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Introduction

For the discrete-time setting there is a plethora of criteria for
various types of arbitrage, see Ch. 3. For continuous-time models
only a few results on the no-arbitrage criteria are available. In a
recent paper? it was established an interesting result in this
direction. A question on sufficient and necessary conditions for the
absence of arbitrage was formulated not for a single model but for
a whole family of them. In GRS it was considered a family of
2-asset models with a fixed continuous price process and
constant transaction costs tending to zero. The no-arbitrage
criterion is very simple : the NA"-property holds for each model if
and only if each model admits a consistent price system.

1. Kabanov Yu., Safarian M. Markets with Transaction Costs. Mathematical
Theory. Springer, 2009.

2. Guasoni P., Résonyi M., Schachermayer W. On fundamental theorem of
asset pricing for continuous processes under small transaction costs. Ann. Finance,
6 (2010).
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Generalization, 1

Let K& := R (1 + U:) = cone (1 + U.), where

U. .= {x € R?: max;|x/| <&}, £ €]0,1].

That is, K is the closed convex cone in RY generated by the
max-norm ball of radius ¢ with center at 1 :=(1,...,1). We
denote by K¢ the (positive) dual cone of K=*.

Let (2, F, (F¢), P) be a stochastic basis and let S = (5¢)¢<7 be a
continuous semimartingale with strictly positive components. We
consider the linear controlled stochastic equation

dVi=VI dY/+dBi, Vi=0, i<d,

where Y' is the stochastic logarithm of S', i.e. dY/ = dS;/S],
Y({ =1, and the strategy B is a predictable cadlag process of
bounded variation with B € —K®. The notation B stands for (a
measurable version of) the Radon—-Nikodym derivative of B with
respect to ||B||, the total variation process of B.

Yuri Kabanov Small Transaction Costs 3/25



Generalization, 2

A strategy B is e-admissible if for the process V = V& there is a
constant x such that V; + kS; € K€ for all t < T. The set of
processes V' corresponding to e-admissible strategies is denoted by
AJ€ while the notation AJ¢(T) is reserved for the set of random
variables V+ where V € A(-)r‘f.

Using the random operator

O (xl, ...,xd) — (xl/Stl7 ...,xd/Sf)

define the random cone Rf = ¢¢+K* with the dual Rf* = o7 LKE"
Put Vi = ¢;V:. We denote by MJ (K= \ {0}) the set of
martingales Z such that Z; € K{*\ {0}.
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Generalization : Main Theorem

Theorem
We have :

ATS(T)NLO(RY, Fr) = {0} Ve < MI(KT\{0})#0 Ve.

Comments on financial interpretation.

For d = 2 our model is the same as of GRS. The only difference is
that we use the "old-fashion” definition of the value processes but it
is not essential. In the financial interpretation the cones K¢ and Ke
are the solvency regions in the terms of the numéraire and physical
units, respectively, V and V are value processes, elements of
MJ(RE* \ {0}) are e-consistent price systems, etc. The condition
“AJE(T) N LO(RY, Fr) = {0} for all £” can be referred to as the
universal NA"™ -property.
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Applications to Financial Context

In the case d > 2 we have no financial interpretation for the
considered objects. Nevertheless, our result can be applied to a
wide class of financially meaningful models, even with varying
transaction costs. To see this, let us consider the family of models
of currency markets with the solvency cones

K(A®) = cone {(1+ \j)ei — ¢, &, 1 <i,j <d}.

Suppose that for every e €]0, 1] there is £’ €]0, 1] such that
K(A®) C K< and, vice versa, for any § €]0, 1] there is &’ €]0, 1]
such that K% C K(A?Y). It is obvious that under this hypothesis
Theorem ensures that for the currency markets the universal
NAY-property holds iif an e-consistent price system does exist for
every € > 0. The hypothesis is fulfilled if A* — 0 and the duals
K*(A°) have interiors containing 1, e.g., if all Aj; =e.
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Application to a Model with Efficient Friction

Proposition
Suppose that N° — 0 and int K*(A®) # 0 for all £ €]0,1]. Then

NAY(A°) Veelo,1] < MJ(KS(A)\{0})#0 Ve €]o,1].

