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Abstract

We characterize the small-time asymptotic behavior of the exit probability of a Lévy process out of a two-
sided interval and of the law of its overshoot, conditionally on the terminal value of the process. The asymptotic
expansions are given in the form of a first order term and a precise computable error bound. As an important
application of these formulas, we develop a novel adaptive discretization scheme for the Monte Carlo computation
of functionals of killed Lévy processes with controlled bias. The considered functionals appear in several domains
of mathematical finance (e.g. structural credit risk models, pricing of barrier options, and contingent convertible
bonds) as well as in natural sciences. The proposed algorithm works by adding discretization points sampled from
the Lévy bridge density to the skeleton of the process until the overall error for a given trajectory becomes smaller
than the maximum tolerance given by the user.
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1 Introduction

Small-time asymptotics for the distributions of Lévy processes and related Markov processes have a long history going
back to the seminal work of Léandre [30], who obtained the leading order term of the transition density of a Markov
process solving a stochastic differential equation with jumps. In the case of a Lévy process, the main result of [30]
reads 1
lim 7ft(1') = S(Iﬂ), (x 7é O)a (11)
t—0 t

where fi(z) := %P(Xt < z) is the marginal density of the Lévy process X and s is the Lévy density of X, whose

existence and smoothness need to be assumed. Léandre’s approach was to consider separately the small jumps (say,
those with sizes smaller than an € > 0) and the large jumps of the underlying Lévy process, and to condition on the
number of large jumps by time t. A similar approach has been applied during the last decade to obtain high-order
asymptotic expansions for the transition distributions and densities of Lévy processes and other Markov processes with
jumps (see [38], [19], [20], and [21]). These small-time asymptotic results have found a wide scope of applications
ranging from estimation methods based on high-frequency sampling observations of the process (see, e.g., [17], [11],
[37], and references therein) to asymptotic results for option prices and Black-Scholes volatilities in short-time (c.f.
43], [18], [19))-

In the present paper, we adopt Leandre’s approach to study the asymptotic behavior of the generalized moments
of the Lévy process stopped at the time it exits a two-sided interval (a,b), conditionally on the terminal value of the
process. Specifically, for a Lévy process (X;);>o with Lévy density s that is smooth outside any neighborhood of the
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origin and for a bounded Lipschitz function ¢, we prove that

Bl X=p = [ o) o), Go0ye@inon,  (2)

where 7 :=inf{u > 0: X, ¢ (a,b)} with —co < a <0 < b < o0. In the case ¢ =1, (1.2) can be written as follows:

P(3u € [0,t] : Xu¢(a,b)|Xt:y):% /( b)cs(v)zg)wdquo(t), (t—0), (1.3)

for y € (a,b)\{0}. As in the case of the small-time asymptotics for the marginal distributions of the process, the main
intuition can be drawn from considering the pure-jump case with finite jump activity. Intuitively, formulas (1.2)-(1.3)
tell us that if, within a small time period, a Lévy process goes out of the interval (a,b) and then comes back to the
point y € (a,b), this essentially happens with two large jumps: the first jump takes the process out of (a,b), while the
second jump brings it back to y.

Our study of the short-time behavior of (1.2) and (1.3) is motivated by applications in the Monte Carlo evaluation
of functionals of the form

E[F(Xr)l,sr],  7=inf{t>0:X; ¢ (a,b)}. (1.4)

In financial mathematics, such functionals arise in structural credit risk models based on Lévy processes [16] and in
the pricing of barrier options (cf. [27], [7]), which is one of the most popular classes of exotic options. Very recently,
a renewed interest to these problems has emerged in relation to the so-called contingent convertible bonds, where the
conversion is triggered by a passage across a level and which exhibit a high sensitivity to jump risk [13]. In natural
sciences, Lévy processes (under the name of Lévy flights) are used as models for certain diffusion-like phenomena in
physics and chemistry (so-called anomalous or super-diffusion) [32, 41, 3] as well as to describe movement patterns
of foraging animals [44, 5], and there is considerable interest towards the study of Lévy flights in bounded domains
and related first passage problems giving rise to functionals of type (1.4) [10, 8, 22]. In all these settings, closed-form
expressions are rarely available and Monte Carlo is often the method of choice.

The simplest procedure to evaluate the functional (1.4) by Monte Carlo consists in simulating the process (X;)¢>0
at evenly spaced times t} := kh,,, with h,, := T/n and k = 0,...,n, over the interval [0,7T], and approximating the
exit time 7 by

Ty i= inf{t} : Xyn ¢ (a,b)}.

This simple method introduces two types of errors: the statistical error and the discretization error. The latter is
known to be quite significant (cf. [2] and Example 2 in Section 5 below); [31] reports errors of up to 10% in the context
of barrier options for a time discretization of one point per day.

In the context of continuous diffusions, short-time asymptotics have been successfully employed to alleviate the
bias due to the discretization error. Omne of the earliest procedures of this type, due to Baldi [2], is based on an
approximation of the probability, p(z,y,t), that the process X has gone out of a domain (a,b) during the small time
interval [s, s + ¢] conditioning on X; =« and Xy = y; i.e.,

p(z,y,t) =P (Fue[s,s+1t]: Xy ¢ (a,0)]| Xs =2, X5t =9). (1.5)
Given such an approximation p(x,y,t) of the functional p(x,y,t), the procedure simulates iteratively Xip | at each
stepk=0,...,n—1,and if Xyp € (a,b), it proceeds to kill the process with probability p(Xir, Xin, h,) and choose

tp, 1 = (k+1)h, as an approximation of the exit time 7. A similar idea was used in [33] to price barrier options with
payoff ©(S;,7) by Monte Carlo.

In the context of Lévy processes, an attempt to apply a similar methodology has been made in [45, 36]. The authors
remarked that the discretization bias can be reduced by using the identity

E(F(Xr)1er}) =E (F(XT) (1 - nl:[ {1 — p(Xep, Xop, hn)}>> (1.6)

k=0



and replacing the exact exit probability p(x,y,t) with a suitable small-time approximation p(z,y,t). However, these
papers propose no general formula for p(x,y,t) and, as shown in [4], the Monte Carlo method proposed in [45, 36]
could lead to a large discretization bias. On the other hand, in the specific case of the parametric variance gamma
model, there exist discretization algorithms (cf. [1]) allowing to simulate the running minimum and maximum with
error bounds. Let us also remark the recent work of [28] where a method for the joint simulation of the running
maximum and the position of a Lévy process is introduced based on the Wiener-Hopf decomposition of the process.

Our short-time asymptotic result (1.3) provides an approximation of the exit probability (1.5) via the formula

e swsy—z—v) b [ swmwsy—u)
p<x7y7t) o 2 /(a—m,b—:v)C S(y - :L') dv= 2 /(a,b)c S(y - .’E) a ’ ( ;é y), (17)

which is valid under mild regularity conditions on the Lévy process X (see Section 2 for details). The first order
approximation (1.7), together with an appropriate error bound for it, enable us to develop a general adaptive Monte
Carlo method for evaluating the functional (1.4) with a given precision. Given a target error level ~, the idea is to
generate a “random skeleton” {(T, Xt,)}~_, of the process X such that the error in each subinterval [T}, Ty11], i-e.

e:=p(Xp, X Tip1 — Tr) — (X1, Xyt T — Tie), (1.8)
satisfies |e| < M’y. The functional (1.4) is then approximated as follows:
N-1
E[F(X7)1,57] ~E (F(XT) T {1 - #(Xn., Xrsy, Tosr — Tk)}> : (1.9)
k=0

and it is shown that the total bias of this computation will be less then «y. As a result of this adaptiveness, the algorithm
generates more frequent points when the process X is close to the boundary, and takes large time steps (thus saving
computational time) when the process is far from the boundary. Let us remark that, unlike the formula (1.6), where
the sampling times {¢?} are deterministic and fixed, the decomposition (1.9) for random skeletons X := {(T}, X1, ) }2_,
requires precise (and also novel to the best of our knowledge) conditions under which this formula holds (see Section
4 for the details).

The proposed adaptive algorithm works as follows. First, the endpoint X7 is generated and added to the skeleton.
Next, if the error (1.8) is too large for a given subinterval [T}, Tk+1], the procedure splits the interval into two and
generates the midpoint Xz, with Ty, := (Ty, + Tj41)/2 from the bridge distribution. This is repeated iteratively until
the desired error bound is satisfied for every subinterval [Tj,Tk+1] of the sampling times 0 = Ty < - < Ty = T.
Such retrospective sampling (starting from the endpoint) has a number of advantages over the classical uniform
discretization, especially in the context of rare event simulation, where it enables one to easily implement variance
reduction by importance sampling. Indeed, the process can be directed to the region of interest by modifying the
distribution of the terminal value, while keeping unchanged the rest of the algorithm. On the other hand, this method
requires fast simulation from the bridge distribution of X/, conditioned to X; = y. To this end, as another contribution
of particular interest on its own, we also propose a new method to simulate from this Lévy bridge distribution based
on the classical rejection method.

As previously explained, in order to implement the above adaptive algorithm, precise computable bounds for the
approximation errors in (1.2)-(1.3) are also needed. We obtain such bounds by developing explicit inequalities for the
tail probabilities and transition densities of a Lévy process whose Lévy density has a small compact support. This type
of concentration inequalities in turn allows us to estimate the different components of the error, which, as explained
above, originate from conditioning the desired functional on the number of big jumps by time ¢ (see Section 3 for the
details). The resulting error bounds are given in terms of the Lipschitz and L., norms of ¢ as well as several computable
quantities related to the Lévy density s such as sup|,|>. s(z), supj,>. |s'(2)], f‘z|>6 s(z)dx, and flrl<6 r?s(x)dx.

