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ABSTRACT

The slice Dirac operator over octonions is a slice counterpart of the Dirac
operator over quaternions. It involves a new theory of stem functions,
which is the extension from the commutative O(1) case to the non-com-
mutative O(3) case. For functions in the kernel of the slice Dirac operator
over octonions, we establish the representation formula, the Cauchy inte-
gral formula (and, more in general, the Cauchy—Pompeiu formula), and
the Taylor as well as the Laurent series expansion formulas.
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1. Introduction

The purpose of this article is to initiate the study of the slice Dirac operator
over octonions. The Dirac operator for quaternions,

0 .0 .0 0
(11) b= 6$0+26$1 +]c’)x2 +k6:n3’
has its root in mathematical physics, quantum mechanics, special relativity, and
engineering (see [1, 2, 21]) and it plays a key role in the Atiyah—Singer index
theorem (see [5]). It may be called the Dirac operator since it factorizes the
4-dimensional Laplacian. However, we note that in the literature (1.1) is often
called the generalized Cauchy-Riemann operator or Cauchy-Fueter operator,
see e.g., [6, 23, 32], even though it was originally introduced in a paper by
Moisil, see [24].

Based on the Dirac operator for quaternions in (1.1), we shall introduce what
we call the slice Dirac operator over octonions, using the slice technique. This
technique was used by Gentili and Struppa for quaternions in [15, 16] and for
octonions in [17] based on Cullen’s approach [11]. This technique makes it pos-
sible to extend some properties of holomorphic functions in one complex vari-
able to the high dimensional and non-commutative case of quaternions. It has
found significant applications especially in operator theory [3, 9, 10], differential
geometry [14], geometric function theory [26, 27] and it can be generalized to
other higher dimensional settings like Clifford algebras [7, 8] and real alternative
algebras [18, 19, 20, 28].

The heart of the slice technique comes from the slice structure of quaternions
H, namely the fact that H can be expressed as a union of complex half planes as
m-Jcr,

IeS

where S denotes the set of imaginary units in H, and C} is the upper half plane
{x+yl:xzeRy>0}

From this decomposition, it is then natural to say that quaternions have a book
structure since (C}r plays the role of a page in a book for any I € S. The real
axis R plays the role of the edge of the book in which all the pages of the book
intersect, i.e.,

CfnCH=R
for any I # J.
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The book structure for quaternions plays the same role as the sheaf or fiber
bundle structure in differential geometry.

It is remarkable that the topology in the book structure is no longer the
FEuclidean one. Indeed, the distance compatible with the topology is given by
the Euclidean one in a plane, otherwise the distance between any two points
from distinct half planes is measured through the path of light via the real axis.

Following Fueter’s construction [13], when one considers an open set O in
the upper half complex plane CT minus the real line and a holomorphic func-
tion f(x + w) = Fi(z,y) + tF2(z,y) on O, one may define a function defined
over the quaternions using the book structure. In fact, if we consider g = z+ Iy,
y > 0, for some suitable I, we may set

f(q) = f(z + 1y) = Fi(z,y) + [ F>(2,y).

Note that § =z — Iy, y > 0 and so, by definition,

f(@) = f(z = Iy) = Fi(z,y) — [F2(x,y).

Note also that the pair (Fy, F») satisfies the Cauchy—Riemann system and thus
f(z 4+ Iy) is in the kernel of the Cauchy—Riemann operator 9, + 19,. If one is
willing to extend the definition to the points of the real line, there is a problem
since if ¢ € R then ¢ = x 4 I0 and the imaginary unit I is no longer unique.
To solve this problem, one may consider a weaker notion of book structure

H=|]JC,

Ies
in other words, we may consider H as the union of complex planes.

and observe that

Following a slight modification of the Fueter construction, see [25], we
consider an open set O in the complex plane symmetric with respect to the real
axis (possibly intersecting the real axis) and a holomorphic function
flx+w) =Fi(x,y) + tFe(x,y) on O. If Fi,Fy are an even-odd pair in the
second variable, namely if they satisfy

Fi(z+w)=Fi(z—1
(1.2) i 2 i 2 Va+weO,

Fy(x +wy) = —Fa(z — wy)
we may define a function on an open set in H (suitably constructed using O).
Note that these conditions immediately imply that

fle+1Ty) = fl@+ (=1)(=y))
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so that f is well defined. Moreover, the fact that F5 is odd in the second variable
implies that F»(x,0) = 0, thus f is well defined also at real points. This second
approach is the one that we will generalize to the octonionic case.

To this end, we set

and we consider

= (; _°1> e o)

where O(1) is identified with the group of matrices {($9),($ % )}. Then we

have
L T (1 0
g - 7y ) g - O 71 9

so (1.2) can be rewritten as

Fi(z)\ _ 4 (Fi(g2)
43 <F2<z>>g <F2<gz>>'

Thus, following [29], we impose that
F(Z) = g_lF(gz), Vyge 0(1)7

and any F satisfying this condition is called a stem function.

We can regard this construction as the commutative stem function theory
since F' is invariant under the commutative group O(1).

As we shall see, the significant property of the slice regular function in H
(non-commutative counterpart of holomorphic functions, i.e., holomorphic maps
depending on the parameter I € S) is given by the representation formula,
which demonstrates that any slice regular function is completely determined by
its evaluation at any two distinct half planes, or pages in this description.

