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Abstract. The present paper is devoted to study the curvature and tor-
sion of slant Frenet curves in 3-dimensional normal almost paracontact
metric manifolds. Moreover, in this class of manifolds, properties of non-
Frenet slant curves (with null tangents or null normals) are studied. We
illustrate such results by some examples.
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Introduction

In this paper, we consider the properties of slant curves in 3-dimensional
normal almost paracontact metric manifolds. Slant curves have been studied
in [6-9] but a direct inspiration to this work was the paper [5], where slant
curves in 3-dimensional normal almost contact manifolds are considered.

In a 3-dimensional manifold M endowed with an almost contact metric
structure (¢, &, n,g) the metric g is positive definite, a slant curve is definite
as a unit curve v : I — M for which g(¥(t),§) = cosf(t) = const, where
0 : 1 — [0,27) is called a structural angle, therefore the notion of a slant
curve generalizes the notion of cylindrical helix in Euclidean space E3 - curves
known from classical differential geometry, for which the tangent vector field
has a constant angle with fixed direction.

In present paper, we consider manifolds with pseudo-Riemannian met-
ric g, so that our definition of a slant curve is more general and we demand
~v: I — M be a unit or null curve and g(¥(t),&) = const.. We write about
this in the first section. In view of this definition, we look at the slant curves
also as a generalization of Legendre curves (see e.g. [1,2,15,21,22]). In [22],
we have investigated Legendre curves in 3-dimensional normal almost para-
contact metric manifolds. Some results obtained in present paper generalizes
theorems for Legendre curves from [22]. Moreover, we present new properties
of Legendre curves in Theorem 4.3 and Corollary 4.4.

Y Birkhauser
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This work consists of five sections. In the first one we define a normal
almost paracontact metric manifold as well as a slant curve in a 3-dimensional
normal almost paracontact metric manifold. We also present some properties
of these objects. In second, third and fourth sections, we present, respectively,
definitions and curvature properties of Frenet slant curves, null slant curves
and slant curves with null normal. The examples illustrating theorems are in
the last section.

1. Preliminaries

Let M be a (2n + 1)-dimensional differentiable manifold. Let ¢ be a (1,1)-

tensor field, £ a vector field and 1 a 1-form on M. Then (¢, ,n) is called an

almost paracontact structure on M if

i) @) =1 ¢*=Id-n®¢,

(ii) the tensor field ¢ induces an almost paracomplex structure on the distri-
bution D = ker n, that is, the eigen distributions DT, D~ corresponding
to the eigenvalues 1, —1 of ¢, respectively, have equal dimension n.

M is said to be almost paracontact manifold if it is endowed with an almost
paracontact structure (cf. [4,14,20,23]).

Let M be an almost paracontact manifold. M will be called an almost
paracontact metric manifold if it is additionally endowed with a pseudo-
Riemannian metric g of signature (n + 1,n) and such that

9P X, Y) = —g(X,Y) +n(X)n(Y).

For such a manifold, we additionally have n(X) = g(X, &), n(§) =1, € =0,
nop = 0. Moreover, we can define a skew-symmetric 2-form @ by &(X,Y) =
g(X, Y, which is called the fundamental form corresponding to the struc-
ture. Note that n A ®™ is up to a constant factor the Riemannian volume
element of M.

On an almost paracontact manifold, one defines the (2, 1)-tensor field
N by

where [y, ¢] is the Nijenhuis torsion of ¢ given by
[0, Pl(X,Y) = @*[X, Y] + [pX, 0Y] = 9[0X, Y] - ¢[X, oY].

If N vanishes identically, then the almost paracontact manifold (struc-
ture) is said to be normal (cf. [20] and recent papers [4,23]). The normality
condition says that the almost paracomplex structure J defined on M x R
by

d

J(X, /\%) - (<pX n /\g,n(X)a)

is integrable (paracomplex).

In the sequel, we are interested in dimension 3. The following theo-
rem presents conditions equivalent to the normality of 3 dimensional almost
paracontact manifolds, which we will use later in the work.
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Theorem 1.1 [22]. For a 3-dimensional almost paracontact metric manifold
M, the following three conditions are mutually equivalent

(a) M is normal,
(b) there exist functions o, 3 on M such that

(Vx@)Y = p(g(X,Y)E = n(Y)X) + alg(pX, V) = n(Y)pX), (1.2)
(c) there exist functions o, 3 on M such that

Vx§=a(X —n(X)E) + feX. (1.3)

Here V is the Levi-Clivita connection of g.