Proof. (=) Let § €]0,1] and w € K*(A?). Then

wi/wl <1+ )\g- — 1asd — 0. It follows that K*(AY) € K% for
some ¢’ €]0,1]. For the primary cones the inclusion is opposite.
Thus, the assumed no-arbitrage property implies the no-arbitrage
property as in Theorem. Take ¢ €]0,1] and a vector

v € int K*(A®) N Uy. Put

Yy (L x9) = (vixE L vax9).
Choose ¢ €]0, 1] such that ¥, (1 + Us) C K*(A®). By Theorem
there is Z € M (K®* \ {0}). The process v, Z is a martingale.
Since 1, Z = ¢1h,¢~1Z, it is an element of M[ (K*(A%)\ {0}).
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Strategy of the Proof

To prove the nontrivial implication (=) we exploit the fact that
the universal NAY-property holds for any imbedded discrete-time
model. Using the criterion for NA"-property we deduce from here
the existence of a “universal chain”, that is a sequence of stopping
times 7, increasing stationary to T and such that

My (K= \ {0}) # 0 for all € €]0,1] and n > 1. In an analogy with
GRS, we relate with this “universal chain” functions F'(), i < d,
and check that there is, for each /, an alternative : either F' =0,
or F(0+) = 1. This is the most involved part of the proof. If all
F' =0, the sets M(TJ”(RE* \ {0}) are non-empty and we conclude.
If there is a coordinate for which F/(0+4) = 1, there exists a strict
arbitrage opportunity.
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Universal Discrete-Time NAY-property

A continuous-time model has universal discrete-time NAY -property
if for any € > 0, N > 2, and stopping times o1,...,0n € T, such
that o, < opy1 on the set {o, < T} we have that

L(RL, Fr) 0 Y L%(—¢0,K®, Fo,) = {0}

n<N

Proposition

If the universal discrete-time NA™-property holds, then there are
strictly increasing stopping times T, with P(t, < T) — 0 as

n — oo such that Mg"’(RS* \ {0}) # 0 for every N and e.

Proof. Define recursively the stopping times : o9 = 0,

op =05 =inf{t >op_1: m<a§<\ InSi—In S(",n_ll >In(1+¢/8)}, n>1.
(S
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Lemma N
For any integer N > 1 there is Z € MM (K= \ {0}).

Proof. To avoid new notation we assume wlg that S = S7V. Let
Xn :=S;,. By our assumption and in virtue of the criterion for the
NA"-property there is a d.-t. martingale (M,)n,<n with

M, € L=(¢;1K=/* \ {0}). Put Z; := E(Mp|F¢). Let us check

that Z € MIV(K=*\ {0}). On the set {t € [0y_1,04]}
Zi = $eZt = E(0¢0,, Zo,| Ft)
where Z,, := ¢,,Z,,. Note that
(1+¢/8)2 < Si/Si = (SI/SE,_,)(Sh, ,/Sh,) < (1+¢/8)2.

Therefore,

(L+¢/8)2E(Z] |Fe) < Z} < (1 +¢/8)*E(Z, | F+).
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But E(Z,,|Ft) € cone (1 + U./4) \ {0}), i.e. the components of
E(Z,,|F:) take values in the interval with the extremities
A(1 4+ €/4) where X\ > 0 depends on n and w. Thus,

1-e<(1+¢/8)2(1—¢/4) < ZI/N < (1+¢/8)*(1+¢/4) < 1+e.

This implies the assertion of the lemma.
The end of proof is as in GRS. Take a sequence of ¢, | 0. For each
n > 1 we find an integer N, x such that

Ploy < T)< o~ (ntk)

WiIg we assume that for each k the sequence (N «)n>1 is
increasing. The increasing sequence of stopping times

Tp 1= Ming>1 a,a\fn‘k converges to T stationary : P(r, < T) <27".
Applying the lemma with £, we obtain that for the process S
stopped at akan ) there is an gy-consistent price system. The latter,
being stopped at 7,, is an x-consistent price system for S™.
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Properties of Universal Chains

We assume that P(7, < T) > 0 for all n.