In order to extend the slice theory for the Cauchy-Riemann operator over
quaternions into the slice theory for the slice Dirac operator over octonions, we
need to introduce a modified theory of stem functions. It turns out that the
corresponding notion of a stem function is invariant under the non-commutative
group O(3). Tt will result in a new form of the representation formula, expressed
in terms of a quaternionic matrix.
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We point out that the non-commutative and non-associative setting of octo-
nions, the object of this paper, has found significant applications in the uni-
versal model of M-theory, in which the universe is given by the product of the
4-dimensional Minkowski space with a Gy-manifold of very small scale. Here the
exceptional Lie group G is an automorphism group of octonions (see [4, 22]).

We conclude this introduction with a remark about our definition of intrin-
sic and stem functions. Rinehart [29] studied the intrinsic functions as self-
mappings of an associative algebra. In contrast, our intrinsic functions have
distinct dimensions for their definition and target domains, and are constructed
in the non-associative setting; see also [12, 30]. Fueter [13] initiated the study
of stem functions for complex-valued functions in his construction of radially
holomorphic functions on the space of quaternions; see [18] for its recent develop-
ment. However, their considerations are all restricted to the commutative O(1)
setting. In this paper we initiate the study in the non-commutative O(3) set-
ting. It is interesting to note that the procedure we followed may lead to further
generalizations to higher dimensional algebras.

The structure of this paper is as follows: In Section 2, we recall some impor-
tant properties of octonionic algebra @. In Section 3, we introduce the book
structure in the octonionic algebra in terms of quaternionic subspaces and the
stem function for the non-commutative group O(3); we also provide the repre-
sentation formula which can be written via a quaternionic matrix. In Section 4
we introduce the slice Dirac operator and a splitting property for slice Dirac
functions. Section 5 contains the Cauchy—Pompeiu integral formula for slice
functions and the Cauchy integral formula for slice Dirac-regular functions. Fi-
nally, in Section 6 we give the expansion of slice Dirac-regular as a Taylor series
as well as a Laurent series.

2. The algebra of octonions

The algebra of octonions O is a real, alternative, non-commutative and non-
associative division algebra (see for example [31]). It is isomorphic to R® as
a real inner product vector space and it can be equipped with the standard
orthogonal basis: ey = 1,eq,...,e7.
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The multiplication between elements in the basis eg, e1, ..., e7 is defined by
eiej = —0i; + Eijker, Vi3, ke {1,2,...,7}.
Here 6;; is the Kronecker symbol and
—1)7(™)if (4,4, k) € n(%),
0 otherwise,

Eijk =

where 7 is a permutation, o(7) its sign, and
E = {(]" 27 3)’ (17 4’ 5)7 (2’ 47 6)’ (37 4’ 7)7 (5’ 37 6)7 (65 17 7)7 (77 27 5)}

The octonionic algebra O also can be generated from the quaternion algebra
H by the famous Cayley—Dickson process. Let {eg = 1,e1,e9,€3 := e1e2} be a
basis of H. Then every = € O can be expressed as * = a + e4b, where a,b € H,
and ey is a fixed imaginary unit in @ not belonging to H = {eg, e1, €2, e3}. The
addition and multiplication are defined as follows: for any x = a + e4b, y =
c+eqd €Q,

x4y :=(a+c)+eqsb+d),
xy :=ac — db+ eq(ad + cb).

These two definitions of the octonionic algebra O are equivalent by setting
€5 1= €4€1, € = €4€29, €7 = eyes3.

Every x € O can be written as

7
x:x0+Zekxk, vV z € R.
k=1

We can introduce its conjugate

7
Xr =g — Zekxk,
k=1
and then set
7
|z|? = z2 = in
k=0

The modulus is multiplicative, i.e.,

ley| = |z|ly], V=, ye.
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In the sequel, given € O, we introduce a left multiplication operator
L,:0— Q,
defined as
Lyz=2xz, Vze.

In general, for any z, y € O, L,Ly # L,,, but equality may hold when suitable
assumptions hold:

THEOREM 2.1 (Artin’s Theorem, [31]): The subalgebra generated by any two
elements of an alternative is associative. In particular, for all r € R, and for all
z e,

(2) LyL; = Ly,.

3. Stem function in the octonionic setting

Let O be the algebra of octonions. The set of its imaginary units is a sphere of

dimension six,
St :={re0:2?=-1}.
Let
I:=(1,1,],K) € Q%
with the triple I, J, K satisfying
I,Jest, 11J K=1IJ.

The set of all such row vectors T is denoted by N. For any I := (1,1, J,K) € N,
we consider the algebra of quaternions generated by it, i.e.,

Hj = spang{1, I, J, K}.
LEMMA 3.1: Let I € N and e € S® such that e L Hy. Then a(eb) = e(ab) for
every a,b € Hi.

Proof. Since the Cayley—Dickson process does not depend on the choice of the
orthonormal basis I, the result follows directly from the definition of the product
of octonions.
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We can endow the octonionic algebra with a structure that we still call a

0= | J Hi,

IeN

book structure

as we prove in the following result:

PROPOSITION 3.2: The octonionic algebra has the structure

0= JH.

