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Abstract

We study a slow-fast system with two slow and one fast variables. We assume
that the slow manifold of the system possesses a fold and there is an equilibrium of
the system in a small neighbourhood of the fold. We derive a normal form for the
system in a neighbourhood of the pair ”equilibrium-fold” and study the dynamics of
the normal form. In particular, as the ratio of two time scales tends to zero we obtain
an asymptotic formula for the Poincaré map and calculate the parameter values for
the first period-doubling bifurcation. The theory is applied to a generalization of the
FitzHugh-Nagumo system.
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1 Introduction

Since fundamental works of A. N. Tikhonov, L. S. Pontryagin, N. Fenichel [§], [7], [1] singular
perturbed dynamical systems became a subject of many researches and are intensively stud-
ied nowadays. These systems have many applications in various areas of physics: mechanics,
hydrodynamics, plasma physics, neurobiology and others. They are aimed to describe those
systems for which different processes are running with different speeds. Mathematically,
such systems can often be written in the form of so-called slow-fast system

et = F(x,vy),

y:G(xay)a (1.1>

where x € R" is a fast variable and y € R™ is a slow one. The parameter ¢ describes the
ratio of two time scales and is assumed to be small. In the limit ¢ = 0 we obtain the slow
system

(1.2)



which describes the motion in a vicinity of the slow manifold defined by the equality F'(z,y) =
0. On the other hand, using the fast time s = ¢/ we can rewrite the system (1.1]) as

= F(z,y),

y, = 6G(£7y)7 (13)

where the prime stands for the derivative with respect to s. Setting ¢ = 0 in ([1.3]), we obtain
the fast system
a’ = F(z,y),

i (14)

The fast system approximates the original system on any finite interval with respect to s
due to smooth dependence of solutions on a vectorfield. It should be noted that for € # 0
the systems and are equivalent, however, the limit systems and are
different.

The standard tool for studying slow-fast systems is based on the geometric singular
perturbation theory (GSPT) [I]. Using the notion of normal hyperbolicity, GSPT predicts
that a trajectory attracted by a stable branch of the slow manifold follows closely a trajectory
of till this trajectory hits a singularity of the slow manifold. Singularities of slow
manifolds cause a variety of phenomena including delay of stability loss and canard explosion
(see e.g. [2], [3], [, [5]).

The present paper was inspired by [9], where the author studied a FitzHugh-Nagumo-like
sysytem originated from the mathematical theory of neural cells. This system consists of
three ODEs with one fast variable corresponding to the membrane potential and two slow
gating variables:

er = v—1°/3—y— 2z,
= a+uz, (1.5)
z = a+zx-— 2z,

where ¢ is a small parameter and a is a real parameter. The slow manifold of the system is
described by the equation x — x®/3 —y — 2z = 0 and possesses folds at x = +1,y+ 2 = +2/3.
The system has a unique equilibrium which is close to the fold if a is close to one. The
equilibrium is stable for larger values of a and undergoes a supercritical Andronov-Hopf
bifurcation at ay =1 — 1e + O(g?) (see [9] for details) .

In [9] M. Zaks found numerically that the initial periodic orbit may lose stability via a
sequence of period-doubling bifurcations. Studying numerically the period-doubling cascades
for small but fixed values of the parameter €, M. Zaks observed that the cascade follows the
Feigenbaum law with the Feigenbaum constant 4.67 ... typical for dissipative systems. On
the other hand for smaller values of € the process switches to the Feigenbaum constant of a
conservative map as, in the limit ¢ — 0, two-dimensional Poincaré map nearly preserves the
area. The reason for such phenomenon was assumed to be in the closeness of the equilibrium
to a fold of the slow manifold.



In the present paper we consider a family of slow-fast systems having one fast and two
slow variables and depending on a real parameter ¢:

er = F(z,y,20),
y - G1<x’y7z; 6)7 (16)
z = GQ(I‘,@/,Z;(S),

where (z,y,2) € R? functions F, G; and G5 are smooth functions, € and § are small
parameters.

We suppose that the system ((1.6]) possesses an equilibrium (z,y, z) = (20(0), yo(9), 20())
and if § = 0 the equilibrium lies on the fold of the slow manifold. Shifting the origin into
the equilibrium, we have the following conditions:

F(0,0,0;6) =0, G1(0,0,0;6) =0, G5(0,0,0;6) = 0. (1.7)
The slow manifold is defined by the equality
F(z,y,2;6) =0.

We assume that for § = 0 the slow manifold possesses a non-degenerate fold which is tangent
to a fast fibre. More precisely, we impose the following conditions (see e.g. [6]):

F/(0,0,0;0) = 0, VF(0,0,0;0) # 0, F/4(0,0,0;0) # 0. (1.8)
Finally, we impose a condition
F3(0,0,050)G4,.(0,0,0; 0) + FZ(0,0,0;0)G4,(0,0,0;0) <0, (1.9)

which ensures the linear stability of the equilibrium in the following sence. Consider the
equations (|1.6)) linearized at the point (0,0,0,0). Then its characteristic equation reads

= N4 (G + G )N + (67U (FGY, + FLGY,) — (G,Gh. — G1.Gy,)) A=
where all the derivatives are evaluated at the point (0,0,0,0). Substituting A = /e\, we

obtain

—A (A — (F,Gh, + F.GY,)) = O(Ve). (1.10)
By setting e = 0 in ((1.10)) one arrives at the limit equation

—A (A = (F)GY, + FIGY,)) =0,

which has three roots Ag = 0, Ay = £,/F} G, + F.GY,. Then the condition (1.9) guarantees
that all these roots have non-positive (in fact, zero) real parts.



Under these assumptions we derive a normal form for the system (|1.6)) in a neighbourhood
of the pair ”fold-equilibrium”:

¢ = &€ —n+pMné+7vE) + 12ai(€n. ),
n = 26+ plam+ a) + 1Pga(€m, C),
C/ - M(ﬁﬂ] + B2C> + M2g3(€7 m, C)a

where 1 = /¢ is a new small parameter, 7o, 7, a1 2, 12 are constants and functions g, k =
1,2,3 are polynomials of (£,7,(), which will be specified later. The parameter 7, has a
special role: it describes the closeness of the equilibrium to the fold. Using the Poincaré
map technique we study the dynamics of the normal form. In particular, we show that in
a pIn p-neighborhood of the equilibrium the normal form system has a periodic trajectory.
Varying distance between the equilibrium and the fold one may observe how this thrajec-
tory undergoes the period-doubling bifurcation. We obtain conditions on parameters of the
normal form which correspond to this scenario.