Let us also remark that an adaptive simulation method similar to the one introduced in the present paper was
proposed in [15] to compute a functional of the form E@(X,, ) for a homogeneous diffusion process X without jumps.
Adaptive numerical methods for finding weak approximation of diffusions without jumps and with finite intensity jumps
(but with the adaptiveness only concerning the diffusion part) have also been proposed in [42] and [34], respectively.
As in our paper, the idea therein is to sample from inside of a subinterval [t}, ;] whenever the approximation error
in that subinterval has not reached a desired low level, specified by the user.



The paper is organized as follows. In Section 2, we obtain the leading term of the functional E (¢(X,)1,<¢| Xy = y)
when ¢ — 0. The explicit estimate of the approximation error is given in Section 3. The development of the adaptive
discretization schemes for the Monte Carlo computation of the functional E[F(Xr)1,~7] as well as the algorithm to
simulate random observations from the Lévy bridge distribution are given in Section 4. Our methods are illustrated
numerically in Section 5 for Cauchy process. Finally, the proofs of the technical results are deferred to the appendix.

2 Small-time asymptotics for Lévy bridges

Let X be a real-valued Lévy process on a probability space (2, F,P) with Lévy triplet (02,v, ) with respect to
truncation function h(x) = 1j;/<;. Throughout, (F;);>0 denotes the natural filtration generated by the process X and
augmented by the null sets of F so that it satisfies the usual conditions (see, e.g., Chapter 1.4 in [35]). The following
standing assumptions are imposed throughout the paper:

e The Lévy measure v admits a continuously differentiable density s : R\{0} — (0, c0), with respect to the Lebesgue
measure (hereafter denoted by £), which satisfies

sup s(z) < o0, sup |s'(z)] < oo, (2.1)
jol>e jol>e

for any € > 0.

e The distribution of X; admits a density f; for all ¢ > 0. Since v is already assumed to admit a density, for this
assumption to hold, it suffices to additionally require that v(R) = oo or o > 0 (see Theorem 27.7 in Sato [40]).

e The density of X; satisfies f;(z) > 0 for all x € R and ¢ > 0 (see Theorem 24.10 in Sato [40] for mild sufficient
conditions for this property to hold).

As it is usually done with Lévy processes, we shall decompose X into a compound Poisson process and a process
with bounded jumps. More specifically, for any € € (0,1), we select a function ¢, € C*°(R), which is decreasing on
(—00,0) and increasing on (0, c0) and such that 1;>. < c-(2) < 1|4)>c/2. Next, we define the truncated Lévy densities

se(x) :=ce(x)s(x) and  5.(z) := é(x)s(x),

with ¢.(z) := 1 —c.(z). Let Z¢ be a compound Poisson process with Lévy measure s.(z)dz and X be a Lévy process,
independent from Z¢, with characteristic triplet (02, 3.(z)dx, u1.), where

fe 1= [L — [ﬂgl xee(x)s(x)dx. (2.2)

It is clear that X© + Z¢ has the same law as X and that the intensity and probability density of the jumps of Z¢ are
Ae i= [ se(x)dz and s.(z)/A., respectively. Throughout the paper, we let (Nf);>o be the jump counting process of

Z¢ and (YF)k>1 be the jump sizes of Z¢. Thus, Zf = ZkN; Y. Note that the distribution of X} is also absolutely
continuous since o > 0 or [ §.(x)dz = oo, for any € > 0. For future reference, let us remark that

E (X)) =t (us +/|II>1x§E(x)dx> =tu.,  Var(X7)=t <02 +/x2§€(x)dx> = to?, (2.3)

since € € (0,1) (see, e.g., Example 25.12 in [40] for the mean and variance formulas of a Lévy process).

The following Lemma will be needed in what follows (c.f. Propositions 1.4 and II1.2 in [30]). See also Sections
3.1-3.2 below for explicit expressions for the constants C,(n,¢) and ¢, (7, €).

Lemma 2.1. Let f{ be the transition density of the small-jump component process (X;)i>o. Then, for any fized positive
real n and positive integer p, there exist an €o(n,p) > 0 and positive constants to(n,€), cp(n,€), and Cp(n,€) < oo for
any € < €9 such that

P (s X312 0) <G, (i) su fi(o) <yl (2.4
0<s<t HE

forall0 <t <ty and 0 <e <eg.



The following result provides the key tool for establishing the small-time asymptotics of the moments of the Lévy
bridge “stopped” at the exit time from an interval (a,b). Its proof is presented in Appendix A.

Theorem 2.2. For fized constants a € [—00,0) and b € (0,00], define
Ti=inf{u>0:X, ¢ (a,b)}.
Let ¢ : R — R be bounded and Lipschitz on R and let §y € (0, b*T“) Then, for any y € (a+ do,b—dp) and 0 < § < &y,

y+4d t2
E ((Xr)l{r<t, Xie-sy+0)}) = / (2/( : p(v)s(v)s(u —v)dv + Rt(u)t2> du, (2.5)
a,b)e

y—90
where the remainder term Ri(u) is such that

lim esssup |Re(u)| =0. 2.6
t—>0ue(a+50,b750>| +(u)] (2.6)

Remark 2.3. By the definition of conditional expectation,
E (¢(X-)1r<txiew-s.0+0)3) = E (B (0(X0)Lircy | Xo) Lxoew-s.0+0)))

y+o
= /_5 E (o(X:) 1<y | Xe = u) fe(u)du, (2.7)

where fy(u) is the density of Xy and, as usual, ®(u) := E (@(X:)1{;<sy| X¢ = u) is such that ®(X,) is a version of
E (o(X:)1ir<i| Xi). Comparing (2.7) and (2.5), it then follows that, for L-a.e. y € (a,b),

S e $@)s@)s(y —v)dv R, ()

E(o(X )1, X, =vy) = . 2.8
(X iz Xe =) A £10) 29
If, in addition, the transition density f; satisfies the asymptotic formula (1.1)* then, for L-a.e. y € (a,b)\{0},
Jiapye ()s(v)s(y — v)dv
E ((X:)1pany| X = y) = t =22 +o(t). (2.9)

2s(y)

nd (2.8) can be interpreted as large deviation results for the trajectories of Lévy processes in small
=1, (2.9) gives the following small-time approzimation for the exit probability of the Lévy bridge:

Formulas (2.5) a
time. When o(x)

f(a,b)c s(v)s(y —v)dv
P(T§t|Xt:y):t QS(y)

We conclude this section with a simpler result for the case when X; is outside the interval. Its proof is outlined in

Appendix A.

Proposition 2.4. Let ¢ : R — R be bounded and Lipschitz on R, and let §o > 0. Then, under the same notation and
conditions as in Theorem 2.2, for any y € (a — dp,b+ dp)¢ and § < &y,

+ o(t). (2.10)

y+6

B (o) pxemsuran) = | (p()s(a) + Rifu)t) (211)

where the remainder term Ri(u) is such that

lim esssup |Ri(u)| =0. (2.12)
t—0 ’U,G(G.*é(],bJr(S[))c

Remark 2.5. Analogously to Remark 2.3, (2.11) enables us to establish the following natural asymptotic formula:

e(y)s(y)
ft (y)

for L-a.e. y € [a,b]¢. The second equality above holds whenever fi(y) satisfies (1.1).

E(o(X:)| X =y) =t +0(1) = ¢(y) + o(1), (t —0),

L As stated in the introduction, (1.1) holds for a large class of Markov processes with jumps as proved by [30]. For Lévy processes, [38]
provided a more elementary proof using the same conditions and similar approach as in [30]. Higher order short-time expansions for the
transition densities were obtained in [19].



3 On a precise bound for the remainder term

In the previous section, we developed the necessary results for finding estimates of the functional

F(0,y,t) == E[p(X7) 1<t Xy = 9] (3.1)

in short-time. Indeed, as explained in Remark 2.3, Theorem 2.2 yields the following natural estimate for f(0,y,t):

f % apye PU)s(v)s(y —v)dv
F(0,y,t) = Jiay Sp(fi((y)> (y —v)

The estimate (3.2) will be used below to develop adaptive discretization schemes for the Monte Carlo computation of
functionals of the killed Lévy process (see Section 4). To this end, we first need to find an explicit estimate for the
remainder R;(y) appearing in (2.5). Such an estimate can be expressed in terms of bounds for the tail probability and
transition densities of the small-jump component (X§);>¢. Hence, we start by providing explicit expressions for the

(3.2)

upper bounds appearing in (2.4) and then proceed to give a precise error bound for |f(0,y,t) — f(0,y,1t)|.

3.1 Bounding the tail probability of the supremum

The following exponential inequality for Lévy processes with bounded jumps will be important to estimate the supre-
mum of the small-jump component (X7) defined in Section 2. Its proof, which is provided in Appendix B for com-
pleteness, is a variation of the bound obtained in [38] (which in turn is based on Lemma 26.4 in [40]).

Lemma 3.1. Let (M;) be a martingale Lévy process with |AM;| < e and (M, M), = o*t. Then,

P (sup (Mg + ps) > 77) < tgég(n,e;u) (£=0,1), (3.3)

s<t

with the following constants Cy(n,&; 1) and corresponding conditions:

(1) Co(n,e; 1) = "¢ e/ forallm > 0 and 0 < t < n/(u Vv 0) (with the convention here and below that the
fraction is +oo if the denominator is zero);

VO —
uel

_ 2\ Nn/e
(2) Ci(n,e;u) =€ = (&>n forallm >0 and 0 <t <n/(puVO0) if either (i) u <0 or (ii) u >0 and n < 02 /e;

en

In order to apply Lemma 3.1 for (X5 ):>0, we recall that 0 < ¢ < 1 so that EX; = p.t. Then, the martingale part
My = X® — p.t of X¢ is such that

(M?, M*), = (02 + /cs(x)xQV(dx)> t=o’t.

Thus, fixing
n
toe,n) = ———, 3.4
SR o
it follows that, for all 0 < t < tg,
P (supX§ > n) <P (supM§ et > 77) <P (supMi > ”) <t#C (e, (3.5)
s<t s<t s<t 2 2

with C(n,¢€) is defined by

Cn,e) = <€"3 ) ’ . (3.6)

en
Similarly, we have P(sups<, |X5| > 7) < 23 C' (n/2,€).