IeN

Proof. Any z € O can be written as the sum of its real part 2y and its imaginary
part Im(z) = 2221 er2r. Therefore, it can be further expressed as

r=ux9+ ly

with zg, y € R and I = Im(z)/|Im(z)|. We have that

7 7 7
1 1
I2 — = — 2 — —1
[Im(z) 2 (kz_f”’“) (kz_lekxk) () 2 = 74

thus I € S°. Now we can choose J, K € S8 such that 1:= (1, I, J, K) € N.
Hence zq + Iy € Hi.

We note that, in general, any « € O belongs to more than one quaternionic
space, as the following example shows.

Example 3.3: Let {1,e1,...,e7} be a standard basis of O and consider
r=14e;+es+e3+ey.

According to Proposition 3.2, we have x = 1+ 2I where I = é(el +eatestey),
sox € Hy, I =(1, I, J, K) where J, K are any two elements orthogonal to I
such that I € . Take now

e +e3+ ey

V3

€2+ e3+ ey
1 .

I'=e, J =
1 3

K =TJ =e¢
It is easy to see that
I, J,Kess 1r*=Jy*=<k”=-1, JK =-KJ, KI=-IK'

Since z = 1 + I’ +v/3.J', we have 2 € Hy, where I := (1, I, J', K').
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Let O(4) be the group of orthogonal transformations of R*, and let O(3) be
its subgroup keeping the real axis invariant. Therefore, any g € O(3) can be
regarded as a matrix in the form

(10
g_OPa

where P is an orthogonal transformation of R3. The transformation g:R* — R*
can be naturally extended to a map (still denoted by g) g : 0* — O* via

ao

a1
ga=yg )

a2

as

for any a = (ag, a1, az,a3) € O

Definition 3.4: Let Q be an open subset of R*. If F : Q — O is a O(3)-
intrinsic function, i.e., for any x € Q and for any g € O(3) such that gz € Q,
it satisfies

(3.1) F(x) = g~ 'F(ga),
then F' is called an O-stem function on €.

Remark 3.5: We point out that it is not reductive to assume that Q C R*
is O(3)-intrinsic, otherwise in the previous definition we may consider the subset
Q) of Q such that x € Q' if and only if gz € Q' for any g € O(3). But this is
equivalent to assuming that Q' is O(3)-intrinsic.

We also recall that in the quaternionic case, the stem function is complex
intrinsic, namely it is invariant under the commutative group O(1). In other
words, f(Z) = f(z) where Z denotes the complex conjugation. In our setting,
the stem function is intrinsic under the non-commutative group O(3) and this
set is evidently non-empty since it contains, e.g., F;(z) = x;¢, i = 1,2,3,4

where ¢ is a constant in O.

With the book structure, we can define a slice function by lifting a stem
function. In fact, if an O*-valued function F defined on R* is an O(3)-intrinsic
function, then there exists a slice function f : @O — O such that the following
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diagram commutes for all 1= (1,1, J, K) € N:

f
O > O
@1 &
Rt ot

where
b1(x) = 2o + T2y + Joo + Kag = TaT, Vo = (20,21, 72, 23) € R,

and
di(y) =IyT, VyeOl

Here we denote by 7 the transpose of the row vector = (xg, 1, T2, r3) and
similarly for y7.

Given an open subset 2 of R*, we consider the axially symmetric open set
in O generated by €2, defined as

[Q:={¢g=1z" €0:1€ N,z € Q}.

If Q is a domain, i.e., a connected open subset of R* then [Q] is an axially
symmetric domain.
For any = = (xg, 1, T2, 23) € R*, we consider the three involutions

alx (CCO,:Cl,*:CQ,*:Cg),

=

T

)

(x)

(z) =(w0, —21, 72, —3),
(x)

Y ('rOa xl,_$2,$3).

Let I € NV be fixed arbitrarily. In virtue of the identification of Hy with R*, the
map « can be identified with the map

aop : Hy — (0)
defined by
ar(IzT) := Ta(z)T.

For the simplicity of the notation we still keep the notation of « instead of oy
whenever there is no confusion. The same convention is also suitable to other no-
tations in the sequel such as 3,v, F,V,Vy, V.V, P, P, Ps, As, and B,, which
also rely on I € V.
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Definition 3.6: For any open subset 2 of R*, we define the symmetrized set [(]
as

[Q] :={IzT € 0: 1€ N,z € Q such that a(z), B(z),y(z) € Q}.

It is easy to check that
[€] C [

Observe that [Q] can be empty, also in the case when [Q] is not.

Definition 3.7: Let [©)] be an open set in Q. Any Q-stem function F : Q — O*

induces a function

defined by

f(q) =TF(x)"
for any ¢ € [Q] with ¢ = 12T for some I € N'. We say that f is a (left) slice
function (induced by F').

Since, in general, any element in @ may belong to more than one Hy, we need

to prove the following:
PRrROPOSITION 3.8: Definition 3.7 is well-posed.

Proof. Assume that ¢ € O can be written in two ways as
q=IT =T2",
we have to show that
FT) = f(ra").
We divide the proof into various cases.

CASE 1: Assume that T # I’ but Hy = Hy. Then there exist g € O(3) such that

I' =Ig. This means that

/T T
gxr'T =ux.

