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Multi-component Bose—Einstein condensates'™ provide oppor-
tunities to explore experimentally the wealth of physics associated
with the spin degrees of freedom*”. The ground-state proper-
ties* " and line-like vortex excitations®'>" of these quantum
systems have been studied theoretically. In principle, nontrivial
spin textures consisting of point-like topological excitations, or
skyrmions'*", could exist in a multi-component Bose—Einstein
condensate, owing to the superfluid nature of the gas. Although
skyrmion excitations are already known in the context of nuclear
physics and the quantum-Hall effect, creating these excitations in
an atomic condensate would offer an opportunity to study their
physical behaviour in much greater detail, while also enabling an
ab initio comparison between theory and experiment. Here we
investigate theoretically the stability of skyrmions in a fictitious
spin-1/2 condensate of ¥Rb atoms. We find that skyrmions can
exist in such a gas only as a metastable state, but with a lifetime
comparable to (or even longer than) the typical lifetime of the
condensate itself.

An essential feature of a spinor Bose—FEinstein condensate is that
two or more hyperfine states of the atoms in the condensate have
almost the same energy. As a result, this spin degree of freedom
becomes a relevant dynamical variable, which gives rise to new
excitations that are not present in the usual single-component
Bose—Einstein condensates, where the spins are effectively frozen.
One of these excitations is the skyrmion, which is a topological
nontrivial spin texture. Roughly speaking, the skyrmion is a point-
like object that can be created out of the ground state, in which all
the spins are aligned, by reversing the average spin in a finite region
of space. Although topological considerations indeed allow for these
excitations, which we note are fundamentally different from the
topologically trivial coreless vortices discussed in ref. 8, we need to
know whether such a configuration is also energetically stable.
However, when solving the appropriate Gross—Pitaevskii equation®,
we find that, in equilibrium, the energy is always minimized by
collapsing the skyrmion to zero size. Fortunately, it turns out that
for sufficiently small sizes of the skyrmion a nonequilibrium
stability mechanism starts to work. A number of atoms in the
centre of the skyrmion, which we denote here as the core atoms, will
be trapped by an effective three-dimensional potential barrier, that
is, a repulsive shell with a finite radius that is induced by the
gradients in the spin texture of the skyrmion itself. As the skyrmion
shrinks in size, the barrier height of the repulsive shell increases and
the radius decreases. This leads to a squeezing of the core atoms and
thus to an increase in their energy, which ultimately stabilizes the
skyrmion. As mentioned, this is not an equilibrium state of the
condensate because the core atoms will tunnel over the barrier and
give the skyrmion a finite lifetime. We note that our calculations are
for a uniform condensate. However, our results are also valid for
trapped gases, as the size of the skyrmion always turns out to be of
the order of the correlation length of the condensate, which is
typically much smaller than the size of the condensate. Moreover, in
order to produce realistic estimates that can be compared with
future experiments, we discuss only the case of a spin-1/2 ¥Rb
condensate, because the spin-1 *’Na condensate that has also been
realized experimentally has an antiferromagnetic ground state.

We thus consider a uniform condensate of constant density n and
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constant spinor {, = (1,0), with all spins being oriented in the
positive z-direction. This represents the ground state of the gas. For
the skyrmion, however, both n and { are position-dependent. A
convenient way to take the position dependence of {(r) into account
is to express the spinor as {(r) = exp{ — 2Q(r)-S} ¢, where § are the
usual angular momentum operators for spin-1/2. The physical
meaning of this formula is that the average spin at a position r is
rotated by an angle 2Q(r) from its initial orientation with Q(r)/Q(r)
the axis of rotation. An explicit form of Q(r) now determines a
specific texture of the skyrmion. We consider only the most
symmetric shape of the skyrmion, because on general grounds
this is expected to have the lowest energy. We thus take
Q(r) = w(r)r/r. The boundary conditions at r = 0 and r — o that
the function w(r) should satisfy are the following. First, at r — o all
spins must be oriented as in the ground state, since otherwise it
requires an infinite amount of energy to create the skyrmion. This
implies lim, .w(r) = 0. Along the z-axis the spins are also not
rotated by our ansatz for @(r), so in order to have a nonsingular
texture of the spinor with a non-zero winding number, we must
require that w(0) = 2. Finally, to avoid a singular behaviour of Q(r)
itself, we take only functions w(r) with zero slope at the origin. In
summary, w(r) is therefore a monotonically decreasing function
that starts from 2 at the origin and reaches zero when r — . The
specific functional form of w(r) at intermediate distances between
zero and infinity is not crucial for the stability of the skyrmion. Only
the above boundary conditions are important for that.