Corollary 1.2 [22]. The functions «, 3 appearing in (1.2) and (1.3) are given
by
2a = Trace {X — Vx¢&}, 20 = Trace {X — »Vx}. (1.4)

A 3-dimensional normal almost paracontact metric manifold is said to
be
e paracosymplectic if o = 8 =0 [10],

e quasi-para-Sasakian if and only if « = 0 and 8 # 0 [14,22],

e [-para-Sasakian if and only if @ = 0 and § # 0 and 3 is constant, in
particular, para-Sasakian if 3 = —1 [22,23],

e a-para-Kenmotsu if a # 0 and « is constant and 3 = 0.

At the end of this section, let v: I — M, I being an interval, be a curve
on M such that g(¥,%) = £1 or ¢g(%,%) = 0 and let V; denote the covariant
differentiation along ~.

We say that the curve « is a slant curve in a 3-dimensional normal
almost paracontact metric manifold, if

9(%,€) = n(¥) = c and c is constant.
In the particular case, ¢ = 0 the curve + is called Legendre curve [22].
Remark 1.3. In a normal almost contact metric manifold with Riemannian

metric g, the value of g(¥,§) satisfies —1 < g(¥,&) < 1, so that we can define
the structural angle of v i.e the function 4 : I — [0,27) given by

cosO(t) = g((t), &) = n(¥(t)).
Then, the curve v is said to be a slant curve, (or #-slant curve), if 0 is a

constant function (see [5-7]).

Let v : I — M be a slant curve on M such that g(¥,%) =1 = £1. Let
us consider the vector fields *, 7, £ for which, we have
9(3:%) = €1, 9(3:€) = ¢, gleF, ) = —e1 + ¢, g(€,€)
=1, g(%,¢7) = 9(&, ¢7) = 0,
where ¢ is constant. These vector fields are linearly independent and form a

bases of T, ;)M for any t € I if and only if &1 — ¢ # 0. In this case, we define
an orthonormal frame along v as follows:

Fi=75, F= S T - Loy (1.5)

3
VIer =’ Vier =’
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where g(F1, F1) = €1, g(Fa, F2) = sgn (—(e1 — ¢?)) = v, g(F3, F3) = —&10.
The frame (Fy, Fy, F3) will play an auxiliary role in the proofs of The-
orems 2.3 and 4.2.
Separately, we discuss the case when 7, ¢, € are linearly dependent. Let
us note that 7, ¢, € are linearly dependent if and only if

y=c& or §=cfty. (1.6)
Indeed, if 7, @7, € are linearly dependent then e; = 1 and ¢? = 1. Hence
g(¢¥, ¢¥) = 0 and either ¢y = 0 or ¢ is an isotropic vector field.
If % =0 then 0 = ?¥ = 4 — c£ and % = c€.
If ¢ is an isotropic vector field then, we can write ¥ = a& + by, for
some functions a and b. Using g(%,%) = 1 and g(¥,§) = ¢, we find a = ¢
Now

@y = by = b(§y — &) = b(ck + by — &) = bP .
Hence b? = 1 and 7 = c£ & ©7.

2. Frenet Slant Curves

Let (M, g) be a 3-dimensional pseudo-Riemannian manifold.

Let v: I — M be a curve on M, I being an interval.

We say that v is a Frenet curve if g(,%) = €1, 1 = £1 and one of the
following three cases holds

(a) ~v is of osculating order 1, i.e., V4% = 0 i.e. v is a geodesic;

(b) v is of osculating order 2, i.e., there exist two orthonormal vector
fields Fi, E> and a positive function x (the curvature) along 7 such that
E1 = ’.}/7 g(E27E2) = &9 = +1 and

VA/El = K€2E27 VyEQ = —I€<€1E1;

(¢) v is of osculating order 3, i.e., there exist three orthonormal vector
fields F4, E2, E5 and two positive functions x (the curvature) and 7 (the
torsion) along v such that Ey =4, g(E2, Ey) = e = 1, g(Fs5, E3) = e3 = £1
and

V"yEl = kegFy, VA/EQ = — ke1 By + 1egEs, V:),Eg = — 719,

Proposition 2.1. Let M be a 3-dimensional normal almost paracontact metric
manifold. If v: I — M s a slant Frenet curve in M, such that g(y,%) = 1
and g(%,€) = ¢ = £1 then vy is a geodesics.