The paper is organized in the following way. In the second section we derive the normal
form. The asymptotics for the Poincaré map associated with the normal form are obtained
in Section 3. Section 4 is devoted to a construction of asymptotic conditions for existence
of a periodic orbit and its period-doubling bifurcations. The main result of the paper is
the asymptotic formula (4.116)). Finally, in Section 5 we apply the obtained results to the
FitzHugh-Nagumo system and compare them with numeric data.

2 Normal form

In this section we derive the formal normal form for the system ([1.6) when the right-hand

side satisfies the assumptions ([1.7)), (1.8) and ([1.9).

We construct a sequence of changes of space variables and time and apply them to ({1.6)).
First, we introduce a new small parameter pu:

E= L
and make a rescaling of the space variables, time and the second parameter d:
r=puX:, y=pYr, z=p*Zy, t=upus, §=po. (2.11)

Then ei = p?X|, y = uY/, 2 = uZ; , where the prime stands for the derivative with respect
to the ”semi-fast” time s. We substitute (2.11)) into ([1.6) and use the Taylor formula for the
right hand side of (1.6)) in a neighborhood of the point (z,y, z;d) = (0,0,0;0). Then, taking



into account ((1.7)) and (|1.8)), one obtains
1
X| = FYW.+F.Z, + 3 X7+

1
+u [UF;;X1 + F, XV + FL X0 7y + EF;@XE} + (2.12)

1 1
2 [aFy”éYl FOFLZ & LB+ LFLZY 4 FUVZ, +

1 1 1 1
+ X? (50 s+ éFé’z'y}ﬁ + §F;'2/221) + ﬂFﬁ)Xf] +0(1?),

Y/ = GLXi+u [G’lle + G, 72 + %G’l’ﬂxf] +

i’ {Xl (0G5 + Gy Y1 + GlonZt) + éG’{;gX i”} +0(1?),
Z, = GLXi+u [Gngl + Gy, 7, + %G’Q’IQXE] +

+4u° [Xl (0G5s + Go Y1 + Gy, Z1) + éG’z’;ng’] +O0(u?).

Here and below in this section all derivatives of the functions F, G; and G, are evaluated
at the point (z,y, z;0) = (0,0,0;0).
For p1 = 0 the system takes the form
1

X, = EYi+F.Z + 5 X7

}/1/ = GllzX17

Z; = Gy, X
and the multipliers of the corresponding linearized system satisfy an equation

—N + \F,G, + F.GY,) = 0.

As it was mentioned above, in this paper we consider the case of stable equilibrium. Then,
denoting by
D =F/Gy, + F/G),, (2.13)

the condition ((1.9) takes the form
D <0. (2.14)

One may note that for 4 = 0 the system (2.12)) has an obvious integral:
-Gy, Y1+ G 7.
Taking this into account, we introduce new variables (X3, Ys, Z5) by

XQ :Xl, }/2 :Fy/}/i+F;Zl, Z2 - —G'szl—i—Gllle
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Due to the inverse change of variables is well-defined:
X = Xy, Yi= %(Glu-yz — F.7,), Zy = %(G/QZ}/Q + F;ZZ)
and the system can be rewritten as
Xy = Yot % e X3+ {Xz [782) +1Ys + 752)22] + 7§2)X§’} +
u2{%§2)Y2 + 9802+ OYg + 23+ Va2 +

X3 [ 2% 2 2] + 2 X8} + 06,

(2.15)

Y, = DX+ p <a§2)Yz +a?z, —|—a§2)X22> 4 {X2 [%(12) +a?y, —|—aé2)Zg} +a§2)X§’} OGP,

7z = w|Ba+ 802 + BPXE| + 12 {0 [ + 80, + 80 2] + 8P X3} 4+ 044,

where
1 1 1
W =oFy =5 (FLGL + FLGy) . ) = 5 (FLE — FLF) . 5 = CFL,
(2.16)
1
2
o) = S(F)GL,Gh, + FyGLGy, + FIG,,Gy, + FIG5,Gh.),

1 1
ay) = S(FFG, = F2Gy, + FyF.Gy, — FFIGY),  af” = S(F)GY,e + FIGY ),

1
B = 5(GRGY, — GGGy, + GGy, Gl — GEGLL).

1

1

(2

We do not write formulae for the coefficients of terms of the order p? (i.e. 7(2) 04(2), 5(2)

(2 ) (2
with ¢ > 4) since they do not enter the main result of the paper.

In the system (2.15)) the variable Z, is slow and the leading term of the right-hand side
in the first equation does not contain Z,.
The next change of variables is aimed at simplification of the leading term of the right

hand side in (2.15)). Using scaling

X2 = kX?n Y'Z = mY3, ZZ = Z3a §=nT



we represent ([2.15]) as

1
X, = %3@4—5]?!2/{:71)(;4—0(#),
k
Yi = DXy 4 O(n),
m
Zy = O(n).

We fix the factors m, k, n in the following way

D v —2D 2
m:F—HQ, k= F”Z s n = 5

Then the leading term of (2.15) is simplified to

X, = XZ-Y;,
Y3/ = 2X37
ZL = 0.

Here the prime stands for the derivative with respect to 7. And the whole system ([2.15))
takes the form

Xp = X3 Yot (X0 + 210V +48025) + 40 X3) + (2.17)

+ MQ{%(;?’)YS 957 Zs 406 VS 40 25+ e Zs +

3 3 3 3
+ X3 W+ %) + %Q)Xéf} +O0(1*),

+ M2(X3(afl3) + ozgg)Yg + a(63)23) + oz$3)X§) +0(p?),
zy = n(80%+ 602+ 67x3) +
+ WX + BV + B Zs) + B XE) + O,
where
3) _ 2 @ _ V72D (9 3) 2 @) 2V—2D ()
Yo = 370 N = F”2 T, Vel = 372 v 3 _F—//2273 )
(2.18)

1 _D 1 > 2 ~l _D D 2 3 F:Qm 3,

V22D o) e 2 p® e _ 2D e

" 1> 2 2 > 3 "2 3 -
Fx2 _D F$2



The final change of variables is aimed at excluding as many coefficients «;, 3;,v; as possible.