3.2 Bounding the transition density of the small-jump component

To obtain explicit expressions for the constants appearing in the bounds for the density f; in Lemma 2.1, we shall
assume that the process X is such that X} has a unimodal distribution for all ¢ > 0 and € > 0. By Yamazato’s theorem

(see Theorem 53.1 in [40]), a sufficient condition for this is that the process X is self-decomposable, which is the case if
k(x)
E]
on (0,00) (see Corollary 15.11 in [40]). In particular, most of the parametric models used in the literature (such as
stable, tempered stable, variance gamma, and normal inverse Gaussian processes) are self-decomposable and so these

processes as well as their truncated versions have unimodal densities at all times.

and only if the Lévy density s is of the form s(z) = for a function k which is increasing on (—o0,0) and decreasing

Let m$ be the mode of X7. If m§ € [-7,7] and n > 1, then the density can be estimated by

2
sup f; (z) < ——P[X{[ > nl, (3.7)
lz|>n n—n

simply because the density is decreasing in (1, 00) and increasing in (—oo, —n). The relation (3.7) in turn leads to a
bound of the form (2.4-ii) by applying the tail bound (2.4-i). It remains to find conditions for m§ € [-n,n]. Since
obviously X¢ has finite second moment, the following bound due to Johnson and Rogers [26] can be applied

Ims —EX{|* < 3Var(X?). (3.8)

Thus, recalling the mean and variance formulas given in (2.3), m§ € [—7,n] whenever 0 < t < ¢;, where #; is such that

1/2
tr|pe| + V37 <02 + / |x21/(dx)> =17. (3.9)
|z|<e

By taking 1 = /2, we will have

4 n 8C(n/4,¢) =
sup fé(z) < —P||XF| > 4| < 205t 3.10
sup fi(@) < JP|IX7] 2 5 ; (3.10)

for any 0 < t < t; At with o defined as in (3.4).

3.3 Precise bound for the remainder

We are now ready to give an explicit bound for the reminder term R(y) appearing in (2.5), which in turn will produce

an error bound for |f(0,y,t) — f(0,y,t)|. Throughout, we shall use the following notation:

(i) ae :=sup, sc(x) and a. := sup,, |sL(z)|, where, as before, s.(x) := c.(x)s(x) is the Lévy density s, truncated in
a neighborhood of the origin;

(i) Ae = [ s(@)ce(@)dz, pe = p— [, <, vee(x)s(x)dz, and 02 :=0?+ [e.(x)a?s(x)dx;

(iii) C(n,¢e) is defined as in (3.6), to(e,7) is defined as in (3.4), and ¢, (e,n) is defined as in (3.9).

The following result, whose proof is given in Appendix B, gives an estimate for R;(y) in terms of the previously
defined notation and the L,- and Lipschitz norms of ¢ denoted hereafter by

ll¢lloo := esssup |¢(x)], llollLip == inf {K >0 |p(x) —o(y)| < K|z —y|, Yr,ycR}.

Theorem 3.2. Using the notation of Theorem 2.2, assume that the process X is such that X; has a unimodal
distribution for allt >0 and e > 0. Let c:=bA|a| and A, := (b—y) A (y —a) > 0. Then,

1
|Rt(y)| < tig GR(O7y7t)a



for all 0 <t < to(e,(Ay/2) Nc) Ati(e, Ay /2), where

Ay 8 c
er(0,y,t) = e ||| C(A, /4, e)t 3= {A + 2a.t + as)\EtQ} + 2e 72| ]| a0 Clc/2, )t 3 {1 + 1A}
y
coAZac
el

5 2 [[@lloca At (1 — e H1 + At + (A2)%/2]) (3.11)

e oAl + 20 plca? + gl oheal] (0212 + el

Two immediate conclusions can be drawn. First, note that, by taking ¢ < A * N\ 5, we obtain a bound for the
remainder satisfying condition (2.6). Second, as seen in Remark 2.3, the previous bound implies the following error

bound
673(07 Y, t)

1£(0,y,t) — f(0,y,8)] < NAOR

with f and f defined as in (3.1)-(3.2).

= ef(07 Y, t)a

Remark 3.3. The approzimation for the conditional exit probability p(0,y,t) = P[r <t| Xy, =y] is obtained by
substituting ¢ = 1 into (2.8):

5 e $(v)s(y —v)dv
ﬂ&%wzﬂw)ééf ey
(

Making this substitution in the previous bound, it follows that |p(0,y,t) —p(0,y,t)| < ep(0,y,t) with ey(0,y,t) given by

1 v [ 8 A2
ep(0,y,t) := —— (e_’\ftC(Ay/éL, 5)tie{ + 2a.t + ag)\gt2} +2e7 . Clc/2,e)t T2e {14+ tA )+ === cle s
t(y) ' A, 2
+a ATt (1= e 1+ At + (\t)?/2]) + e "2 [2a2 + Neal] (o-t' /2 + ’”;Elt)),
valid for all t < to(e, (Ay/2) ANe) Ati(e, Ay/2). The one-sided case (a = —o0) can similarly be obtained.
4 Adaptive simulation of killed Lévy processes
Our goal in this section is to design a type of adaptive Monte Carlo estimators for functionals of the form
E[F(XT)1;>71], (4.1)

where F' is a Borel measurable function and 7 := inf{t > 0 : X; ¢ D} with D := (a,b), for some a € [—00,0) and
b € (0,00]. From now on, to simplify notation and with no loss of generality, we shall take T' = 1.

ForO<s<t zeR, andy € R, wedenotebyﬁ”(smy
[s,t] with starting value x and terminal value y; that is, this is a version of the regular conditional distribution of
{4+ Xu—s}uels,y given X =y — 2. Since X; has a strictly positive density on R for every ¢ > 0, the bridge law is
uniquely defined for £-almost every y € R (recall that £ stands for the Lebesgue measure), which is sufficient for our
purposes. We also let p(z,y,t) denote the exit probability from the domain D before time ¢ for the Lévy bridge:

)[ | the bridge law of the Lévy process X on the time interval

p(x,y,t) := P(Otxy)[r<t} P[Ju e [0,t] : z+ Xy ¢ (a,b)| X = y]. (4.2)

Our approach is based on the following decomposition:

N-1
E[F(X1)1,51] = H p(X1, X1y, Tia — T0)) | (4.3)

where 0 = Ty < -+ < Ty = 1 are suitable sampling times. Formula (4.3) directly follows from the Markov property
when the sampling points are deterministic. In that case, the set of points X := {(T;, X1,)}¥, is called a deterministic
skeleton. In our setting both the number of points N and the sampling times 0 =Ty < T} < --- < Ty = 1 are random
and we need to formalize under what conditions on X’ (4.3) still holds. The following result will suffice for our purposes.



Lemma 4.1. Let N be a random variable with support N C N, such that N >0, and let 0 =Ty < --- < Tn =1 be
random points such that

(1) Each T; takes values in a countable set K C [0,1];

(2) For each n € N and (so,...,8,) € K" with 0 = sg < -+ < s, = 1, the event {N = n,(Tp,...,T,) =
(80y.+-y8n)} is 0(Xs, 14 =0,...,n)-measurable.

Then, (4.3) is satisfied for any measurable function F with E[|F(X1)|] < oo and, furthermore, for every t € (0,1),
neN, and A € B(R),

P[X; € AIN =n,Tp,...,Tn, X, .., X1y ] = PEF X; € A], where i =max{i:T; <t}. (4.4)

Tix 41, X1y s XTpu 41 [

Proof. Throughout, we let p(x,y,t) := 1 — p(x,y,t), Kn = {(80,.-,8,) € K" 20 =50 < -0 < 8, = 1},
Up = [s0, $1], and U; := (s, 8;41], with ¢ = 1,...,n — 1. We also use the notation

Ty = l{Xue(a,b):VuEU}v for a domain U C R+, and IQ) =1 (45)

Then, by Markov property

E[F(X1)17'>1] = Z Z E [F(Xl)I[O,l]1{N:7L,(TU,...,Tn):(so,...,sn)}]

= > E

neN (81,.r8n)EKLT

n—1
F(X1)1{Nzn,(To, o) =(50,.. 150 )} H (X1, X1iy, Ty — 1)
i=0

=E

9

N—-1
F(Xl) H p(XTwXTHUTZi-‘rl - T’L)
=0

which proves (4.3). Similarly,

]P)[Xt EA|N:n,To,...,TN,XTO,...,XTN]
= > PX¢€AN=n,(To,....,Tn) = (S0, 5n), X1y» ..., Xy L7,

(SOaH-:Sn)eﬁn

_ BR __ mBR
o Z Psi*’si*'*'l’Xsi* X w41 [Xt € A}1(T07""Tn):(50x~~75n) - PT1*7T1*+17XT7;* X Ty 41 [Xt € A]

(50,--,8n) €K™

O

From (4.3), it is now evident that, for the computation of (4.1) by Monte Carlo, it suffices to simulate independent
replicas of the random variable ) := F(X;)N(X), where hereafter we denote

N-1

N@&x) =[] O -p(Xr,, X1, Tip1 — T0)) -
=0

The exit probability p(z,y,t) does not typically admit a closed form expression and some type of approximation must
be applied for its evaluation. The short-time asymptotics (2.8) yields the following natural estimate for p(z,y,t) when
z,y € D:

Bay.t) = (e ) VO AL with g ) = & Aa,b)cwd“' (4.6)



We also set p(x,y,t) = 1if « ¢ D or y ¢ D. This approximation satisfies

[P,y 1) = P,y )| < eple,9.0), (4.7)

where the error bound ep(x,y,t) is defined as in Remark 3.3 for z,y € D and by e,(z,y,t) =0ifx ¢ Dory ¢ D. We
can then approximate N(X) by

N@) =[] (0= p(Xr, Xr,,, T = T2) (4.8)

Replacing the true exit probability p(x,y,t) with its approximation p(x,y,t) introduces a bias into the evaluation
of N(X), which is hard to quantify if the process X is discretized using the uniformly spaced grid T; = i/N. For this
reason, we now propose an adaptive algorithm for the determination of the sampling times, which starts by simulating
the terminal value X; and then refines the sampling grid, using more discretization points when the estimate of
the approximation error is “large”. The algorithm is parameterized by a real number v > 0, which represents the
error tolerance and ensures that under suitable conditions on e,, the global discretization error for approximating the
quantity of interest (4.1) will be bounded by 7 (see Proposition 4.2 below). The algorithm also requires simulation
from the marginal distribution f; of X; and the bridge distribution of X/, conditioned to X; =y (¢t > 0). Hereafter,
we denote the density of this bridge distribution by j”tb/’"2 (z,y) and recall the following well-known formula:

ft/2(93)ft/2(y —z)
fi(y) '

At the end of this section, we introduce a new method to simulate variates from the density (4.9).