Proof In view of (1.6), we consider two cases.
If 4 = ¢£ then from (1.3) V59 = V£ =0 and v is a geodesics.
If 4 = c€ + 5 using (1.3) and (1.2), we get
Vig = V3§ £ Vapy = Vi £ (Vip)y £ 9oVsd
= (aF B)(ct —EFcpy) £pVay = £ V4.
Then g(V47, V59) = £9(V4%, ¢V45) = 0 and taking the definition of Frenet
curve into account, 7y is necessarily a geodesic. 0
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Proposition 2.2. Let M be a 3-dimensional normal almost paracontact metric
manifold. If v: I — M is a slant Frenet curve of osculating order 3, then

V;YFl :’(}(5\/ |€1 —62|F2 —610M/|61 —CQ‘Fg, (21)
ViFy = —e10y/|e1 — 2|F1 + (€18 — ved) Fs, (2.2)

Vi F3 = —g1van/|er — 2|Fy + (B — e1ved) Fy, (2.3)
where § = W, and for simplicity we write o, § instead of the com-
|-

posed functions acoy, o~ with «, 5 being the same as in (1.4).

Proof Let us put V4 F; = pFy + gF5 4 rF3 for some functions p, ¢, r. Then
peE1r = g(V:yFl,Fl) =0.
Next using (1.2) we get
1

Tea 62|9("Y, V5©9)
—
1

= - \/ﬁg(’% (V%@W + SDV'W) =0y/|er — 2.
|-

Now using (1.3), we have

qu = g(V4F1, Fy) = —

1 . .
—e1vr = g(V5F1, F3) = Wg(vw,ﬁ —&1¢%)
=

SRS S S
Ve Y T T e A

Hence in view of above p = 0,q = vd+/|e1 — 2|, r = —e1cy/|e1 — 2| and this

leads to (2.1). Similarly, we calculate (2.1) and (2.3). O

aler — 62).

Theorem 2.3 generalizes results obtained for Legendre curves in [22].

Theorem 2.3. Let M be a 3-dimensional normal almost paracontact metric
manifold. If v: I — M is a slant Frenet curve of osculating order 3 in M,
then its curvature and torsion are given by

k=/|e1 — []a? — €102, (2.4)
5 —ad
;- ‘sgn(1—5162)ﬂ+05+;;_7€?52. (2.5)
9(V47, ¢9) N . _
where § = ﬁ, and for simplicity we write o, (8 instead of the com-
g1 —C

posed functions aoy, 3o~ with a, B being the same as in (1.4).

Proof Let v be a slant Frenet curve of osculating order 3 in M. Then v
is not a geodesic curve and from Proposition 2.1 €1 # 1 or ¢ # £1. Hence
g1 — ¢ # 0 and so that we can use the frame (Fy, Fy, F3) from (1.5) to
calculate the curvature and the torsion functions of ~.

We obtain the curvature function using (2.1) and calculating the length
of V47, we get

143262 = —611}‘81 — 02|(a2 — 6152)



970 J. Wetyczko MJOM

so that the curvature is given by (2.4) and &3 = sgn(—e1v(a? —£16?)) = +1.
Using (2.1), (2.1) and (2.3), we find

1 0Fy — F:
B = L v,m = 20l
€2k |a? — &102]
Let us denote p = +/|a? — £16?] and calculate
.0 )
V;YEQ = &‘QU’}/I;FQ + 62U;V’;{Fg (26)

L a
— €189V —F3 —€169—V 4 I3
p p

0
—e1kE7 + (Egvf'yp - 52% (e1vp — 05)> Fy

)
+ <5162’.)/a + 90— (Elvﬂ — 05)) F3
p p

ad — ad vaky — 63
= — E — (5 .
€1k 1+52< g1vf +c¢ +a2—€152> o2 — e,07]

Hence from (2.6), in view of the Frenet equations, we have

R 2
9 9 9 ad — &o
3T = Usgn(a — 515 ) <—€1’Uﬂ + co + a2—51(52>

. 2
_ 2 ad—4d
= —£169 <sgn(1 e1¢”)0 + cd + . 6152> .