One may remark that equations (2.17) (and in fact already (2.12)) due to scaling (2.11)))

possess a symmetry. Namely, they are invariant with respect to the following transformation
(X37 T, /’L) = (_X?)a -7, _ﬂ') (219)

This symmetry will be used to simplify the study of the Poincaré map. Thus, our purpose is
not only to exclude a number of coefficients and keep the leading term, but also to preserve
this symmetry.

For this reason we consider the following close-to-identity change of variables

X3 3
Yo | = +pA+p*B)| 0 |, (2-20)
Z3 ¢
where
0 Bl C1 aq 0 0
A= AQ 0 0 s B = 0 b2 Co
A3 0 0 0 bg C3
Inverting of (2.20]) yields
3 X3
n | = —pA+pA(A*=B) | Y5 | +0(). (2.21)
¢ Z3
In order to simplify the terms of the first order, we choose
1 1
By = —5%3)7 ¢ = —5753), Ay = aés); Az = ég)-

Then by appropriate choice of ay, by, by and ¢, we remove four coefficients of the order p?
and obtain the following system:

¢ = E—n+upfi+pig+03?),

0 o= 26+ pfo+ it + O,
¢ = pfs+plgs+ 0P,

where

fi = E+E,

g1 = 0+ 70+ +7an + € (sn + 16¢) + 1€

fo = ain+ as(,

g2 = &lagn + as() + ase’, (2.22)
fs = Bin+ BaC,

g5 = &(Bsn+ BaC) + B5E°



and
3 3 3 3 29
(3)

T S R O )
We omit terms of the order O(p?) and obtain the following system:

£ = &—n+ph+pie,

0= 24 pfo+ g, (2.24)
(' = ufs+ 1t

with f; and ¢; defined by . The system will be called the normal form in a

neighborhood of a pair ”equilibrium-fold”. One should emphasize that equations are

invariant under the following transformation

(57 T, :U’) = (_57 -7, _M>' (225)

3 Dynamics of the normal form

3.1 Poincaré map

Setting p = 0 in (2.24) (that corresponds to e = 0 for the original system), we obtain the
system

6/ = 52_777
n o= 2, (3.26)
¢ = 0.

In addition to the obvious integral of motion (, the unperturbed system has the second
integral

J=(n+1—)e ), (3.27)
The orbits of the system (3.26]) belong to intersections of the integrals’ level sets (see ﬁg
C=C, (M+1—E2e 0D = J. (3.28)

Note that all fixed points of belong to the line (0,0, (). Moreover, the unperturbed
system possesses a separatrix. Namely, the parabola n = £2—1 (that corresponds to Jy = 0)
separates the plane (£, 7) into two parts: above the parabola (Jy > 0) all orbits of are
closed and below it (Jy < 0) all orbits are not closed.

To study the dynamics of we construct the Poincaré map for this system. The
normal form system can be considered as a small perturbation of .

We add to the system an additional equation in order to describe evolution of the
variable J. Using and , we obtain the following equation on J:

T = pfae™" 4 pPguem Y, (3.29)

9



Figure 1: Orbits of the unperturbed system (3.26)) for different values of Jy.

where
fi=(E—=n)fa—2f1, gs= (& —n)g — 2£g1. (3.30)

Then we introduce the Poincaré section S_:
S_={(&n,¢) : £€=0, -1<n<0, (eR}. (3.31)
We use the variables (¢, J) as coordinates on this section and denote the first return map by
P(u):S- —S_. (3.32)

Since all trajectories of the unperturbed system are closed for J > 0, the unperturbed
Poincaré map P(0) coincides with the identity map. It is natural to expect that after a
perturbation a trajectory starting at S_ will hit this section again near the initial point.
Additionally one may expect that eigenvalues of the tangent map T'P(u) should be close
to one. However, this conjecture may become false if the trajectory is located near the
separatrix where the first return time grows substantially. To describe this effect we will
concentrate our attention on the region near the separatrix where J < 1.

Assuming Jy = O(p), we consider a closed orbit of the unperturbed system ([3.26)), defined
by ¢ = (o, (n+1—&2)e~ ) = J, and denote the orbit by O((y, Jy). We also introduce a
pIn p—neighborhood of the orbit, U, (O((o, Jo)). Finally, we denote by O,({o, Jo) the orbit
of the system , which contains the point M© for which

£§=0, (=G, J=/o

10



We suppose that O,,(o, Jo) C U, (O(Co, Jo))-

One may note that a trajectory corresponding to the unperturbed orbit O((y, Jy) pos-
sesses different behaviour in different regions. It starts at the point M) and moves initially
near the separatrix J = 0 till it comes close to a turning point

£+ = (kil - 1>1/27 N+ = kil - 17 CJr = CO; (333>
where
fe— 1 k;—O( ! ) (3.34)
= ln (]0717 - lnlulfl . .

Then the trajectory ”detaches” from the separatix, turns in the -direction and then ”flies”
across the region between two branches of the separatrix. At the top of the orbit

=0, n= EFl4Ink =1+ 0(1)7 Gt = Co-

Then the trajectory approaches the second turning point which is located symmetrically at
Eo=—(k'=1DY2 n_=k7' =1, (_ = (, where the direction of motion with respect to &
is changed again and finally the trajectory follows the separtrix till an intersection with S_.

According to this description we highlight in the neighborhood U, (O((y, Jy)) the follow-
ing overlapping domains:

Dy = {(§,1,¢) € Uy (O(Co, Jo)) : 1€l < &4y m < m b,
Dy ={(&n.¢) € U (O(Co, o)) : € — 2] < 1, |p—ne| < k713,
D3 = {(£,1,¢) € Uy (O(Co, Jo)) = 1€l < &4, n > ne

Taking into account the symmetry of the system, we define an auxiliary Poincaré section

S+ = {(577770 € UM (O(g07 JO)) : 5 - 0777 > 77+7C S R} (335)
and introduce an auxiliary Poincaré map
F(,u) . S_ — S+.

