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Abstract— The majority of slosh-control techniques have re-
quired feedback control to suppress liquid oscillations induced
by container motion. However, input shaping is an alternative
method for generating motion commands that reduce residual
oscillations without the need for sensors. In addition, input
shaping can accommodate two concerns associated with slosh:
peak transient slosh and changes in slosh frequency. Past work
has demonstrated that input shaping can be useful for suppress-
ing slosh, but none have experimentally verified robust input
shapers. This paper describes simulation and experimental
results that verify robust input shaping can effectively reduce
peak transient slosh and limit residual oscillations over a range
of parameters.

I. INTRODUCTION

Slosh is the oscillation of liquid inside a container. There
are many cases where sloshing is undesired. In the packaging
and metal industries, excessive slosh can spill liquids or
molten metal [30]. Sloshing of fuel and other liquids in
vehicles can result in unwanted dynamics and dangerous
rollovers [3]. This is especially true for space vehicles where
excessive slosh can cause instability [19]. Therefore, it is
often desirable to reduce peak transient slosh and residual
surface oscillations induced by container motion.

There has been significant research to characterize and
control slosh. A main thrust of research was driven by
NASA. This work covered the governing equations, exper-
imental results for a variety of container shapes, and the
modeling of slosh in dynamic systems [2], [6], [12], [21].

In order to suppress slosh, a variety of methods have been
proposed, simulated, and tested. Some techniques are passive
[16], or rely on actuators near the liquid surface for slosh
suppression [11], [32]. However, it is often not practical
to place actuators in or near the liquid. The majority of
proposed techniques use the container motion as the control
input in a feedback loop. Examples of these include: sliding
mode control [4], [14]; H∞ control [30], [35]; PID control
[27]; a hybrid shape approach [13], [17], [33], [34]; and
iterative learning control [9]. Some control schemes filter the
input to create a prescribed motion that results in minimal
residual oscillation [5], [7]. Several experimental test rigs
have been constructed [1], [2], [7], [8], [10], [31].

Input shaping is a control method that convolves a ref-
erence command with a series of impulses to generate a
command that induces minimal residual oscillations. There
have been several implementations of input shaping as a
means to control slosh [1], [7], [10], [20], [29], [31].
However, no reports have shown experimental verification
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Figure 1. Slosh Frequency of Liquid Surface

of input shapers that are robust to parameter variation.
This paper reports simulated and experimental evaluation of
robust input shaping for slosh suppression. The following
sections describe the system model and testing apparatus,
and then simulation and experimental results are reported.

II. SYSTEM MODELING

A. Slosh

Using several simplifying assumptions, the natural fre-
quency of the first mode of a liquid surface in a rectangular
container can be described by [2]:

ω =

√
gπ

a
tanh

(
hπ

a

)
, (1)

where g is the gravitational acceleration, a is the container
length in the direction of wave motion, and h is the liquid
depth. A more complex equation incorporates the width
dimension and can estimate higher modes. Experimental
testing has shown that (1) often predicts the frequency with
less than 5% error in many cases [18].

The three dimensional surface plot of slosh frequency
versus container length and liquid depth is shown in Figure
1. Decreasing the container length results in a higher slosh
frequency. As the liquid depth increases, the hyperbolic
tangent term approaches unity and the frequency approaches
a theoretical limit. As a result, the slosh frequency changes
very little with depth after a critical depth. For example,
the line superimposed on Figure 1 shows the liquid depths
at which the slosh frequency reaches 95% of its maximum
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Figure 2. Slosh Model

value. This line corresponds to liquid depths that are nearly
half of the container length.

Analytical expressions have also been determined for the
damping ratio, showing it to be approximately 0.01 for water.
The analytical expression for the damping ratio is a function
of an experimentally-found constant, the Galilei number, and
container geometry; however, it can have up to 25% error
[18]. For this reason, the damping ratio for the tests reported
here were determined experimentally.