Since F' is an O-stem function, we have
Fa'") = F(g~'a") = g7 F(a")
so that
IF@")=Tg 'F(aT)
which yields I'F(2'") = IF(2T) and the assertion follows.
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CASE 2: If Hy # Hy, we claim that Hy and Hy intersect at C; for some I € SS.
Indeed, since ¢ = Iz7 = ]I’:z:’T, there exists yo,y1 € R and I € S% such that
q = yo + Iy1 € C; and the claim follows. Therefore, we can choose Ji, J] € S°
respectively such that

Hy = Hy,, Hy = Hy,

where

L =(1,1,J1,1J1)
and

I =(,1,J],1J7).
Since ¢ = I2T =T'2'" € Cy, it can be written as

q=Iz7 =Ty' =TyT =127
for some y = (yo,%1,0,0) € R%. The computation in Case 1 then shows that
IF(z)" =L F(y)" =L F(@y)" =TF@)".
In conclusion, Definition 3.7 is well-posed.
Definition 3.9: Let [Q] be an open set in Q. We set
S(Q) :={f:[Q = O| f=L(F), F:Q— 0"is an O-stem function}.
In other words, S([€?]) denotes the collection of slice functions on [€].

Now we provide the representation formula of slice functions in terms of a
quaternion matrix:

THEOREM 3.10: Let f be a slice function on an axially symmetric set [Q] in O.
Let ¢ € O and let ¢ =1z7, for 1 € N and x € R*. Then for any
pi=TaT
with I’ € N the following formula holds:
1 L1 1 f(a)

A T A N
-7 J —J J f(B(q))

K K K -K) \fo

32) flp=(1 1 J K
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Proof. Since [Q] is an axially symmetric set, we have a(q), 5(¢),v(q) € [Q] for
any ¢ € [Q]. By definition,

1 1 1 1 Fo(z) f(q)
1 1 -1 =1 | 1”@ | | fla)
(3.3) 1 -1 1 —1|| B | |60
1 -1 -1 1 K Fs(x) f(v(9))
so that
Fola) 111 1\ '/ f@
IFy(x) 11 -1 -1 flal(q))
JFy(x) 1 -1 1 -1 f(B(q)
KFs(z) 1 -1 -1 1 f(v(a))
(3.4)
11 1 1 f(q)
11 1 -1 —1|]f(alg)
411 -1 1 =1 | f(Ba)
1 -1 -1 1 f(v(9)
Thanks to Artin Theorem, see Theorem 2.1, we get
Fo(z) 111 f(a)
(3.5) Fi(z)| 1| -1 —-I 1 I flelq))
' Fz)| 4|-J J —-J J f(B(q))
F(z) -K K K -K/) \f(1(9)

By the definition of slice functions, for any I' = (1,1’, J', K') € N we then have

f(l‘o—f—l/f[}l + J/mg + K/,Tg)
:Fo(SC) + I/Fl(SC) + J/FQ(SC) + K/Fg(.fc)

=(1 I' J K')
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Remark 3.11: The representation formula can be briefly expressed as
fa") =T (M F(q)),
where I' = (1,I', J/, K'Y € N, ¢ = 12T,
Fla) = (f(a), f(ala)), F(B(@): fF(r( @),

and
1 1 1 1

1 -1 -1 I 1
4\ -J J —-J J
-K K K -K

This representation is very useful to prove further properties of slice functions.

My =

Moreover, notice that 20y is an orthogonal matrix with elements in H, i.e.,
2My € O(Hy).

The following result shows that the slice function f(IzT) is a linear function
of I.

THEOREM 3.12: Let f be a slice function on an axially symmetric set [2]. Then
the octonionic-valued vector function M1F(q) depends only on x but not on I, T/
and f(I'z) = T'(M1F(q)) is a linear function in I'.

Proof. By construction, MjF(q) is independent of I'. Theorem 3.10 shows that
fTa") =T (M F(q))
holds for any I, which implies that M;F(q) is independent of I. (As an alterna-
tive, one can prove the assertion noting that (3.5) shows that
Fo(x)
MiF(q) = :
F(x)
and so M1.F(q) is independent ofI.) Moreover, the linearity in I’ is immediate.
Remark 3.13: Also, the representation formula for quaternionic slice regular
functions can be written in matrix form. In fact, for any I, J € S where S is the

set of imaginary units of quaternions, and for any =,y € R, the representation
formula can be written as

(3.6) fla+Jy) = ;( L J) (11 11r> @TZ;)
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4. Slice Dirac operator

In this section, we introduce the slice Dirac operator in @ and establish the
corresponding splitting lemma. We begin by recalling the Dirac operator (1.1)
introduced in Section 1:

%
610
0 0 0 0
D= : 0k =(1 0 : D
5$o+lax1+]8$2+ D23 (1 4 47 k) : (1 i j k)
O3

_(9d o8 9 o\T . .
where D = (8% 02y O Bmg) , and its conjugate operator

0 0 0 0
D= —1 -7 —k =(1
dzo  om ows  Fow =
For any fixed I = (1,1, J, K) € N/, we define the slice Dirac operator in O as
0 0 0 0
4.1 Dy = I J K =(1 D.
( ) ! (9:60 * (9:61 * 8:172 + (9:63 ( rJ K )

In the sequel, the restriction f|g, of a function f to Hy shall be denoted by fi:
fi= flu.

We now introduce a main definition:

—i —j —k )D.