We begin with considering the system ([2.24)), (3.29)) in the domain D; with initial condi-

tions:

£(0) =0, ¢(0) = ¢o, J(0) = Jo, 9(0) =1 : (mo+1)e” ™V = Jy
and we find some point M at the orbit O,(¢o, Jo) such that it belongs to Dy N D3. Then
we consider the system in Dj with corresponding initial conditions and find a point M)
at O,(Co, Jo) N Dy N D3. Finaly we consider the system in D3 and find the point M) that
belongs to O, ((o, Jo) N S. In this way we get F'(u).

We also note that due to invariance of the system (2.24]) with respect to change the
map F'(—p) corresponds to the Poincaré map between sections S_ and S, but backward in
time (see fig]2).

Therefore the first-return map P(u) : S- — S_ can be represented as a composition

P(u) = F~(=p) o F(p). (3.36)

11



Figure 2: Poincaré maps F. = F(£p).

3.2 Fixed points and the period-doubling bifurcation

Since all trajectories of the unperturbed system are closed for J > 0 one may expect that
after a small perturbation the image of a point ({y, Jy) € S_ under the Poincaré map will be
close to the initial point ({y, Jy). The condition for a fixed point reads as

P (§)-(%) 3.31)

or, taking into account (3.36)), it can be rewritten

Fu(§)=ren () (339)

Due to smooth dependence of (2.24) on p one may represent the map F'(u) in the form
F(u) =id + pFy + (> Fy + 1 F3 + O(p*). (3.39)
Then the symmetry of the normal form (3.38)) implies that

Fl,F3:<§2)l—>(8). (3.40)

The period-doubling bifurcation occurs when one of the eigenvalues of the tangent map
D¢,10) P at a fixed point passes through —1. Thus, the condition for the period-doubling
bifurcation can be written in the form

et (Digy 1 P) +1) =0 (3.41)

12



or equivalently due to (3.36) as
det (D(CO,JO)F(M) + D(CO,JO)F<_M)) = 0. (342)
Substituting (3.39) into (3.42]), one gets
det (21 + 24° D¢y gy Fo + O(p*)) =0

or
1+ 1T D¢y gy Fo + O(u) = 0. (3.43)

The condition (3.43)) justifies the necessity of second order approximation (3.39)) for the map
F(p) to reveal the cascade of the period-doubling bifurcations.

3.3 Domain D,

In this subsection we consider the system ([2.24)) in the domain D;. As the orbit is close to
the separatrix in this domain, we introduce new variable 9 instead of 7:

n=9+¢& —1. (3.44)
Substituting (3.44) into (2.24]) and (3.29)), one obtains the system for (§,v,(, J):
& = 1-d+pufi+ g,
O = 260+ p(fa = 26 1) + 17 (92 — 2601) (3.45)
¢ = pfs+pgs,
I = pfeE 4 pPge 8

where all functions f;, g; are defined in ([2.22)), (3.30)) and are evaluated at the point (£, 9 +
52 - 17 C)

One may conclude that as the variable ¢ < 1 in Dy, the derivative of the variable ¢ in
(3.45)) is positive in this domain. Taking this into account, we choose ¢ as a new independent

variable and rewrite the system for other variables ¥}, ( and J as functions of &:

d0 260 + p(fo = 26f1) + 12 (g2 — 261)

d¢ 1 =9+ pfi +p2o ’

g _ 1fs + 12 gs (3.46)
d§ L=+ pfi +p2g’ '
d_J o pfs+ p2gs o€

d¢ 1 —=9+4pfi+ 2o '

We will find a solution of the system (3.46]) as a perturbation of the orbit O((o, Jo)

0(€) = Do(&) + pdi (&) + p02(€) + O(1?),
Co + 11 (&) + 1 G(E) + O(?), (3.47)
J(&) = Jo+ pJi(&) + (8 + O(u?)

I

—~

s

~—
Il
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and fix initial conditions for the unknown functions in the following way:
9:(0) =0, ¢(0)=0, J(0)=0, i=1,2. (3.48)

The function ¥y(&) corresponds to the unperturbed orbit and is given implicitly by the
following equation
2
e 0 = Jpet . (3.49)

Hence

90(€) = Joet (1 40 (J0652>) . (3.50)

Now we fix the point M1 by setting the corresponding value of & = ¢ as
W) = =172 (1 — %kln k‘l) : (3.51)
Then, taking into account , one obtains that
(D2 =k —Ink ™'+ ikan . (14 O(k*k™)). (3.52)
and the following estimates hold

9o(€) = Joe® +O(k?),  9o(€) = O(k). (3.53)

Substituting into and expanding with respect to u, one obtains equations
for the functions ¥;, (;, J;. Note that derivatives d(/d¢, dJ/d¢ are of the order O(u). This
implies the function 9, does not appear in equations for (5, JJo and we need to construct the
solution ¥(§) only up to terms of the order O(u).

The function (&) satisfies an equation:

49, 260,

dE ~ (1— 1) HRIE),

where
1 =) f2 — 28 f1
(1 — )2 ’
and the functions fi, fo are evaluated at the point (&, 9 + &% — 1, ().
Taking into account (3.48)), the solution of the equation on ¥;(§) has the form

R () = ¢

2sds

3 s
V1(€) = efog (1=09(s))? / ¢ Jo o060 R (5)ds.
0

From (3.53) we get

# 2pdp [ .
| et = | 201+ 0t} ap = 5+ O(k).
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Then, using (2.22)) and (3.53)), one obtains

¢
() = et / e [=2vs + (a1 — 270)5% — a1 + s ds - (14 O(k)) .
0

Note that .
o _g2 o \/E 6_52
(ID(f)—/O e ds—T—FO(T), & — +o0o,
13
/0 s2e™ ds = —%fe_52 + %(I)(f),
13
/0 ste™¥ds = —3536_52 — 256_52 + Z@({)
We introduce . |
A(Go) = g (—57 + 2o — M~ 70> : (3.54)
Thus, for ;(£) one has
2 2
0(6) = | 2@ + &) 1+ o), (3.55)

where Qgg) (€) is a polynomial of the third order in £. Using 1} we may calculate (&)
at the point M1

