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Sliding Mode and Active Disturbance Rejection Control
to Stabilization of One-Dimensional Anti-Stable Wave
Equations Subject to Disturbance in Boundary Input

Bao-Zhu Guo and Feng-Fei Jin

Abstract—In this technical note, we are concerned with the boundary
stabilization of a one-dimensional anti-stable wave equation subject to
boundary disturbance. We propose two strategies, namely, sliding mode
control (SMC) and the active disturbance rejection control (ADRC). The
reaching condition, and the existence and uniqueness of the solution for
all states in the state space in SMC are established. The continuity and
monotonicity of the sliding surface are proved. Considering the SMC usu-
ally requires the large control gain and may exhibit chattering behavior,
we then develop an ADRC to attenuate the disturbance. We show that this
strategy works well when the derivative of the disturbance is also bounded.
Simulation examples are presented for both control strategies.

Index Terms—Boundary control, disturbance rejection, sliding mode
control (SMC), wave equation.

1. INTRODUCTION

In the last few years, the backstepping method has been introduced
to the boundary stabilization of some PDEs ([6], [13]). This powerful
method can also be used to deal with the stabilization of wave equa-
tions with uncertainties in either boundary input or in observation ([4],
[5]). Owing to its good performance in disturbance rejection and in-
sensibility to uncertainties, the sliding mode control (SMC) has also
been applied to some PDEs, see [1], [2], [8], [9], [11], [12]. Other ap-
proaches that are proposed to deal with the disturbance include the
active disturbance rejection control (ADRC) ([3]), and the adaptive
control method for systems with unknown parameters ([6], [7]). In
the ADRC approach, the disturbance is first estimated in terms of the
output; and then canceled by its estimates. This is the way used in [4],
[5], [7]. Compared with the SMC, the ADRC has not been used in dis-
tributed parameter systems.

Motivated mainly by [1], [11], we are concerned with the stabiliza-
tion of the following PDEs:

we (2 t) = uze(z. t), © € (0,1),t >0,
ur(0,8) = —que(0.8), t 20, (D)
ux (1, 6) =U({t)+d(t)., t =0
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where u is the state, U is the control input, 0 < ¢ # 1 is a constant
number. The unknown disturbance d is supposed to be bounded mea-
surable, that is, |d(¢)| < My for some My > 0 and all ¢ > 0. The
system represents an anti-stable distributed parameter physical system
7.

We proceed as follows. The SMC for disturbance rejection is pre-
sented in Section II. The ADRC for disturbance attenuation is presented
in Section III. Section IV presents some numerical simulations for both
control methods.

II. SLIDING MODE CONTROLLER

A. Design of Sliding Surface
Following [13], we introduce a transformation:

w(x, t) =ul(x, t) —

—“2’—“)/ uz(y, t)dy. (2)
q _1 JO

This transformation brings system (1) into the following system:

Wl t) = wy (e, t), 2 € (0,1),1 >0,
wy(0,1) = cwy (0, t).t =0, 3)

wy(1,1) = _Z;ﬁ (Ut +dt) + jﬁi we(1,),¢ >0

where ) < ¢ # 1 is the design parameter. The transformation (2) is

invertible, that is
q+c [”
wy (y, t)di
o /0 +(y, t)dy

w(z,t) = wlx, &)+
—p(gi—i—p) /1 we(y, t)dy.  (4)
c2—-1 Jy

Let us consider systems (1) and (3) in the state space H =
H'(0,1) x L*(0,1) with inner product given by

<uhmfmﬁmﬂﬂ=:/Uﬂ@ﬁuﬁ+mmmxmwx

+AMBLY (o) (fooge) T €H. (5)

In this section, we consider { as a real function space. In Section III,
'H is considered as the complex space.

Define the energy of system (3): E(t) =
+w? (@, t))de + (1/2)w?(1,). Then

(1/2) fy (wy (. 1)

E.'(t‘) = —cwf(().,t) + we (L, )we (L, 1) + w(l, )we (L, ¢).

It is seen that in order to make E'(¢) non-increasing on the sliding sur-
face S\ for system (3), which is a closed subspace of H, it is natural
to choose S (t) = w(l,£) = 0 (so we(L.t) = 0), i.e.