The procedure to generate the skeleton of X is outlined in pseudo-code in Algorithm 1 below. Assume that this
algorithm terminates in finite time a.s. (see Proposition 4.2 for sufficient conditions for this to hold). The algorithm
then defines a pair N and T := (Tp,...,Tn), which satisfies the conditions of Lemma 4.1. Indeed, by construction,
each T; takes values in the dyadic grid {i2=™,7i = 0,...,2™,m = 0,1,...}, which is a countable set. To check the
second condition of the lemma, we fix n and a partition 7 := {sq,...,s,} of [0,1], and proceed as follows to write the
event E :={N =n,Ty = s9,71 = s1,...,1n = $p} in terms of {X,, }" :

e We can and will assume with no loss of generality that 7 is a recursive dyadic partition, meaning that {0,1} C 7
and, for every t € (0,1) N, there exists ¥ € N with 2¥¢ € N, and if we take the smallest such k then also
t+ 2% e€mandt— 2% € 7. By construction, if 7 does not have this property, the event E has zero probability.

e We shall assume that n > 2 because if n = 1 then necessarily so = 0 and s; = 1 and, therefore,

E = {Xl ¢ D} @] {Xl S D,ep(Xo,Xl, 1) < ’}/} S O'(Xo,Xl).

e For each ¢ € {0,...,n — 1}, define m, := {s; € 7 : 2" *s; is an even integer}. The number of elements of 7, is
denoted n, and the sorted elements of 7w, are denoted s{ < e < sfw. Clearly, 7o = m and m,_1 # 7 since 1/2 € 7
whenever n > 2; we let £* =max{l >0:m =7} and 7* = 7 \ 7Tpx41.

e Foreachi=1,...,ny — 1, define the event

E£ =

7

{wrep (Xoe(w), Xor | (W), 8510 — 1) <y(sfpy —s)}h, i w0 (s, s0) =0,
0.

4
%
{w : ep Xsf (w)7Xsf+l (UJ), Sf-&-l - Sf > ,Y(Sf+1 - Sf)}’ lf ™ (817 Sz-i-l) 7é

Then, it follows that

{ﬂ{X eD}mnﬂnh Ef} U{x.¢Din () {X.eD}n ﬁ h E!

(=0* i=1 sem* SEMp* 41 (=0*+1 i=1

which clearly belongs to (X, : i =0,...,n).
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Algorithm 1 [X] = GenerateSkeleton(vy)
NO:(),lel,mzl
Tg=0,T=1,Xy=0
Generate an observation X; from the density f;
while N,,, # N,y and {X7m € D, fori=1,..., N, } do
n=0,Ty"" =0
fori=0— N,,—1do
AT =T7 =T
if €p(XTim s XT[il s AT) > ’)/AT then
T:—Lﬁl = (" +174)/2, Tﬁi—gl =T
Generate an observation XT::LSI from the bridge density fZTT /2(~, XTfil
n=n+2
else
T - T,
n=n+1
end if
end for
Nm+1 =N
m=m-+1
end while
RETURN X = {(T", Xrm)} 0.

- Xgpm)

To see that XTm_,:il can be sampled from the bridge density fZTT /2(~7 Xrm — Xgm) in Algorithm 1, we can apply the

it+1
second part of Lemma 4.1 to the couple (k, Tx), where Ty, = {Tp, ..., Tk} contains the first k£ + 1 sampling times which
have been added to the grid by the algorithm, in increasing order.

Algorithm 1 terminates when at least one of the sampling observations Xr, is out of the domain D or the error
over each subinterval of the sampling times 0 =Ty < --- < Ty = 1 is small enough in the following sense:

ep<XTiaXTi+1771i+l_E) S’Y(Ti+1 _T‘i); ’LZO,,N—l (410)

At first glance, it is not obvious that the algorithm will actually terminate in finite time. The following result gives
conditions under which this is the case and shows that the global error of the estimate is of order +.

Proposition 4.2. The following assertions hold:

(i) Let X be a Lévy process satisfying one of the following two (non mutually exclusive) conditions:

1. X does not hit points; that is, P(1%} < 00) = 0 for all z, where 1%} := inf{s > 0: X, = 2} or, equivalently,

o2 () o=

where (u) = log E[e™“X1] (see [29, Theorem 7.12]);

2. X is a finite variation process.
Additionally, assume that the upper bound of the approzimation error e,(x,y,t) satisfies
lim1 sup ey, y,t) =0, Va',b' € (a,b). (4.11)
tO o ye(ar,b)
Then, Algorithm 1 terminates in finite time a.s.

(ii) Assume that B|F(X)| < co. Let X = {(T;, X1,)}N, be a skeleton of X on [0,1] satisfying (4.10) and N'(X) be
given by (4.8). Then,

[E[F(X1)1r51] = E[F(X1) N(X)]] < AE[[F(X1)]]. (4.12)

11



Remark 4.3. In view of Proposition 4.2, E[F(X1)1,;>1] can be approximated by the Monte Carlo estimator
L\ (k)
_ DANY (k)
37 2 (7) ¥ (20).
k=1

where X®) are independent copies of the process X and N(X(k)) are corresponding values computed with formula
(4.8). This estimator has a statistical error which can be estimated in the usual way, and a discretization bias, which
is bounded from above by YE[|F(X1)|]. In view of (4.13) below, a more precise a posteriori estimate of the bias is

M

1 .

$ gy 3 ey (XX TH TV i o= (0 ) € D)
k=1

Lemma 4.4. Let X be a Lévy process such that for allt > 0, the law of Xy has no atom. Then, for all x € R,

Proof. We only prove the first identity, the second one follows by similar arguments (or alternatively by time reversal).
Let Nf = #{t € [0,1] : |AXy| > &, Xy~ = x}. Then

P[{t € [0,1] : AX, £ 0, X,_ = a} # 0] < E[N] si

But by the compensation formula (see [6, section 0.5]),

U /,MlX —av{dy)d } /y|>g”(dy) AIP[Xs:x]ds=O.

O

Proof of Proposition 4.2. Part (i). With the aim of obtaining a contradiction, assume that the statement of
the proposition is not true, and the algorithm does not terminate. Let {T }i>1 be the infinite sequence of different
sampling times produced by the algorithm (in the order in which they were generated, that is, not necessarily ordered
in time). Let X; = = X be the corresponding sampling observations. Since the sequence {T} is bounded, we can

find indices {ik}k21 such that le — T*. Moreover, since every point T} (for i > 2) is obtained as a midpoint of a
certain interval, we can find two sequences {7, } and {7} such that T, +T*, T,;" | T*, T* € [T;",T;"] for all i and
and e, (X -, XT+,T —T;) > ~(T;t —T;) for all i. In addition, since the process X has right and left limits, both

2

lim XT? — X and lim XT[ = X~ exist. There are three possibilities.
If X~ € (—o0,a) U (b,00) or X € (—00,a) U (b,00) then for some i, X; ¢ D, so that the algorithm must have
stopped in finite time and we have a contradiction.
If X~ € (a,b) and X* € (a,b) then, using the property (4.11), we can find a contradiction with e, (X, X+, o7 —
T7) > (T = 1T7). -
It remains to treat the case when X~ or X, or both, are at the boundary of D. Then, either X~ = X = X~

or AXp« # 0. The latter case is ruled out by Lemma 4.4 and in the case when X cannot hit points, the former case
is ruled out as well.

We may therefore assume that X is a finite variation process with nonzero drift p (cf. [29, Theorem 7.12]) and, to
fix the notation, that X~ = X = X7. = b. We may also assume that 7* is irrational, since for every t € QN [0,1],
P[X; = b] = 0. The fact that T* ¢ Q implies that 7, < T* < T." for every i, and we can also assume that X+ and

X~ belong to D for each ¢, because otherwise the algorithm would have stopped in finite time.

Introduce two sequences of stopping times:

To=inf{t >0: Xy > b} AL, o,=if{t>7,: Xy <b}ALl, T =if{t>0,: Xy >b}A1l, n>0.

12



The sequences {7, } and {0, } do not have an accumulation point except ¢t = 1 and for each n > 0, o, > 7, if 7, < 1
and 7,41 > o, if 0, < 1. This holds because for a finite variation process X with drift 4 # 0, {0} is irregular for [0, c0)
if 4 < 0 and for (—o0, 0] if & > 0 [40, Theorem 43.20], and X may only creep in the direction opposite to the drift [29,
Theorem 7.11]. Then clearly, for every 7 € [0,1] such that X, = b, either there is n > 0 with o, = 7, which means
that for some ¢ > 0, X; ¢ D for t € (t —e, 1), or there is n > 0 with 7,, = 7, which means that for some € > 0, X; ¢ D
for t € (7,7 + €). In both cases, there is a contradiction with the fact that XTjr and XT; belong to D for each 1.