9 = 9, (W) = A(go)Jﬁ (1 + O(kn? k—l)) +O(k™3/?), (3.56)

From ({3.46]) one gets that the i-th order approximation ((;, J;) satisfies a system of equa-
tions (1 = 1,2):

T - R (3.57)
= R
Here for i =1
ROE) = 11”_3190, (3.58)
RV = Lo

and for 7 = 2

a0+ 3G +95  f3(01 — fr)

©
RQ (é) - 1_190 (1 _190)2 9
RV = fagth Irf4§fl+94 +f42119019119;)2fl) s (3.59)
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and the functions f;, g;, i = 1,...,4 are evaluated at the point (&, + &% —1,(p).
Taking into account (3.48)), the solution of the system ({3.57)) has the form

3
e = / R (s)ds, (3.60)

3
) = / RV

Substituting (2.22)) into (3.58) and then into (3.60) and taking into account (3.53), we

get
13
a(e) = /0 [B1(s% — 1) + Bao] ds - (1 + O(k)),

¢ 2
J1(§) = /0 e’ [—2’}/84 + (Oél - 2’)/0)82 — o1+ OCQC()} ds - (1 + O(k)) .

Consequently,

Q) = [ 5 —5154'52(05] (1+O(k)),

ne = | @+ Q| (1+0w), (3.61)

where Q:(,)J) (£) is a polynomial of the third order in &.
Then, using (3.51)), we have at the point M®)

GV =aEm) = K [ By + BakiCo — - (ﬁl + Boko) kIn k™" — Bik + O(K In® k*)] ,
H = n(eM) = A)(1+0k) +0 ( ,;ﬁ/z) (3.62)

For i = 2 we use (3.59) and take into account (3.55)), (3.61) to obtain

RO(E) = [(5152 T B A(G)B(E) + O <s>} (14 O(h)),

VT
where Qéo (€) is a polynomial of the fifth order in . Note that due to (3.52))
3 13/2
/ as)ds = Yo (14 otem k1Y),
0 4 Jo

5(1) ) ]{?1/2
/ s2e¥ ®(s)ds = VT —(14+O(kIn*k™)).
! T o
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Then for i = 2 we get from (3.60))
(1) _ ey K'2 2,1 i
2 = GlEW) = Al) 55 1B+ 5okl (1+00m EY) + 00 (363)

Application of formulae (3.59)), (3.61)) and (3.55)) yields

D (e) = |0 (6) — (ane? + sty — 201) = A(Co
RZ@—[ QV(E) — (€ + ast 2xﬁmmwﬁu+omx

where Q(7J) (€) is a polynomial of the seventh order in £. Note that due to (3.51)

¢ 1
/ O(s)ds = \/gk—l/m +O(kInk™) - .
0

¢ -3/2
/ s*®(s)ds = i 3 g(l +O(kInk™1)).
0

Then we get
I = D(eW) = =k PAG) (5 + askGo) (1+0(IE™)) + Ok (3.64)

Thus, the coordinates (¢V; JW) of the point M) which belongs to O,.(Co, Jo) "Dy N Dy
are described by

¢V = ¢+ u¢tV + 12¢Y + 03P, (3.65)
JU = Jo + pJN + 120 + 0P,

where Ci(l) and Ji(l) are defined by , and .

3.4 Domain Dy

The aim of this subsection is to obtain the second order approximation for a point M® =
(€@, J@) € 0,(¢o, Jo) N Dy NDs. We fix the point M by setting a value of the variable
71 corresponding to this point as

1
n® =kt 4 5 k-1, (3.66)

To consider the system in the domain Dy it is convinient to introduce new variables z and
v by the following way:

E=k"21—k2), n=k'40v-1
Then the coordinate v corresponding to M® = (¢®) J (2)) is

1
v® = 5 kL (3.67)

17



On the other hand, the coordinates (z,v) which correspond to the point M® = (¢, J1)

are

2 = %m oo =g 1 =9 (eMW)2 gL

Therefore the coordinate v depends on

o = o) 4 i + O(),

where, due to relations (3.52)), (3.53)), (3.56]),

o = k™' + O(kIn? k7Y,

k
oV = 9V = A@T (140w k™)) + O(k™2).

(3.68)

(3.69)

In terms of new variables the equations of motion (2.24) and (3.29)) can be rewritten as

2= 2k VP SRV 2 1) — k2 — 2k 2
v o= 2k7Y2(1 — k2) + pfo + piPgs

¢ = pfs+ptys,

J = Jo[pfi+ piga] e,

where the functions f;, g;,i = 1,..., 4 are evaluated at the point (k='/?(1—kz), k™' —14v,().
Note that in the domain Dy an expression kz < 1 and the derivative v' does not vanish.
Thus, one can take v as a new independent variable and obtain equations on (z,(,J) as

functions of v:

dz 2z4+v—1—-k2®>—pfi — iPo

dv 20— kz) + pk' 2 fy + 2k gy
ac kY2 (s + 1igs)

dv 2(1 — k2) + pk2 foy + pu2kt/2gy
dJ Jok' 2 (pfa + 12 a) o
dv 201 — kz) + pk'2 fy 4+ p2k12g,)]

We supply (3.70]) by initial conditions corresponding to the point M®:
Z(U(l)) = C(U(I)) = ¢, J(U(l)) = Jm
and find the solution satisfying (3.70) and (3.71)) in a form

2(v) = z(v) + pz(v) + O(u),
Co + 11 (v) + 2 (v) + O(1?),
J() = Jo+ pi(v) + pPJa(v) + O(i?),

o~

—
<

N——
I
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where zy(v) corresponds to the unperturbed orbit O((o, Jp).

The initial conditions (3.71)) are set at the point v(!) which depends on . Using the

Taylor formula with respect to i, one may reformulate these conditions at the point vél) as

follows:

dz
(o) =" ah?) = =) o,
dq
Gl = ¢, ) = ¢ - ) o (.73
dJ
By =70, By = Y = ) o

Substituting into and collecting the terms of the same order of i, one gets
equations for the components z;, (;, J;. We solve these equations with the initial conditions
(3.73) to obtain (;(v) and J;(v). Finally, substituting v = v®, one gets the point M) =
(C@, 7).