Sw={(f.¢)" €H|f(1)=0} (6)

In this way, E (t) = —cw? (0,t) < 0 on Sw, and on S, system (3)
becomes

Wi (0, 1) = weg (2, 1), 2 € (0,1),¢ > 0,
wy (0,1) = cwe(0,1).1 2 0, 7
w(l,t)y=0,t > 0.

It is well-known that for any initial value (w (:r, 0), w2, 0) )T € Sy,
there exists a unique Cp-semigroup 7Ts(#)  solution
(w( ), we(, )T = Te()(w(-,0),w:(-,00)" € C[0,00;H) to

0018-9286/$31.00 © 2012 IEEE
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(7), where the norm in Sw is the induced norm of H. Moreover,
system (7) is exponentially stable in Sy, that is, there exist Ms,
wg > 0 independent of initial value such that

) w (e, 0) e < Mse ™[ (w(ar,0). welw, 00) [lre. (8)

Transforming Sy by (2) into the original system (1), that is

Swit) Zw(l, )
_ 1 q‘ w(t )+ 29T o4
q? -1
_ (i+ ¢ / wy(a, t)da )
-1/
we get the sliding surface S;; for system (1) as
1—|— +
S0 = (L) em| - L2 p) + LD g
g+c [!
- g{x)dr =0 (10)
¢ =1 Jy

on which the original system (1) becomes
Wi (@, 1) = upy (), # € (0,1).%2 >0,

"545(05 f) _qut(o f) t > 0 (11)
u(Lt) = L (0,1) - g [Luy(y,)dy. + 20

which is exponentially stable by (8) and the equivalence between (7)
and (11).
B. State Feedback Controller

To motivate the control design, we differentiate (9) formally with
respect to ¢ to obtain

: 1
Swit) = — T 1)+ ( te )uz,(\O,t/)
qz 1 -1
+c !
_ ;i —1 /0 wy (Y, t)dy
- q*"[U+1< ]— Loln). (12)
7*
This suggests us to design the boundary controller
iy 1 c
U(t) = + 1, +(1,%) 4+ Ksgn < 19+ pl Sw(t)>
- 72—
for S\,«V(t) #(] (13)

where K > My and Sw (t) is defined by (9). Note that controller (13)
deals with the worst case of disturbance by the high gain &'. Under the
feedback (13), the closed-loop system of (1) reads

(@, t) = wpe(z,t), x € (0.1),¢ > 0,
Uy (O* t) = qut(07t)e t 2 07
u, (1,8) = —%'uz,(\l,t,) + Ksgn ( gte S (t) ) —+ d(t),

t 2 0for Sw(t)#0

(14)

By the transformation (4), the corresponding controller I7 for system
3)is

1+ge 1+ g0)*
0 @

+Ksgn ( (12—1— Pl 11}(1,7?)) for Sw(t) #£0. (15)

U(t) = — we (L, )
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Then, Sw(t) satisfies formally that

Sw (l‘)gw (t)

gtce . fq4+c
— qQ — 1beg11 ((12 — 15[1/<t)) S\/V(ll)
_|_
I 1) Sw (1)

? —1
q+t

//\

(Ix — ﬂ[g) |SW t)l

= —n|Sw(t)]. » > 0. (16)

The closed-loop system of system (3) under the state feedback con-
troller (15) is

wi(w, ) = we(x, 6), @ E (0,1),t> 0,

w,e (0,8) = cw (0,8),¢ =

we(l,t) = — q+‘ L Ksgn (Tw(l t) ) - ‘H" d(t) = d(t)

t>0 fOI‘ Sw ) # 0.
a7

Note that (16) is just the well-known “reaching condition” for system
(3) but we do not know if .51 makes sense for the initial value in the
state space in present. This issue is not discussed in [1]. It would be
studied in Section III.

C. Solution of Closed-Loop System

In this section, we investigate the well-posedness of the solution to
(14). Since (14) and (17) are equivalent, and (17) takes a simpler form,
we study the solution of (17) outside the sliding surface.