Let 77 # 0 be the set of stopping times o such that P(c < T) >0
and, for some n, the inequality o < 7, holds on {0 < T}.

Let o € 77 and let n be such that o < 7, holds on {c < T}.

We denote by /\/li(a,a, n) the set of processes Z such that :
1)Z=0on{oc=T};

2) Z is a martingale on [o, 7], i.e. E(Z;,|Fy) = Zy for any
stopping time ¥ such that 0 <9 <7, 0n {0 < T};

3) Z(w) € int K&*(w) when o(w) < T and t € [o(w), Tn(w)];

4) EZ[ I,y = 1.

The process Z = 2/{U<T}/EZ",I{G<T} belongs to Mi(a, e, n)
provided that Z € M"(int Ke*).
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Let Fi(e) := sup, ey F'(0,€) where

Filo,e)i=Tim _inf  EZ] lircr.

We also put

fi(o,e,n) = inf  E((ZL/Z))l, -7 Fy)-
(0,€,n) O e ) ((Z7,/Zs)irn< 1 Fo)

Lemma B
For any Z € M'(o,¢, n) there is a process Z € M'(0,e,n+ 1)
such that Z™ = Z".
Proof. Suppose first that Z € M'(o,€’, n) for some &’ < . Take
d>0and Z € M'(0,0,n+ 1). Define the process Z with
components

S 5 Z, s,

Z = Z I[Oﬂ'n[ + ZTZ I[Tn,T]'

Tn
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Note that
¢tZt:)\t(1+u%,...,1+U,g)a tE[O',Tn],

cZ)tZt (1+ut,...,1+ﬂf), t € [Tn,Tn+1],

where max; W] <€, max; |i/| < 6 and Ae, Ae > 0. It follows that
Z belongs to M(c,2,n+ 1) with
/
s (1+£)(149) 1
1-6
Since & < ¢ for sufficiently small 6 = §(¢’), the result follows.
In the general case we consider the partition of the set {o < T} on
Fr,-measurable subsets Ay, on which the process Z evolves, on the
interval [o, 7], in the cones K=<*, where ¢y := (¢ — 1/k) V0. As
above, take processes 7K € M'(, 0k, n + 1) with §; = d(ex).
Then we can take as Z the process with components

_. . Y
2= Dlos, + 3, 57 29 a1
k

Tn
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Lemma

The sequence (f'(o,e,n))n>0 decreases to fi(o,e) < Fi(e).

Proof. By Lemma 2 for any Z € M/ (o, e, n) there is a process

Z € M'(0,e,n+1) such that Z™ = Z™. Using the martingale property
of Z we get that

E((Z;,/Z) <111 Fo) = E((Z], | Z) I 11 Fo) = E(Z],,/ Z0) lpryn< T} 1 Fo)

It follows that f(c,e,n) > fi(o,e,n+1).

Suppose that the inequality f/(o,¢) < Fi(¢) fails. Then there is a
non-null F,-measurable set A C {o < T} and a constant a > 0 such
that fi(a,e,n)la > (F'(g) + a)la for all sufficiently large n.

Put 04 := 0la + Tlac. Then for any Z € M'(o, ¢, n) the process
ZIa/EZIa is in Mi(oa,¢,n). Since E(E|F,)la = E(&]Fsy)la,

fi(O'A,é, n)la > fi(a,e, n)la.
Thus, for any Z € M/(oa,e,n) and large n
EZ] lr,<my = EZ5, E((Z1,/ Z; )i, <y | Fou) = Fi(€) + a

in contradiction with the definition of F(g).
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Lemma

