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Abstract. We give a new proof of the fact that the eigenvalues at corresponding
periodic orbits form a complete set of invariants for the smooth conjugacy of low
dimensional Anosov systems. We also show that, if a homeomorphism conjugating
two smooth low dimensional Anosov systems is absolutely continuous, then it is as
smooth as the maps. We furthermore prove generalizations of these facts for
non-uniformly hyperbolic systems as well as extensions and counterexamples in
higher dimensions.

1. Introduction

The main purpose of this paper is to present a new proof of the following Theorem
1.1. The new methods we use allow us to make some generalizations, which have
not appeared before, among them Theorem 1.2 and Theorem 1.3.

Theorem 1.1. Let f, g be two C*, k=2,3,..., ©,w Anosov diffeomorphisms of
a compact two dimensional manifold M (respectively o,, Y, two Anosov flows of
a three dimensional manifold) and h a homeomorphism of M satisfying:

hof=goh (1.1)

(respectively hoa, =\, o h). If the Lyapounov exponents at corresponding periodi‘c
orbits are the same, then he C* ¢,

Theorem 1.2. Let f, g (respectively o,,\s,), h be as in Theorem 1.1 and the manifold
M be two (respectively three) dimensional. If h,h™ ' are absolutely continuous with
respect to Lebesgue measure then, h, h™* are C* ¢

Remark. We emphasize that Theorem 1.2 claims only that conjugacies which are
both continuous and absolutely continuous are smooth. Since transitive Anosov
systems preserving a smooth measure are Bernouilli, one could use Ornstein’s
theorem to produce absolutely continuous conjugacies between any two Anosov
systems with the same metric entropy. They will, nevertheless be discontinuous in
general.
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The strategy of all the proofs of Theorem 1.1 in the literature I am aware of
consists of two steps: First to prove that the conjugacy is smooth along the leaves of
the stable and unstable foliations — with some uniformity. Second, invoke a regular-
ity result that allows to conclude that any function with this property is actually
smooth (provided that the foliations have some mild regularity assumptions which
will have to be verified for the stable and unstable foliations of Anosov diffeomor-
phisms).

The regularity lemma needed for the second step was proved first in the case
k + w as Lemma 2.1 of [LMM]; alternate proofs can be found in [HK, Jol, Jo2,
L12]. [Jol, Jo2] require only properties of the foliations which are well known for
Anosov diffeomorphisms, the other proofs require properties which are verified for
k & win [LMM] Lemma 2.4. The first part of [LL12] contains a full treatment of the
case k = w. '

The regularity of the conjugating homeomorphism along the leaves was proved
by [LM] in the case k + w and in [LI2] for analytic systems. Both papers use,
roughly the same geometric idea for this step, the main differences being a different
bootstrap of regularity and a different smoothing method in [LI12] that could
preserve analyticity.

In a recent paper [Po2], M. Pollicott provided an alternative proof of the
regularity along leaves based on the theory of zeta functions and Gibbs states that
worked for geodesic flows in surfaces of negative curvature. (See also [Pol]).

The first goal of this paper is to simplify further the arguments of [Po2] in such
a way that we only use the theory of Gibbs states — so that the method works for
transitive Anosov systems, not just geodesic flows. In doing so, we have to remove
the use of smooth invariant measures as well as the use of C! ** regularity of stable
and unstable foliations, a reuslt which, in spite of several claims in the literature, is
not true for Anosov flows in general, as found out by Plante [P1].

The basic idea is to show that, as soon as a conjugacy between two Anosov
systems is regular enough so that it has to send S-R-B measures into S—R-B
measures, the densities along stable and unstable leaves are also preserved. Since
these densities are smooth, the conjugacies should be smooth along the leaves.
Performing the argument with enough care will prove that they are uniformly
smooth so that the conjugacy is smooth.

We point out that, nevertheless, we inherit some of the features of Pollicott’s
method, notably that the smooth Livsic’s theorem is not invoked and that we do
not require a preliminary smoothing. This leads to some technical advantages. For
example, we can treat situations in which the hyperbolicity is non-uniform and
obtain results that roughly say that except for sets of arbitrarily small measure, the
absolutely continuous conjugating homeomorphisms are smooth in the sense of
Whitney. In that generality, the regularity result needed is more delicate and
we will need to discuss modifications of the proof in [Jo2] to adapt it to our
situation.

We will prove the following theorem which is a generalization of Theorem 1.2
for non-uniformly hyperbolic systems:

Theorem 1.3. Let f,g be two C* diffeomorphisms, k=2,3,..., 0, of a two
dimensional manifold M preserving absolutely continuous measures u’, u° respec-
tively. Assume that, with respect to these measures, f and g are ergodic and have
non-zero Lyapounov exponents. If h is a homeomorphism satisfying hof=goh,
assume either:
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i) Both h and h™ ! are absolutely continuous with respect to Lebesgue measure, or
ii) The Lyapounov exponents of (f, u') are equal to the Lyapounov exponents of

(g, h*p).

Then, for every ¢ > 0, we can find a closed set Q, = M whose complement has
Lebesque measure less than ¢ such that

hloeC* ™8 h™lgeCk e,

We also mention that, as a corollary of the method of proof, we also obtain
a version of the smooth Livsic theorem for non-uniform hyperbolic systems.
Namely:

Theorem 1.4. Let f be a C* diffeomorphism k=2,3,..., 0 of the compact
manifold M which preserves a measure u absolutely continuous with respect to
Lebesgue. Assume that, with respect to this measure, [ does not have a zero
Lyapounov exponent. Let ¢ : M — R be a continuous function solving

pof—@=1 (1.2)

with ne C*. Then, for every ¢ > 0, we can find a closed set Q, = M whose complement
has Lebesgue measure less than ¢ such that ¢|g e C*°.

Remark. Since the sets in which the function are regular are not open — in typical
situations they will be nowhere dense, the statements of regularity of functions are
to be understood in the Whitney sense. The main part of the proof will be
a regularity lemma for functions defined on such sets. This regularity lemma can be
used to generalize the theory of [LMM] to Axiom A rather than uniformly
hyperbolic manifolds. We plan to address these issues in future works.

Remark. Notice that, contrary to the Livsic theorem for uniformly hyperbolic
systems, we do not have a result that gives sufficient conditions for the existence of
a solution of (1.2) by the vanishing of cocycles on periodic orbits.

Using this, we immediately have:

Corollary 1.5. Let f, u be as in Theorem 1.4. If u has a continuous density p(x),
bounded away from zero, then, for every ¢ > 0, we can find a closed set Q, « M
whose complement has Lebesque measure less than ¢ such that plg e CF~17¢,

Proof. By the invariance of p, we have In(p(f(x))) — In p(x) = In(det((Df (x))). &

In a subsequent section, we investigate analogues of Theorem 1.1, Theorem 1.2
in higher dimensions.

We prove a rigidity statement showing that conjugacies smoother than a criti-
cal regularity are as smooth as the maps. (For the partially hyperbolic case, the
regularity statement requires to exclude a set of arbitrarily small measure.)

We also show that in dimension greater than or equal to four, in general, there
are no local invariants around periodic orbits whose vanishing implies smooth
conjugacy. Indeed, we construct examples of systems which are topologically
conjugated and such that, around every periodic orbit, we can find neibghbour-
hoods which are smoothly conjugated. Nevertheless, the systems are not C*
conjugated for some k. These results show that the hypothesis of a minimal
regularity in the rigidity results cannot be dropped.
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3. Preliminary Results and Notation

In this section we set the notation and recall without proof — but with precise
references to the literature — several facts which we will need later. In this prelimi-
nary section we will discuss only Anosov systems. Some, but not all, of the results
we discuss have an analogue for non-uniformly hyperbolic systems. Some of these
generalizations will become useful in Sect. 5, where we will discuss them in more
detail.

We recall that an Anosov diffeomorphism f in a manifold M leaves invariant
two foliations W*), W*) whose leaves are characterized by

Wi = {yld(f () f"(x) = 0,n—> + oo} ,
Wi ={yld(f 7", f ") > 0,n > + oo} .

For a flow o, besides the stable and unstable foliations defined as above, we can
also consider the center-stable and center-unstable invariant foliations
Wee@) ee@ which include the direction of the flow in the leaves. (When there is
no possibility of confusion, we will drop the index that tells which diffeomorphism
or flow the foliations correspond to.) The local pieces of the foliation will be
denoted by:

WD = {yld(f"(y), f"(x)) < d,n > 0},
Wi = {yld(f"(y).f "(x)) < d,n >0} .

The definition makes it clear that a topological conjugacy between two different
Anosov diffeomorphisms (or flows), sends the leaves of each of the foliations for one
system into the leaves of the corresponding foliation of the other.

These foliations, nevertheless, have several regularity properties which are more
than topological. We will use that if the diffeomorphism or flow is C¥
k=1... o, the leaves are C* and that the jets of the leaves are Holder.

The definition of Holder continuity of jets can only be done using patches of
coordinates. We will denote by J%(®, N), the k-jet of the function @ with range in
the manifold N at a point x. (We will use only JX if the function and the space
are understood.) When k is a finite number ||J%|| can be defined naturally if
there is a metric on the manifolds. When k = w, we can take several norms,
depending on an parameter # > 0, roughly, the size of the analyticity domain,
12y = Yo Il TE 1k,

In a coordinate patch, we can identify a jet with a sequence of i-linear
symmetric forms, i =1,..., k in R" — the expressions of the derivatives in this
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coordinate system — and subtract them. The case k = oo we can define not a norm
: 1% = g3l
but a distance d(J®,JP) =Y 2 T
ut a distance d( ) =0T [ JE = JE|
This allows us to define continuity and Hélder continuity of jets and give the
space of Hoélder jets a norm

17*llc- = supll J% — J5 Il /d(x, yy*.