Define an operator 4 : D{A)(C H) — H as follows:

Af.9)" = (9. " V(f.9)" € D(A),
D(A)={(f.9)" € H*(0,1) x H'(0,1)|

F1(0) = eg(0), (18)

A direct computation shows that the adjoint operator of A4 is given by

(o) = (=0, —wivm 0" € D(A"),
D(4 )= {(p.¥)" € H*(0,1) x H*(0,1)] (19)
0 = —b(0) 611) = 0,
Take the inner product on both sides of (17) with (¢, ¥))" € D(A*)

to get

i (o) (0), = () (2)),
+<<—é’(¢:—1)+5(;c—1))d~’(t)e<f)> -
0 Y/ pianyrxn(a)

where D(A*)" is the dual of D(A*) with the pivot space H. Then
system (17) can be written as

4 ( w ) Y ( v ) + Bd(b),
dt wy Wy ’

(=8 =1) 8 —1)
a= (TR

(20)
and 4(+) is the Dirac distribution.

Proposition 1: Suppose that d is bounded measurable in time. Then
for any (w(-,0),w,(-,0))7 € 'H, there exists a to = 0, depending
on initial value, such that (17) admits a unique solution (w, w,)’ €
C(0,ty; H) and w(l,t) = 0 for all ¢ > . Moreover, Sw(t) =
w(1,t) is continuous and monotone in [0, #¢].
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Proof: We first suppose that w(1,0) # 0. In this case, it follows
from (17) that in the beginning of ¢ > 0

. — | S K - F5d(t),w(1,0) > 0,
d(t) = o \ 1)
q‘?f_cl K- q‘fr_cld(t)./ur(l./()) < 0.

Let A be defined by (18). For any (f, ¢)T € D(A), it has
(Af.07.(£07) = —cs’(0) <0,
H

So A is dissipative. Since by argument below, 1 € p(.4), the resolvent

set of A, it follows that A generates a Cq-semigroup of contractions

e onH by the Lumer-Phillips theorem ([10, Theorem 4.3, p.14]).
Consider the observation problem of dual system of (20)

P ok p 3
at \ o ) T )
wy W
ES

g =B, =
wy
Then we can easily show that
T ‘ T ‘
/Iquﬁ<2/fM%Lﬂ+MﬂLmﬁ
9] 40
<AT +2)E(0). (23)

A straightforward computation shows that B*(I — A*)~' is bounded
on H. This together with (23) shows that B* is admissible for the
Co-semigroup et generated by A™ ([14, Theorem 4.4.3, p.127]).
Therefore, system (20) admits a unique solution which satisfies, for
all (,4)T € D(A™), that

.
% (/ wy(x, ) (2)dz + w(\l,t/)p(l))
0

1
= —/ wy (., )0 () + [ (1) + p(lk)]df(t),
0

i /1 wi(x, ) (x)dx
(lt'U A, U)W 0r)ar

|
= —/ wi(z, ' (z)dx. (24)
Jo

Set (¢.4)T = (1,0)T € D(A") in the first identity of (24) to obtain

Sw(t) = d(t) for Sw(t) # 0. (25)
This shows that Sy is continuous in the interval where Sy # 0. More-
over, (16) holds true. Therefore, there exists a tg = () such that Sy (¢)
is monotone in [0, #y] and Sw (t) = 0 for all ¢ > #,. In particular, if
w(1,0) = Sw(0) =0, thenty = 0. This completes the proof. |

Returning to the original system (14) by the inverse transformation
(4), we obtain the first main result of this technical note.

Theorem 1: Suppose that d is bounded measurable in time. Then
for any (w(-. 0), u¢(-, 0T € H, there exists some ¢, 3> 0, depending
on initial value, such that (14) admits a unique solution (w, u, )T €
C'(0,%q: H) and Sz-(t) = 0 for all # > to. Moreover, Si7(t) is contin-
uous and monotone in [0, 5], where Sz7(¢) = O is the sliding surface
of system (14) determined by

q+c
7> =1

. gte
K pa ld(t).

Su(t) = —sen(Su (1) (26)

Any solution of (14) in the state space 7 will reach the sliding surface
Sv(t) = 0 in finite time and remains on St () = () afterwards.
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III. ACTIVE DISTURBANCE REJECTION CONTROL

It is well-known that the so-called chattering behavior is associated
with the SMC, due to discontinuity of control. In this section, we shall
use a direct approach to attenuate rather than to reject the disturbance.
This is the key to the ADRC method in finite-dimensional systems
([3]). The idea is first to estimate the disturbance and then to cancel
the estimate in the feedback-loop. Unlike the SMC which usually uses
high gain control, the control effort in ADRC is found to be moderate.