Definition 4.1:  Let [Q] be an axially symmetric domain in O and let
f € S(2) nCY[Q]) so that f = L(F), f(q) = IF(z)T, where ¢ = Iz7T,
F = [Fy, F1, Fy, F3). If F satisfies

o *axl 78I2 78I3 FO
42) Oy Ony  —On, O | |F| _
Oz, Oy Oz, —Ogy Fy

Oy —0Opy,  On, Oz, Fy

o O O O

then f is called a (left) slice Dirac-regular function in [(].

We denote the set of slice Dirac-regular functions on the axially symmetric
set [Q] by SR([]).

PROPOSITION 4.2: Let [Q] be an axially symmetric domain in O and let
Fe€S(Q)NCL([S). Then f is (left) slice Dirac-regular if and only if

(4.3) Dif(q) =0, Vqge[Q NnH=:Q
for allT € N.
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Proof. Let f be slice Dirac-regular and let ¢ € [Q] N Hj, ¢ = Iz?. Then using
(4.2) we have
Dif(q) =DiIF (z7) = Dy(Fy + IF, + JF; + KF3)
=(0po Fo — Opy F1 — Oy, Fy — 01, F3)
+ 1(0, Fo + Ozo 1 — Opy Fo + 0u, F3)
+ J(0py Fo + Oy i + Oy Fo — 0y, F3)
+ K(03, Fo — Opy Fi + Oy, Fo + 0y F3)
=0.
Conversely, let us assume that the slice function f is such that (4.3) holds for
all T € N. Let us fix an arbitrary I € A" and ¢ = Iz7 and let us impose that

f(q) = IF(zT) satisfies (4.3). Computations as in (4.4) show that (4.2) holds,
by arbitrarity of I.

Remark 4.3: We note that (4.3) is well-defined. Indeed, for any ¢ € O there

exist I € A such that ¢ € Hy and q = (1,1, J, K)(zq, 71,22, 23)". It can be also

written as ¢ = ((1,1,J, K)g~ 1) (0, y1,v2,y3)T for any g € O(3) and y* = gaT.

By the chain rule, it can be directly shown that

(15 Ia Ja K)(azw 8113 6Z2) awd)Tf(q) = ((17 -[7 J7 K)gil)(ayOa 6y13 6y2; 893)Tf(Q)
which implies the claim.

Example 4.4: Consider the function F = (Fy, Fy, Fy, F3) : R* — O* defined by

Fy(z) = 3o,
Fi(x) = a1,
Fy(z) = a2,
Fs(z) = x3,

where x = (19, 71,22, 23) € R It is evident that F is an Q-stem function
since (3.1) holds true. Then it induces a slice function f: O — O given by

f(ZL‘O +ISCO + JSCQ +K:Z?3) = 3:60 +I£Z?1 +J£172 +KSC3,

for any T = (1,1,J,K) € N. It is easy to verify that f is a solution of equa-
tions (4.3) by direct calculation, which means that f is a slice Dirac-regular
function on O.
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Example 4.5: We construct a function F' = (Fy, Fy, Fp, F3) : R* — O* via

Fy(x) = S(xo, 1),

Fy(x) = z1h(xo, 1),
Fy(x) = wah(xo, 1),
Fs(z) = w3h(wo, ),

where
r = (z9,21,79,73) €ER* and r= \/x% + a3 + 22,

Here S, h : R? — Q are functions satisfying differential equations

(4.5)
yOzh(z,y) = —0,5(z,y).

It can be directly verified that (3.1) holds true so that F' is an O-stem function.
This stem function F' induces a slice function f : QO — O defined by

fzo + ITxg + Jro + Kas) = S(xo, ) + [x1h(x0,7) + Jroh(zo,7) + Kxsh(zo,7)

for any I = (1,1,J,K) € N. Since S,h satisfy equations (4.5), it is easy to
verify that F' is a solution of equations (4.2). This means that f is a slice
Dirac-regular function on Q.

An explicit example for F' is given by

Fy(z) = gxg —223r% + g$0r4,

Fl(x) = Il(l‘é - g$(2ﬂ’2 + 335T4)7
FQ(:C) = IQ(zé - gzgr2 + 335T4)7
F3(z) = z3(2xd — gxgrz + 335r4).

The restriction of a slice Dirac-regular function to a quaternionic space Hj
satisfies the following splitting property:

LEMMA 4.6: Let f be a slice Dirac-regular function defined on an axially sym-
metric domain [Q]. Then for any 1 € N and any ey € S® with e4 | Hy, there
exist two functions G1, Go : Qp — Hy with DiG1 = 0, D1G4 = 0 such that

(4.6) f(q) = Gi(q) +esGa(q), Vg€ Q.
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Proof. Since ey L Hi, there exist (unique) functions Gy, G : Q1 — Hy such that
[ =G1+esGo
on €. Hence, using Lemma 3.1, it follows that
0 = D1f =D1G1 + Di(esG2)
=D1G1 + es(D1G2),
which implies
DGy = D1G4 = 0,

and the assertion follows.
Remark 4.7: We note that, in principle, one could have written
[ =G1+ Gaeq
and the condition of being slice Dirac regular would translate into
DiG1 =0, G2D;p=0,

obtaining that G is right regular.

