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We develop a technique for constructing Bloch-like functions for 2D Z, insulators (i.e., quantum spin-
Hall insulators) that are smooth functions of k on the entire Brillouin-zone torus. As the initial step, the
occupied subspace of the insulator is decomposed into a direct sum of two “Chern bands,” that is, topologically
nontrivial subspaces with opposite Chern numbers. This decomposition remains robust independent of underlying
symmetries or specific model features. Starting with the Chern bands obtained in this way, we construct a
topologically nontrivial unitary transformation that rotates the occupied subspace into a direct sum of topologically
trivial subspaces, thus facilitating a Wannier construction. The procedure is validated and illustrated by applying

it to the Kane-Mele model.
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I. INTRODUCTION

Inrecent years the band theory of solids has been augmented
by new chapters to account for geometric and topological
effects that had not been considered previously. The introduc-
tion of the Berry phase! allowed the systematic description
of many observable effects of purely geometric origin, such
as the Aharonov-Bohm effect,” and its applications in the
band-theory context have included the theory of electric
polarization®* and the anomalous Hall conductance.>*

The recent discovery of topological insulators’® has
widened the role of geometry and topology in band theory
even further. The classification of noninteracting insulating
Hamiltonians in two dimensions (2D) predicts two topo-
logically nontrivial scenarios.””'! The first scenario is that
of a Chern insulator, that is, an insulator that exhibits an
integer quantum Hall effect even in the absence of an external
magnetic field.!? Such a material, also known as a quantum
anomalous Hall insulator, is classified according to the value
of transverse conductance in integer multiples of e/ h, that
is, a Z classification. The Z invariant contains information
about the excess chirality of current-carrying edge states
of a 2D sample. Hamiltonians that correspond to different
integers represent distinct topological phases, meaning that
they cannot be adiabatically connected without closing the
insulating gap.®”'! Chern insulators break time-reversal (TR)
symmetry, since oy, is odd under TR. The name arises from the
fact that the exact quantization of conductance is of topological
origin; that is, the conductance is written as oy, = C €/ h),
where C is called the Chern number or TKNN invariant.>!3:14

The second scenario in 2D is that of a TR-symmetric Z,
insulator' that possesses either an odd or an even number
of Kramers pairs of edge states. According to the number of
these pairs at the edge, the insulator is either Z, odd or Z,
even. These two phases are topologically distinct and cannot
be adiabatically connected to one another without gap closure.
A Z,-odd insulator realizes the quantum spin Hall (QSH)'>!6
state, while a Z,-even one is adiabatically connected to a
normal insulator. In what follows we sometimes refer to the
QSH insulator as a “Z, insulator.” Unlike the Chern-insulator
state, the QSH-insulator state has been realized experimentally,
for example, in CdTe/HgTe/CdTe quantum wells'” following
a theoretical prediction.'®!”
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On the level of conventional band theory of crystalline
solids, Chern and Z, insulators are also different from ordinary
ones. For an ordinary insulator the Bloch states v, are usually
assumed to be smooth and periodic in the Brillouin zone (BZ),
meaning that a translation by a reciprocal lattice vector G
returns the Bloch wave function back to itself with the same
phase, ¥, k+G¢ = ¥k, and that ¥ is a smooth function of k.
Regarding the BZ as a torus, as in Fig. 1(a), this just means that
¥ is a smooth function of k on the torus. This turns out to be
impossible for Chern insulators;?*! the occupied space of a
Chern insulator cannot be represented by smooth and periodic
Bloch states. Usually periodicity is still assumed, in which
case a point discontinuity or branch cut must appear in the
phase of at least one occupied Bloch state somewhere in the
BZ. It is now established that no gauge transformation—that
is, no k-dependent unitary rotation of the bands in the occupied
subspace—can smooth out this discontinuity.?%?!

In the case of Z, insulators, the presence of TR symmetry
forces the total Chern number to vanish, guaranteeing the
existence, in principle, of a smooth and periodic gauge in the
BZ.%> However, it has been shown that any gauge that respects
TR symmetry cannot be smooth on the torus for this class of
topological materials.>*>> Thus, the construction has to break
TR symmetry if it is to lead to a smooth gauge. An explicit
construction of this type for the QSH model of Kane and Mele
demonstrated that this is possible,26 but the method used there
was explicitly model dependent, and it remained unclear how
one should choose a smooth gauge for a generic Z, insulator.