In estimating the disturbance, we assume that the derivative of the
disturbance is bounded: |d(t)] < R for some R > 0 and all > 0.
Again, by equivalence, we discuss (3) only for it has a simpler form.

The objective now is to design a continuous controller I7 which can
stabilize system (3) in the presence of disturbance. In view of (15), this
controller is designed as follows:

Ut) =U(t) + Us(t)
= — 1.7+ qCu}_,»(l., t)
¢t —1 ’
(14 g0)?
(c2 = 1){q +c)

where ['>, also continuous, is to be designed in what follows. Under
control (27), the closed-loop of system (3) becomes
W, 1) = wee(x, 1), 2 € (0,1),7 >0,
we(0,%) = cwe(0,1), >0,
we(l, 1) = —q@%ﬂld(f) - ;’Q%Ug(f),f >0

wi(l, )+ Ua(t) 27

(28)

Introduce a variable y(f) = w(1,t). Then the boundary condition at

x = 1 in (28) gives that

— q + ¢
-1

g+c
-1

y(t) = d(t) - Ua(t). (29)

It is seen that (29) is an ODEs with state y and control I/>. Then we
are able to design an extended state observer to estimate both y and d

as follows ([3]):

{ﬁxﬂz—jfdxﬂ—;fﬁwﬂ—iﬁJﬂ—Mﬂ%

b
—_

AR 1 a2—1 - (30)
de(t) = =2z 1q+c (ys(\t) - y(t))

where < is the tuning small parameter. The errors §. = 3 — ¥, d. =
d. — d satisfy

() = = FE5de (1) = Loe(t), 1)
(1) = 5211‘;; g-(t) — d(t)
which can be rewritten as
d {9-(t) 7: (1) ;
— ',, :A—r’ S Bki t),
ﬁ<¢u> ) TBAD
( i s
A, = 5 ¢ ‘1>
‘ L g°—1
?‘quﬁ-,; 0
0
B.-("). (32)

A straightforward computation shows that the eigenvalues of the matrix
A, are

1 3. 1
/\|:_E+\2/5]”’ /\2:_?_51

AAg(et2f o7 2
E?AEIBe — _ ( Co(Aa—A1) ) , C. = lq — 1

(33)

and

Aperat iy oAt
Aa—Ap
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Since

l‘:

'*>) Aef(?zc—<0>) [(rm.
<r5(t) ¢ d.(0) +.U ¢ Bed(s)ds

the first term above can be arbitrarily small as ¢ — oc by the exponen-
tial stability of e®=*, and the second term can also be arbitrarily small
as & — 0 due to boundedness of d and the expression of (,%AetBe. As
aresult, (9. (%), (ig(t)) can be arbitrarily small ast — oc, 2 — 0.

Since d. is an approximation of d, we can design the controller for
system (28) by cancelation/feedback as

1

2 —
+ quTw(l,t)

Us(t) = —d.(t) (34)
under which the overall closed-loop system of (28), (29), and (30) be-

comes

wp(w ) = wee(x, t), 2z € (0.1),£ >0,

w,(0,8) = cwe(0,8),¢ 2 0,

we(1,t) = ;‘Iztcl (c’ZE(t) —d(t)) — Mw(1.t),¢t >0,
w(l, t) =y(t).t =

(35)
g}(z‘) = q+c ((l (t) — d(f)) — Muw(l,t),t 20,
j.(t) = —j; i (1) — y(t)) — Mw(1,6),t >0,
2 ~
d. (7‘ LG (1) —y(t). £ > 0.
Using the error dynamics (31), we see that (35) is equivalent to
wtt(;y,t) = wye (. t), 2z € (0, 1).¢ >0,
0:(0,1) = cwe (0,1),¢ 2 0,
we(l,t) = q‘f:”l de(t) — Mw(1.t),t 20 (36)