B. Dynamic System

An open container of liquid can be approximated by the
model shown in Figure 2. The force input, u(t), results in
container motion, y(t). A damped vibratory response, x(t),
is modeled by a mass, spring, and dashpot. This response
induces slosh on the surface, s(t,w), which is a function of
the measurement location, w.

This is a linearized model of the commonly-used pen-
dulum model of slosh, and only the first mode of slosh is
modeled. Here, m1 is the mass of liquid that sloshes, and
m0 is the combined mass of the stationary liquid and the
container. The spring and dashpot values are functions of
the slosh frequency and damping ratio. The dimensions a
and h used in (1) are also shown.

Translating the container with limited residual oscillation
is desirable. But it is often also necessary to limit the peak
transient slosh, to some critical value. For example, the
critical value may be the height of the edge of the container.
The deflection of the sloshing mass, x(t), will be used to
represent the surface motion at the right-most point, s(t,a).

C. Input Shaping

The input-shaping process is illustrated in Figure 3. A
reference step command is convolved with an input shaper
containing two positive impulses. The result of the con-
volution is the two-step command. Note that the reference
step command causes a residual vibration equal to the step
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Figure 3. Input-Shaping Process

amplitude; and the input-shaped command eliminates the
residual vibration [22], [23].

The key to designing an input shaper is knowledge of
the system natural frequency, ω , and damping ratio, ζ . The
amplitudes and time locations of the impulses in the input
shaper can be found from this information. For example, the
time locations and amplitudes of the shaper shown in Figure
3 are [24], [28]: ti

Ai

=

 0 0.5Td

1
1+K

K
1+K

 , i = 1,2 (2)

where,

K = e

(
−ζ ω√

1−ζ 2

)
(3)

and Td is the damped period of vibration. The input shaper
given in (2) produces Zero Vibration (ZV) at the design
frequency. A more robust shaper is the three-impulse Zero
Vibration Derivative (ZVD) input shaper. It also produces
zero vibration at the design frequency, but allows for greater
tolerance to modeling errors [22]:

To eliminate multiple vibration modes, additional shapers
or more complex shapers are required. Specified Insensitivity
(SI) shapers are generated by specifying a tolerable level
of residual vibration over any desired range of frequencies
[25], [26]. One method for generating SI shapers uses evenly
spaced points over the range of frequencies. At these distinct
frequencies, residual vibration is constrained to below the
tolerable level. For example, Figure 4 shows a case where
residual vibrations are suppressed to below 5% over the range
of 0.8 to 1.2 Hz.

III. TESTING APPARATUS

The container and camera in Figure 5 were mounted to
an XY gantry. The gantry was driven by servomotors and
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Figure 5. Testing Apparatus

controlled by a programmable logic controller [15]. The
camera recorded the slosh inside the container.

The recorded video was downloaded to a computer for
processing. Each frame was extracted from the video, as
shown in Figure 6(a). The image was then thresholded, as
shown in Figure 6(b). An outline of the water cross section
was created by scanning the boundary between the white
and black color, as shown in Figure 6(c). To measure slosh,
the displacement of the rightmost point on the surface was
recorded for each image. This point is denoted by the circle
in Figure 6(c). The sampling period of the video was 16.7
ms with a resolution of approximately 0.5 mm.

A baseline case was selected. The container length, a,
was 13 cm; the water depth, h, was 3.5 cm; and the natural
frequency calculated from (1) was 12.78 rad/s. The container
was moved, and the slosh was recorded. The estimated
damping ratio and natural frequency were ζ = 0.008 and
ω = 12.5 rad/s. The experimentally determined value and
the estimated value from (1) differ by only 2.1%.