5. Cauchy integral formula

In this section, we present the Cauchy integral theory for the slice Dirac
operator.
Throughout, we let £ be an open subset in R* and recall the notations

Q:={¢g=Ie" €c0:TeN,z€Q}, Q=[QNH.
We shall consider the function f : [Q2] — O and its restrictions fi:= f|u,.
We let
n(f) =ng+Ini + Jns + Kns
denote the unit exterior normal to the boundary 0€Qq at . We consider the
Cauchy kernel in Hj defined by
L &—q

(51) V(giq): ) |§_q|4a v&aqEHﬂv

and we finally let
dm = dxg N dx1 N\ dzo A dxs

be the Lebesgue volume element in R*, and dS the induced surface element.



Vol. 240, 2020 SLICE DIRAC OPERATOR OVER OCTONIONS 333

THEOREM 5.1: Let f : [] — O be a slice function on a bounded axially
symmetric set [2] C Q. Suppose that fi € C1(Qq) and 99y is piecewise smooth
for some given I € N. Then for all ¢ € Q, we have
(52)  filg) = o V(€ — q)(n(§) f1(£))dS(§) — . V(€ — q)(D1fi(§))dm(§).

I 1
Proof. The classical divergence theorem shows that

0
pndm = n;jpdS, j=0,1,2,3
a, 0z; oy

for any real-valued function p € C1(€y) N C(£). Thus for the octonion-valued
function f; € C1(Qy), we have

(5.3) /aa‘fﬂdm: ny fidS, j=0,1,2,3.
Qr x] o

Let e4 € SO with e4 L Hy, and let G1, Ga be the Hj-valued functions defined
on g such that fi = G + e4G2. Hence for any map V : Qp — Hj such that
V e CH(Qq) N C(Qy), we have

/ (VD]I)Gl + V(DHGl)dm
Qr

7] 0 0 0
(5.4) = Jo, 01 (VGq) + Oy (VIGy) + O (VJGy) + O

= / VnGidS,
oy

where we have used associativity in Hy. Similarly, we have

(VKG:)dm

(5.5) / (V D1)Ga + V(DiGa)dm — / VnGads.
Q][ 8Q][

The equalities (5.4) and (5.5) hold, in particular, when V' is the Cauchy kernel
in (5.1). We now fix ¢ € Qg and note that

1 1
VIE=a) ==, Deie o

where D¢ denotes the Dirac operator with respect to the variable £. Indeed,
-1 ( 0 0 9] 0 ) 1

i €~ aP

(9560 B (9561 81172 B Kaxg

_ 1 &-q
212 € — q|*

(5.6)
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Straightforward calculations show that
(5.7) (VDe)(q) = (DeV)(q) =0

for any £ # q.
Take a sufficient small € such that the ball B.(q) centered at ¢ and with

radius ¢ is contained in Q. From (5.4), (5.5), (5.7), the equation f; = G1+e4Ga,
and Lemma 3.1, we have
(5.8) / V(De fr)dm — / Vnf)ds.

QI\BE(Q) 6(5211\35 (q))

Hence we can calculate this integral as follows:

/ V(€ — q)(De fi)dm
Q\Bc:(q)

(5.9) _ v i
/mﬂws ¢)(nfi)dS /{Eq_E}V(é 2 (nfi)dS

=lgq, — I

By Equation (5.6) and Artin’s Theorem 2.1, we can evaluate the limit of I.:

. 1 §—q £—q
by e = 5 i /{EH} € —glt Jf — g MO
(5.10) 1 1
om0 /{5—q—a} 6 —qp O%
= fi(q).

Let ¢ — 0 in (5.9); we get

filg) = /a Ve = ) (n(€)f(€)ds - / V(€ — q)(Defi(€))dm.

Q

as desired.

COROLLARY 5.2: Let f be a slice Dirac-regular function on a bounded axially
symmetric set [Q)]. Suppose that f; € C*(Qq) and 9 is piecewise smooth for
some given I € N. Then

(5.11) filg) = / V(E— O f(E)dS, ¥
oY

and

(5.12) V(E - @) fi(€)dS =0, V¢

oY
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Proof. If g € Qq, then (5.11) follows from Theorem 5.1 since De fi(¢) = 0. For
q ¢ €, the integral at the left hand side of (5.12) is a proper integral so that
after a limit process, (5.8) becomes

V(- q)(Defiydm = | V(¢ —q)(nf)dS
o5 o

Since f is slice Dirac-regular in [Q], the left hand side vanishes and we
obtain (5.12).

Using the representation formula, we can introduce another kernel which
allows us to write a Cauchy formula of more general validity.

Denote M, (0) the set of octonion matrices of m rows and n columns
where n, m are positive integers. Given an octonion matrix A € M« (Q), the
left multiplication operator

La: Mpyxip(0) = M,x,(0)
defined as
LaB:=AB, VB € M;,x1(0).
In general, LaLp # Lap.

Definition 5.3: For some I,I' € S and for any fixed &, ¢ € Hy with &€ # ¢, we
introduce an operator V := V(&,¢,T'). This operator V : O — O is called the
slice Cauchy kernel, defined by

(5.13) V(1) = Ly Ly Lye—q),

where

V(E—q) =(V(E—0q.V(E—alq), V(- Ba),V(E—v@)".