1./~(ff) = —l;k(t) — &t (i~(t) t>0
de(t) = & ‘l g (1) — d(t). t

It is seen that in (36), the variable (3., (ié) is independent of the “rw
part”, and can be made as small as desired as ¢ — oc, & — 0. Thus,
we need to consider only the “w part” that is rewritten as

wi(x, t) = weu(x, t),z € (0,1), >0,

w,(0,t) = cw, (0, t),t =0,
w(1,1) = ‘1+" ke d.(t) — Mw(l 0.t >

(37

System (37) will be considered in the state Hilbert space H =
H'(0,1) x L*(0,1) also with the norm defined in (5). Define system
operator 4. of (37) by

Afog) =0 1"V (f.9)" € D(A),
DA ={(f.9)" eH
A(fog)" € H.F(0) = cg(0), g(1) = =M f(1)} .

(38)

A direct computation gives

4%fJ = (=M(f'(1)+ f(1) —g, -7
V(f.9)" € D(AD),
DH»—{UJ)EH%t>xH%mmxwyWem
F1(0) = —cg(0), g(1) = 0} .

(39)
Similar to (20), system (37) can be rewritten as an evolution equation
in ’H as

= A.(w,w:)

qtc
i -1 (40)

d
E(w, (Ut)T

where B is defined in (20).
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Proposition 2: Suppose that both d and d are uniformly bounded
in time. Then for any (w(-,0), w(-,0))" € H, there exists a unique
solution (w,w,)" € C(0,00;H) to (40). Moreover, (w,w,)' can
reach arbitrary vicinity of zero as ¢ — oc, ¢ — () in (36).

Proof: We consider only the case of ¢ < 1. The case of ¢ > 1
can be treated similarly. Introduce an auxiliary system as follows:

vy (2, t) = vew(x,t), 2 € (0,1),¢ >0, @
'UI(O', t) = 'UL(]"' t) = O’t > 0
which can be rewritten as an evolution equation in H
Do) = Aolv,0)T 42
E(L’“) = Ao(v, ve) (42)
where
Ao(f.)" = (9. £, V(f.9)" € D(A).

D(Ao) = {(f.9)" € H*(0.1) x H'(0.1)|Ao(f.0)" € H.
f1(0)=0.4(1) =0}.
(43)
It is a trivial exercise to show that 4, is skew self-adjoint: A7 =
—Aq. Compute the eigenvalues (Ao, A, X,.), and the eigenfunctions
(¥, Antby, ) corresponding to A, of Ag, to get

Ao =0, ¥o =1,
{An:i(n—ﬁ)“r lr”—ms((:_;__));l,n—lﬂ ..... (44)
A direct computation shows that 1 € p(Ag). Actually, we have
o (f e
I— A" =
( 0) (g o—f)
(;) — Cg(czr, + C*.r)
1 /7 .- (z—
—§/<e” D) (1) + o))y,
+ —1 I —1
Cy=ltrs ) /<'“— D)(Fy) + gty)dy
+(e+e‘1) Lr(),v (;) € H. (45)
So (I — Ag)™" is compact on H by the Sobolev embedding theorem.

It follows from a general result in functional analysis that the eigen-
functions ('lr’//‘o-, )\OU”O,) U {(L//"n s An lr/’/"n )}3(:1 U {('lr/"n 3 >"Vl 7,1/;"1 )}noozl form
an orthonormal basis for H. Decompose H as

H =H+ Ha, Hi LHa, Hi = spani{ (v, Moto)},
Hz :SD?LH{{(Z/' nl’ n };T:l U {_(E )\n’l,‘/j"n)};)zo:l}-

By the norm defined in (5), Hi = span{(1,0)}, and H> = {f €
L0, )|f(1) = 0} x L?(0,1). Define a map
fl@). g(@)) = (f'(x), 9()),V (f. ) € Ho.