This gives (2.5) and €3 = —e1€3. O

Below, we find the functions of curvature and torsion of a slant Frenet
curve of osculating order 3 in some subclasses of a 3-dimensional normal
almost paracontact metric manifold.

Corollary 2.4. Let M be a 3-dimensional manifold, v: I — M be a slant
Frenet curve of osculating order 3 in M.

If M is a paracosymplectic manifold then the curvature and torsion of
~ are given by

k=+/le1 = 2], T=]cd].

If M is a quasi-para-Sasakian manifold then the curvature and torsion
of v are given by

k=+/le1 = 2||d], 7= ‘sgn(l —5102)54—0(5‘.

If M is a para-Sasakian manifold then the curvature and torsion of
are given by

k=+/|le1 = A||d], 7= ‘sgn(l —5102)4—05‘.
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If M is an a-Kenmotsu manifold then the curvature and torsion of
are given by

ad
_ —2(la2 — .62 — les
k=1/le1 — 3lla® —e162], T c+a27€152,
g(v"f.)/a 907)
le1 — ¢
posed functions aoy, 3o~ with a, B being the same as in (1.4).

where § = and for simplicity we write «, 3 instead of the com-

3. Null Slant Curves

Next, we consider the case when + is a null curve, i.e has a null tangent vector
field (g(¥,%) = 0) and ~ is not a geodesic, that is g(Vs7, V44) # 0.

We take a parametrization of v such that g(V+5, V4+) = 1. Then in [13]
it is proved that there exist only one Cartan frame T, N, W and the function
7 along 7 such that following Cartan equations are satisfied

ViT'=N, V;W=7N. Vy,N=-7T-W.
The above Cartan frame is defined as follows
- 1 ~

T:"y, NszT, T = §g(VﬁN,VﬁN), W = —V:YN—TT. (31)

Hence
g(T\ W) =g(N,N)=1, g(T,T)=g(T,N) = g(W,W) = g(W,N) =0.

The Cartan frame is a frame with the minimum number of curvature
functions which are invariant under Lorentzian transformation (see [11-13,
19)).

In [22], we proved that every null Legendre curve in a 3-dimensional

normal almost paracontact metric manifold is a geodesic.
In this section, we consider a slant non-geodesic null curve v : I — M.

Theorem 3.1. If v : I — M 1is a slant non-geodesic null curve on a 3-
dimensional normal almost paracontact metric manifold then

- a?c? . 1
T = — B) —aciﬁ—@, (32)
1
N = acy + Ego"% (3.3)
—a?c? -1 1
W= ———-4 Y+ — 4
o1 Fagt + 5¢, (3.4)

where for simplicity we write «, § instead of the composed functions o o 7y,
B o~ with a, B being the same as in (1.4).

Proof Let ¢y = py + qIN + rW for some functions p, ¢, r. We find r =
9(¢¥,7) = 0. Then ¢y = py +gN and
9y, 09) = & =% 0=g(p¥,€) = pc+ qac® = ¢(p + ac?).

Hence g = ¢, p = Fac? and eventually ¢y = F ac?y £ cN, which lead to
(3.3).
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Now, applying (1.2) and (3.3), we calculate
VN = ded +acVsd £ - (V40)5 +9V53)
= (dca+a202 T3+ i) 4+ apd — ég. (3.5)
Next, in view of the definition 7 and W in (3.1), we use (3.5) and get (3.2)

and (3.4). O

In the following corollary, we present the properties of slant null curves
in some subclasses of a 3-dimensional normal almost paracontact metric man-
ifold.