Let o € Tt be such that o < 1y, on the set {o < T} and let
€,0 > 0. Then there are n > ng, I € F, with P(I') <, and
Z € M/(0,¢e,n) such that Z) =1 := I, 11/Eljy< 7y and

i lo<ty 1/ i
E(Z] lir, <1} Fo) < [(F'(€) + 0)Ire + Ir].
EI{U<T}

Proof. Recall that the essential infimum & of a family of random
variables {£%} is the limit of a decreasing sequence of random
variables of the form £ A X2 A ... AEX, m — oo. Thus, for any
a > 0 the sets {{* < £ + a} form a covering of Q. Using the
standard procedure, one can construct from this covering a

measurable partition of Q by sets A* such that £€% < & + ~ on A,
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Thus, for any fixed n > ng there are a countable partition of the
set {o < T} into F,-measurable sets A" and a sequence of
Z"k ¢ Mi(o, e, n) such that

E((ZER) 289 ey | Fo) < F(0,6,m) +1/n on AT,

Put, for t € [0, T5],
=1
~ k
Z[' = T]ZWZ{’ /An,k.
k=1 =0
Then Z" € Mi(a,s,n), Zg’i =, and

[fi(a, g,n)+1/n

E(Z2 1111 Fo) = nE(Z2 i) w1y ) < <)
Tn {’Tn< } g Tn {Tn< } o) — EI{U<T}

Note that f/(0,e,n) + 1/n decreases to f'(o,c) < F(¢). By the
Egorov theorem the convergence is uniform outside of a set I of
arbitrary small probability. The assertion of the lemma follows from

here.
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Proposition
For any €1, &2 we have the inequality

Fi(e1)F'(e2) > F(1 4 e1)(1 +£2)/(1 — &2) — 1). (1)

Either F' = 0, or there is ¢’ > 0 such that Fi(s) > e—c'el?,

Proof. Fix § > 0 and a stopping time o S. Tn, ON the set {o < T}. By
the lemma there are n > ny and Z! € M'(o,¢1, n) such that

EZYI, <7y < Fi(e1) + 6.

Using the lemma again (now with 7, playing the role of o), we find
m > n and Z% € M'(7,, &2, m) with an’ = lt7,<7y/El{r, <13 such that
outside of a set [ € F,, with P(I') <§

- I .
E(Z2 iy, <1y Fr) < &[(FI(EQ) +6)Ire + Ir].
E/{Tn<T}

Define on [0, 7] the martingale Z with Z/ := Z¥ on [0, 7,] and
Zl:=2ZY7ZY/7% on [y, Tm), j=1,...,d.
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Then
b Z =N+ ul, 1401, teo, T,

e ZE = XL+ uft, . 14 u}9), € 7, Ta,
where max; |uY| < e, max; |u¥| < e and A}, A2 > 0. It follows that
ZeM(o,(1+e)(1+e)/(1—e2)—1,m).
Note also that
EZ! I ey = P(mn< T)EZZZVI, -1y
P(r < T)Ezrlni/{rn<T}E(ZTZ,’;/{T,,,<T}|]:rn)~

IN

Hence,
EZ] Iir,<1y < (F(e1) + 6)(F'(e2) + 0) + EZ} Iy <1y
The inequality (1) follows from here. Note that for €1, e, €]0,1/4]

1 1 2
(1+e)(d+e2) 1ot tasn < 4(e1 + 22).
1-— o 1-— S0
Since F is decreasing, we obtain from (1) that
Fi(e1)F'(g2) > Fi(4(e1 + &2)) for all €1, €]0,1/8]. Using Lemma 5
below with f = In F/, we get the needed bound.
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Lemma
Let f :]0,xp] — R be a decreasing function such that

f(Xl) + f(Xg) > f(4(X1 + Xz)), V x1,x0 < Xxg. (2)

Then there is ¢ > 0 such that f(x) > —cx!/3 for x €]0, xg].

Proof. In the non-trivial case where f(xp) < 0, the constant

K = —infyg)x/8,x] F(X)/x is strictly greater than zero. Iterating
the inequality 2f(x) > f(8x) we obtain that 2"f(x) > f(23"x) for
all x €]0,x273"] and all integers n > 0. Therefore,

F2%) _ 1 23 (23<n+1)>2/ ® £(237%)
S .

f(x) 2
> 2en
x 23nx

X0 23nx

For x €]273(nt 1) xq,2737x0], the right-hand side dominates

cx~2/3 with the constant ¢ := mx2/3/4 Thus, the inequality

f(x)/x > —cx2/3 holds on ]0, xg].
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Proof of the Main Theorem

(«=) The arguments are standard. For any ¢ € ¢:AJ°(T) and

Ze Mg-(f(f* \ {0}) we have EZ1¢ < 0 and this inequality is
impossible for £ € LO(Ri,]-'T).