Part (ii). Below, we denote p(z,y,t) := 1 — p(z,y,t), p(z,y,t) = 1 — p(z,y,t), and Sy = {(X1,,..., X7y) € DN}
Then, since

N-1 N—
N(X) - N H p XTL’XT’L+17 i+1 H 5 XT” XT¢+177—;+1 - E) )
i=0 i=0
we get
N-1
[E[F(X1)1751] = E[F(X1)N(X)]] < E{IF(Xl)IlsN > (X, Xy T = T)| (4.13)
=0
which can be bounded by vE [|F(X1)]]. O

Simulation of Lévy bridges The adaptive method presented in this section requires fast simulation from the bridge
distribution of X;/5 conditioned to X; = y (with ¢ > 0), whose density is given by (4.9). We now propose a simple
yet efficient method for simulating from the bridge distribution, valid for Lévy processes with unimodal density at all
times. As remarked in Section 3, a sufficient condition for a Lévy process to have a unimodal density for all £ > 0 is
that it belongs to the class of self-decomposable processes which includes most of the parametric models used in the
literature. The algorithm is based on the following simple estimate.

Proposition 4.5. Let X be a Lévy process such that the density f; of X; is unimodal for all t > 0. Then,

ft/2( / )
)

f/2(35 y) < Fly

max{ f;/2(x), fi/2(y — )} (4.14)

Proof. For all x and y,

ft/2(33)ft/2(y —z)= max{ft/2($)7 ft/2(y - m)}min{ft/g(x), ft/2(y —x)}

By the assumption of unimodality, the density f; may not have a local minimum, hence, for all a, b, min(f; /2(a), fi/2(b)) <
fiy2 (“E2) and the result follows. 0

As a consequence of the previous result, random variates with density ]“1:’/72(:107 y) can be simulated using the classical

rejection method [14], with the proposal density given by f(z) = 3(fi/2(x) + fi/2(y — x)), provided that the following
two requirements are met:

(a) random variates with density f;(x) can be simulated in bounded time;

(b) the density fi(x) is known explicitly or can be evaluated in bounded time,

Assumptions (a) and (b) are satisfied, e.g., for the variance gamma process, normal inverse gaussian process, or for
stable processes. Simulating a random variable X with density f(z) = %(ft/Q(x) + ft/2(y — x)) is straightforward:
simulate a random variate Z with density f;/o and an independent Bernoulli random variate U; then, take X = Z if
U =0and X =y — Z otherwise.

The expected number of iterations needed until the acceptance for a given value of y is equal to C' = th}fi((;)/z)

This number is bounded for Lévy processes with Pareto tails such as stable. For processes with lighter tails it may
be unbounded for large y, but the probability of having a large value of y in an adaptive simulation is very small.
For example, if we want to simulate X;/; and X; by first simulating X; and then X;/,, from the bridge law using

13



formula (4.14), we find that the conditional expectation of the number of iterations given X; equals W, and

R -

the unconditional expectation is

5 Numerical illustrations

In this section, to simplify the discussion, we assume that the interval D is of the form D = (—o0,b). For the numerical
implementation of Algorithm 1 given in Section 4, one needs to be able to perform the following computations efficiently:

e Simulation of the increments of X, for arbitrary ¢;
e Evaluation of the density f; of X; for arbitrary t;
e Evaluation of the “incomplete convolution” of the Lévy density: C(b,y) := [, s(v)s(y — v)dv;

o Evaluation of the error bound e,(z,y,t), appearing in Algorithm 1.

These computations can be performed relatively easily, for example, for a-stable Lévy processes with Lévy density
s(z) = |z|7* Y(c_1pc0+ ¢4 1450) and for the variance gamma process with Lévy density s(z) = |z| ! (ce= 111, 0 +
ce=*+1711,-0). For a-stable processes, the increments can be simulated with an explicit algorithm (cf. [9]), the density
can be computed using a rapidly convergent series [39] or expressed via special functions (cf. [23]), tabulated for ¢t = 1
and computed by the scaling property for other values of ¢. The incomplete convolution is given by

C(b,y) = cre b "2B(1 + 2a,1)F (1 Fa,1 420,24 20, %) , (5.1)

where B is the beta function and F' is the hypergeometric function, for which a rapidly converging series is available
[24] and which can also be tabulated prior to the Monte Carlo computation. For the variance gamma process, the
density is explicit and the increments are straightforward to simulate [12]. The incomplete convolution is given by

C(b,y) = c; {e VM EI(ANb—y)) — e**Ei(\b) }

where Ei(z) := [ ¢ . The error bound e, for the a-stable or
the variance gamma process can be obtained along the lines of the general computation of Section 3 or the specific
computation for the Cauchy process in the Appendix C.

For the numerical simulations in this section we shall concentrate on the Cauchy process, which is an a-stable
process with ¢, = ¢_ := ¢ and « = 1. For this process, formula (5.1) simplifies to

_02 n+1/y\n b 2b? Y 2b
C(b,y)—w{1+3;n+3(b>} b3{1+ ++b_+y1g(1—b)}.

Note that for small y, the series representation has more stable behavior than the exact formula. The error estimate
ep is computed as explained in section C of the Appendix. In both examples below, we take ¢ = 1.

Example 1. In our first example, we evaluate the probability P[supy<s<q Xs < 1] = P(7 > 1), which can be expressed
in terms of the function (4.1) by taking T = 1, F(X;) = 1, and the domain (a,b) = (—o0,1). Note that in this case,
the starting value of the process is relatively far from the boundary, and hence the advantage of using the adaptive
algorithm is less important. The process will typically cross the boundary by a large jump with a large overshoot,
which makes the exit easy to detect, even with a uniform discretization.

We study the performance of our adaptive algorithm for various values of v, and compare it to the standard uniform
discretization. When interpreting the results of simulations, one needs to distinguish between the actual error (that
is, the difference between the computed value and the true value), and the theoretical value of the bias (computed as
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Figure 1: Illustration for Example 1. Left: values returned by the uniform discretization algorithm and the adaptive
algorithm, as function of the computational time for 10® paths, measured in seconds. Different points on the graph
correspond to different numbers of discretization dates for the uniform discretization (ranging from 32 to 8192) and
different values of the tolerance parameter v for the adaptive algorithm (ranging from 7 to 7 x 10~%). The curve for
the uniform discretization is smooth because all the points have been generated using the same trajectories, while for
the adaptive discretization different paths have been used. Right: comparison of the theoretical bias of the adaptive
algorithm with the actual discretization bias of the uniform discretization.

explained in Remark 4.3 above), which does not require the knowledge of the true value. As an estimate of the true
value, we use the value computed in an independent simulation by uniform discretization with 16384 points and 107
trajectories, which is approximately equal to 0.38935 with a standard deviation of 10~4. The difference between the
values for 8192 and 16384 points (on the same trajectories) is smaller than 10~%, hence one can presume that, for all
practical purposes, convergence up to this precision has been achieved.

Figure 1 shows the dependence of the values computed by the two algorithms on the computational time required
for 106 MC trajectories, for different numbers of discretization points (for the uniform discretization) and different
values of the tolerance parameter v (for the adaptive algorithm). While the uniform discretization algorithm exibits
a clear bias which decreases as the number of discretization dates increases, the adaptive algorithm removes the bias
completely; all values returned by this algorithm are within confidence bounds of the true value.

The theoretical bias, computed as explained in Remark 4.3, is greater than the actual error, because the error
estimates of Appendix C are upper bounds, and because it does not take into account the possible cancellation of errors
on different intervals. Figure 1, right graph, compares the theoretical estimate of the bias of the adaptive algorithm
with the actual bias of the uniform discretization. One can see that for small computational times, the theoretical
bias for the adaptive algorithm is greater than the error of the uniform discretization, however, the theoretical bias
converges to zero much faster, and for relatively large computational times is actually smaller than the error of the
uniform discretization. The empirical convergence rate (estimated from the slope of the straight lines) is 778! for
the uniform discretization and 734 for the theoretical bias of the adaptive algorithm.

Example 2. In our second example, we evaluate the probability P[supg<,<; Xs < 1072], which again can be expressed
in terms of the function (4.1) by taking T' = 1, F(X;) = 1, and the domain (a, b) = (—o0,1072). In contrast to Example
1, here we consider a situation where the starting point is close to the boundary. In this case, as we shall see below, the
advantage of the adaptive algorithm is more striking, since the process can cross the boundary and come back while
it is still close to the starting point and, hence, a very fine discretization will be necessary to detect this event with
uniformly spaced observations. As a result, for the uniform discretization we do not observe convergence to a sufficient
precision even with 16384 points, and therefore the true value cannot be estimated as in the previous example. Instead,
we shall use as the true value the value produced by the adaptive algorithm with 107 Monte Carlo paths and equal to

15



0.044
1 o—0—0 Unifor.m O—O—O Adaptive discretization
0.0437 A——\ Adaptive C—— Uniform discretization
1 True value
0.0427 ——— 5%confidence bound 0.1
0.0417 7
0.040 0.017
J 8
0.039 o I
] .001
0.0387 0.00
0.037
1 0.0001
0.036 ~
0.035 T T T T T T T
100 1000 1 10 100 1000
Time Time

Figure 2: Illustration for Example 2. Left: values returned by the uniform discretization algorithm and the adaptive
algorithm, as function of the computational time for 10® paths, measured in seconds. Different points on the graph
correspond to different numbers of discretization dates for the uniform discretization (ranging from 256 to 16384) and
different values of the tolerance parameter v for the adaptive algorithm (ranging from 9 to 9x 10~2). Right: comparison
of the theoretical bias of the adaptive algorithm with the actual discretization bias of the uniform discretization.

0.0360, with standard deviation of 6 x 10~° and theoretical bias of 3 x 1072,

Similarly to the previous example, Figure 2 shows the dependence of the values computed by the two algorithms
on the computational time required for 106 MC trajectories. Here, the adaptive algorithm exibits the same kind of
behavior as in the Example 1 above: all the points generated by the algorithm are within the confidence bounds of
the true value. However, for the uniform discretization, the convergence is much slower than before and only the last
value obtained with 16384 discretization points falls within the confidence bounds. Figure 2, right graph, compares
the theoretical estimate of the bias of the adaptive algorithm with the actual bias of the uniform discretization. Once
again, the behavior of the adaptive algorithm is roughly the same as in the previous example, showing that the method
is robust with respect to the parameters on the problem. On the other hand, as expected, the uniform discretization
presents a significant bias in this case (the convergence rates are similar to those obtained in the previous example,
but the constant for the uniform discretization is much bigger).