Corollary 3.2. Let M be a 3-dimensional manifold, v: I — M be a slant
non-geodesic null curve on M.
If M is a paracosymplectic manifold then for vy, we have

1 1 1
F=—— N = :l: — 3 = —¢&.
T=—53 P W=58
If M is a quasi-para-Sasakian manifold then for v, we have
1 1 1
F=4+f-——, N=+-¢ = ¢
FeEf- 5 “py, W= ¢
If M is a para-Sasakian manifold then for v, we have
1 1 1
T=21——, N=+-¢y, W=-=¢
T ek Rl CQE
If M is an a-Kenmotsu manifold then for v, we have
_ a?c? 1 1 —a?c? —1

. - 15
2% v F apy 25

— . N=oacy+ =~} =
5 502" acy+ —¢Y, w

4. Slant Curves with Null Normal

At last, we investigate curves with null normals (for such curves on Minkowski
space E$, see among others [3,17,18]). We say that v: I — M is a curve with
null normal if

Proposition 4.1. Let v : I — M be a curve with null normal. Then there
exist the frame T, N,V and the curvature function & along -y, which satisfy
the following Cartan equations:

VsT =N, V5;N=&N, ViV=-T-5V. (4.1)

Proof By the assumption V.7 is a null vector field. We set N = V. Since
T = 7 is a unit vector field, there exist a unique null vector field V' along ~
(see [16]) such that

g(N,V)=1 and ¢(T,V)=0. (4.2)
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Next we check that T', N,V satisfies (4.1). We put V4N = aT +bN + ¢V for
some functions a, b, c. Then

a=g(VyN,T)=—-g(N,N)=0, c=g(V4N,N)=0.
Hence V4N = bN. Similarly, we calculate V4V = =T —bV. Thus T, N,V
satisfies (4.1) with K = b. O

Theorem 4.2. If v : I — M is a slant non-geodesic curve with null normal in
a 3-dimensional normal almost paracontact metric manifold, for which ¢ # 1
then

N = — o€~ £ ), (43)

#=248+ac (4.4)
o

- S e F e, (45)

where for simplicity we write «, 3 instead of the composed functions « o v,
B oy with a, 3 being the same as in (1.4). Moreover g(N, ¢%) = +a(l1—c?) #
0.

Proof For a slant curve with null normal for which ¢? # 1, we can use an
orthonormal frame along v as in (1.5). We put

N = ny = CLF2 + ng, (46)
for some functions a and b and calculate g(N, N) = a% — b* = 0. Since 7 is

not a geodesic then a = +b # 0. Moreover, using (1.3), we get
1

\/ﬁg(vﬁfﬁ)
= —ay/1-2. (4.7)

Hence a # 0 and putting (4.7) in (4.6), we obtain (4.3).
Next, using (1.5), we have

O#b:g(NaF?)): -

1—¢
and putting (4.7) in (4.8), we get g(Np¥) = +a(l —c?) # 0.
To find the curvature expression of the &, we use (1.3), (4.3), (1.2) and
calculate

av = g(N, Fy) =

VN = - a(¢ - e £ )
— (V5 = Vg £ (Vi) £9V57)
= (~aFaf —a’c)(€ — ¢y £ p9)
= (g +06+ ac) N.
In view of (4.1), we obtain (4.4).

At last, we put V = dF} + el + f F5 for some functions d, e, f and using
(4.2), we get (4.5). O

As an immediate consequence of the above theorem, we obtain
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Theorem 4.3. Let v : I — M be a Legendre curve with null normal in a
3-dimensional normal almost paracontact metric manifold M. Then o =
+9(N, p5), a # 0 and we have

) ) —1 . @
T=% N=-a(£ey), V=%(£¢sm) and ﬁ=5iﬂ,

where for simplicity we write o, § instead of the composed functions o o 7y,
B o~ with «, 5 being the same as in (1.4).

Corollary 4.4. Let v : I — M be a slant curve with null normal in a 3-
dimensional a-para-Kenmotsu manifold M, for which ¢? # 1. Then g(N, %)
= +a(l -c?) e R\{0}

-1

kR=ac, N=—-a(—cy+Ley), Vzm(f—c’7$90"y)-

In the particular case when v is a Legendre curve, we have

~ . -1 .
=0, N=-alf£ey), V= o-(EF¢0)

where for simplicity we write o, § instead of the composed functions o o 7y,
B o~y with a, B being the same as in (1.4).

5. Examples

Legendre curves with null normal that will appear in examples are from my
previous paper [22].

Ezample 1. Let R? be the Cartesian space with the standard Cartesian co-
ordinates (x,y, z). Define the standard almost paracontact structure (¢, &, )
on R? by

©01 = 09 — 2205, @Oy =01, I3=0, £=05, n=2xdy+dz, (5.1)

gamdag:2

B
90 %2 = Ay Oz

ox

where 0; = . By straightforward calculations, one

verifies that

so that (1.1) is satisfied and the structure is normal.