From a quantum mechanical point of view, the condensate is
described by a macroscopic wavefunction, or order parameter,
Y(r) = \/n(r){(r). Furthermore, the grand-canonical energy
(energy —number of atoms times chemical potential) of the gas
can in the usual mean-field approximation be expressed as a
function of n(r) and {(r)®. In detail, we have:
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where m is the mass of the atoms, p is their chemical potential and
T = 4wah’/m is the appropriate coupling constant that represents
the strength of the interatomic interactions in terms of the positive
scattering length a. It is clear from the above expression that the
gradients in the spin texture lead to a contribution to the energy
density, which is proportional to |V{(r)|>. Using the above-men-
tioned form of {(r) and inserting the explicit forms of the spin-1/2
matrices, the square of the spinor gradient can be written explicitly
as:
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Figure 1 Decay rate I" and size \ (inset) of the skyrmion as a function of the number of
atoms trapped in the core. The two curves are calculated for the parameters of a &Rb
spinor condensate with a density of 10" cm™. The size is calculated in units of the
correlation length £, which for these parameters equals 0.85 pm.
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In principle, both n(r) and w(r) can now be calculated exactly by
minimizing the energy functional in equation (1) with respect to
arbitrary functions n(r) and w(r) that satisfy the boundary condi-
tions. However, the resulting nonlinear and coupled equations are
quite difficult to solve. Therefore, we use here a variational approach
and take for w(r) the simple ansatz w(r) = 4 cot ™ '[(r/ N)*], where
the variational parameter N physically corresponds to the size of the
skyrmion. This ansatz is chosen here because it automatically
incorporates the correct boundary conditions and leads to a mini-
mal skyrmion energy as compared to other ansatzes that we have
considered. Having specified w(r), we then calculate n(r) exactly by
solving numerically the differential equation for n(r) obtained by
varying E[n(r), {(r)] with respect to n(r). Substituting this density
profile back into the energy functional, the energy of the skyrmion
becomes a function of A only and the equilibrium properties can be
obtained by minimizing this energy with respect to A.

Inserting our ansatz for w(r) in equation (2), h*|V{(x)|*/2m takes
the shape of an off-centred potential barrier with a maximum of
24.3h°/2mN* located at 0.68\. We now distinguish between two
cases. The first case occurs when the height of the barrier is lower
than the chemical potential p of the atoms. In this case, atoms
can move freely across the barrier and equilibrium is quickly
achieved. In the second case, the barrier height is higher than the
chemical potential and thus atoms become trapped behind the
barrier near the centre of the skyrmion. Equating the barrier
height with p = T*"n gives therefore the maximum value of
Amax = 5& below which trapping takes place. Here & is the
correlation length given by £ = 1/4/8man, and # is the density at
r>> N\. For N <\, we calculate first the metastable size of the
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Figure 2 The average spin texture of the skyrmion. Shown are the components

(S,)r) = g‘*(r)SAz ¢(r) and (S)(r) in the three cartesian planes. A value of X = £, which
corresponds to 20 core atoms, was chosen to compute these quantities. The distances
are in units of the coherence length £. The (S, )(r) component can be obtained from the
{S,)(r) component, by using the cylindrical symmetry of the skyrmion. a, b, Itis clear that
our skyrmion is composed of two coaxial tori. The two pink rings represent the cores of
these two tori where (S,) reaches its maximum negative value of —1/2. ¢, d, Show the
cross-sections of the two tori.
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skyrmion by minimizing for a fixed number of core atoms the total
energy of the condensate. Next we calculate the tunnelling rate for
the core atoms to escape to the outer region (see Methods). The
results of these calculations are presented in Fig. 1, where we plot the
metastable size of the skyrmion as a function of the number of the
core atoms trapped by the texture barrier, together with the
corresponding tunnelling rate. As mentioned previously, we use
the parameters of ’Rb with a density of n = 10'> cm >, We see
from Fig. 1 that only a few atoms in the core of the skyrmion are
needed to stabilize it and to give it a sufficiently long lifetime. We
note that the tunnelling rate is considerably less than the decay rate
of the condensate, which is due to two-body collisions'® and equal
to Gn with a measured value of' G=2.2 X 10" cm™’s™". Also,
the lifetime becomes even larger for slightly smaller values of n.

Next, we address some of the interesting properties of the
skyrmion, which are its texture and its dynamics. The texture can
best be presented in terms of the three average spin components
(S.)(r) = ()8, ¢ (), {S)(x), and (S;X(r) in the three cartesian
planes. These are shown in Fig. 2. The most interesting dynamical
property of the skyrmion comes from the fact that if all spins of the
texture are rotated around the z axis by a constant angle 6, that is,
$(r) — exp(— i08,)¢(x), the resulting skyrmion will have the same
energy. As a result, the angle § undergoes phase diffusion. It also
leads to a Josephson-like coupling between two skyrmions, which
will have important consequences for the physics of the skyrmion
lattice'” that, as in an Abrikosov vortex lattice, will form at
sufficiently low temperatures. Another dynamical property is the
centre-of-mass motion of the skyrmion, which can be shown to be
identical to that of a massive particle. As a result the skyrmion will
be accelerated towards the edge of the condensate in a trapped
situation.