Acknowledgments: The authors are grateful to an anonymous referee and both the associate editor and the editor-
in-chief for their constructive and insightful comments that greatly helped to improve the paper.

A Proofs of Section 2

A.1 Proof of Theorem 2.2
Throughout the proof, we shall use the notation

Y, := sup Y, and Y,:= inf Y, (A1)

0<s<t 0<s<t

for a given cadldg process (Y:)i>0. Without loss of generality (by considering separately the positive and the negative
part), we can and will assume that ¢ is nonnegative. Additionally, assume that a € (—o00,0) and b € (0,00). The cases
a = —o0 and b = co will be evident from the proof below. We also let ||¢]|o := ess sup,p(z), ||¢|lLip be the Lipschitz
norm of ¢, Is(y) == (y — 8,y +6), n = 80/2, c=bAla|, B:={r <t} ={X; >bor X, < a}, Uf = sup,, | XZ|,
and a. := sup, s.(x), which are finite in light of (2.1). In what follows, F§ := o (XZ : s < t) VN where N denotes the
null sets of F. To lighten the notation below, whenever the ess sup of a function g, defined L-a.e. in some region, is
considered, we shall simply write sup,, g(u) instead of ess sup, g(u).
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The idea is to condition on the number of jumps of the compound Poisson component Z¢. To this end, let us denote

Ap(t) = E (o(X7)lir<t xiers(p),Ni=k}) »  for k=0,1,2, and As(t) = E (o(X7)1{r<t x,e15(y),N5>3}) -

so that clearly

E(o(Xr) 1<t x,er5(m)3) = Ao(t) + -+ + As(t). (A.2)
Note that each of the terms on the right-hand side of the previous equation can be expressed as
y+o
Ap(t) = / Prwdu, (k=0,....3), (A3)
y—0

for some nonnegative functions Pf(u). Indeed, for k = 0, 1,2, by the standard definition of conditional expectation,

Ap(t) = E (o(X)Lir<t x,e15m)Ne=k}) = B (E (0(X7)Lir<e ne =iy | Xt) 1ix,e500)})
y+4 y+4 .
= / E(¢(XT)1{T§t7N§=k}| X =) fr(u)du =: / P (u)du. (A.4)
y—>o y—>o
The case k = 3 is treated in the same way. Let us analyze each of the four terms in the right-hand side of (A.2).
(1) No big jump. Note that, on the event Nf = 0, Xy = X¢ for all s < t and, thus, {7 < t} = {7° < t}, where
7€ :=inf{u > 0: Xt ¢ (a,b)}. Therefore,

Ao(t) = E (p(X7) 1 recr xzers (.nvi=0y) = B (0(X5)1re <o xzersy) P (N =0),

where in the last equality we used the independence of X¢ and N¢. Next, conditioning on F:., it follows that

Ag(t) = e "E(p(XE) o<t xrers () = € B (E(Lixzer, (| Fo) (X ) Lre<yy) -

By Markov’s property,
Ao(t) = e 'E (E (I{Xf—XjE+Xf_EEIL;(y)} ’ ]'—fe) @(Xif)l{ngt}) = e B (F (X5, t = 1) o(X2) L re<ty)

where F(z,s) =P (z+ XS € I5(y)). Note that if 7¢ = ¢, then F' (X:.,t — 7°) = 0 since X2. € (a,b)¢ and Is(y) C (a,b).
On the other hand, on the event 7¢ < ¢,

y+5 y+0

fiore(u— X5 )du < / sup  sup fi(u—z)du,

y—§ 0<s<tze(a,b)c

F(X;,t—TE):/
Yy

=

since again XZ. € (a,b)¢. Putting the two previous cases together and recalling (A.3), we have

y+é y+é y+é
Ap(t) :/ PY(u)du S/ e ¢lloo sup  sup fE(u—x) | du ::/ P (u)du, (A.5)
y—34 y—34 0<s<txz€e(a,b)c y—34
implying that P?(u) < P?(u), for L-a.e. u € (a + &y, b — Jp). Furthermore, using (2.4-ii),
sup PP(u) < sup PP (u) < ||l¢lloocs (b0, €)t?, (t < to).

a+dp<u<b—do a+dp<u<b—do

(2) One big jump. Let 7; and Y; be the time and size of the i*" jump of Z¢. Clearly, on the event {Nf = 1},

O( X ) r<t X el500) Ne=1}) = P(XD) Vrar, Xstviels (), Ni=1} T P(X7 + Y1) 117 crct X5 1viels(y) Ne=1}

< ||(10||001{Xf+)ﬁ€L;(y),Nf:1} (1{)?be or X¢<a} + I{Xf—i-Yle or £f+Y1§a}> :
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It follows that
0< A1(#) < llellooB (Lygzexs+viersm.ne=1}) T @k (1{y12b_)25 or ylga—gg}1{Xf+YleIs(y),Nf:1}>

“A. “A.
=e t”@”oo)\atE (1{U,?ZC,XE+Y1615(y)}) +e tH(PHoo)‘atE (1{Y12b7)?f or ylgafgf}l{Xer}ﬁel(;(y)})a

Ara(t) A12(t)

where in the last equality we use the joint independence of N¢, Y7, and X¢. Conditioning on o(XZ : s > 0) and
applying Fubini,

y+o—X;
Al,l(t) = e_ketHSDHootE (1{Ut€>c}/
Yy

y+4
ss(v)dv> = / e 2|0 oot E (Luzsepse(u— X7)) du. (A.6)
y—0

PtLl(“)

—5—X¢

Using (2.1) and Lemma 2.1, sup,, P/" (1) < e 2%]|¢]|00acP (UF > ¢) < e *<ta.||¢]lsoCa(c, €)t3, where & > 0 is chosen
small enough. Similarly, conditioning on o(X¢ : s > 0), making the substitution u = X§ + v, and applying Fubini,

Ara(t) = e o] ol E ( JRT— @_Xf}1{y_5<xg+vgy+a}sa<v>dv)

y+4
-/ oo (Lo or uzbr; sy el = X7) ) du. (A7)
.

PtL2 (u)
Using again Lemma 2.1,

( sup )Ptl’Q(u) <e M gllctacP (X7 — X§ > 60 or X§ — X7 > 00) < e |p||ootacP (Xf — X5 > 6o)
u€(a+dp,b—0dp

< e | sotacP (bli[; | X5 > 50/2> < e | pllocacCa (80 /2, €) 7. (A.8)

Therefore, recalling from (A.3), the nonnegative function P} (u) is such that,for L-a.e. u € (a+3p,b—dp), 0 < PH(u) <
i1 PP () < [|¢llscact® (Ca(e,€) + Ca(n, €)).
(3) Two big jumps. As before, let 7; and Y; be the time and size of the i*" jump of Z¢. Clearly,
O(Xr)lr<t X e15(0).Ne=2) = P(X7) L rar) Xz 1Yy 4Yaels (y),Ni=2}
+ (X7 + Y1) 15, <ram X 4Yi + Va5 (y), NE=2}
+ (X7 + Y14+ Y2) 11, <rct Xz 41+ Yaels(y),Ni=2}
S plloo L {s<r X s ¢ (a,b); X5 +Y1+ Yo L5 (y);NE=2}

+ (X7 + Y1) L(35€r, m): X2+ V1€ (a,b): X5 +Y1 +YaEls (4): NE=2} 5

+ ||<p||001{356[Tg,t]:X§+Y1+YgQ(a,b);Xf—&-Yl—i-YgEL;(y);Nf:2}-
Then, using the independence of N¢, the Y;’s, and X¢ in the first and last terms, we have the inequality:

As(t) < e (#/2)N2][ @]l B (L{uzse, X2 473 4215 ()})
+E (@(Xi + Y1) ke ivi5b o §§+Y1ga;Xf+Y1+Y2615(y);Nf:2}) (A.9)

+e (12 /2) A2 o]l o E (1{X5+Y1+Y22b or §+Y1+Y2§a;Xf+Y1+Y2616(y)})’
=: A271(t) + A2,2(t) + A273(t)'

As before, conditioning on o(X¢ : s > 0), changing variable from w to u = X§ + v 4+ w, and applying Fubini,

A271(t) = e*AatQ*IHQOHOOtQE <// 1{Utszc}1{y_5<Xta+w+v<y+5}ss(v)ss(w)dvdw>

y+4 o y+4 B
= / e_>‘5t2_1||<p||oot2/ 5e(V)E (Lipe>eyse(u — X; —v)) dodu =: / P> (u)du, (A.10)
y

-4 —00 y—3a
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and, hence,

supptz’l(u) < e_’\5t2_1H<p|\oot2)\5aE (Ui >¢) < e At~ 1H<p|\oo>\ a:.C1(c, 8)

Similarly,

Aos(t) = e 2 g ot °E ( JJ e — wa@}1{y_a<Xf+w+v<y+5}ss<v>ss<w>dvdw)

y+4
/ s e 127 || oot? /E (1{X5—X§+u2b or X5 X u<a}Se(u — Xi — U)) se(v)dvdu

/WS u, (A.11)

y—
y—34
and, thus, as in (A.8),
)

sup P23 (u) < e '27Y ]| oot AcaP (X§ — X§ > 60 or Xf — X >60) < e 27 || wAea=Ch (50/2, )t

u€la+d9,b—bo)
Finally, we provide an upper bound for A, »(t). First, we use the bound ¢(X¢ + Y1) < (Y1) + [|¢||lLipUs and again
the independence of N¢, the Y;’s, and X°¢ to get

Agp(t) < e M (t?/2)A2E ({SD(YI) + lellLinUs } Ligs vy b or §+Y1ga;xg+y1+y2€15(y)}) .