This definition depends on the choice of coordinate patches. It is well known
that, when k # w, even if the norm changes when we change the coordinate
patches, all the norms one constructs in this way are equivalent. When k = w it is
not difficult to show that if we choose another analytic coordinate patch, given
n > 0 we can find #' > 0 such that |J21, £ C|J2 |,

For many purposes, the use of one equivalent norm in place of another causes
no difficulty. One exception is contraction arguments. In many of the cases, the fact
that the operators we need are contractions will require that the patches we take
have sufficiently small diameter. Such assumptions will appear in a finite number of
places and can be met.

We will also need some regularity properties of stable and unstable foliations.
We refer to [HPS, HP, S, Fel, Fe2] for the case of Anosov systems and to [ Pe, Ru2,
FHY, PS2] for the case of non-uniformly hyperbolic systems which we will discuss
in Sect. 5.

The stable manifold theorem for Anosov systems that we will use reads:

-k

Theorem 3.1. Let f be a C* Anosov diffeomorphism (respectively o, an Anosov flow)
k=1,2,..., 0, w, then, W3° W% (respectively W°, W% are C* manifolds.
The k-jets of the leaves are Holder with respect to x.

Following [LMM] we define regularity classes related to Anosov systems. (The
analytic case was discussed in more detail in [L127; our present definition is not the
same as that in this paper, but for all purposes we consider it is equivalent.)

We say that a function ¢: M—Risin Ck ), k=1,2,..., oo when the restric-
tion of ¢ to the leaves of W) is C* and the k-jets are C° on the manifold.
Similarly, we say that it is in C%%, if the restriction of ¢ to the leaves of W*/ is C**,
that is it is k times differentiable and the k*® derivative is C* Furthermore, we
require that the k-jets are continuous on the manifold. We say that ¢ is in
C¢i sy when there is an analytic coordinate patch and a number # > 0 such that the
mapping x — J 7 (¢|w=, R) is continuous if we topologize the space of jets with the
norm | |, defined above using the set of coordinates. All these spaces have
associated natural norms that make them Banach spaces. We will denote them by
I e, " and if f is understood we will omit it.

Using standard regularity theory of the stable and unstable foliations it is easy
to show that this definition is consistent. Moreover, if r £ k, C" = CI n CY,.

Since these regularity classes are well adapted to the dynamics, they play an
important role in many discussions of regularity. The regularity in these classes can
be related to more conventional regularity classes. For example, the same argu-
ment that proves that a function having continuous partial derivatives is C?!
establishes that C! n CL = C!. A deeper result is the following.

Lemma 3.2. In the conditions above: k=2,..., 0,w,r <Kk,

CrnCLcCr .
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This result is really a basic regularity result about functions restricted to
foliations and can be generalized to foliations satisfying some regularity properties
(that will have to be verified for the invariant foliations of Anosov systems).

Remark. We observe that, even in the case where the foliations are trivial,
Cin Ch # C". An example, due to Yudovitch can be found in [Kr]. From the point
of view of these regularity results, the most natural spaces are the Lipschitz spaces
Lip, or the A, spaces. Unfortunately, they are not easy to use in dynamical systems
since they do not behave well under composition. So, parts of our arguments have
to rely on C* for ke N even if for the regularity arguments, the most natural spaces
would be in other spaces. The techniques we use to prove these results when the
foliations are non-trivial rely on converse Taylor methods and hence Lip, seem
more natural.

The proofs of Lemma 3.2 in [LMM, HK, L12] use the following properties of
Anosov foliations:

Lemma 3.3. Let f be a C* Anosov diffeomorphismk = 1,. .., 0, w in the n dimen-
sional manifold M. One can choose mappings A, from sufficiently small neighbor-
hoods in M to R" in such a way that:

1) Au(W;) = {(xla' L 7xn)|x1 =C1ye 0, Xy = cu}'
2) The mapping A" is absolutely continuous and its Jacobian agrees locally with
a function in CE™1,

This lemma is proved for ¥ + w in [LMM]. For k = w it is proved in [LI12].

There are other proofs based on another idea [Jol, Jo2] that only use continu-
ity of the foliations — or Holder continuity. Unfortunately, these proofs do not
work to recover analyticity. We will discuss in more detail and strengthen the proof
of [Jo2] in Sect. 5 since this proof seems to be quite useful in the context of partially
hyperbolic systems.

We will also recall some facts about the S—R-B (Sinai—Ruelle-Bowen measures)
U+, . (As usual we will use u') if there is risk of confusion.) These measures can
be characterized uniquely by different properties that we now describe. It is a very
deep theorem that, for transitive C'** Anosov systems, each of these properties
implies the others. We refer to [Si2, Ru, BR, B] for the proofs of these equivalences.
Some of these definitions and equivalences extend to non-uniformly hyperbolic
systems. We will use some of these extensions in Sect. 5, where we will discuss them
in more detail.

Property 3.4. For any continuous function ¢ : M — R, the following identities hold
for almost all x with respect to Lebesgue measure:

N-1 N-1
lim — 3 G = | $durs I~ ¥ $(f70) = [ddu- . G)
N—>ooNn=0 N*ooNn=O

For flows, there are similar definitions substituting for the sum in #n, an integral
in the continuous time. We observe that, by the Birkhoff ergodic theorem, if there is
an absolutely continuous invariant measure it has to agree with the S-R-B
measures and be ergodic.

The following definitions were introduced in [Si2], where they were shown to
be quite useful. We have followed the notation of [LY1], since in Sect. 5 we will use
some results of this paper.
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Definition 3.5. Given a manifold M, a Borel measure u and a foliation W on it and we
say that the measurable partition & is subordinate to the foliation W whenever for
U a.e. we have:

1) {(x) = W,
2) &(x) contains an open subset of a neighborhood of x in W, in the submanifold
topology.

Definition 3.6. We say that & is increasing and subordinate to W*Y) if it is
subordinate to W and

1) fE refines €.
2) \/ o f T"E is the partition into points.

3) The biggest c-algebra contained in (., f" & is the 6-algebra whose elements are
unions of W manifolds.

Analogous definitions can be made for W*), It is also possible to generalize the
definition of increasing for flows by taking the same definitions as above with
f replaced by a time one map.

Remark. We observe that if f, g (respectively o,,¥,), h are as in (1.1) and & is
a partition subordinate (increasing) to W™, then, h(¢) — the partition whose
elements are the images under 4 of the elements of £ — is subordinate (increasing) to
W),

Definition 3.7. We say that u; is the measure conditioned by the partition & if for
every measurable A = M, x+— u(A) is measurable with respect to the c-algebra
generated by & and p(A) = | ps(A)pu(dx).

Clearly, if £, refines &, the conditional measures u$2 are absolutely continuous
with respect to ué!.

A very important characterization of S-R-B measures p, and u_ is the
following;

Property 3.8. For every measurable partition & subordinate to W* (respectively W*),
ué . (respectively pt ) is absolutely continuous with respect to the Lebesqgue measure
induced by the Riemann metric on WY (respectively W3,).

We will denote by w*, the dens1ty of u% , with respect to the induced Lebesgue
measure W3 and analogously for u_.

When we have partitions which are increasing and subordinate to W, there is
a canonical way of obtaining “maximal” conditional measures.

Notation. For a diffeomorphism f, we will denote by ¥4)(x) the Jacobian of f"
restricted to the unstable foliation and evaluated at x. Similarly for unstable and for
flows. For flows, n above will be a real variable rather than integer and %2 (x) will
denote the unstable Jacobian of the time-n map. In general, the Jacobian may
depend on the metric. Nevertheless, for a periodic orbit x of period n, ¥2(x) is
independent of the metric.

Notice that the chain rule and the invariance of the foliation give:

Pe(x) = 1‘[ Py (f (3.2)
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In particular, the stable, unstable Jacobians are the same for all points in the
orbit.

Theorem 3.9. Let f be a Anosov diffeomorphism (respectively a, an Anosov flow) & an
increasing partition subordinate to W®. Denote (y = \/,I:'= of “"E (respectively
En = \/nNzoo_,,f) then for u, almost all x, for all y in W3, limy_, , "% = w, , exists
a.e. with respect to Lebesgue measure. Moreover, for u. almost all x we have for all
Y,z in W§:

Inwi(x) —Inwi,(y) = lim (In(PL,(x)) — In(PL,(»)=Ind(x, y). (3.3

Analogous results hold for u_ and the stable foliation.

Remark. Notice that in (3.3) the right-hand side does not depend on the partition
nor on the point x. Hence, the conditional densities w .. are unique up to multiplica-
tive factors and their quotients are natural geometric objects.

Proof. This result was — in other slightly different language —proved in [Si2] along
the lines of the proof that the measures u, and u_ exist (Theorem 4, p. 28. ff. for
diffeomorphisms, p. 44 ff. for flows). In the language of [Si2], ¥}/ is the potential
for the Gibbs measure pu. .

If one assumes that the measures exist and are absolutely continuous, one can
establish (3.3) by looking at the formula for the change of variables and using the
theorem of differentiation of integrals. This is done in [LY1] (Proof of Lemma
6.1.1, pp. 553, ff) for diffeomorphisms with positive Lyapounov exponents with
respect to the measure u. [ |

It is an important fact that for Anosov difftomorphisms and flows and non-
uniformly hyperbolic systems, one can find increasing partitions subordinate to the
stable and unstable manifolds. It is even possible to find partitions that satisfy extra
properties. For Anosov systems — both flows and diffeomorphisms — it is possible to
find Markov partitions [B] that, besides being subordinate, enjoy other properties.
For non-uniformly hyperbolic systems, the construction of increasing partitions
subordinate to the stable and unstable manifolds can be found in [LS, LY1] for
diffeomorphisms.