Although skyrmion—antiskyrmion pairs can be created by the
Kibble mechanism in a temperature quench or by sufficiently
shaking up the condensate, a more controlled way of creating a
skyrmion can be achieved by using a magnetic field configuration in
which the fictitious magnetic field is always pointing radially out-
ward and its magnitude increases monotonically from zero at the
origin to a maximum value for large distances from the origin.
Applying this field configuration for such a long time that the spins
at large distances have precessed exactly twice around the local
magnetic field, creates a single skyrmion. Of course, for a real
magnetic field the above configuration requires the use of magnetic
monopoles, but for a fictitious magnetic field it can be achieved by
appropriately tailoring the detuning, the polarization, and the
intensity of two pulsed Raman lasers. The required spatial depen-
dence of the detuning can be created experimentally by separating
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Figure 3 The potential barrier produced by the skyrmion texture. The value of N used is
again approximately & which corresponds to 20 core atoms. The lifetime of the skyrmion
is determined by the tunnelling of core atoms with a chemical potential pqr to the right of
the barrier. The square root of the shaded area is the integrand of equation (4). The dotted
curve represents the harmonic approximation to V/(r) for small r/\. The inset shows w(r)
for the same value of \.
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the centres of the magnetic traps for the two spin species along the z
axis’. Furthermore, the desired behaviour of the Rabi frequency can
be achieved by making, with the first Raman laser, two standing
waves in the x and y directions that are both polarized perpendicular
to the z axis. For the other Raman laser we only require that it
produces a travelling wave with a polarization that has a non-zero
projection on the z axis, because we want to realize a Am =0
transition in this case. In the above geometry the skyrmion is
created exactly in the plane where the detuning vanishes and in
the nodes of the first Raman laser. We note that as the distance
between these nodes is generally much bigger than the correlation
length, we create in this manner a large skyrmion that will start to
shrink but ultimately self-stabilizes at a smaller size. Once created,
the skyrmion can be easily observed by the usual expansion
experiments that have recently also been used to observe vortices'.
As with vortex rings, we then observe an almost complete depletion
of the condensate in a ring around the position of the skyrmion.[]

Methods

To calculate the energy of the skyrmion we solve the equation for the density profile that is
obtained from minimizing the energy functional in equation (1). We solve this equation
numerically for the region outside the core. Inside the core we solve the equation
analytically by using the Thomas—Fermi approximation, which amounts to neglecting the
gradients of the density profile. Using our ansatz for w(r), the texture gradient potential
V(r) = R*|V{(r))*/2m reads:

B* 32 (1IN’ [3 4 207N 4 3(/N']
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For small /N this potential can be approximated by a harmonic potential with a
characteristic frequency w, = \/96h*/2m?\* and width I = N/+/96, as shown in the
dotted curve in Fig. 3. Specifically, the use of a Thomas—Fermi approximation is justified
when the ratio 2Na/l = 21/96Na/\ is bigger than 1. From Fig. 1, we observe that this ratio
equals approximately 1 for N = 4 and increases for larger N.

The lifetime of the skyrmion is estimated by calculating the tunnelling rate from the core
to the outer region over the barrier V(r). To this end we employ the following WKB
(Wentzel, Kramers and Brillouin) expression for the tunnelling rate'”:

. no 2
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where peor is the chemical potential of the core atoms. The radial points r; and r, are the
points where V(r) and p . intersect, as shown in Fig. 3. The chemical potential p o is
calculated by differentiating the total energy of the core with respect to the number of core
atoms.
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Magnetic interactions and magnetic impurities are destructive to
superconductivity in conventional superconductors'. By contrast,
in some unconventional macroscopic quantum systems (such as
superfluid *He and superconducting UGe,), the superconductivity
(or superfluidity) is actually mediated by magnetic interactions. A
magnetic mechanism has also been proposed for high-tempera-
ture superconductivity’*. Within this context, the fact that
magnetic Ni impurity atoms have a weaker effect on supercon-
ductivity than non-magnetic Zn atoms in the high-T. super-
conductors has been put forward as evidence supporting a
magnetic mechanism>®. Here we use scanning tunnelling micro-
scopy to determine directly the influence of individual Ni atoms
on the local electronic structure of Bi,Sr,CaCu,0g.5. At each Ni
site we observe two d-wave impurity states”® of apparently
opposite spin polarization, whose existence indicates that Ni
retains a magnetic moment in the superconducting state. How-
ever, analysis of the impurity-state energies shows that quasi-
particle scattering at Ni is predominantly non-magnetic.
Furthermore, we show that the superconducting energy gap and
correlations are unimpaired at Ni. This is in strong contrast
to the effects of non-magnetic Zn impurities, which locally
destroy superconductivity’. These results are consistent with
predictions for impurity atom phenomena®® derived from a
magnetic mechanism.

In our studies we use two different Bi,Sr,Ca(Cu,_Ni,);Og,s
(BSCCO) single crystals, grown by the floating-zone technique.
These crystals have x = 0.005 with T, = 83K and x = 0.002 with
T. = 85K, respectively. The Ni atoms substitute for Cu atoms in the
superconducting CuO, plane and are believed to be in the Ni**3d®
electronic state, as compared to the Cu®*3d’ of Cu. Above the
superconducting transition temperature T, each Ni atom possesses
a strong magnetic moment of around 1.5ug (ref. 10). The samples
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