Then P is an isometric from M2 to (L*(0, 1))?. It is further seen that

P('lr//"n . >\’IL7,1/‘V'I, ) = Fn s [FD( lr I3 A lZ ) Frz B Where
1 1
F, = <— s11L ( E) L, COS (n — 5) ﬂ'.,’l:) .
n=12,.... (46)

Since {(¥n. An ) 1o U {—(¥n. Anin) }o2, form an orthonormal
basis for Hs, it is equivalent to saying that { F}, Jnz; U {—Fy }ne
form an orthonormal basis for (L2(0,1))?.
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Now we go back to system (40). When 0 < ¢ < 1, the eigenvalues
(t0, ttn s o) and the eigenfunctions ( ., st fr ) corresponding to i,
of A. are found to be

—/\11 | —c Max
+ 14+c¢
elatibn)ey dme —(atibn)e

a+iby

po = —M, fo(x

Hn = a+ ibn fa (;17) =
b, = (n - %) T,

47

(1_1111

1+c'

It is obvious that (fn, A fn) € Hao. Let Goy = P(fu,ftafn) =
(fh.ptn frn) forn = 1. Then it is found that

ax |—c —azx ax |—c —ax
L —ett — e —e"" 4+ e T
Gn - (_ Ite s ) FIL

6(19:_1_ Ifne—az _eam _ I=c —ax

¢ ¥t

=iA(x)F,,

G =A@ (—F) n=1.2.... (48)
Hence, {(fu, ptn fo ) Yoy U {(Fu, I f) Y22, form a Riesz basis for
Ho. Hence (1, VU {(fu, ttn Fu) Yo \ UL (Frr, Tom £ ) 152 | form a Riesz
basis for 7. Since (fo. o fo) U {(Fn, tin F) 1o U{(Fr, Tim fr ) 1o
is w-linearly independent and is quadratically close to (1,0) U
{(Fns fin Fo) Yooy U {(Fus Fim fn)}oZq, it follows from the classical
Bari’s theorem that ( fo, 20 fo) U (frs tn fn ) ot U{ (s B ) Yo
form a Riesz basis for H. This implies that A, generates a Cp-semi-
group e”*<* on H, and that the spectrum-determined growth condition
is true for e'<*. Moreover, since ¢ = lu(l —¢)/(1+¢) < 0, ee?
is exponentially stable.

Next, we show that B is admissible for Aot or equivalently, B* is
admissible for e+, To this end, we find the dual system of (40) to be

vi(m, t) = vi, (x, ) — M vy (1t) + of (1, 1),
z€(0 1) £>0,
v3(0,8) = e[ (0, ) + M(vy (L, t) + v (L, 8)],t > (49)
vi(lt) = =M vy (1. t) + " (1, ).t >0,
ye(t) = 5 (07(1, t)+v (1,).t >
Define functions
1
E*(t)= ‘1/ ['v;?(;r,f)
2 Jy
+(v] (2, ) + M(0L(1,8) + 07 (1,4)))%]dz (50)
and
|
pr(t) = / g (2, ) (vy (2. 8) + M{(ve(1,8) + 2" (1, )))dz. (51)
Jo

Similar to (23), we can show from (50) and (51) that
T
/ [er(1.4) + ™ (1, t)}zdt
JO - ‘ ‘
<2 / [02(1,6) 4+ **(1, )] dt
0

< Cr [E*(O) + %1/‘*2(170)} for some C'r > 0. (52)

B is then admissible fore”* if we can show that B* 4*~! is bounded

in H. This is trivial since
—flx)+ f(1) )’

()
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1
I(x) = (f(1)y = fO)(2—x)+ / g(x)dx
— M / / s)dsdy,
* qak—1 f _ =
BT A; <g> = Mf(l (53)

Since A. generates an exponential stable C'p-semigroup and I3 is ad-
missible to e“<?, for any initial value (w(-,0),w:(-,0)7 € H, it
follows that there exists a unique solution to (40) provided that d e
L},.(0, 50), which can be written as ([15])

'“)(",f) _ _Act “"('70)
wi(- 1) ) ¢ we (-, 0)
t
4+t / eA”(t_S)Bd;(s)ds. (59)
q2 -1, 0

_|_

This is the first part of the theorem. Now we show the second part.