There is still another characterization of S—~R-B measures that emphasizes the
role played by the Lyapounov exponents at periodic orbits. Given a periodic orbit
o we will denote by T'(o) the minimal period and by J, the natural measure of mass
T (o) invariant under time evolution on the orbit. For diffeomorphisms, §, will be
the counting measure on the points belonging to the orbit. For flows, it will be the
length of time spent in an interval.

We will denote by Per'®(n) the set of periodic orbits with period in [n, n + 1) of
the flow ¢. For diffeomorphisms it is just the points of minimal period n.

Property 3.10.
.1 4
im = Y (P18, = s
n—o ““noePer-(n)

where Z,, is a normalization factor to make the total mass of the right-hand side one
and the limit is understood in the weak* sense.
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Proof. The fact that the measure can be approximated by the measure at periodic
orbits can be proved very easily using the thermodynamic formalism after using
Markov partitions and observing that u . is the equilibrium state for the unstable
Jacobian and yu _ for the stable. (See e.g. [Ru] for Axiom A diffeomorphisms, [BR]
for Axiom A flows.)

Once one uses Markov partitions and thermodynamic formalism, there is little
difference between diffeomorphisms and flows and the dimension of the space plays
no role. The use of Markov partitions for Anosov flows to apply to the thermo-
dynamic formalism is worked out in detail in [Si2], pp. 42—48. Some results are
claimed only for dimension 3 because at the time that [Si2] was written, Markov
partitions were known to exist for flows only when manifolds on which they were
defined were of dimension 3. Full details about how to construct Markov par-
titions for the Anosov diffeomorphism and flows in any number of dimensions were
worked out in [Bo, Ra]. One geometric, i.e. without Markov partitions, pedagogi-
cal proof of Property 3.10 for Anosov diffeomorphisms can be found in [Ne].

4. Proof of Theorems 1.1 and 1.2

In this section, we use the previously quoted results and prove Theorem 1.1 and
Theorem 1.2.

Lemma 4.1. Let f, g be C? transitive Anosov diffeomorphisms (respectively o,, s,
transitive Anosov flows) of an n-dimensional manifold M, h a homeomorphism of
M satisfying: hof = goh (respectively hoo, =, oh). If the unstable Jacobian at
corresponding periodic orbits is the same then: h*u.(f) = us(g) (respectively
h*u (o) = pui ().

Proof. Observe that — both for difftfomorphisms and flows — a conjugating homeo-
morphism carries the natural measures on orbits to natural measures on orbits.
Using this observation and the hypothesis about Jacobians at periodic orbits (to
simplify the notation we only perform the calculation for diffeomorphisms):

Y @)= Y () = Y (PR,
oePer'N (m) oePer'f (n) pePerg®™
Observe also that the hypothesis about unstable Jacobians also implies that the
partition functions corresponding to the two sums are the same. Dividing by them
and taking limits using Property 3.10, proves the lemma. |

Lemma 4.2. Under the hypothesis of the previous theorem, the restriction of h to
a leaf of the unstable foliation is absolutely continuous — with respect to Lebesgue
measures in the domain and the range. Moreover, we have:

foliyndy = | ol dy, 4.1)
A

h(A)
where dx is the Lebesgue measure induced by the metric on W and A is any subset in
W,

Proof. Equation (4.1) is just the translation in coordinates of the fact that if the
Gibbs measures are transformed into one another, so are the restrictions when the
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partitions are also transformed with h. The absolute continuity is an easy conse-
quence of this formula because if h(A4) had measure zero, the right-hand side should
be zero, which can only happen if the measure of 4 is zero because the density is
positive. ]

The following lemma is perhaps the most crucial step in the argument. We want
to prove regularity properties of the restricted densities.

Lemma 4.3. Under the assumptions and notations of Theorem 1.1 and Theorem 1.2,
let A,(x,y) be as in (3.3). For each point xeM introduce the function
A3(y) = Au(x, y). Then, for r=1,...,k — 1, [[J5(43lwe, R)|| is bounded uniformly
in x, ye W%°. Moreover, if r <k is finite, there will be a uniform modulus of
continuity for the functions defined on W¥° y— J(4%(y)). When k = w, we can
obtain uniform bounds in | |,.

Corollary 4.4. For a C* Anosov diffeomorphism, the densities of the restriction to
stable or unstable foliations of the S-R-B measures are C*~ 1.

Remark. Notice that we are not claiming that the function A(x,-) is in C%. As
a matter of fact it will come out of the proof that it cannot be extended in
a continuous way to the whole manifold.

Proof. For the sake of simplicity, we will only consider the case of diffeomor-
phisms. Using (3.2), we can write

n—1

In(¥L,(x)) —In(¥L,(») = ) P (f ) —In ¥ (f ()]

i=0

So that to prove that the limit converges uniformly it is sufficient to show, by
Weierstrass’ M test, that the terms of the sum can be bounded uniformly by
a convergent sequence.

Using the fact that f ~! is contracting when restricted to a W uniform factor
less than 1 and that the ¥ | (x) is uniformly Lipschitz (being H6lder would suffice)
it is easy to show that the sum is bounded by an exponentially decreasing sequence.

We claim that if we take derivatives with respect to y term by term in the sum,
we will obtain a series that can be bounded uniformly by a decreasing exponential.
By Weierstrass® M test, the series of derivatives converges uniformly and is the
derivative of the sum. The estimates needed to obtain the exponential bounds are
the same as in [LMM], Lemma 2.2, p. 573, ff. Namely, it suffices to show that, using

n

. . d ; ..
the chain rule, we can write o In¥" ,of “¥(y) as a sum containing not more
Y

than n! terms, each of which contains not more than i" factors. These factors consist
of derivatives of order at most n of In ¥ of ~i(y)and of f ~*. Moreover, each term
contains at least i — n factors of the form f~1'(f ~J(x)). Since the latter can be
bounded by a constant strictly smaller than 1, and the derivatives of In ¥".; can be
bounded uniformly. The result follows.

We point out that we will prove in more detail a more general result in Sect. 5.
The statement we will prove will include information about the modulus of
continuity.

The proof for k = w is somewhat easier. We just observe that the functions we
are considering admit complex extensions. The stable manifolds are analytic
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immersion$ of the disk into the manifold and, hence, can be extended to a complex
extension of the disk. Likewise the Jacobians of f and its restriction can also be
considered in a complex extension. The size of the complex extensions can be
bounded uniformly over the manifold and the supremum in the complex extension
can be bounded uniformly as well as the Lipschitz constant for a sufficiently small
extension. The same argument used to show convergence can be used to show
uniform convergence of the sum in a complex extension and, hence, analyticity of
the sum. ]

Remark. The proof that the function 4 is Lipschitz when f is C* can be found in
[LY1], where it is also stated without proof that it is C'. The function A is very
similar to the function I' in [L12]. The arguments used there to study the regularity
work in our situation.

Lemma 4.5. Let f, g be Anosov diffeomorphisms of a two dimensional manifold (o,
Anosov flows on a three dimensional manifold) h, k be as in Theorem 1.1 and Theorem
1.2. Assume moreover that W' has one-dimensional leaves. If h verifies
W ., (f) = p+(g), then he CYV).

Remark. Analogous results hold for the stable manifold and for flows the proofs
are the same.

Proof. When the unstable foliation has one dimensional leaves, we can parametrize
patches of the unstable leaves by the Riemann length s. Then, (4.1) can be rewritten
(identifying in an obvious way functions of the manifold and functions of the
coordinates):

N h(s)
[ P(s)ds = [ opsd@(s) ds' .
0 h(0)
This is a differential equation in integral form. Using the monotonicity of h, we can
see it is equivalent to

W) = H (S O h(s) “2)

By Lemma 4.3, the coefficients are in C*. By regularity theory of ordinary differen-
tial equations h will be C* when restricted to a leaf of the unstable foliation.
Moreover, since the function defining the differential equation is uniformly C¥,
h will be uniformly C* when restricted to any leaf. Now we need to conclude that
he CE. This can be done by a closed graph argument. Take a sequence of patches of
leaves converging to another patch. The restriction of h to those patches are
uniformly bounded in C*. Hence we can get a subsequence converging in the C*~¢
sense. Since we know that h extends continuously, the limit of this subsequence
should be the restriction of h. Hence, there is a C*~¢ limit of the full sequence.

|

Out of these results it is very easy to complete the proof of Theorem 1.1.

By the hypothesis on the eigenvalues, we can apply Lemma 4.1 and, since the
manifold is low dimensional, the stable and unstable manifold will have one-
dimensional leaves so we can apply Lemma 4.5. Hence h should be in C¥ A C¥ and,
we just apply the regularity results mentioned before.

This finishes the proof of Theorem 1.1.
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Remark. Equation (4.2) was derived by brute force in [L12]. The motivation was to
get a method to bootstrap regularity more robust than that of [L11]. The source of
inspiration was a very similar calculation done in [Pr]. The argument presented in
[L12] goes through for all one-dimensional foliations even if there is no natural
invariant measure. This plays a role in [LI13].

Remark. The use of smooth invariant measures to prove smoothness of conjuga-
cies in one dimension appears also in [He, SS].

Remark. Results very similar to Lemma 4.2 could have been derived by the
scattering method of [L11]. One essential ingredient of this method is a previous
smoothing, which forces some extra hypothesis. The method in [LM] requires that
the leaves of the stable and unstable manifolds are one-dimensional, the method
used in [L12] would require that the Anosov systems we consider are in the same
connected component of the set of Anosov diffeomorphisms.

Now, we proceed to complete the proof of Theorem 1.2.

Lemma 4.6. Let f, g (respectively a,,4,), h be as in Lemma 4.1. If h,h™' are
absolutely continuous with respect to Lebesgue measure then, h*u . (f) = u+(g)
(respectively h*p ., (o) = p+ ().