Next, by conditioning on o(X¢ : s > 0) V o(Y7), we may write?

y+d—X;-Y;

Asa(t) < e (122)NE <{<P(Y1) + lellLipUs } Ligesvi>b or §§+Y1<a}/ ey
y—o6—X;—Y1

sg(w)dw>

y+6—X;—v

= e Net(£? v ipUs } se(v se (w)dwdv .
(#/2)E ( S, GO Uy sc) [ ecfuna d) (A12)

y+o
= / e_AEt2—1t2E</ o) + llelluipUs } se(v)se(u — Xf — v)dv) du.
Y (a—X5,b—X5)e

-0

PE 2 (u)
In order to find a lower bound for As(¢), note that
O( X )<t x,el5(y),Ne=2) = P(X5 + Y1)l (r <7 cry Xs4vi4Yaels(y), N =2}
> O(XT + Y1)y, 4 xXe2b or K54vi<a) L{xs<b. X550} H{X;+V14+ Y25 (), Nf =2} -

Using the previous inequality and the lower bound (X2 + Y1) > (Y1) — |l¢llLipUs together with the independence of
N¢, the Y;’s, and X¢, it follows that

e (Aet)?
As(t) > e /\EtETE ({SD(Yl) lellLipUs }l{Yle(a X b—X5)e, XE<b,XE>a X€+Y1+Y2€I(5(y)})

y+5
= [ e (i | {000 = DelhagUF)se(odseu = X~ o) ) du
y—94 (a—X§,b—X¢5)e

P2 (w)

As it will be proved in Lemma A.1 below, P??(u) and P?(u) are such that

1 - 1
lim sup = Pt2’2(u) - f/ ©(v)$e(v)se(u —v)dv| =0, (A.13)
20 e (a+60,b—b0) 2 J(apye
. 1, 1
lim sup - Pi(u) — 5 ©(v)$e(v)se(u —v)dv| = 0. (A.14)
t=0 e (at60,0—50) | T 2 Jiap)e

2Here and below we use the convention (x,y) = () and (z,y)° = (—o0, 00) for = > y.
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Using (A.9), (A.14) and the corresponding bounds for P! (u) and P7*(u), it follows that the nonnegative function
PZ(u) defined in (A.3) is such that

1
12

1

—P7(u) — /(a e P(v)se(v)se(u — v)dv| = 0. (A.15)

lim sup

t—=0 u€(a+50,b750) 2

(4) Three or more big jumps. As before, we have the following bound

0 <E (p(Xr)lr<txiensw)Ni=n}) < @Il (Lixz5r, viersw).ve=n})
y+4
— el BV =m) [ E(s2"(u~ X7)du

y—0

Using the previous inequality and (A.3), we have

aat) = [ pan < /M[ie‘“ ol 62 = x0) |au= [ P

—0

Since ||s2"||oo < A2 Lag,
oo

sup P2 (u) < e *ta||¢] oo Z )\” <o) (A.16)
v n= 3

for some constant C(¢) < oo, and we conclude that 0 < P3(u) < C(e)t® for L-a.e. u.

Putting the four previous steps together, we conclude that E (@(Xr)l{Tgt,X,,e(y—a,y+5)}) = f;f; P, (u)du, for a function
P,(u) such that

1 1
o b 7Pu_7/ SD,USE’USSU/_’Ud’U =0.
t=0 e (at60,0—80) | T '+ (w) 2 J iy (v)se(v)se( )

Finally, it is easy to see that for any u € (a + dg,b — dp) and a < 0 < b, there exists an £y > 0 small enough such that
f(a bye P(v)se(V)se(u —v)dv = f(a bye p(v)s(v)s(u — v)dv, for all 0 < € < gg. This concludes the proof. O

Lemma A.1l. Verification of (A.13) and (A.14).
Proof. Let 0 < € < 1 and My := X; — p.t be the martingale component of X¢. We shall analyze the expressions
appearing inside the absolute values on the right hand side of equations (A.13) and (A.14). Define the random intervals

I'=(a—X;,b—X{), [:=(a— X{,b— X;), and the corresponding limiting interval J = (a,b), under the convention
(z,y) =0 if y < z. Denote

D) = ([ {60) + lolhanlf) se(v)sctu = X o)) = [ p(e)sc(edsc(u = v)as,
D20) = &L cvtinar [ {60) =il scobe (= X7 =)o) = [ o(o)sc oyt oy

Let us first analyze D}. Clearly,

Di) = lolhay B0 [ set)seu = X7 —jae ) +B( [ clo)setopetu= X~ o)
B [ oo lsitu = XF o) = seu— o).

and, therefore, using that I¢\ J¢ C (a,a — X7) U (b — X{,b), under the convention (—o00, —oc) = (00, 0) = 0,
1Dy ()] < achellollipEUF + aZllollocE(XF — X7) + Acllolloollst [l EIXF ]
< (acXelllLip + 2llllwoa? )(]Esulesl +[pelt) + el eIt oo (BIME] + |pelt)
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Using the trivial inequalities (Esup,, [MZ[)? < Esup,.,(M$)? and (E|[Mg[)? < E(M:)?, together with Doob’s in-
equality, we then get the bound
| D (w)] < [2aeXe|@llip + 4llellooa? + [¢llooAe 5Ll o] ot
+ [acAell@llLip + 2llellsoaZ + @llocellst lloo ] I1elt, (A.17)

where 02 := 0% + [ ¢.(z)z*v(dz). For D} (u), note that

D) = 5Lz o iy [ #(0)se(0sel = X5 = 0)do) + el (Lo gy UF [ se(w)se(u— X7 = o) )

Jc

([ esitositu x5 - 0ar) - [ oot oa

Defining ¢ = |a| A b and following the same steps as above, it is easy to verify that |D?(u)| admits the following upper
bound:

| D7 (w)] < [lpllocreacP(Us > ¢) + acAcll@llLipBU; + 202]|9llccBUS + Ac [l o2 [l EI X |
< ellooAeacCr(c, e)t + [QGE)‘s“‘PHLip + 4”30”00@5 + ”50”00)‘6”3’5”00}06151/2
+ [ae/\€||<P||Lip + ZHQOHOOCL? + ||<PH<>O)‘8H5/5HOO] |pelt, (A.18)

where we had used the tail probability bound in (2.4).

A.2 Proof of Proposition 2.4

We use the notation introduced at the beginning of Section A.l above and, as before, we assume without loss of
generality that ¢ is nonnegative. As it was done in (A.2), by partitioning the space into the different values that N;
can take on, we can decompose E(p(X;)1;x,cr,()}) into three terms: no big jumps, one big jump, and two or more
big jumps. These terms can in turn be expressed as integrals of the form (A.3) using a procedure similar to (A.4). The
term with no big jumps is such that

y+4 y+o
/ P = Bl (X L, ersvp—or) < IeloP (XF € To(3), N = 0) = / N gl (i

which yields an upper bound for P?(u) of the form PP(u) := e™ |||l £ (u). Using (2.4-ii), we can further upper
bound PP (u) by ||¢llecca(c, €)t? uniformly in (a — &g, b + §o)¢. The term with two or more big jumps can be bounded
similarly to the term with three or more big jumps in the previous section. Concretely, this term satisfies

i 2 vHor & A tt” y+4 ,
[ prwan =B (Ot xenmaesn) < [ | e SlolB - X0 |au= [T P
Yy Yy : Yy

=90 -0 n=2 -6

and, using that [|s:"||. < A% la., we can further upper bound P?(u) by C(g)t? for a constant C(g) < co. The term
with exactly one jump is decomposed as follows:

y+4
/ 5 P} (u)du := E (p(X+)1(x,er5).8:=13) = B (0(XD)1(x,er50)r<mine=1}) + E (0(X)1(x,e15(0)ir2miNe=1})
.

where 77 is the time of the first big jump. Out of these two terms, the first one satisfies

E (W(Xi)l{Xf,GIs(y);T<'rl;Nf:1}) < ||90||00PBS € [O,t] s X5 ¢ D; X7 +Y1 € I5; Nf = 1]
=e M t|pllooP[Fs € [0,1] : XE ¢ D; X5 + Y] € I

y+o
S/ e || oo E [Lugzese(u — X7)] du,
y—0
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where the integrand P! (u) := e *<!t||¢|| o E [1ys>cse(u— X§)] is uniformly bounded by [|¢llscasCi(c,€)t?. As for
the second term E (@(Xf)l{xtelg(y);rzn;N;:l}) =E (@(Xﬁ + Yl)l{Xf+Y1els(y);rzn;Nle})7 it can be bounded from
above by

E(e(Y1)1x:+viersyinve=1}) + [0l B(UF Lixs4viers(v); Nz =1})

y+o
= / S {e7MUE [p(u — X7)se(u — X7)] + e " t]|o||ipE [UF s (u — X7)]} du
y—

y+4
< / S {te(u)se(u) + t(l@llLipas + lelloo sl B[ XE ] + tllelLipaE[UF ]} du.
y—
Similarly, this can be bounded from below by

E(e(Y1)1(x: 1viersyxs<vixssang=13) — 19lLinE(UF Lixz v er5(9);N5=1})

y+6
-/ e~ XD)sel = X0 s o xisa) — € Hlelip BV seu — X7) f du
.

y+4
2/ S {te(w)sc(u) = [|pllccacAct? = t([[@llLipac + [@lloollsElloo EIXE]] = tpllipacB[UF] — tpllcca:Ci(c, €)t } du.

To conclude, we estimate E[|X¢|] and E[Uf] as in the proof of Lemma A.1 above. O

B Proofs of Section 3
In this part, we provide the building blocks to develop an upper bound for the remainder R;(u) appearing in (2.5).