(=) We need to consider only the case where the universal chain is
such at that P(7, < T) > 0 for every n and we can apply the
results on functions F'. The claim follows from the assertions
below.

Proposition
If Y, Fi(€) = 0 for all € > 0, then MJ (K= \ {0}) # 0.

Proof. Fix € €]0, 1] and define a sequence of ¢, | 0 such that
En T € where

N
- 1+e
€N::(1—|—80)H1 k1

—e
k=1 k
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We construct inductively an increasing sequence of integers
(nn)ns0 with ng = 0 and a sequence of ZN) € My™ (KZv* \ {0})
such that for N = kd + rwhere 0 <r<d-1

EZMUD ) gy <27, 3)
Since F1(g) = 0, Lemma 4 ensures the existence of
Z1 € MY(0,¢1,n1) with
11 -1
EZM I, cmp<27L.
Put Z() .= Z1. Take now 81 > 0 such that
EZT(H11)2/{THI<T}/A <273

for every A € F,, with P(A) < 1. Using again Lemma 4 (now for
the second coordinate), we find ny > ny, the set ['1 € ]-"Tn1 with
P(I1) < 61 A273, and Z% € M?(7,,, €2, n2) such that Z%zl =1
and

E(Z22 Iy <1 Fry) < [27° + I Ylgr, <71/ P(7oy < T).

Tn2
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Put Zt(z)j = Z,El)j on [0, 7,,] and Zt(2) ZzJZTn1 /ZTZHJ1 on Tny, Tny),
j=1,...,d. Note that Z(®) € Mg (¢ cone {1+ Us,}\ {0}) and

EZCRI, o1y = Plm, < T)EZZZORI, gy
< P(Tnl < T)EZ7(_ )2I{7—,, <T} E(Z‘r,,2 /{Tn2<T}|‘FTn1) < 2—2

We continue this procedure passing at each step from the
coordinate j to the coordinate j 4+ 1 for j < d — 1 and from the
coordinate d to the first one.

Since P(1, = T) 11, there is a process Z such that Z™w = Z(N)
for every N. The components of Z are strictly positive processes on

[0, T]. The condition (3) ensures that they are martingales.
Therefore, Z € M{ (K=\ {0}).

Proposition

Suppose that Y F' # 0. Then there is ¢ €]0, 1] for which the
property NAY does not hold.

Yuri Kabanov Small Transaction Costs 23 /25



Proof. At least one of functions, say, F1, is not equal identically to
zero. So, we have the bound F(g) > e=<=""* for all sufficiently
small €. Hence, there is a stopping time o dominated by certain 7,,

such that

—cel/3

inf  EZY | > e
ZG./\/IIP(O',E,n) o {rn<T}

for all sufficiently large n. Then for every Z € M*(o, ¢, n) we have
that
1/3

E(ZM =y Fo) <1 — e

Let us consider the sequence of random variables ¢" € L°(RY, F..)
such that the components £"? = ... = ¢4 =0 and

_cel/3\—
&=~y + (L= ) et rety
Clearly,

E(Z 71 F) < e+ (1me ) E (2ol 1y | o)y <0
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We have the inequality EZ;, " < 0, and, therefore, by the
superhedging theorem (see Th. 3.6.3), {" is the terminal value of
an admissible process V = VB in the model having o and 7, as
the initial and terminal dates, respectively. Note that on the
non-null set {o < T} the limit of £™ is strictly positive. To
conclude we use the lemma below which one can get by applying,
on each interval [0, 7], the Komlés-type result (Lemma 3.6.5)
followed by the diagonal procedure.

Lemma

Suppose that £" = VT"H where V" + 1 € K¢ and " — € as. as

n — oo. Then there is a portfolio process V such that V+1 € K¢
andf = /\77'.
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