Proof. For any continuous function ¢ we have by the conjugacy equation:

~ Z P(g"(h(x))) = — Z ¢ h(g"(x)).

By the absolute continuity of h and Property 3.4, there is one x for which the two
limits exist and take the limit in (3.1). Then we have {¢ohdu.(f) = | ¢pdu.(g)
analogously for .

Using this lemma, Lemma 4.5 and the regularity results we have proved
Theorem 1.2.

5. Proof of Theorem 1.3

The proof of Theorem 1.3 is more technical than the proof of the other theorems.
What we will do is to show that the partial regularity results along leaves hold for
large sets that have certain geometric structure, and then we will prove an analogue
of Lemma 3.2 for those sets.

We will start by recalling some facts from the theory of non-uniform hyperbolic
systems. Complete proofs can be found in [Pe, Ru2, Ka, FHY, LY1, LY2].

Using Osledec’s ergodic theorem and some auxiliary constructions explained in
detail in [Pe2, Ru, Ka] it is possible to prove the following theorem (we have
followed the statement of [Ka] except for some minor modifications):

Theorem 5.1. Let f be a diffeomorphism as in Theorem 1.3. Let u be any ergodic
invariant measure and let y .,y - be its Lyapounov exponents vy, > 0,y_ < 0. Given
any ¢ > 0, we can find a set Q, and a number [ such that (M — Q,) < ¢, Q, is closed
and, for each x €, we have: There exists a decomposition T.M = E% @ EY in such
a way that, for allneZ”, meZ,
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1) If ve Df "(x)ES,
IDF(fmG))vll = Texp(ny-)exp((n + ImDe) vl ,

IDf " (f™(x)oll =2 1" exp(—ny_)exp(— (n + [m])e) 0]l .
2) If ve Df"(x)EX,

IDF*(f™(x)vl 2 lexp(ny.)exp(— (n + Iml)e) vl ,

IDf (™)l 17" exp(— ny,)exp(+ (n + |ml)e) [v]| .
3) If y(x) denotes the angle between E5,, E}, we have
P(f™)) = 17 P exp(— g[m]) .

4) The decomposition T.M = E5 @ EY is continuous restricted to £,.

For each of the points in @, it is possible to prove an invariant manifold
theorem (see any of the references above, in particular [FHY]). The important
point is that, since the hyperbolicity constants are uniform in Q, we can conclude
that the regularity properties of the invariant manifolds are uniform for all points
n Q,.

Theorem 5.2. Let x be in Q, as before, m be an integer and d denote the dimension of
EsIffisChk=2,..., 00,0 Wecan find C* mappings W Smy: [—1,1]%+—>M
in such a way that.

1) Forallr Sk, reZ || W 5mulcr £ Laexp(eC,m).
2) Wymn(0) =" (x).
If we denote by Wy the range of W Sm),
3) Tf'"(x)aW?'im = lgsf'"(x)-
4 fWin) & Wimes .
5) There are numbers 6 > 0, C > 0, ¢ > 0 independent of the point x € Q, such that:

1
yeWy’« lim Nlogd(fN(x),f”(y)) <0 and d(x,y) <6

N- w0
<d(fN(x), f¥(y)) < Cexp(y- + e)d(x, y) and d(x,y) <9 .

6) The mapping defined on Q, by x — W%, is continuous when the curves are given the
C*~1 topology.

Remark., W% is usually called the local stable manifold to distinguish it from the
global stable manifold W5 = )7, f "(WSn). #°% is a parametrization of the
stable manifold and is highly non-unique.

Proof. The proof — except for 6) — can be obtained by reading carefully most of the
statements of the stable manifold theorem. One only has to observe that the size of
the C* norms only depends on the constants which enter in the definition of
hyperbolicity for one orbit. By the construction of Q,, these constants are uniform
for all xe Q,.

The statement we know which makes most clear the dependence on the
constants is that of [FHY ]. One niggling point, however, is that due to the method
of proof of [FHY] — using Irwin’s method — the authors of this paper only obtain
that the W* are C*~*. This loss of ¢ derivatives does not belong and the details are
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worked out in other references such as [PS2]. The loss of ¢ derivatives will make no
difference in the arguments that follow.

The proof of 6) can be obtained by reading carefully the proofs in [HPS]. This
will allow to show that the mapping x> # 5 with the curves given the C*~!
topology is as differentiable as the mapping x+— E3.

An alternative argument is to use the closed graph theorem. If we have
a sequence {x,} < @, with lim x, = x e ©,, due to the uniform bounds in 1), we can
extract a subsequence X, in such a way that #"5 converges in the C*™* topology
to a cetain #",. Using the characterization of the stable manifold in 5), we can
conclude that #, = #75. It is an easy proposition in point set topology that when
all subsequences of a subsequence have the same limit and there is one convergent
subsequence, then the full sequence has a limit. ]

Notation. If Q is a set, we denote by

- ,0. ,0 , 0
Wgl= ) Wl wet= 1) wel.
xef xef2

As a corollary of the stable manifold theorem we have some sort of “local
product structure.”

Corollary 5.3. Let xeQ, as before. For every yeQ,, d(x, y) £ Kg, we have
WonWwelsq, Wlawd’+0.

Moreover, we can bound the length of the segments of W3 joining x to (W3° n W¥?)
and of WY joining x to (W% W$°) by a constant times the distance of x to y.

Remark. Notice that one corollary of this theorem is that the length of the stable
unstable manifolds of x can be bounded uniformly from below when x e Q,. The
bound, nevertheless, could depend on &.

If u is an invariant measure and f has non-zero positive Lyapounov exponents,
Property 5) implies that the relation x = y, given by xe W3, is an equivalence
relation. The partition into leaves W3 can fail to be a foliation because there can be
a non-empty set (but of measure zero) for which W3 = {x}. Since the definitions
Definition 3.5 and Definition 3.6 use more measure theory than continuity, they
make sense in this generality, provided that one considers all statements a.e. p.

The following is a particular case of theorems proved in [LS, LY1].

Theorem 5.4. Let f be a C¥ k=2,3,..., oo diffeomorphism preserving an abso-
lutely continuous measure p and having no zero Lyapounov exponent with respect
to u.

1) There exist expanding partitions adapted to W".

2) For every expanding partition, the conditional measures u$' are absolutely con-
tinuous with respect to the Lebesgue measure induced by the metric on W5,

3) Equation (3.3) holds a.e. .

Proof. The existence of increasing partitions is proved in [LY1], p. 513 fI. The fact
that (3.3) holds in Lemma 6.1 of [LY1] and 2) can be read off from the arguments in
this paper. Actually this paper is the proof of the necessity and sufficiency of
condition 2) for the validity of Pesin’s entropy formula, originally proved for
absolutely continuous invariant measures. |
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Now' we can complete the proof of Theorem 1.3 under hypothesis i). By the
absolute continuity properties of h, u’, u* and the ergodicity, we have that
hou! = u. Since h is continuous, h(W3)) = Wi (9. As in the previous section, we
observe that the restriction of u/ to W% is pushed by h into the restriction of u¢
to Wgé’(y)_

By the same argument as in the previous section, we can conclude that (4.2) is
valid. The following lemma states precisely the differentiability properties of the
functions appearing in (4.2).

Lemma 5.5. The functions A%(y), 45(y) satisfying (3.3), can be defined for all x e Q,
and ye W$°. Moreover, if the diffeomorphism is C*, they are C*~1 and can be
bounded uniformly in C*"1, k = 2,3,. .. provided that ¢, § are small enough.

Remark. Contrary to what happened in the case of uniform hyperbolicity, the
smallness conditions in ¢ 6 depend on k. So that even for a C*f, we cannot
conclude a C* analogue of our theorem.

Proof. As in Corollary 4.4, we can write
(P () — In(#%,0) = 3 [In ¥, (f ()~ In ¥ ,(f ()]

and we want to bound the supremum of the first k — 1 derivatives with respect to
y of each of the terms in the sum by an absolutely convergent series, which we can
choose uniformly in x e Q,.

We claim that

sup DLW, (f ()] < K exp(— yn)exp ernjrt (5.1
yewwsd
where K can be chosen uniformly for all xe Q,.

In effect, we observe that if we take r derivatives and use the chain rule and the
rule for the derivative of products as often as possible, we obtain that the derivat-
ives we are bounding can be written as the sum of N(r, n) terms, each of them
having not more than F(r, n) elementary factors. Each elementary factor is a deriv-
ative of ¥ ; or of f ~! evaluated at f ~(y), i < n. The rule for products gives that
N(r + 1,n) < N(r, n)F(r, n) and by the chain rule, F(r + 1, n) £ F(r, n) + n, so that
F(r,n)<rn, N(r,n) < n'rl

We furthermore observe that if we call a “segment” a product of consecutive
factors:

SGH=Df NS ONDSTHSTTION - DETHS T

each term consists of not more than r segments and r derivatives of order not
higher than r.

By 1) of Theorem 5.1 we can bound on W73, xe Q,sup||S(i, j)|| < exp(— (i —j)y

+ ¢j). We furthermore observe that the total length of all the segments is at least

n—r + 1 since a segment containing segments of total length [, when we take
derivatives, produces segments which have length at least n — 1.

Using the triangle inequality, we have produced the bounds we claimed in (5.1).
This finishes the proof of Lemma 5.5. The same argument can be used to finish the
proof Lemma 4.3.

For the case of uniformly hyperbolic systems, we can perform the same
argument but take ¢ = 0 in the estimates. This establishes Lemma 4.3 except for the
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claim about the uniform modulus of continuity, which we now proceed to prove.
If p(t) is a modulus of continuity of D*~ ! ¥" (y), that is:

sup [DETTEL ()DL (V)] S p(0),

d(y,y') =t

then, we can bound supg,, , <, | D5~ 4*(y) — D=1 4%(y')| by summing the bounds
for each of the terms in the sum defining 4 in (3.3).