B.1 Proof of Lemma 3.1

Let us first assume that g > 0 so that X; := M; + ut is a submartingale. By Doob’s inequality, for all ¢ > 0,

cXs c E[ECXt] t(c)—c
PlsupX;>n| =P (supets > )| < ——==¢ g (B.1)

s<t s<t en

with ¥(c) = pc+ % + f|zl<€(ecz — 1 — c2z)v(dz). Minimizing the right-hand side over all ¢ > 0, we get, as in [38] (see

p. 87 therein),
n/t n/t
inf (€)= — exp —t/ T(2)dz | = exp —t/ T(z)dz | , (B.2)
>0 '(0) iz

where we are taking ¢ < n/p and 7 : [0,00) — R is the inverse function of

Y () = p+ o’z + / z(e** — 1)v(dz). (B.3)
|z[<e
As in [25], note that, for z > 0,
zr |z|lz — (‘Z|m)k
0< z(e Dv(dz) < |z|(e Dv(dz) < |z] Z —v(dz)
|2|<e |z|<e <e 1= K
©  _k—1,k
2 € z _ 2 1 ex
< / ) ERZCIDD o = / < [2*v(dz) _ (e = 1).
|z <e k=1 |z[<e
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From the previous inequality, for > 0,

et —1

1
0<¥(a) < u+02x+/ euldz) L (e 1) < ot
|z|<e

where we used the fact that 02 = o2 + flz |z|?v(dz). This implies that

|<e

1 zZ— U
T(z)Zslog{l—&— = 5},

€

and therefore, substituting this into (B.1) and (B.2) and using that vIn(v) < (1 +v)In(1 +v) and e v8? < ¢® ' for
all v > 0, we have

to? E(Tt]i;t)
P {sust > 7]} < exp {— 625 / ° log(1+ s)ds}
0

s<t
_ to? e(n — pt) e(n—pt)\ el —pt)
= exp {— > <(1 + 102 log [ 1+ 12 T 2
—ut — it 0 b — it — pt
gexp{—” M og (e(n 2u ))} < thoke 1exp{_77 L (E(n 2u ))}
€ eoit € eo

€

The above inequality proves the statement (2-i) for the case p = 0. Next, it is easy to check that the function
u — (u/e)log(eu/ec?) is strictly convex in (0,00) and reaches its global minimum value of —02/e? at u = o2 /e.
Hence, whenever 1 — ut > 0,

1 o2
P {sust > 77] < tiece ez,
s<t

which proves the statement (1) for p > 0. Also, if p > 0, t < n/pu, and n < o2/, we have that

_ t _ t 7ﬂ10 En 2 g
exp{n a log (5(77 2M))}§ sup exp{ulog<€u2)}e c g(“’?) = <605> ,
€ eo; 0<u<n € eo; n

which proves the statement (2-ii). Finally, we consider the case u < 0. In that case, obviously, M; + ut < M; and

) 2\E .2
P (sup (M, + ps) > n) <P (supMs > n) <t? (wf> <tied,
En

s<t s<t

where in the second inequality we used the case (2-i) with u = 0 that was proved above. The previous inequality proves
the bounds (2-i) and (1) for p < 0. a.

B.2 Proof of Theorem 3.2.

To prove the estimate (3.11) for the remainder R;(y), we analyze each of the four terms in (A.2) contributing to it.

(No big jump) The first component of the error is due to PP which, as seen in (A.5), can be bounded by

e(0,y,) == e [glloe sup  sup fi(y—a) =e M pllo sup  sup  fi(2).
0<u<t ze(a,b)e 0<ust ze(y—b,y—a)°

Next, recalling the notation A, = (b—y)A(y—a) > 0 and employing our hypothesis that X; has unimodal distribution,
we can further apply the bound (3.10) to get

4 o A Re et oo Ay
e(0,y,t) < e_’\EtHZ;HOSUBt]P’ {|Xi z Qy] = %C(Ay/&g)tﬂ,
Y <us Y

for t < to(e,Ay/2) Nti(e,Ay/2).
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(One big jump) There are two sub-components to the error in this case. The first is due to P*! in (A.6). This term
can be bounded by

e11(0,y,1) = ||olloce M ME (Liprsese(y — X7)) < [lolloce " taP(Us > ¢) < 2[|¢lloce *'acC(c/2,e)t 2,

for t < to(e,c/2). The other sub-component is due to P12 in (A.7), which can be bounded, for ¢t < to(e, A, /2), as
follows:

e0D(0, 5, 1) 1= ||pllweHE (1{&57Xf+y2borﬁ,xf+y§a}ss(y - Xf))

A N
< llpllce™ " ta.P (sup | X5l = ;) < 2[lgllsce M aC (A, /4, )t =
u<t

(Three or more big jumps) This component can be bounded as in (A.16):
oo
_ " _ _
e(0,y,) = [lplloce ™" Y —E (2w = X7)) < flpllocac At (1= e [L+ At + (A1)?/2]) . (B.4)

n=3

(Two big jumps) There are three sub-components to the error in this case. From (A.10),
ot [ - -
e®(0,y,) == [|¢]le Astf/ se(VE{Lugseyse(y — X —v)} dv < ||@llce™ " acACle/2,e)t* %, (B.5)

for t < to(e,c). Similarly, from (A.11),
et [
2D (0,,1) 1= |plloce 5 / s.(0)E {1{X5_X§+y2bor§_Xmga}ss(y —XF o v)} dv
it £ Ay —Act 2+ 2y
< llelloce™ 5“6)‘6]? (SlilﬂXul z 2) < [lelloce™  acAcC(Ay /4, )7 5, (B.6)

for t < to(e,A,/2). Next, we consider the error due to the limits (A.13-A.14). These were bounded in Lemma A.1.
Hence, by taking the maximum of (A.17) and (A.18), after some simplification, we get the following expression for the
error term e(>2)(0, y,t):

At < 1%
12l uAeacCe/2. 0 + [achclplhap + pllo? + el ot o] (0202 + L) ).

Finally, we also need to take into account the error due to approximating e_’\ft% f(mb)c ©(v)sc(v)s:(y — v)dv by

% f(a by ©(v)s:(v)se(y — v)dv, which is of order ||¢||ooA2a-t?/2. Putting all the previous bounds together, we obtain
the overall bound (3.11). O

C Finding the estimate e/(0,y,t) for the Cauchy process

C

In this paragraph our aim is to find an explicit bound for the Cauchy process with Lévy density v(x) = BE (and no

drift), which is used in the numerical illustrations. For simplicity, we shall only consider the one-sided case (a = —0c0).
Setting c.(2) = 1|45, we get . = 0 for all &, and the law of the process is symmetric, which means that to(e,n) =
t1(e,m) = 400 for all € > 0 and 1 > 0. Moreover, 02 = 2ce and Lemma 3.1 implies that P[sup,, X; > 7] < t=C(n,¢)

n

and P[sup <, | X¢| > 7] < 202 C(n,e) with C(n,e) = (%) °. The results of the above section can now be improved to

de=Aet by _ b
eV 0,,0) < ol —-Cle, 0=}/ e0D(0,9,1) < pllooe™ "0 Cle,b)e'
e12(0,y,1) < 2||¢|lace *a.Cle, (b —y)/2)t1H =" e (0,y,t) < ”“0”°°e*&tasAEC(b,s)t%s

- 2
b—y

e3(0,,1) < [lplloce™ ' aAC((b—y)/2,e)t* =
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To estimate e(>2) more precisely, let o < b_g_s A (b—e€). Then,

D1 (9)] < 2l ¢llocac AP (UF 2 20) + 20l [Ua J Se<v—Xf>sa<y—v+Xf—Xf>dv}
b

T lpllnE [1Uf<so / " (se(o — Xf)sely — v+ X5 — X5) — 52(0)sely — v))dv}
< 20\ (llooP (UF > 20) + [ollwEIUE]) — oo [UF] /boos;@—so)sa(y—vwso)dv

+20plE ] | ey o+
< 20 (IpllooP (UF > €0) + IolluipBIUS]) + 2o U] 52 (b — 20) s (b — 3 — 220) .
A similar argument shows that
ID2(y)] < 5 (DAl EIUE] + [0l BIXE > 8]) + [6llocE [UF] 52 (b) 52 (b— ).

which means that the bound for | D} ()| always dominates. Using the former bound, we finally find the following upper
bound for e*2(0,y, t):

2l plloce ™ a:ACe0, )t % 4207 20 {se (b~ €0) 52 (b —y — 2¢0) [@llow + acAclpllLip}-
To specialize the estimate e(®), we upper bound A*P(X; > b, X; € I5s(y)|Nf = n) by
)\”]P<X+r<nax ZY>bX€+21YeL; > ];)]P’<X5+ZY>Z)XE+ZY€L; )
The cases k = 0 and k = n are treated separately:

AZP <Xf > b, X7 + ZY, € L;(t)) < P <supXi > b> sup s:"(z) < 6C(b, E)tg sup s:"(x).

i=1 ust
AP (Xf + ZYi >b, X7 + ZYi € Ig()f)) < OP (X7 — X7 +y+0>b)supsi™(z) < 26C((b— y)/2,6)tb2;€y sup s:"(x).
i=1 i=1 * *
For 0 < k < n,

k Y+
P<X5+ZY>1)X€+ZY e Is(t ) V du/ *("k)(u—v—Xf)]
XE

=1 =1

< dsup s (x)P (UF > o) + 657 (b —50)/ dv s ") (y — v 4 2¢0 + 6)
T b

where 5. is any function which is increasing on (—o0,0), decreasing on (0, 00) and satisfies 5.(z) > s.(x) for all z. For
the Cauchy process one can take

k k
_ 2c vk 1 (27c ek ® ek 1 (27mc ek
SE(I‘) = m so that S¢ (SC) = ; (5) m, A Se (U)dU = ; <€> arctan ?

Assembling all the estimates together, we finally get

lloo
6

16730 o0 amet ) ¢
3e(b —€0)*(b—y — 2e0)

e(0,4,1) < FEZae A2 (Cb,e)t? +20((0—y)/2,€)t = +2C(eo, )t F) +

The above estimates satisfy condition (2.6) for € < bTTy Ab. In the numerical examples discussed in the paper we have
takens—by/\fandso by/\b
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