Thus, our task is to derive asymptotic formulae for ¢;5(v®) and J;o(v®). We begin
with auxilary asymptotics for zo(v) and 2 (v).

Note that zy(v) corresponds to the unperturbed orbit O((y, Jo). Hence, due to , it
is a solution of the following equation

20 — %kzg = %(e” - v). (3.74)

Since k(e’—v) < 1 in the domain Dy, the function zo(v) admits the following asymptotics

zo(v) = %(e” - v) (1 + O (k (e’ — v))) (3.75)

It is not difficult to verify that in Dy
kzo(v) = O(kY?). (3.76)

From (3.70) one may deduce that equation for z; as a function of v can be written as

d dzog/d
1 (1 + kﬂ) 2+ RP (),

% n 1-— ICZO
e f o) +v—1- kD)
&)\ — _ 1 _ pl/2lesll tv—1—-kz) _ —3/2
R = =30 = o) A1 — k2o(0))? O™7).
Then
Uy (1R g20/d0 ] g G T [ P ;
z1(v) = ef”c()l)[ b (zl (vé”) + /(1) e f“él)[ oy o : Rg )(s)ds> : (3.77)
Yo



Due to (3.68) and (3.76)) we have

/ {1+kdz0/ds}ds:v+1nk_1+0(/€1/2).
of 1 — k2

Then, using (3.73), (3.75) and (3.69), one gets

21(v) = 5 AG) (1+ O(k2). (3.78)
Finally, yields
—1/2
(%) = o AG) 1+ O(K), (3.79)

We substitute (3.72) into (3.70) and obtain equations for ¢; and J; (i = 1,2) in the

following form

dg;
o = RO, (3.80)
dJ;
= R,
where for ¢ = 1:
() _ 12 /3
R = ke 3.81
1 (U) 2(1—]{’2’0(’0)) ( )
Ja .

R - JEY2
() O 51 — k()

and for 7 = 2:

Ré@(’l}) E1/2 [—]gl/2f?/,,g 2 (V) + fye o G0) + g3 fze (2kz(v) — kY2 fy)

201 — kao(v)) 41— g (0))? ] . (382)

kP fle () + freG) + g1 fu(2hz(v) — KV f) o
2(1 — kzo(v)) 4(1 — kzo(v))? '

R(v) = Jok'/? [

Here the functions f;, g; are evaluated at the point (£,7,() = (k‘1/2(1 —kzo(0)), k™t + v —

17 CO) .
The solutions of (3.80]) are

Gv) = Cz vl +/ R (5)ds, (3.83)



Due to (2.22), (3.30) and the estimate (3.76]) one may deduce from (3.81)) that the func-

tions R\ (v) and R\” (v) can be written as

1
V() = G+ BkGo) + OGP Ik ),
D) = —yJok2e7(1 4+ O(kY?)). (3.84)
Substltutmg v=0v® = %1 k=1 into 1} and taking into account the formulae (|3.84)),

(3-73), (3-62), one obtains

¢ =G ®) = 3/2{ Br + Boko + - (ﬁl+ﬁszo)klnk1 Bk +O(K?) ],

IO = 10 = A(G) (1 + O(k:)) +O(Jok ™). (3.85)
The formula (3.83)) for i = 2 together with (3.73)) leads to
@) ) _ 4G W, [ o0
GOY) = G dv ( ) U+ o Ry (s)ds, (3.86)
d.J
B(®) = 0= L) o) +/ RY(s
Taking into account (3.69)), (3.80]) and ( -, one gets
d¢ k2
g 0 = A (B Bk OR)),

dJ
SSL) o) = AR RAG)( + OR).

Then (3.82), (3.76), (.78) yield

1/2
REG) = S AGG -+ ke (1+069),

R () = O(k: 172y

Hence

/vg” Rg@(s) ds = 4—(]014@0)(51 + BakCo) (1 + O(k’lh))’

()
/(1) R (s)ds = Ok k™).
Yo

Substituting these formulae together with (3.63)), (3.64)) into (3.86)), we get
P =G0®) = A 1B+ fakG) (1+ O, (3.87)
JP = L?) = —A(Co)k’:”/? (5 +azkto—7) (1+0(1)).
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Consequently, the point M is characterized by

¢ = ¢+ p¢? + 1267 + o), (3.88)
JO = Jy+ P + 127 + 0 (i),

where Q@) and JF) are defined by 1) for : = 1 and 1) for ¢ = 2.

3.5 Domain D;

In this subsection we derive an asymptotic for the Poincaré map F(u). In the domain D3 it
is convenient to introduce variables

y=k"7¢ v=n—k'+1L (3.89)
In terms of the variables (y, v, () the section S, can be rewritten as
Sy ={(y,v,¢) € U, (0o, Jo)) : y =0, v >0} (3.90)
and the equations of motion and take the form

y = k:_l/Q(y2 —1—k(v—=1))+ k2 2k g
Vo= 2k7 Py 4 ufo + pPgs,

= pufs+ulys,

J' = Jo(pfa+ pga) e,

where the functions f;, g; are evaluated at the point (£,7,¢) = (k=2y,v + k= —1,¢). One
may note that in the domain D5 the derivative ¢ does not vanish. Hence, we may set y as a
new independent variable and consider (v, ¢, J) as functions of y. Then evolution of (v, (, J)
is described by the following equations

dv 2y + pk' 2 fo + p2kt?gs

dy (2 —1—k(v—1)+pkfi + 12kg’

ac - _ k2 (fs + 12gs) (3.01)
dy (y* =1 —=k(v—1)) + pkfi + p2kg’ '
dj Jok'2 (ufs + 12 ga) L

dy — P —1—k(o— 1)+ ukfs + kg

We supply these equations by initial conditions corresponding to the point M®:

o(y®) =0®, ¢y?)=¢®, TP =79, (3.92)

where (@), J@ and v® are defined by (3.88)) and (3.67).
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One represents the solution satisfying (3.91) and (3.92)) in the form

o(y) = woly) + pi(y) + O(?),
Cly) = Co+nGi(y) + p?ély) +O?), (3.93)
Jy) = Jo+phi(y) + p?la(y) + O(?),

where vy(y) corresponds to the unperturbed orbit O((, Jp).
Taking into account relations y = 1 — kz and v® = L In k™" and expanding y® as

y? =48 + uyl® + 0(u?),

one obtains from ((3.75))

1 1
=1 - kz(®)=1- 5/{:1/2 + Zkln k=t 4+ O(k) (3.94)
and due to (3.79)
2 _ 2y _ kl/Q_ 1/2 —5/2
Yy = —kz(v"¥) = A(CO)—QJO 14+ O(k7%)) +O(k™77). (3.95)

Then, using the Taylor formula with respect to u, we shift initial conditions (3.92)) to the

point y = y(()Q) as follows:

dv
wd) =v, u@d) = —d—;(yéz)) -y,
d¢
Q) =6 ) =6 = ), (3.96)
dJ
L)y = T2, L) = I d—yl( ) - y?