We observe that in the expression of D~ ¥* , (f ~"y) obtained by applying the
chain rule and the rule for derivatives of the product as often as possible there is
one term which is [DX~1¥"  1(f ~"y)Df ~"(»)®" and all the others involve deriv-
atives of order strictly smaller than k — 1. This first term has a modulus of
continuity p(t)A".

Each one of the terms involving derivatives of order less than k — 1 will have
a modulus of continuity p'(t) = r(sup, <, - max{[|D"¥|, D"f ~*(y)} "1 A" 7¥|t] as
can be shown using the facts that each of the functions appearing as factors in
a term are Lipschitz, the product rule for Lipschitz constants and that the Lipschitz
constant can be bounded by the supremum of the norm of the derivative.

Since we have shown that there are at most r!n" of those terms, the modulus of
continuity can be summed in n uniformly for all the points claimed. This finishes
the proof of Lemma 4.3, |

The same argument used in the proof of Lemma 4.5 allows us to conclude

Lemma 5.6. Under the assumptions of Theorem 1.3, lf xe€Q, as in Theorem 5.1, then
provided that 9 is small enough, h\ws is Ck k=1,... and, moreover, we can bound
uniformly | J*(h\ws+, M)|.

Notation. We will denote by

[®llcy=sup [|®e W3 |cn

xe92.

and similarly for CY or for Holder spaces.

The only ingredient we need to conclude the proof of Theorem 1.3 is an
analogue of Lemma 3.2. The main complication is that we only have control of the
regularity on ( J .o W¥? U W¥?, a set which has a complicated geometric struc-
ture.

The following is the main technical lemma that we will prove by a strategy
inspired by that of [Jo2]:

Theorem 5.7. Let Q be a subset of R" and k be a natural number such that through
every point x€$) we can find two functions: WS, (respectively #°%). [—1, 1]*
(respectively [ —1, 171°)+—> R" with the following properties:

i) WS, W are uniformly C*.
il) x> W%, x> W'Y are continuous when the mappings are given the C* topology.
i) T, W is transversal to T, W$° and the angle is bounded from below uniformly
in x.
Assume that x is a point in Q such that we can find a sequence | x,,} c Q,
lim x, = x satisfying for some y' <y < 1 and some > 0,
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L AUV W, W o W)

1 Xn+1 < (y)—1
W07 S Gt s e S 007
. d(W“ar\ W, Wl A Wso) N
= 5 3 =0
d( Wee AW, Wl AW~
d(X,xo)éﬁ-

Let ¢ be a continuous function Q+ R satisfying:
v) For some A€RT{|po W $%|cx S A, oW 20| cx £ A uniformly in xe Q.
vi) Let k' be such that k' £ k,

G <1, YR <L
1) We can find a polynomial PX of order k' in such a way that

[(y) — PY (W) < Ky [x — yl¥ (5-2)

whenever ye W’ u W% d(x, y) < B.

2) | PY|lcw £ K, A, where K, is a constant that depends only on k, &,y, 7', B and the
uniform bounds assumed in 1)—Vvi).

3) If A is a subset of Q where the constants v, y' and b can be chosen uniformly, the
mapping x — P is continuous when restricted to A.

Remark. We emphasize that given k' < k, assumption iv) of Theorem 5.7 will be
verified if y, y' are close enough.

Proof. We will prove first the existence of P} for a fixed x.

To simplify the notation, we will omit the subindex x for P till we start
discussing continuity with respect to x. Since differences with the point at which we
are approximating appear frequently, we will change coordinates to that this point
is the origin. We will also assume that the point at which we are approximating is
the origin.

Following [Jo2], we will assume that the dimensions of the stable and unstabie
manifolds are 1 so as to avoid notational complications. Moreover, this is the only
case of the theorem we are going to use in this paper.

Since the stable and unstable manifolds of x are C*, we can perform a C* change
of variables so that they become the coordinate axes. Moreover, since the stable
and unstable manifold satisfy uniform C* estimates, the fact that we will have to
choose different coordinates systems for different points will not change the
uniform estimates we claim.

The proof of this result will follow the general strategy of [Jo2]: we determine
PY as the limit of polynomials obtained by interpolation on grids which are
approximately of the form {(), r/)}}';/”y and truncating the terms of high order.
Our choice of grids has to be different from that of [Jo2] because we have control
of the function on a set with complicated geometry. This also complicates some of
the following arguments.

We will proceed by induction so that we will assume that PV exists (satisfying
property 2) with k¥’ = N and will conclude that P¥*! exists and that it satisfies
property 2) with k' = N 4+ 1. Moreover, by considering ¢(x) — PY(x), we can
assume inductively that |¢(x)| < K|x[V 2

Cal Z; =W’ W ;5, and we will denote the coordinates of these points
by 2} and 9’21 respectlvely We will also call 4(N,M; N, M')={Z|i=
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M,...,M+N,j=M,M + N}, where {x;};, is the sequence of points we
assumed in iv),. When N = N' and M = M’ we w111 simply write 4(N, M).

The following proposition is a quantitative version of the well known Lagrange
interpolation:
Proposition 5.8. Given a grid of the form {(x}, x}),i, j =0, N} and a collection of
(N + 1)* numbers a;; we can find a unique polynomial P of degree N on each variable
in such a way that

P(x},x})=a;, i,j=N,N+ M.
Moreover,

supi(R + |xi|) >N< sup;(R + [x7 ) )N

[Pli,r < llall N2<.
infyy |xi — x| infyy {x} — x3|

= |a|K({xi}, {x; 1 R), (5.3)

where ||Plj g = Z|Pk|R”‘| is a weighted 1* norm. ||a) is the supremum of the
absolute values of the terms in the sequence.

Proof. Recall the Lagrange formula for the interpolating polynomial:

Pel,x?) = ¥ ay A O ZX0CE ) (54)

ij i l_[, i',(xl - xl (xj - x]%)

Clearly, || x! — x} |/, r = R + |x}| and similarly for the factors with x% Recall
that, || ||;:, ¢ satisfies the Banach algebra property: || PQli:,x = | P i,z )1 Q 111, &-
n

Remark. For two dimensional interpolation grids which are cartesian products of
one dimensional grids, it is useful to think of the Lagrange formula as interpolating
a polynomial in x' taking values in the polynomials in x*. The polynomials in x?
are obtained by interpolating on the vertical lines.

Remark. Notice that if we take R =sup, ;{|x{|,|x?|}. Equation (5.3) becomes
I Pl g < ||la;;]l K, where K remains bounded if the ratios of the coordinates of the
points in the grid remain bounded even if the coordinates become close to zero.
This will be important when we consider the limit as the interpolating grid
converges to the origin.

The following is a version of Lemma 1 of [Jo2] that tells us that if a grid is not
exactly a product grid but is close enough to be a product grid — the grids for which
the Lagrange interpolation applies — we can still interpolate and obtain an
interpolating polynomial which is uniquely defined.

Lemma 5.9. Let 9° = {(x}, x})|i,j =0, N} be a product grid such as those con-
sidered in Proposition 5.8. Let % = {p;;|i,j = 0, N} be another grid of points such

sup(|pi;l, |(xi, x})I). Then, given

that: I = G—(xt x| <
a sup|pu (X, )x])l = 2N2K({X11}, {sz})

(N + 1)? numbers a;; it is possible to find a polynomial P such that P(p;;) = aj;, and in
such a way that:
1Pl < llalli: K", (5.5

, I'N*K
where K' = <1 +m)
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Remark. Notice that, unfortunately, the conditions we have to impose depend on
N, the degree of the polynomial. This will make the discussion of a C* version of
Theorem 1.3 somewhat complicated.

Proof. Notice that if P! is the polynomial obtained interpolating on the grid ¢°
rather that on the grid ¢, we would have |P*(p;;) — a;;| < I'sup||DP'||. For any
polynomial of degree N, we have sup|DP| < | P||;»N2. Substituting (5.3) in the
last inequalities, we obtain:

|P1(pij) - aijl = FNZKH““ .

We can now consider the polynomial P? which on the grid 4° takes the values

— Pl(py).
The previous argument shows that |P*(p;;) + Pz(pu) a;| < (FN2K)?| a|.
If we construct a sequence of polynomlals P, P?, , P",. .. such that P"
interpolates on ¥° the values a;; — P'(p;;) — Pz(pu) — P""Xpy;), we will
have

I[P (pi;) + P2 (pij) + - + P'(py) — ayl < (TN?K)"|a] .

Hence, we can prove inductively that || P"|;: < (CN2K)" ||a|. |

We now continue with the proof of Theorem 5.7.

We observe that the conditions i) of Lemma 5.9 are scale invariant. They depend
only on relative ratios of the distances to the origin of the points in the grid. This
scale invariance and the continuity of the stable and unstable manifolds with
respect to the base point when the base point ranges in Q, shows that the
conditions of this lemma will be satisfied for all the grids ¥(N, M; N', M’) provided
that we assume that § is small enough. (How small depends on N as well as on the
modulus of continuity of the foliations.) Therefore, if smallness assumptions on f§ in
Theorem 5.7 hold (we will later on show that all the smallness assumptions can be
met by choosing constants in an appropriate order), we can construct polynomials
of degree N on each variable and which agree with ¢ on a grid.

We want to show that, as we shrink this grid to the origin, there is a well defined
limit. We will estimate the changes when we shrink both coordinates by a factor
and show that the changes can be bounded by a uniformly convergent sequence.
Properties of the resulting limit will be established by looking carefully at the
limiting process.