THEOREM 5.4: Let f be a slice function on a bounded axially symmetric set [§2],
suppose that fi € C1(Qq) and 9% is piecewise smooth for some given I € N
Then for any p € [()], there exists I' € N such that p = I'zT with z € R* and

(G.14)  fp)= [ V(& eT)m()fi(§)dS — | V(& q.I)(Difi(€))dm,

BQH Q]1

where ¢ = IzT € Qp and V is as in (5.13).
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Proof. By the representation formula in Theorem 3.10, for any ¢ = Iz7 € O
and any I' € N we have

(5.15) flp) = f(I's") =T (MiF(q)).

Since [Q?] is an axially symmetric set, it follows that a(q), 8(q),v(q) € Qr for
any q € Q1. Theorem 5.1 gives

(5.16)  Flg) = /6 V(e = D)5 - /Q V(& - Q) (Dufi(€))dm.

Substituting (5.16) into (5.15) and moving the integral out, we finally get

F(TaT) = /8 TG (V(E=a) (n(€)1(6))))d5 - /Q I (Mi(V (6~ ) (Defi(€))))dm,

1

and (5.13) allows us to conclude.

6. Slice Dirac-regular power series

In this section, we provide the Taylor series for the slice Dirac-regular func-
tion and the Laurent series for the slice Dirac-regular function near an isolated
singularity.
For any o = (a1, ag, a3) € N3, we set n = |a| = a1 +az+as, a!l = ajlaslas!,
n
O = 8:1:0‘18?130‘28:1:0‘3’
1 OTy70T3

and for any ¢ = xg + ix1 + jxo + kxs € H denote
Valq) = 9V (9),

where )
q
Vi) =, gt

It is well known that V,,(q) is left and right Dirac-regular except at zero since J,,
commutes with the Dirac operator D.

Note that the monomials f(¢q) = ¢™ are not Dirac-regular. Their Dirac-regular
counterparts are the homogeneous left and right Dirac-regular polynomials P,,
defined by

a! ) )
Palg) =, > (xp, —igxo) - (ws, —ip,T0);

where ¢ = xg+1ix1 4 jz2+ kxs. Here the sum runs over all Z,' different orderings
of g s, @ 2’s and a3 3’s and i, € {3, j,k} forany [ =1,2,...,n.
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The polynomials P, are homogeneous of degree n, while V,, is homogeneous
of degree —n — 3 (see [6]).

Let U,, be the right quaternionic vector space of homogeneous Dirac-regular
functions of degree n € N. Then, the polynomials P, (a € N?) are Dirac-regular
and form a basis for U,.

THEOREM 6.1: Let f be a slice Dirac-regular function in the unit ball B C O
centered at the origin and let f € C'(B). For any q € B, there exist 1 € N
such that q € H, and

+o00
(6.1) =33 Pat ™),

ol
n=0 aen3d

lee|=n

where the power series is uniformly convergent over Bi.

Proof. Let q € B; then there exists I € N such that ¢ € Hy. Moreover, there
exists a closed ball B, with p < 1 such that ¢ € B,. By Lemma 4.6, we can
pick e4 € S8 with e4 L Hy, and write

fi(g) = G1(q) + eaGa(q),

where G; and G are H-valued Dirac-regular and conjugate Dirac-regular, re-
spectively. The integral formula (5.11) gives

filg) = /8 V(-0 f()as

(6.2) - /8 _VIE—an(E)Gi(€)as + (

=11 +eqls.

V(E— q) n(€)Go <£>ds)

0By

By Theorem 28 in [32], we can expand V(£ —¢) in a power series for any |q| < |]:

+oo
V(é - q) = Z Z (71)nPa(q)Va(§)

n=0 qen3
|a|=n

+oo
=3 Y )Vl Pala).

n=0 qen3
|a|=n

(6.3)

and the right-hand side converges uniformly in any region {(,q) : |q| < r[¢|}
with » < 1. Since ¢ € B, and £ € 0B, we have |¢| < r[¢| with r < 1. Using the
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rightmost expression in (6.3), we get

“+o0
= /aBH nz:% Z (—1)"Va (&) Palg) n(€)G2(&)dS
lal=n

+00
= Pa(Q)(—l)”/ Va(€) n(€)Ga(£)dS.

9B

(6.4)

n=0 ,en3
lel=n

Using the first expression in (6.3) and repeating the procedure, we have

+oo
(6.5) n=y Z Palg)(~1)" /6 Vel (€)as
|a]=n

Substituting (6.4) and (6.5) into (6.2) we obtain

+o0
=3 3 P@(-1" [ Vel 5(©)as),

n=0 oen3 9B

|a]=n
Differentiating both sides of the integral formula (6.2), we have
dufilg) = (=1)" - V(€ = q)(n(£) f1(£))dS.
T
In particular, letting ¢ — 0 we conclude that

Do f:(0) = (~1)" / Va(€)(n(€) f1(6))dS.

OBy
Remark 6.2: We point out that although the polynomial functions P, : Hy — O
are homogeneous left and right Dirac-regular polynomials, they cannot extend
to a slice Dirac-regular function on the whole O in general. For example, we
consider the special case when n = 2 and set

F@) =Y Palg).

le=2

For any ¢ = 2o 4+ 121 + Jxo + Ka3 € Hi, by direct calculation we have

flq) = Fo(z) + [ F1(x) + JF(z) + K F3(x),
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where
Fo(z) = — 628 + (1 + 22 + 23)* + 27 + 23 + 23,
Fl(SC) 72!170(1‘1 +SC2+SC3)*2SCO£E1,
FQ(SC) 72!170(1‘1 +SC2+SC3)*2SCO£E2,
Fg(l‘) — 2$0($1 + 22 + .%'3) — 2x0x3.