In the present paper we address this question and develop
a general procedure for constructing smooth and periodic
Bloch states for QSH insulators. We limit ourselves to the
minimal case of two occupied bands and show how they can
be disentangled into two single-band subspaces having equal
and opposite Chern numbers in such a way that these subspaces
are mapped onto each other by the TR operator 6.

Each of these “Chern bands” has the same type of gauge
discontinuity on the boundary as is present in a Chern insulator.
The possibility of such a decomposition has been discussed
before in different contexts,*?’->° but the previous approaches
all have relied on some specific feature of the system, such
as separation of states according to the action of the S, or
mirror symmetry operators. Instead, our construction is based
on topological considerations alone and should remain robust
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FIG. 1. (Color online) Brillouin zone in 2D represented as (a) a
torus and (b) a cylinder. We choose the gauge discontinuity to be
distributed along the cross-sectional cut of the torus that maps onto
the end loops of the cylinder at k, = £m.

for any Z, insulator. We further impose on these Chern bands
a special “cylindrical gauge” in which the gauge discontinuity
is spread uniformly around the circular cross section of the
BZ torus, that is, connecting the end loops at k, = £ in
Fig. 1(b). Finally, we develop a procedure that mixes these two
topologically nontrivial states in such a way that they become
smooth and periodic in the BZ, thus obtaining a smooth (but
TR-broken) gauge.

Apart from the purely theoretical motivation, the problem
of constructing smooth Bloch states for Z, insulators has a
direct practical application. When working with ordinary band
insulators it is often convenient to use a real-space formulation
in terms of the Wannier representation. In this representation,
the occupied subspace is described by a lattice of Wannier
functions that are exponentially localized in real space. The
Wannier representation is very useful for computing many
properties of insulating materials, such as electric polarization,
charge distributions, or bonding properties, or when con-
structing model Hamiltonians.’*3* However, exponentially
localized Wannier functions may be constructed only out of
a set of smooth Bloch states. Thus, construction of a smooth
gauge for Z, insulators allows for the use of well-established
Wannier-based methods in the study of these materials.

Another interesting aspect of the present work arises from
the fact that a smooth gauge allows one to compute the
Z, topological invariant directly by tracing the connectivity
of the states between some special points in the BZ.>
In the presence of inversion symmetry this task is greatly
simplified,** since inversion symmetry allows one to choose
states that are smoothly connected in the BZ. In the absence
of inversion symmetry, however, the same is not true, and the
computation of the topological invariant also becomes more
complicated.>-3® Thus, one can consider the present method
as an alternative recipe for computing topological invariants.

The present work treats the 2D case. For a 3D TR-invariant
insulator, the method described here can be used to construct a
smooth gauge on any of the six TR-invariant planes in the
BZ. However, the final connection between these faces to
obtain a globally smooth gauge in 3D appears to be nontrivial
except in special cases (e.g., certain kinds of weak topological
insulators). A general formulation in 3D is therefore left to
future investigations.

We emphasize that questions of gauge choice do not affect
physical observables such as the dispersions or spin textures
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of the energy bands. Thus, if used properly, even a gauge that
violates TR symmetry, or that has a gauge discontinuity on the
BZ boundary, should be capable of making robust predictions
of physical properties consistent with TR symmetry. We are
concerned here with formal issues of gauge construction
and practical questions about which construction is most
convenient for computing physical properties.

The paper is organized as follows. The specific gauge
that we want to establish and the concept of individual
Chern numbers are introduced in Sec. II. The procedure for
disentangling the occupied subspace of a Z, insulator into
Chern subspaces is described in Sec. III, where we also discuss
the relation of our decomposition procedure to ones discussed
elsewhere. Section IV introduces a general procedure for
constructing a smooth gauge out of the two Chern subspaces.
We give our conclusions in Sec. V. Finally, the paper includes
three appendixes. In Appendix A we describe the parallel
transport of states, a procedure that is used heavily in the
construction of the Chern bands. Appendix B presents a
brief summary of the Kane-Mele model'” that we use to
illustrate our method. Finally, the relation of the smooth gauge
constructed in the present paper to the one discussed by Fu
and Kane in Ref. 23 is discussed in Appendix C.

II. CYLINDRICAL GAUGE AND INDIVIDUAL
CHERN NUMBERS

In this section we consider the definition of the Chern
number of a Bloch band in 2D and introduce a cylindrical
gauge for Chern bands. This is a gauge that is continuous in
the BZ but is periodic in k, only. That s, it is continuous on the
cylinder in Fig. 1(b), but not across the boundary connecting
top to bottom, that is, not on the torus of Fig. 1(a). We then
establish the notion of individual band Chern numbers in the
multiband case.