It suffices to obtain estimates of the effect of shrinking one of the coordinates.
The same argument applied with the role of the stable and unstable reversed will
establish similar estimates for the effect of shrinking the grid in the other coordi-
nate. By applying these two steps in succession we can shrink both coordinates and
the effect will be estimated by a uniformly convergent series.

If the grids we consider were exactly products, we could think of the interpola-
tion on the grid as interpolating a P(,,, polynomial in x' whose coefficients are
polynomials in x?. The interpolation is done by imposing P!(x!) = P?(x,), where
P%(x?) is obtained by interpolating in x, the P7(x}) = ¢(x} x}).

In view of the stability of Lagrange interpolation, to estimate the effect of
changing the x7 in the grid it suffices to control the changes on P?(x,). Since the
x} are kept constant in this argument, it is plausible that only the smoothness
properties of the restrictions of ¢ to vertical lines matter.
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In our situation, the grids are not exactly products, but they are close enough
that the argument goes through.

Proposition 5.10. If PN-*:N'M’ depotes the polynomial obtained by interpolating the
function ¢ using Proposition 5.8 or 4(N, M; N', M') then we have

“PN,M;N’,M’ _ PN,M+1;N,M+1 ”ll,R

N+2
§C|l¢|lcg—2< sup lX?—X%+M+1|> + g PYMENMELY L
Jj=M-- N+M+1

where R = sup{|x}||x?|} and C is a constant that depends on the ratios of the
coordinates of the grid but not on the absoloute scale. ¢ is a number that can be made
arbitrarily small by choosing B sufficiently small.

Proof. In view of Lemma 5.9 it suffices to show that:

sup |PVMNM(P)) — O P S N licys + e[ PV MM g (5.6)

Aje% (N, M;N,M+1)

Notice that, by consruction of P¥M:NM  this difference is zero for
P;e%(N, M; N, M) so that we only have to estimate the difference on the points in
which the two grids differ. This is just the last row

{yi,M'+N+1}¥—‘-XIN .

If fo‘? .0y Were a vertical line (x}, x?) we could use the classical estimates for the
error in Lagrange interpolation (see e.g. {SB] Theorem 2.1.4.1)

|PMNNM (. e ons1) — D(Piprsn+1)l

<1 g wp I — et ) 6D
(M +2)! e =M, ..., 1%+M+1 ! AR ' .

These are the estimates we want to establish with ¢ = 0.
Notice also that it is posible to bound

sup [D'P| < R_jHP||,1,RK >

[x|=R

where K depends only on the dimension.
Using Faa—di Bruno formula (see e.g., [AR] p. 3)

IDY*2PoWl= Y onisg Y IDPo Wy DR W(). .. DUW(x)el
15qSN+2 f1... ig=N+2
< Y On+ag y R4 P g RIV+D-Lic. i
1SqSN+2 i1 ig=N+2
e ) Onsagll Pl gRIMTD A
1<qsN+2

< 3”P||11,RRN .

If we parametrize the stable manifold Wi o) by x% Po Wi o) will not be
a polynomial but can be approximated by one up to errors which can be bounded
by the N + 2 derivative of Po Wd o).
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Since 'Wf;c?,o, converges in the C¥*? topology to a constant, we should have
ID'WEd o)(x?)| < e(xf)|x2[NF27 (5.8)

Hence in the neighborhood where [(x!, x?)| £ R, this is bounded by eRY*27¢,
Expresseed in components, (5.6) can be written as

|PEM — PEMT S Ry e )Y 2 (@ llevez + Il llene2)k
+ € Z [PPMA(Ry, ppar ) 707 (5.9)
iy

Remark. Notice that in [Jo2] the bound that is used is slightly weaker since the fact
that the leaves are converging to the axis is not used.
We also note an easy Corollary of (5.3)

Proposition 5.11. If |¢(x)| £ K|x|¥ as in Theorem 5.7 then
IPY Ml gy < K(RYMN
Hence,
[Pl < KRV MY =imd, (5.10)
Since we had B(y)™ < Ry u < By™ we have
[P — PEMTL < yMEDET2TEDK ([ ey + | llonse)

NM (M+1)( +j —i—]
+ ¢ Z Pi',j'V( )G+ )
i+jSitj

+e Z Pygl(y/)(M+l)(i’+j’—i—j) ,

i'tjr>itj
ifi+j<N+2
|PEM — PRMT < (p MO 2ZTEDK ([ @l exez + ([ dllcxe2)

+ ¢ Z Pg%f’))(M+l)(l +ji—i—j)
UVtjsitj

+e ) PRNQHMTDETITED (5.11)

i'tj>itj

ifi+j>N+2

Where, as before K depends only on the foliations and € and ¢ can be made
arbitrarily small by choosing a sufficiently small neighborhood.

From that, we claim that it follows by induction that:

|PRM| < y W27 MK ([ @ llcavn + [ D llen+2)
ifi+j>N+2
IPYMI S K([@llevez + @ llcn+2)
M M
+[ Z ,y(N+2—i—j)m+8 Z Z [(,y/)N+2—i’—j’,yi"f-j’—i—j]mJ

m=0 m=0i'j

(5.12)
ifi+j<N+2.
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Remark. Notice that, by assumption iii) in Theorem 5.7 we have that

y \N+2-ios
N+2—i'—j  i"+j —i—j N+2—i—j
o) Pyt Sy "(;)

N+2
Niz-i—jf ¥ < yN+2-i—j—1/2
Y y =7 .

Hence, (5.12) implies that all coefficients Py™ with i+ j < N+ 1< N+ 3/2
remain bounded (and, anon will show converge) and that P}™ ~ y~¥/*™ when
i+j= N+ 2. Similarly, when i +j < N + 2

lIA

P?JLM é Ky(N+3/2_i_j)M .

The induction claim (5.12) can be established very easily by observing that
(5.12) claims that the P} grow as sums of exponentials.

If the growth were as claimed, the R.H.S. of (5.11) could also be bounded by
exponentials. We only have to check that under (5.12), the dominant exponentials
in the R.H.S. of (5.11) are such that they reproduced the desired result.

Notice that the bounds we have claimed for |P¥™| are really bounds for

oo PRM*+1 _ pN.M| 5o that in the cases that these bounds are uniform in M, we
have really established that P}y has a limit as M — oo.

We claim that the polynomials P¥ in Theorem 5.7 can be constructed as
Pl =limy ., PMifi +j< N+ 1, P} = 0 otherwise.

We start by estimating the difference with the approximating polynomials. We
want to establish that

sup |PY, — PIM| < K(RV-M)N+3/2 (5.13)
|x| £RVM

Observe that:

sup IP?JIC)_P?JIC,)Mlé Z Z ng{,M__Pl{\JI.,M+1,(RN,M)i+j
Jx] £ RVM i+jESN+1m=M
+ Z [PIi\JI_,M|(RN,M)i+j
itj=N+2
+ Z IPZ’M (RN,M)H-j .
i+j>N+2
We want to establish that each of these terms can be bounded by a constant
times (RN-M)¥N*1+1/2 Gince RMM > By'M it suffices bound by y ¥ +2+1/2DM
By (5.12) we have (up to constant, which we will not write)
Z |P}i\},MI(RN,M)i+j é Z y/(N+2_i‘j)MyM(ij)

i+j>N+2 i+j>N+2

. y M
=y N+3DM Z [Vl1/2<7> :1 '
itj Y

Under hypothesis v) of Theorem 5.7,

i+j 2N
y,1,2<g) ’gy,m(z,) -1
4 Y
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Hence, this term can be bounded in the desired form.
Using (5.12) and the remark immediately after, we have

z |Pij|(RN’M)i+j§y_l/ZM(RN’M)N+2.

i+j=N+2

It suffices to observe that (R¥M)!/2y~1/2 is bounded by a constant.
Ifi +j < M + 1 we observe that by (5.9) we have

|P%M——P%m+1KRNWY+f§l}RwaN+2+—e2:|P%MKRNquﬁf]K
i,

Using (5.12) we furthermore have

Z|P RNmz+J<K z y/(N+2—i’—j')My(iI+j')M

SN2
+ Z ,))[N+2*1/2]m + Z ,})(N+3/2—1)m
i"+j ' =N+2 i+j<N+2
g K,))(N+3/2)m .
This finishes the proof of (5.13).
Remember that by construction of PYM™(#,) = ¢(#,),i=M,..., M + N,
j =M,..., M+ N.Hence (5.13) implies

iPN('%j) —¢FH = Ki%j|N+3/2 '

Using (5.7, we can bound |P¥(x)— ¢(x)| < K|x|N*32 whenever
xe W30 W’ with 6 = 3|#;|. From that, using Corollary 5.3 we can conclude
that [¢(y) — P(y)| < K|y[" "% when [y| < §, yeQ,.

In effect, if ye Q,, by Corollary 5.3 we know that

6 ,0 ,0
W AW e W AW )

for all of the x?x7 in the grid converging to that we used to construct the
interpolating polynomial.

We can consider ¥(N, M, N, M') in such a way that y is the boundary element.
That is, we consider xi,...,Xirins1,X%s...,X24n+1 in such a way that
W5 intersects each of W;;;‘;Jz_ and Wy ° intersects each of W3 Moreover, using the
uniformity in Corollary 5.3, we can find a constant such that given ye Q,,, |y| < f
it is possible to find {(x1 Hi=MM+1,..., M+ N,j=M M +1,...,
M’ + N} such that d(y, Z;) S K|yl

We now consider |¢p — P|W;.a. By the estimates in (5.8) we have that this
function, evaluated at the N + 1 points W$°n W5? is smaller than K|y|¥* 2

By the assumption that ¢ e C¥ "2 and the estimates on P we have that f—o IWS s
is C"*2 and we have bounds on the C¥*2 norm, e.g., if we parametrize it by the
coordinates.