For any given =g > (), by assumption, we may assume that |d. (£)| <
zg forallt > t5,0 < & < &1 forsome g > 0 and z; > 0. We can
write (54) as

W as (w2 0)
wele, 1) = we (-, 0)

to .
4 ge&(t—to) / BA“”U_S)B(ZE(S)(ZS
Jo

¢ -1
T
1t / A=) B (s)ds. (55)
g* -1 to
Since the admissibility of 3 implies that
t . 2 N
‘ / MU B (s)ds|| < Cilldell7z (o0
Jo H loc
S Cl: [ 0.0- ¥ de € L(0,5¢)  (56)
for some constant C; that is independent of d, and since e”°" is expo-
nential stable, it follows from Proposition 2.5 of [15] that
43 ) - L N
‘ / e Bd.(s)ds|| = ‘ / e B0 & d.)(s)ds
to Jo tg
< L||d-|res (0.00) € Leo  (57)
where L is a constant that is independent of d, and
U(f),O StsT,
)t) =

AIH

Suppose that ||e Loe™* for some Lo, w > 0. By (55), (56),
and (57), we have

w(-,t) —wt w(-,0)
[y R (G}

+C‘ o=t 7
+L00t0 ¢ ¢ m)\|d:~||r,o<>(o.f,n) +

L%o (59)

Ast — oc, the first two terms of (59) tend to zero. The result is then
proved by the arbitrariness of zq. u

Remark 1: When ¢ > 1, instead of (41), we choose the corre-
sponding auxiliary system as follows:

{vﬁ,(x,t) = vyx(z, ),z € (0,1),t > 0, (60)

ve(0,8) = v (1. 1) = 0, = 0.
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(a) (b)
Fig. 1. Displacements for disturbance with unbounded derivative (a) SMC (b)
ADRC.
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(a) (b)

Fig. 2. SMC for disturbance with unbounded derivative (a) Sliding surface (b)
Controller.

Going back to the original system, we have the second main result
of this technical note. )

Theorem 2: Suppose thatd and d are uniformly bounded measurable
and (u(-,0),us (-, 0))7 € H. Let

1+ge 9(g +¢)
Su(t) = o 1'11(1,79) + (127_11/(0,7?)
1
_ ({)—1— c / ug(x, t)dr.  (61)
q° — ]- JO ’

Then the closed-loop system of (1) described by
u (0, 1) = ups (w,8), 2 € (0,1),¢ >0,
us(0.1) = —qu(0,8),t = 0,
‘ o2 -
we(1,) = = 4 (1,8) + ML Su(t) +d(t) — da(t).
t 20,

g(t) = —L(ge(t) — Su(t)) — MSu(t),t >0,
d-(t) = L LZ1(Ge(t) = Su ().t 2 0

(62)
admits a unique solution (u,u¢)" € C(0,0c;H), and (u.u;) can
reach arbitrary vicinity of zero as t — oc, £ — 0 in (62).

IV. NUMERICAL SIMULATION

In this section, we give some simulation results to illustrate the ef-
fects of both the SMC and ADRC.

Consider systems (14) with the equivalent control U/., when
Sw(t) = 0, and (62). Let the parameters be ¢ = 2, ¢ = 1.2,
¢ =1/30, K = 1.2, M = 5, and the disturbance d(t) = sin ¢*. The
initial conditions are

uw(x,0) = x,u,(x,0) = —z. (63)
Note that || < 1 is bounded but |d| is unbounded.

We apply the finite difference method to compute the displacement.
Fig. 1(a) and (b) show the displacements of system (14) and (62) re-
spectively. Here the steps of space and time are taken as 0.001 and
0.0005, respectively. It is seen from Fig. 1 that system (14) converges
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(a) (b)

Fig. 3. Displacements for disturbance with bounded derivative (a) SMC (b)
ADRC.

smoothly, but system (62) is oscillatory around the equilibrium before
t = 10. It shows that ADRC is not adequate to deal with the disturbance
with unbounded derivative. The corresponding control and sliding sur-
face are plotted in Fig. 2 in this case. )

If the disturbance is described as d(t) = sint. Then both d and d
are uniformly bounded. Take the steps of space and time by 0.005 and
0.001, respectively, which are larger than that in Fig. 1. We obtain the
displacements of the system (14) and (62), which are shown in Fig. 3(a)
and (b), respectively.

We point out that a chattering behavior is observed in Fig. 3(a) (see
also the sliding surface in Fig. 2(a)), although it is convergent. On the
other hand, the displacement in Fig. 3(b) is quite smooth. The results
shows that the ADRC yields more satisfactory performance than the
SMC in dealing with the disturbance with bounded derivative.
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