A. Single-band case

Let us first consider a single isolated Bloch band ¥x(r) in
2D and its cell periodic part i, (r) = e~ *Ty (r). We assume
the lattice vectors to have unit length and to be aligned with
the Cartesian axes, that is, a; = % and a, = J, so that k, runs
from O to 27 and k, runs from —7 to 7. (In the general case,
a linear transformation trivially rescales the k indices into this
form.) The Abelian Berry connection' associated with these
Bloch functions is introduced as

A(K) = i (ux | Vk]u) )]
and the corresponding curvature becomes
F = Vk ANA = —21m(8kxuk|8kyuk). (2)

It is important to note that, unlike the Berry connection, the
curvature is a gauge-invariant quantity. Since we are in 2D, the
BZ is represented by the torus T2 shown in Fig. 1(a), which
is a closed manifold. The integral of the Berry curvature over
the closed manifold is necessarily a multiple of 2m, and the
integer number,

1
C=— | d*kFK), (3)
2 BZ

115415-2



SMOOTH GAUGE FOR TOPOLOGICAL INSULATORS

is called a Chern number.'* In general, the nonzero Chern
number reflects the impossibility of constructing a periodic
gauge without the presence of points or lines in the BZ where
the wave function would have a phase discontinuity.

To have a particular example of a gauge that leads to a
nonzero Chern number C, consider a gauge that is smooth
everywhere on the BZ torus except on a circle, as shown in
Fig. 1(a). Any gauge discontinuity that might be present has
thus been pushed to this circular boundary, where the phase
of the wave function can experience a jump when crossing it.
Such a gauge is continuous on the cylinder formed by cutting
the torus along the discontinuity, shown in Fig. 1(b), but is
not periodic in the y direction. We now define a “cylindrical”
gauge to be one in which the gauge discontinuity is uniformly
distributed around the boundary. That is, such a gauge obeys
the boundary conditions

Yitore = Yk,

iCk,
Ykions = Y e ™,

“

or, equivalently,

—2mix
Uk+tons = € Uk,

: , ()
Uk427§ = eI uy e,
where C is the Chern integer. The cylindrical gauge is assumed
to be continuous inside the rectangle of the BZ and G, periodic
in k,, so it is continuous on the cylinder. This leads to the
continuity of the vector field .A(k) on the cylinder and, hence,

Gauss’s theorem may be applied to the definition (3) to write

1
c=—
21 Jomz

A) - dk, (6)

where the boundary dBZ of the BZ consists of the top and
bottom loops (S' @ S') of the cylinder at k, = —7 and 7.
From Egq. (6) the consistency of the chosen gauge with the
definition of the Chern number becomes obvious. That is, C
in the exponent of the boundary conditions of Egs. (4) and (5)
is exactly the Chern number. Note that since we consider here
a single isolated band, this Chern number is a gauge-invariant
quantity.

B. Multiband case and individual Chern numbers

Let us now consider A > 1 bands separated by energy
gaps from the rest of the spectrum. The Abelian connection
of Eq. (1) is now replaced by its non-Abelian multiband

generalization**
Amn,a = [ {Umk| O |Unk) @)
and the non-Abelian curvature is defined as
an,aﬁ = an,aﬂ - i[Aa nA/S]mna (8)

where the k dependence is implicit. F is gauge covariant
and Tr[F] is gauge invariant'* under a general unitary
transformation & € U(N) of the occupied bands; that is,

) = Y Uy (&)1 ji). )
J
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The Chern number is now assigned to the entire space of N’
bands and is defined as

1
d*kTr[F] = — /
27

BZ

C= 1 d’kTr[Fl,  (10)

2 BZ
where the trace is taken over the band index.

If we now suppose that in the group of bands under
consideration each of the N bands is isolated—that is,
separated from the others by finite gaps—then the total Chern
number of the subspace is just the sum,

N
c=>en (1)
n=1

of the individual Chern numbers of all the bands in the
subspace,*! where ¢, are computed for isolated bands as
described in the preceding section. Being treated in this way,
each ¢, is an integer. However, one might be tempted to define
the quantity
N 1
Ch = —

= dzk fnn,xv(k) (12)
2 BZ ’

as the single-band contribution of band n to C. Thus, defined,
¢, 1s not necessarily an integer, since it is now allowed to mix
the bands by a transformation of the form of Eq. (9), which
can change F,, «,. Hence, in the multiband case the partial
Chern contributions defined by Eq. (12) are not topologically
invariant.