We claim that since this functionis C¥*2, and is small at N + 1 points it should
be small in the middle.

Proposition 5.12. Let xy <+ * < xy be points in the line. Assume that

T <K gl <e i=0,...,N.

Xi — Xi+1
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Then
()| < [ + |xo — X[V 2| Pllcr+2]K"
where K’ depends only on K.

Proof. We denote by K’ all constants that depend only on NK.
By Proposition 5.8 we can construct a polynomial P such that

P(x;) = ¢(x;) .
By (5.3) we have
[ Pllex+2 = K'e .

Therefore ¢ — P vanishes at N + 1 points and its (N + 2) derivative is bounded by
¢l + K'e. Since obviously the Lagrange interpolation polynomial for ¢ — P is
zero, if we had proved the estimates (5.2) for the whole space, then we could apply
the easy version of the converse to Taylor’s theorem that can be found in [AR, Gr].

Unfortunately, for general closed sets we need the full Whitney extension
theorem whose hypothesis requires

[(y) — d(x) — (PE(y) — PY(2)| = K|y — zI"*? (5.14)

as y, z — x. See [R] for an example where the extension theorem fails even if the
hypothesis we have established so far holds. So, we strengthen the arguments to
verify the Whitney condition.

We observe that, using Corollary 5.3 we can find [y, z] = W5° ~ W uni-

quely,
|$(y) — ¢(2) — (PY(y) — P¥(@)| = |6(y) — PE(y) — (Ly, 21) — PX(Ly, zD)]
+19(2) — PY(2) — ¢(Ly, 2]) — P¥([y, 2]l -

The first term can be bound by [¢ — PV cr+2|y — [y, z]|"*? and the second
bound by ||¢ — PY|cv+z2lz — [y, z]IV*2. Using the bounds we proved before
¢ — PV is bounded both in C¥*? and CY**. Moreover, using Corollary 5.3 we
have that

ly =Ly, 2zl +1z— [y, 2] £ Kly — 2| .

Hence, we are done. This finishes the proof of Theorem 1.1.

This theorem applies without any modification to any other geometric objects,
e.g. homeomorphisms that, by taking coordinates, can be reduced to sets of
functions.

To conclude the proof of Theorem 1.3, the only thing that remains to be proved
is the following proposition from elementary measure theory which verifies that
a large subset of Q, consists of points that verify condition iv) of Theorem 5.7:

Proposition 5.13. Let ¢ be any real number bigger than zero. Let Q, be a set as in
Theorem 5.1. Then, for any & > ¢ we can find a set A, in such a way that

1) A, = Q,.

2) Its complement has measure less than €.

3) A, is closed.

4) For any v,y and all § small enough, the condition iv) of Theorem 5.7 holds for all
points in A,
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Proof. Let x be a density point of Q.. Make a differentiable change of coordinates
in such a way that x is situated at the origin and the stable and unstable manifolds
are the coordinate axis. If y is a point, we will denote its coordinates by y!, y2.

We claim that for some conveniently chosen 1 < y < v/, we can find a sequence
{x,} converging to x in such a way that all y < x}/xt.; <7y < xZ/xZ.1 <7.

In effect, fix numbers y; < 1 < p,. By the theorem of differentiation of integrals
by rectangles (see e.g. [Gu]) there is a subset — the subset of “points of density” — of
Q, with the same measure as Q, all of whose points have the following property: If
0 is a point of density of the set Q,, for any given ¢; > 0, we can find numbers a*, b*
such that for any rectangle %,, with corner at O, width a and height b such that
a<a*,b<b*y,b>a<yb, then p(PRu,n Q)= (1 —e)u(Ry), where u is
a measure equivalent to Lebesgue.

We also make the elementary observation that, for all Z,, with y,b > a <y, b
denoting by %, the set {x € Buply2x* > x! <y x% afy < x' < afy,bly’ < x* < by},
we have that uZ,, = ku,, with k a constant that depends only on v, ', y,, 7, and
which for some appropriate choices is strictly positive. Given any y, y’, ¥ can be
made strictly positive by taking y,, y, close enough to 1.

Now we can construct the sequence converging to O claimed in Proposition
5.13 as follows: Pick the y’s in such a way that x is strictly positive and find a*, b*
corresponding to &; = x/2. Choose a point x,eQ such that 0 < x} < a*,
0 < x% < b*, y,x3 > x} < y,x3 (such points can be shown to exist using the
theorem of differentiation of integrals). We assume inductively that we have
obtained points {x;}\-, satisfying i < x! < a*, i < x? < b*, y,x} > x} <y, x?.

Then the set j’x},xﬁ N Q, has positive measure, in particular it is not empty.
Choose xy 4+, any point in the set. By construction, the coordinates of xy , ; satisfy
the inductive bounds. It is also easy to check that the ratios needed in the claim are
also propagated. This establishes the claim.

Using the fact that the stable manifold depends continuously on the point, we
can check that if we fix y,9" a point of density will satisfy the conditions iv} of
Theorem 5.7 for some f. Therefore, taking f sufficiently small, we can ensure that
the set that safisfies the conditions has measure as close to that of 2, as desired.

We also observe that a property of Lebesgue measure is that the measure of
a set is the supremum of the measures of its closed subsets. Therefore, we can
assume that the set for which Proposition 5.13 applies is closed. ]

The argument given so far proves Theorem 1.3 for any keN. To prove
Theorem 1.3 with k = oo we observe that for any r € Z, we can obtain closed sets
whose complements has measure less than €2 % on which % is C". On the intersec-
tion of these sets, h is C®.

This finishes the proof of Theorem 1.3 under hypothesis i). To prove it under
hypothesis ii), we just observe that it suffices to show that the only property of i we
have used is that it is continuous and that it transforms a measure satisfying Pesin’s
entropy formula into another one that also satisfies it.

Unfortunately, it seems quite difficult to prove an analogous result using
invariants at periodic orbits. Notice that, for example, it is not clear even that
a system with positive Lyapounov exponents has only countably many periodic
orbits.

There are arguments in the literature that could imply that measures with
nonzero Lyapounov exponents can be approximated in the weak sense by
measures concentrated on periodic orbits. Nevertheless, it is not clear that the
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Lyapounov exponents on these measures approximate those of the limiting
measure. As it is well known, they should be lower semicontinuous with respect to
taking weak limits on the measure, but it is discontinuous. (I am grateful to F.
Ledrapier and L.-S. Young for explaining these examples to me.)

6. Extensions to High Dimensions

In this section, we show that there are several extensions of this circle of ideas to
higher dimensions, but that the situation is intrinsically more complicated as
evidenced by counterexamples.

6.1. Results in Higher Dimensions. The results of the previous sections can be
described as saying that if some Anosov diffeomorphisms are equivalent in some
sense, they are actually equivalent in an stronger sense. These results are usually
described under the name rigidity.

We will prove that all C* Anosov diffeomorphisms and flows have the prop-
erty that sufficiently smooth conjugacies between them are C*. More precisely

Theorem 6.1. Let f, g be two C",re N U {0} Anosov diffeomorphisms (respectively
o:, Y, be two Anosov flows) on a compact manifold. Then, there exists a k(f)eN
(respectively k(a,)) such that if

hof=goh (respectively hoa, =1,), (6.1)

and h, h~ ! are C*, then h, h~1 are C" %, Moreover, x(f) can be chosen to be constant
in C* neighborhoods of Anosov diffeomorphisms.

Remark. Unfortunately, we do not know how to prove an analogous result for
k = w except in the case that the manifold is two dimensional (See [LI12].)

Remark. Notice that since hof" = g"o h, we have x(f) < x(f").

Proof. We will present the proof for diffeomorphisms only since the proof for flows
only requires a change of notation.

We recall that by the invariance of the stable and unstable bundles, we can write
Df(x) = Dfy(x) ® Df,(x), where Df(x):E5Y)— E¥%), Dfy(x): Ex—E%/), and
analogously for g.

Moreover, if k, satisfying (6.1) is C!, we have Df o hDh = Dho gDg and, hence, we
also have a decomposition Dh = Dh, @ Dh,, where Dh,(g(x)): E5%— Ei,
Dh,(9(x)): E4g— EXS.

We claim that we can take x to be any number bigger than 1 for which it is
possible to find C > 0, 4 < 1 such that:

sup [Df i) [ Df ()l = CA* - n>0,

xeM

sup | DFR)IIIDf " () = CA™" n<O0. (6.2)

xeM

Remark. Notice that the value of x defined by (6.2) depends only on the
Lyapounov exponents of f.
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Remark. Notice that, using Mather’s characterization of Anosov diffeomorphisms,
[Mat] the above relations are satisfied if the spectrum of the push forward f, acting
on continuous vector fields is contained in {zeC|r* — e <|z| <r} U {zeC|r <
lz| <™} for some 0 <r<1<7.

Remark. Notice also that the spectrum of f, is an invariant of C' conjugacy so
that, provided that we take x > 1, we can assume that the hypotheses are verified
both by f and g.

It can be verified by a direct calculation that, if f and g are C* conjugate, then
SUPenm | DF*(x) || < Csupyea | Dg"(x)]]. Actually, the way that the conditions enter
in the proof are really between the spectrum of f and the spectrum of g.

The fact that x can be chosen constant in open neighborhoods follows from the
well known fact that the spectrum of f, acting on continuous functions depends
continuously on f in the C? topology. It follows for a careful reading of most of the
proofs of the C* openness of the set of Anosov diffeomorphisms. See for example
[Sh], Prop. 7.6. (It is a non-trivial statement since the map that to f assigns f, is
discontinuous if we topologize f, with the norm on operators on continuous
functions and f with the C! topology.)