Substituting (3.93) into (3.91]) and expanding with respect to u, one obtains equations

for the i-th approximations ¢; and J;:

G _ 5©
= ”OW. (3.97)
dJ; ()
- R
i i (W)
The solution of this system is
y
Gly) = @-(yé”ﬁ/ o, R (s)ds, (3.98)
Yo



For ¢ = 1 one has

© _ I3
Ri'(y) = k1/2y2 T m— (3.99)

(J) _ 1/2 fa —vo(y)
R = Jok e ,
C) = ) — 1)

and for 7 = 2

:kl/gf?/,m'Ul(y)—{_fé,g'gl(y)—{_g?) 3/2 f3'(/01(y>_f1)

)
R ) P 1 k() 1) 7 = 1= k() - D' (3.100)
D, — 1/2 (fay = fa) - v1(y) + fic - G(y) + ga fa-(v1(y) — f1) o—v0(®)
Ry (y) = Jok 1 k(ooly) 1) MRkl — DR

where the functions f;, g; are evaluated at the point (£,7,¢) = (k=2y, k=" +vo(y) — 1, (o).
Our task is to derive asymptotic formulae for (; 2(0) and J; 2(0). We begin with auxilary
asymptotics for vo(y) and vy (y).
The function vy(y) satisfies the following equation

o _ 2y
dy — y>—1—k(v—1)

(3.101)

As wvg(y) corresponds to the unperturbed orbit O((y, Jo) then due to (3.28)) it is described
implicitly by an equality
e = k11— y* + kup). (3.102)

Hence, in the domain Dj3 it admits an esimate
vo(y) =k~ +In(1 — y*) + O(K2Ink71). (3.103)

Applying (3.91)), we obtain the following equation for v (y):

dv; 2y ()
— =k v1 + R ,
P v Y o B ELLRA

where 5
RO () = k12 fo o yfi

y? —1—k(v(y) —1) (@ —1—k(v(y) — 1))

and the functions f; are evaluated at the point (&,7,¢) = (K72y, k™1 +vo(y) — 1, (o).
The solution of this equation is

k[, 2 ——ds
fyém (s?=1=k(vo(s)-1)? ( (2))

ny) =e v1 (Yo

Yy 7kfs 2p d
(2) 2 1—E(on(m—1)2 4P
+/ e s BP-1-k(uo(@)-1) ,Rgv)(s) ds).
Y,

(2)
0
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Note that in the domain D5 one has

-1 O(k™%), vo(y) = O(mk™),
y?—1—k(vo—1) = > - 1)1+ Ok Ink™1)), (3.105)

Yy 2s
+k fyéz) Z-1—k

ds
e (vo(s)—1))2 =1+ O(kl/Q),

RV (y) = O(k™/?), / " RO (s)ds = O(h2).

"

Taking into account (3.96)) and using (3.101)), (3.105)), (3.94), (3.95]), one concludes from
(3.104]) that

nily) = —A§§°) (1 +O(kY?In /fl)) Ok, (3.106)

0
Then (3.99) with (3.105), (3.102) yield
kTP(By + BakGo)

R(y) = T (L ORI k),
Jok /2

Consequently,

0 1 1
. Rgo(s) ds = k™2(B1 + Bak(o) (Z Ink™'+ 3 In 4> + 0 (Ink™),
Yo

0
R (s)ds = O (k1) .

0

Taking into account (3.96) and ({3.85]) together with (3.98)), one gets

1 1
D= g [561 + Bako+ 5 (B + Babo) k(n k™" + Ind) = ik + O k™|

J® = A(go)(l + O(k)) +O(Jok™). (3.108)

For the second order terms, due to (3.98)) and (3.96), we have:

d 0
G0) = <2(2)_d£y1(y(()2))‘?/§2)+ o RS (5) ds, (3.100)
Yo
e dho@y @ [P om
J(0) = J, _d_y(yo )y + (2)722 (s)ds,

Yo
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where Cz(z) and J2(2) are defined by 1}

dCl 2 2 2 2 dJl 2 2 J 2 2
—d—y(yé Ny = RO -y, —d—y(yé Noy® = RO @E) -y

Formulae (3.107)), (3.94)), (3.95) imply

d
—diy%yé”) P = —AWG)

dJ _
=~y @) w? = o,

Application of (3.100)), (3.103)), (3.106) leads to the following estimates

ROy = O L ! :/0 RO (s)ds = O ( (3.111)
2 \Y) = Jo  (1—1y?)? e 5 (8)ds = 7)) .

RO = oL " R(s)ds = O( 12
2 (y) = 1= )P = @ (s)ds = O( )-

Therefore, we have the following asymptotics for the second order approximations
3) k—1/2 1
2 = —A(G) 57 (81 + BakCo) (1 +O(K'"*In k_1)> +0 (7) , (3.112)
0 0

B = AR (T + askGo—7) (1+0(Y2) + O,

k_1/2
2Jy

(By + B2ko) (1+O(K?Ink™"),  (3.110)

Thus, the Poincaré map F'(u) can be represented as

G ) ( C(Z’)) ) o Md3) N2<§3) (,u3>
Fu) - — _ ¢ : 3.113
(1) ( Jo J® Jo + qu(S) + M2J2(3) + O(u?) ( )

where CZ-(?’) and Ji(3) are defined by (3.108)) for ¢ = 1 and (3.112)) for ¢ = 2.