IV. INPUT SHAPER DESIGN

In order to intelligently design an input shaper, it is
necessary to understand the system operating conditions.
When moving a container of known dimensions, the primary
concern is the liquid depth. With reference to Figure 1,
there are three cases to consider. Case 1 is if the system
frequency is always greater than the 95% line. Here, system
frequency undergoes small changes and robustness may not

(a) Image Frame

(b) Binarized Image

(c) Boundary and Recorded Point

Figure 6. Data Processing

be a primary concern. Case 2 is if the nominal frequency is
below the 95% line and the liquid depth is roughly constant.
Then, the system frequency is also roughly constant, but
moderate robustness may be desired for uncertainties. Case
3 is if the system frequency is below the 95% line and
the liquid depth varies. Here, system frequency changes are
large, and robustness is important. For this paper, case 3
is used to demonstrate slosh suppression by robust input
shaping.

Three input shapers were evaluated in simulations and
experimental testing. ZV and ZVD shapers were designed
to suppress slosh for the baseline case. An SI shaper was
designed to suppress slosh for liquid depths between 1 cm
and 4.5 cm to a residual vibration level of 5%. Figure 7
shows this region and the corresponding frequencies. The
upper bound was chosen to be near the top of the container.
At the lower bound, the frequency changes significantly with
liquid depth. The SI shaper that reduces slosh for these
depths is 62% longer in duration than the ZVD shaper.

V. SIMULATIONS

Simulations of the slosh induced by unshaped and shaped
commands for the baseline case are shown in Figure 8. In
each simulation, the system was given a reference bang-
coast-bang command with a four-second coast period. Two
important pieces of data are seen in each simulation: the
maximum transient deflection and the residual oscillation.
The unshaped command in Figure 8(a) produces the greatest
transient deflection. It is important to note that the maximum
deflection caused by the unshaped command is dependent
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Figure 7. Frequencies Suppressed by SI Shaper

on the move distance and system frequency. In this case, the
deceleration command slightly increases the amplitude of os-
cillation. The ZV-shaped command in Figure 8(b) reduces the
transient deflection to 50% of that caused by the unshaped
command. The ZVD-shaped command in Figure 8(c) further
reduces the deflection to 25% at two peaks. The maximum
deflection due to the ZV- and ZVD-shaped commands is not
dependent on the move distance or system frequency for
well-modeled systems. The SI-shaped command in Figure
8(d) causes a maximum deflection of only 19%. Although
there are small residual oscillations, the maximum possible
transient deflection induced by an SI-shaped bang-coast-bang
command is 24% within the region of suppressed frequencies
compared to 200% from an unshaped command.

The unshaped command in Figure 8(a) causes a residual
oscillation amplitude of 74%. Both the ZV- and ZVD-
shaped commands eliminate residual oscillations because the
model is perfect. The SI-shaped command reduces residual
oscillations to 2%. Residual oscillations due to the SI-shaped
command have a slight dependence on move distance and
system frequency.

In order to analyze robustness to parameter changes,
Figure 9 shows the residual oscillation amplitude resulting
from the three shaped commands over a range of system
frequencies. Here, 100% residual oscillation is the amount
of residual oscillation resulting from a step command. A
line is drawn at 5% showing the acceptable level of residual
oscillation. The ZV and ZVD shapers eliminate oscillation
at the design frequency of 12.78 rad/s. The ZVD shaper
provides more robustness to modeling errors than the ZV
shaper with a larger range of suppressed frequencies below
5%. The SI shaper suppresses residual vibration to 5%
between the frequencies of 7.50 rad/s and 16.20 rad/s. The
appearance of the small residual oscillations in Figure 8(d)
are also explained here. At a system frequency of 12.78
rad/s, the SI shaper is shown to have slightly greater than
0% residual oscillation amplitude.