Let M = R? x R_ C R® and consider a normal almost paracontact
metric structure on M defined in the following way: (¢, &, n) is the structure
(5.1) restricted to M and g is the Lorentz metric given by

-2z 0 0
[9(9:,0;)] = | 0 422 +22 2
0 2x 1
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For the Levi-Civita connection, we have
222 222
Vaﬁl = —g Oy + (1 =+ %)83, Valag = Va281 = g Oy + (1 — %)83,

1 1 T
V8163 = V3381 = v3283 = v3382 = 27 61 + 52 62 - 83’
z 2z z
2 222
Vo,00 =~ o+ 2 9, — (1 + i)ag, Vo, 05 = 0.
z z z
Using the above expressions and (1.3), we find o = 8 = (22) L.
(CL) ’Y(t) = (07 72\/ 7t7t)7 t<0

is a Frenet slant curve of osculating order 3. For such a curve e; = —1,

e=1,al(0) = H0) = 3 60 = 1. =~ 2 T =~

Now let M = R? x R, C R? and consider a normal almost paracontact
metric structure on M such as in example (a)
We consider the following curves:

(0) ~(t) = (1/4,1,3/8),
is a slant curve with null normal and ¢; = 1.
For such a curve, we have ¢ = 1/2, a(y(t)) = 4/3, B(y(t)) = 4/3 and

T =(0,1,0), N =(4/3,2/3,—4/3)
V= (-1/2,1/4,-1/2), #&=—-2/3.

2
(¢) ~(t) =Wt —avtat), t>0, a=V1—-b+V1+b, b:wz—g,

is a Legendre curve with null normal and e; = 1. For such a curve, we have
a(y(t)) = (2at)~", B((t)) = (2at) ", a(y(t)) = g(N, ) = 1/(2at) and
T=(2vVt)™', —a2Vt) "L a), N=(1/47%% —1/(4a)t=%/2,0),

. 1-=2
V = (—2a*Vt,2aV/t, —8at), &= 5 ta.
a

Example 2. Let M = R_ x R2. Define a normal almost paracontact structure
(,&,m) on M by
@81 :827 ()062 2817 ()063 :Ov 52837 77:d27

Let us define a compatible Lorentz metric

—x 0 0
[g(@l,aj)] =10 x 0
0 0 1

The quadruple (p, £, 7, g) becomes a normal almost paracontact metric struc-
ture on M. For the Levi-Civita connection, we find

1 1 1
Vo, 01 = %617 Vo, 02 = ﬂah Vo, 02 = Va,01 = %827

Vp,03 = Vp,01 = Vp,03 = Vp,00 = Vp,03 =0,
Using the above and (1.3), we get a = 3 = 0.
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The curve

A(t) = (f %,—\3@7@1&),

is a null slant curve on M. For such a curve ¢ = 1 and

T =(0,-¥2,1), Nz(—{‘@,0,0), g(N,N) =1,
W:(o,—€/§/2,1/2), F=—1/2.

Ezample 3. Suppose that M = R? x R,.. Define a normal almost paracontact
structure (¢,&,n) on M by
@81 2627 3082 :alv 3083 :07 62837 77:d2'7

and compatible with this structure a Lorentz metric

-2z 0 0
[g(ai,aj)} = 0 2z 0
0 0 1

The quadruple (p, £, n, g) becomes a normal almost paracontact metric struc-
ture on M. For the Levi-Civita connection, we find
1

valal - 837 V8182 - vagal - O) V8183 - va:;al - i ala

1
Vo,02 = =03, Vp,03 =Vy,00 = % 02, Vg, 03 =0.

Using the above and (1.3), we get a = (22)~! and 8 = 0.
The curve

~y(t) = (cosht,sinht, %)7
is a Legendre curve with €y = 1 and null normal in M.
Then for v, we get a(y(t)) =1, 6(¢t) = —1 and
T = (sinh¢,cosht,0), N = (cosht,sinht, —1),
V= —% (cosht,sinht, 1), K=0.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License which permits any use, distribution, and reproduction in any
medium, provided the original author(s) and the source are credited.
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