4 Fixed points and period-doubling bifurcations

In this section we derive conditions on the parameters of the normal form which lead to
existence of a fixed point of the Poincaré map and its period-doubling bifurcation. If ({y, Jy) €
S_ is a fixed point then according to (3.40|) the following condition should be satisfied:

¢V =0, J? =0
Taking into account (3.108)), (3.54]) and definition of the parameter k, one may rewrite these

conditions as

Balo Inln J; ' +1In4 L5 1 N InlnJ;'+In4-2] /InlnJ;*
In J; " 2In J; ! Y13 21n J; ! o\t
3 1
- E’}/ + OJQCO — 50&1 — Y = O(JO 1H2 J(;l) (4114)
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Note that the coefficient v in (4.114])) is the only one which depends on the ratio, ¢ /e, of
parameters of the initial problem (|1.6), namely:

2
Yo = #0 + v, w=1\l—5 Fs, — F”’
where the functions F)s, F

"y, D, D!, are evaluated at (z,y,z,d) = (0,0,0,0).

We solve the first equation with respect to (y and substitute the solution into the second
one. Then the second condition can be considered as an equation defining Jy in
terms of the parameter o:

B lnan(]_1+ln4—3 Inln J;*
- _ In.J;* O ———— 4.115
< 332 In J0_1 + Int/2 Jt ’ ( )
a5y 1 InlnJ;*' +1n4—3 37+ ay + 2v Inln J;!
= — 1 1 — i U
T nJo ( * In Jyt 23 o In'/? J; !

We emphasize here that due to Jy < 1 the ratio o satisfies o > 1.

One may also note that due to smooth dependence of solutions on initial conditions
asymptotics and being differentiated with respect to ((p, Jy) remain valid in
U, (O(o, Jo)). This leads to

_ vk~ /21, 7.—1 —5/2
Tr Dy, 100 Fo = === 7——2(B1 + ko) (1+ Ok Ink™")) + O(k=?).
0
Substituting this into (3.43) and taking into account (4.114)), one gets a condition for the
period-doubling bifurcation of the periodic trajectory corresponding to initial point (o, Jo):

In'/? J1 Inln J; !
1— 2 Va2 0 . (14+0(=—20 O(u*In=% Jj; 0
2 6J0 + (1 172 JO > + (,u n ) )

n

where Jy satisfies (4.115)).

We solve this equation with respect to Jy and substitute the solution into (4.115[). Then,
taking into account the relation € = u2, one obtains that the first period-doubling bifurcation

occurs at
L P 1 1 asfre3 Inlne!
CO— 1115 §1n1n6 —In ﬁ o1 —I—O Tg—l ,

3B, In
Ji = \/%O‘ZTBH; 12 -1 <1 ) (1111525?)) , (4.116)
0 = _?(,X;fj{g [ln et + %ln Ine '—1In (ﬁazfie3)] —
B 37+§;+2V€+O< %)
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It is to be noted that (4.115), (4.116) hold true provided s # 0, s # 0, B12 # 0. We
apply (2.16)), (2.18)), (2.23) to obtain:

Jal 7 " jal " "
\/§ , x2 1/:22 2,:132 , x? 1/1:2 2/m2
pr = D G| 0 G, Gy |+Gy| 0 Gl Gy |,
a? E, Gy Gy F, G Gy
s (| Fe R, RL| | EL R, R
Qg = W F:; 0 Fy Fz + FZ/ 0 F?; F; 5
¢, & c.| |, d G

/ /
BRI PR
(_D)3/2 G/la: G/ly G/lz
2z Uy U,
If all coefficients sz, g, 512 vanish then fixed point does not exist for small values of Jy.
In other cases one needs to perform further asymptotic analysis to obtain conditions for
existence of a periodic orbit and its period-doubling bifurcation.
One may also remark that the distance between the fixed point and the fold is

By =

2 2
p=G6F" bl + 0(6%).
O\ (FJFL)? + FI2(FP? 4+ FP2)

Thus, the cascade of period-doubling bifurcations occurs when the equilibrium is not very
close to the fold, but situated at a distance of the order O(slne™').

5 Example: the FitzHugh-Nagumo system

We apply our results to the FitzHugh-Nagumo system ((1.5]). Let

a3
=1-a, a+z =z, y—i—a—g::y.
Then the system takes the form:
1
er = —§x3+x2(1—6)+a¢(25—52) —y—z,
=z, (5.117)

z = Tr—2z

and the functions F', G; and Gy are

1
F(x,y,z,0) = —§$3+$2(1—5)+$(25—52)—y—Z, Gi(z,y,2,0) =z, Go(r,y,2,0) =1x—2.
Note that the conditions ((1.7)), (1.8) and (|1.9)) are satisfied.
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Make a rescaling of parameters

€::u27 5:M207

and introduce new variables (£, 7, () by

2 2
r=pb, y="g0-0, 2=5m+0)

Then the inverse change gives p = /€, 0 = de~! and

1 1 1
§=—u, n=—W+z), (=—5(y+tz).
p /ﬂ( ) /ﬂ( )

In terms of these variable the FitzHugh-Nagumo system takes the form
1
¢ = &-ntp (205 - 553) — pPo&® — e,

2" 2
A G
C—u(Qn QC)'

1 1
Yo = 20, 7:_57 0612042251252:_57 =2, v=0

and condition (4.116|) reads:

1 1 ~1 Ve’ 3 —ln L
5:55 [lne —|—§1n1n€ —ln( 9% +§5+O 511(11/2571 '

n = 2§+u(—1n—lé), (5.118)

Then

We compare our results with numerical data obtained by M. Zaks and found sufficiently
good agreement.

€ Qpum Qasym Anum — Gasym

l.e-2  0.99092058501692 0.99094938062714 2.879561021731e-5
l.e-4  0.99986818929447 0.99986822927480 3.99803325e-8
l.e-6  0.99999828100195 0.99999828163419 6.322363e-10

1.e-8  0.99999997885167 0.99999997885883 7.1557e-12

L.e-10  0.99999999974920 0.99999999974928 7.28e-14

1.e-12 0.99999999999710 0.99999999999710 7.e-16

Table 1: Comparison of numerical and asymptotic results: values of the parameter a at the
first period-doubling for several values of ¢.
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