VI. EXPERIMENTAL RESULTS

Using a trapezoidal velocity as the reference command,
the container was moved 50 cm in approximately 4 seconds.
The ZV-, ZVD-, and SI-shaped commands were generated
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(b) ZV Shaper

-1

-0.5

0

0.5

1

0 1 2 3 4 5 6

Velocity Input
DeflectionN

on
di

m
en

si
on

al
V

el
oc

ity
an

d
D

ef
le

ct
io

n

Time

(c) ZVD Shaper
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Figure 8. Simulated Slosh Response

from the reference command. During each test, transient
and residual slosh were recorded. Two metrics were used to
analyze the results: the maximum transient deflection, and
the settling time defined as the time to reach 1.5 mm of
residual oscillation.



0

0.2

0.4

0.6

0.8

1

5 10 15 20 25

ZV
ZVD
SI

R
es

id
ua

l
O

sc
ill

at
io

n
A

m
pl

itu
de

Frequency (rad/s)

Figure 9. Sensitivity Curves for Input Shapers

-10

-5

0

5

10

O
sc

ill
at

io
n

(m
m

)

(a) Unshaped Command Results

-5

0

5

O
sc

ill
at

io
n

(m
m

)

(b) ZV-Shaped Command Results

-5

0

5

O
sc

ill
at

io
n

(m
m

)

(c) ZVD-Shaped Command Results

-5

0

5

0 2 4 6 8 10O
sc

ill
at

io
n

(m
m

)

Time (sec)
(d) SI-Shaped Command Results

Figure 10. Experimental Results for 3.5 cm Depth
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Figure 11. Peak Transient Slosh vs. Liquid Depth
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Figure 12. Settling Time vs. Liquid Depth

Figure 10 shows the slosh induced by the four commands
with a liquid depth of 3.5 cm. Recall that this was the design
point for the ZV and ZVD shapers. In each case, the initial
acceleration induced slosh that partially damped out during
the move. Four seconds later, the deceleration resulted in
additional slosh. The peak transient slosh in the unshaped
case of Figure 10(a) was 9.8 mm compared to an average of
3.5 mm for the shaped commands. The settling time for the
unshaped case in Figure 10(a) was 17.0 seconds compared to
an average of 6.0 seconds for the shaped commands. For this
particular case, the ZV command suppressed residual slosh
slightly better than the ZVD command, as shown in Figures
10(b) and 10(c). However, the ZVD command resulted in
lower peak transient slosh than the ZV command, as ex-
pected. The SI command, shown in Figure 10(d), suppressed
residual slosh better than the other shaped commands, with
the added benefit of lower peak transient slosh.

Figure 11 shows the peak transient slosh amplitude for
the four commands at several liquid depths. These results
correlate with the deflections predicted by Figure 8. The
unshaped command had the greatest slosh amplitude for
nearly all cases with an average of 9.8 mm. The variance at
different liquid depths was due to the dependence on system
frequency. The ZV, ZVD and SI commands significantly
decreased the peak transient slosh amplitude, with averages
of 5.0 mm, 3.6 mm, and 2.4 mm, respectively.

Figure 12 shows the settling time for the four move



commands at each liquid depth. For all cases except for the
ZV-shaped 1 cm test, the unshaped command had a settling
time greater than the shaped commands and an average
settling time of 14.8 s. The unshaped command had a greater
settling time at greater liquid depths due to the dependence
of residual oscillations on system frequency. The ZV and
ZVD command averaged 7.4 s and 7.5 s, respectively, to
settle. The SI shaper reduced settling time for the majority
of the cases with an average of 5.9 s.

VII. CONCLUSIONS

The slosh in a rectangular container of liquid was re-
duced with Zero Vibration, Zero Vibration and Derivative,
and Specified Insensitivity (SI) input shapers. Simulations
showed that input-shaped commands can significantly reduce
peak transient and residual slosh. Additionally, robust input
shaping was shown to suppress oscillation of the first mode
of slosh over a range of system frequencies. Experiments
verified the key results predicted by the simulations. The
robust SI shaper resulted in the lowest peak transient slosh
and the fastest average settling time over a range of liquid
depths.
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