in ISSP,
the University of Tokyo.
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[3] U. K. Rößler, A. N. Bogdanov, C. Pfleiderer, Spontaneous skyrmion
ground states in magnetic metals, Nature 442 (7104) (2006) 797–801.
doi:10.1038/nature05056.

[4] N. Nagaosa, Y. Tokura, Topological properties and dynamics of mag-
netic skyrmions, Nat. Nanotechnol. 8 (12) (2013) 899–911. doi:10.1038/
nnano.2013.243.

[5] Y. Tokura, N. Kanazawa, Magnetic skyrmion materials, Chem. Rev. 121
(2020) 2857, pMID: 33164494. doi:10.1021/acs.chemrev.0c00297.

[6] S. Hayami, Y. Motome, Topological spin crystals by itinerant frustra-
tion, J. Phys.: Condens. Matter 33 (44) (2021) 443001. doi:10.1088/

1361-648x/ac1a30.

[7] Y. Ishikawa, K. Tajima, D. Bloch, M. Roth, Helical spin structure in
manganese silicide mnsi, Solid State Commun. 19 (6) (1976) 525–528.

[8] S. Mühlbauer, B. Binz, F. Jonietz, C. Pfleiderer, A. Rosch, A. Neubauer,
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against oblique magnetic fields in Gav4s8 and Gav4se8, Phys. Rev. B 102
(2020) 104407. doi:10.1103/PhysRevB.102.104407.

[47] M. Kakihana, D. Aoki, A. Nakamura, F. Honda, M. Nakashima,
Y. Amako, S. Nakamura, T. Sakakibara, M. Hedo, T. Nakama, Y. Onuki,
Giant hall resistivity and magnetoresistance in cubic chiral antiferromag-
net euptsi, J. Phys. Soc. Jpn. 87 (2) (2018) 023701. doi:10.7566/JPSJ.

87.023701.

[48] K. Kaneko, M. D. Frontzek, M. Matsuda, A. Nakao, K. Munakata,
T. Ohhara, M. Kakihana, Y. Haga, M. Hedo, T. Nakama, Y. Onuki,
Unique helical magnetic order and field-induced phase in trillium lat-
tice antiferromagnet euptsi, J. Phys. Soc. Jpn. 88 (1) (2019) 013702.
doi:10.7566/JPSJ.88.013702.

[49] C. Tabata, T. Matsumura, H. Nakao, S. Michimura, M. Kakihana, T. In-
ami, K. Kaneko, M. Hedo, T. Nakama, Y. Ōnuki, Magnetic field induced
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