To prove Theorem 6.1 we will show that if he C¥(g) and k = «, then he C¥*1(g).
Notice that, since h maps leaves of the stable foliation of ¢ into leaves of the stable
foliation of f, we can restrict (6.1) to stable leaves of f. Denoting by D, the
derivative of the restriction of a function to the leaves of the stable foliation of f, we
obtain differentiating the restriction of (6.1) to the stable manifolds of g,

D5 h(x) = [Dyfo ]~ (Dfgyh) o g(x) [Dsg]®* + R(x) , (6.3)

where R(x) is a polynomial in the stable derivatives of & of order up to k — 1. In
particular, it is a function in C&,,. That is, there is an explicit formula for D¥,h(x)
in terms of D%, h(g(x)) and lower order derivatives of h.

We observe that, applying repeatedly (6.3) and the chain rule, we obtain:

Digyh(x) = [(Dof )0 h] ™10 g% (x)ho g™ * ! (x) [Dsg]®* o g (x)
+é&iﬁWJ“ﬂ”wr“ﬁwa%(lﬁmﬂwmﬁw
= [Dofef* oh] ™ e "t (x)he g" T () [D,g]%* o g (x)
+ ji [(Dof) e h] ' (x)R o g?(x) [D.g"]®*(x) .

Using (6.2), we see that the first term tends to zero uniformly in x, so that:
Digyh(x) = Z [Dsf7)oh) H(x)R o g/ (x)[Dsg']1%*(x) - (6.4)
Taking derivatives term by term in the series in (6.4), we obtain:
T DALO.S)H 1)) Reg D1

+ [Ds 7)o l]7(x) (Dy(q) R) o ¢ (x)(Ds 5y 97} (x) [ Dy 91
[(Dsf7)o h]™H(X)Rog*(x) D, [Dyg'1®* . (6.5)
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Using that:

D [D,g'1%* = Z Dy’ ® - " ®Dy'Di¢® - ®Dyg’;

D?g’ =D, H Dygog'

i=1
J . . . . .
Z Dygog(x) - Dygog' 'Digog'(Dsg')Dsg'™" - - - Dyg’ ;
(6.6)

DL(D.£7)- K1) = D, [] D1 of i ) Doy )
= 3 (D V)ef "o h(x)Dy h(x)

i=0
+ 1__[ [Dsf]_lof_ Oh(x) [Ds(g)]2 ’
i=1

as well as the bounds (6.2), we obtain that the sum in (6.5) satisfies the conditions of

Weirstrass’ M test so that it converges uniformly on the M. Therefore, it is

continuous in M and it is a bona-fide derivative of (6.4). Hence A is in C’S‘(J;,l as
claimed. The process can be iterated till we conclude that he Ci,.

A similar argument with f and g replaced by /%, g~ ! will prove that he Ci,).

[ |

Using Theorem 5.7, the Theorem 6.1 is established.
The same argument works for non-uniformly hyperbolic systems.

Theorem 6.2. Let f be C" diffeomorphism, re N U {c0} on a compact manifold M,
preserving a measure pu' equivalent to Lebesgue and such that it is ergodic with
respect to u) and it has no zero Lyapounov exponents. It is possible to find
a x depending only on the Lyapounov exponents of f such that if f, g, h satisfy (6.1)
and his C*. Then, for every ¢ > 0, we can find a closed set Q, = M whose complement
has Lebesgue measure less than ¢ such that h|o e C™ ™~

Proof. We just observe that, if Q, is a “good” set as in Theorem 5.1 the arguments in
the proof of Theorem 6.1 to bootstrap the regularity in the stable and unstable
manifolds work exactly the same on the local stable and unstable manifolds of this
set.

We can verify as in Proposition 5.13 that a subset of Q, of measure as close to
that of 2, as we like will have the exponential approximation property by points of
Q, and, hence the proof of Theorem 5.7 goes through without change. ]

6.2. Counterexamples. In this subsection, for every ke N we construct pairs of
analytic Anosov diffeomorphisms in 7% d = 4 which are C* conjugated but they
are not conjugated by any C**! diffeomorphism. They are thus, counterexamples
to several extensions of the theorems we considered in the previous sections. They
are also counterexamples to similar extensions of related results.

For example, the systems we construct here have analytic stable and unstable
manifolds yet they are not analytically conjugate to linear automorphlsms of the
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torus. Flaminio and Katok showed in [FK] that all Anosov difffomorphisms in
T?, T? whose invariant stable and unstable foliations are C® conjugate to linear
automorphisms. The examples here are also counterexamples to extensions of the
results of [LM] on Anosov diffeomorphisms on 72 to higher dimensions.

In [LM] it was shown that if two C* Anosov diffeomorphisms of T2 are
topologically conjugate and the Lyapounov exponents at corresponding periodic
orbits agree, the conjugating diffeomorphism is C®. The diffeomorphisms we
construct in this section not only have the same Lyapounov exponents at periodic
orbits but also several other invariants of differentiable conjugacy vanish. The
stable eigenvalues of the return map cannot be expressed as the product of other
stable eigenvalues. Hence, by the Sternberg linearization theorem, the restrictions
of the return map to the stable (respectively unstable) manifolds of corresponding
periodic orbits are C® conjugate in smail enough neighborhoods. This shows that
in dimensions higher than 4 there is no set of local invariants associated to periodic
orbits that guarantee that all conjugacies between the diffeomorphisms are C*.

As far as we know, the situation is not settled for diffeomorphisms of 7°.

Theorem 6.3. For any ke N and any d = 4, there exist f, g Anosov diffeomorphisms
of T¢ and an h, a C* diffeomorphism of T* such that

foh=hog ©6.7)
and h¢ C** 1L,
Proof. We will consider T = T? x T % and write a point of T* as (x, y) with
xeT? yeT' 2

We will take f of the form
f(x,y) = (4x, By)

with 4, B Anosov linear automorphisms of 77 and T%~ 2 respectively and g of the
form

g(x, y) = (Ax, B(y) + e, 0(x)) ,

where e, is an unstable eigenvector of B, ¢: T2 — R is a trigonometric polynomial,
which we assume is just cos{x;).

If ¢ is small enough, we can invoke the structural stability theorem to obtain an
h which is close to the identity. This i will be unique among all the homeomor-
phisms C? close to the identity.

It is possible to obtain a representation of k by trying an h of the form.

h(x,y) = (x,y + ey (x)) . (6.8)

If we succeed in finding a solution of (6.8), we can use the uniqueness part of
structural stability to conclude that it is the conjugacy. We will show that, by
imposing conditions on the spectrum of 4 and B, we can get an h with the desired
regularity properties.

Substituting (6.8) into (6.7), we obtain the following equation for y:

Beyy(x) = y(Ax)e, + e, p(x) . (6.9)
Hence if Be, = Je, the equation becomes

A (x) — Y (4Ax) = o(x) .
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This equation can be conveniently analyzed using Fourier series.
If

(P(x) = Z (ﬁkeZnikx »
l/J(X) — Z lﬁkeZnikx

in the sense of distributions, the conjugacy equation becomes
/hpk - ‘ﬁCk = (i’k >

where C = (A71). A

If we choose y,,, for some ko, the equation determines v, for all k in the orbit of
ko under C. The choice of i, will be determined by imposing that |y,] -0 as
k| = oo. We now argue that such choices are sometimes possible.

If ¢ has any one Fourier components ¢,, different from zero (and of course
¢ 1, = %) then we can find a Y by setting ¥, = 0 for all k¢ {£C", nE = oo

Fork = + C"ko,n 2 1wesety, =0.Forn < Oweset Yy rom, = £ 47"® + k.

These choices lead to a solution of the equation. Since Y || < o, the Fourier
series converges uniformly and ¥ is a continuous function. Moreover we observe
that  is C° close to zero if |y, | is small.

If we denote the eigenvalues of 4 by u, 1/u, [p| > 1 we claim that

log u
A h < —==
Yyed, when « fog 4 o

and does not belong to any A4, with o > o, where A, denotes the Lipschitz space
{see St, Kr]) which agrees with the usual Hoélder spaces for «eN and, for e N,
A, > C*. The claim follows from the characterization of A, spaces by the size of
their Fourier coefficients that can be found in [St] or [Kr]. Notice that
|C"ko| = Ku". Hence, the non-zero Fourier coefficients of s are exponentially far
apart.

If we take M, N hyperbolic automorphisms of 72 and T~ % we observe that

. 1
taking A = M", B= N", a¢c = ki 08| Kol

mlog| 4ol

M, N of largest and smallest absolute value, so that, by choosing n, m, we can
arrange to have o in any point of a set dense in R. The claim of the theorem is thus
established.

Remark. The fact that  is in 4,, o < o can also be established by observing that
iterating the cohomology equation we can write

where Ag, o denote the eigenvalues of

0

Yx)= ) A7 Vo(4"x).
n=0
It is possible to use the chain rule to estimate the A, norm of the terms of the series
and show that the series converges uniformly in A_, when a < ac.

Remark. Since wiZ) = h(wi), wil8} = h(wi"?) and the stable/unstable foliations
of f are analytic, we see that the stable/unstable foliations of g are at least as
differentiable as .

Actually, using the explicit formula for h, we can see that 2 maps an unstable
leaf for finto another unstable leaf for f. Hence, the unstable foliation for g is also
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analytic. This is in contrast with the result of [FK] who showed that the fact that
one foliation of an analytic diffeomorphism of 7 is analytic implies that it is
analytically conjugate to a linear automorphism. On the other hand, the stable
foliation is not more differentiable than . This, again, can be seen by using the
explicit form for h and computing derivatives along unstable directions in 7?2 of the
stable leaves.

Remark. The same idea can be used to construct similar examples in manifolds
other than tori. One can use as product diffcomorphisms linear automorphisms of
nilmanifolds. In that case, the argument of lack of regularity is slightly more
complicated since one cannot compute with Fourier coefficients.
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