Notice that Fy does not satisfy the compatibility conditions (3.1). Therefore,
not all P, can be extended to a slice Dirac-regular function on the whole Q.

Remark 6.3: We still do not know if the series in (6.1) is convergent uniformly
on the whole unit ball B, besides on the subsets By. Our proof on By depends
on the explicit formula of the kernel V' and the associativity of quaternions.
This technique obviously fails in the setting of octonions and to consider the
uniform convergence over B, one should follow a different approach. In fact, for
any f € C1(B), one needs the estimate

[f(@) = (@) < |f (@) = f'aT)| + |[f(TaT) - fF(T'aT)],
and it is problematic to show that |f(IzT) — f(I'zT)| is small enough.

We now study the power series at any point ¢y € O for slice Dirac-regular
functions. With the same approach used in Theorem 6.1, one can show that

+o00
(6.6) fla)=> > Pulg- qo)aajzlj%)

n=0 sen3
lal=n

for any qo € O N Hj and
q € Bi(qo, R,0) := B(qo, R,0) N Hy.

Here B(qo, R,0) C O denotes the ball of radius R centered at go.

Let B(zo, R) C R* be the ball of radius R centered at xo and denote by
B(zo, R) C O the symmetrized set of B(zo, R).

We set

Pa(q — q0) = (Palq — o), Palo(q) — o), Pa(B(q) — 0), Pa(v(q) = q0))"

and consider the operator

Pa(Qa q0, ]I/) = LH/LMILPa(q_QU)'
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THEOREM 6.4:  Assume that f € CY(B(q,R,0)) with R > 0 and let
qo = Izl € Hy. If f is slice Dirac-regular on B(qo, R, 0), then

H/T ZZPQQO;H/af()

n=0 ,en3
la|=n

for any q = IzT € Bi(qo, R, Q) U B(zo, R).
Proof. By virtue of (6.6), f admits the power series expansion

+oo
)= > Pulg— qO)an;(!%)

n=0 qen3
|a]=n

for any ¢ € Bi(qo, R,0) and qo = Izl € Hy. If ¢ € E(zo, R), then

a(q), 8(q),(q) € B(zo, R)

so that

+oo
)= Palg— qo)aa‘i(!%)-

n=0 qecn3
la|=n

By the representation formula, we have
F(Ua") =T'(MiF(q)).
Combining these two formulas and taking the sum we conclude that

0 =305 ot )70

n=0 ,en3
la|=n

Finally we study the Laurent power series. We need to introduce some no-
tation. Let ¢o € O and 0 < R; < Ry < 400. We consider the spherical shell
in O

B(qo, R1,R2,0) ={q€ O: R1 <|[g—qo| < R}
and the spherical shell in R,
B(zo, R1, R2) = {zg € R*: Ry < |z — 20| < Ra}.

We let B(xg, Ry, Ry) denote the symmetrized set of B(zg, Ry, Ra).
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Let f € C*(B(qo, R1, R2,0)) and, for gy € Hi, we set
Si={q€Hi:|g—q|=R}, i=12,

and the formulas

Aa:enééx@@f%xmoﬂoma

Ba<nféza@%xmaﬂ@ms

THEOREM 6.5: Let qo = Izl € Hy. Let f be a slice Dirac-regular function on
a spherical shell B(qg, Ry, R2,0) and f € C*(B(qo, R1, R2,0)). Then

H/T ZZ (JQOa A+V(QQO, )B]

n=0 ,en3
loa|=n

for any q = IzT € By(qo, Ry, R2, Q) U E(:co, R1, Ry).

Proof. Let qo = Izl € Hy. The integral formula in Theorem 5.1 implies
fla) = ; V(€ —q)(£)f(£))dS — : V(§ = q)(n(§) f(£))dS.
2 1
For any £ € Sa, we have |§ — qo| > |¢ — qo|. Therefore, the same approach as in
the proof of Theorem 6.1 shows that

+oo
[ Ve 0m©©)is =3 Y Pala—m)4

n=0 qecn3
|a|=n

For any ¢ € S1, we have |£ — qo| < |¢ — qo|- Now we use the second series in
(6.3) and repeat the procedure in the proof Theorem 6.1 to deduce that

A‘K&@@@ﬁ@ﬁﬁ
:/’vm—sx(aﬂ@ms

(6.7) L YV (q — 40) Pc(€ — 00) (n(€) £(£))dS
1 n=0 QGNC’»
|a|=n
+oo
=> > Valg—q)B
n=0 ,en3

|a|=n
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This means that

ZZ (¢ = q0)Aa + Va(q — q0) Bal.

n=0 ,en3
laf=n

For any ¢ € Bi(qo, R1, R2,0) N E(mo,Rl,Rg), we have

a(q), B(q),v(q) € Bi(qo, R1, R2,0) N E(an R1, Ry)

so that

ZZ (g = q0)Aa + Valqg — qo)Bal.
n=0 ,en3

le|=

By the representation formula
f'a") =T'(MiFi(q)).

We obtain the stated result

]I/ T Z Z q7QO7 )AQ+VOL(Q5qO7K)B0¢]'

n=0 ,en3
la|=n
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