The example of a group of isolated bands suggests that
in certain gauges the subspace under consideration may be
decomposed into the direct sum of smaller subspaces for
which Chern numbers are well defined. In this particular
example the gauge that naturally realizes this decomposition
is the Hamiltonian gauge, that is, the gauge in which the
Hamiltonian is diagonal. However, one might wonder whether
such a decomposition is still possible for overlapping bands.

A QSH insulator has a nontrivial topology,'> which can
be seen as an obstruction for constructing smooth Bloch
functions in a gauge that respects the TR symmetry of the
Hamiltonian.”> > In what follows we describe a generic
procedure for decomposing the occupied subspace of such
an insulator into a direct sum of Chern subspaces, that is,
disentangling the occupied subspace into bands with well-
defined individual integer Chern numbers c,. We also show
that each of these Chern bands may be represented in the
cylindrical gauge of Eq. (5) with C replaced with c,,.

III. DECOMPOSITION INTO CHERN SUBSPACES

In this section we develop a general procedure for disentan-
gling a Kramers pair of occupied states of a 2D Z, insulator
into two Chern bands with individual Chern numbers ¢; = —1
and ¢, = 1. The decomposition method makes heavy use of
the concept of parallel transport described in Appendix A. The
procedure is illustrated by its application to the Kane-Mele
model that is reviewed in Appendix B. We start by using
parallel transport of the Bloch states to move the gauge
discontinuity to the edge of the BZ. This makes the gauge
continuous on the cylinder in k space. The next step is to apply
certain gauge transformations to split the occupied subspace
into a direct sum of two subspaces that are mapped onto one
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FIG. 2. (Color online) (a) BZ in k space. (b) States are parallel transported along k, = 0, but are not periodic. (c) Periodicity is restored at
ky = 0. (d) Parallel transport of states at all k, from k, = 0 to k, = &7. (e) Periodicity is restored at k, = 0, and, hence, k, = 27, but not at

other k,.

another by TR. We then explain how to impose the cylindrical
gauge on the two disentangled bands. Since by the time of
this step the bands are already continuous in the interior of
the cylinder, it is only the form of the discontinuity at the
edge that has to be modified. Finally, we discuss the relation
of our decomposition to the previously proposed “spin Chern
numbers.”

A. Moving the gauge discontinuity to the BZ edge

We now consider a general model of a TR-symmetric
insulator in 2D. For simplicity we consider a minimal model
with two occupied bands only, since it is the Kramers pairs
near the Fermi level that are responsible for a topological
phase. Thus, we consider the solution of the Schrodinger
equation H(K)|u,x) = E,x|u,x) under the TR-invariance con-
dition 6 H(K)®~' = H(—k). As was discussed above, the
BZ is assumed to have been reduced to a square spanning
[0,27] x [—m,7].

We start by taking two occupied states |u;) and |u)
resulting from numerical diagonalization at (0,0). By TR
invariance, these must be Kramers degenerate at this point.
Numerical diagonalization brings random phases to both
states; we accept the random phase assigned to |u ), but ensure
that the second state is a Kramers partner to the first by setting
luz) = Oluy). Starting from these states we move the gauge
discontinuity to the edge of the BZ in several steps.

Parallel transport along k. at k, = 0. As a first step of
our procedure, we carry out a multiband parallel transport
from k = (0,0) to (27,0) along the k, axis. This procedure
is described in detail in Appendix A, but in brief it works as
follows. Starting from the the two occupied states at (0,0), we
step along a mesh of k, values, each time carrying outa 2 x 2
unitary rotation of the two states at the new k, such that the
2 x 2 matrix of overlaps with the states at the previous k, is
as close as possible to the identity. The 2 x 2 unitary matrix
U relating the states v,k at (2m,0) to those at at (0,0) [i.e.,
the A matrix of Eq. (A5)] is then constructed,; its eigenvalues
An = €% yield the non-Abelian Berry phases ¢,.***" In the
present case, the TR symmetry ensures that A; = A,, so that
U is just the identity times e'?, where ¢ = ¢ = ¢,. Finally,
the gauge discontinuity from (27,0) back to zero is “ironed
out” by applying the gradual phase rotation e~*#%:/27 to the
two states at each k.

As aresult of this procedure, we have a set of states that are
smooth functions of k, on the circular cross section of the BZ

torus at k, = 0, including across the seam connecting k, = 0
to k, = 2. This is illustrated schematically in Figs. 2(b) and
2(c).

Parallel transport along k, at each k,. Next, at each mesh
point k., we carry out two independent parallel-transport
procedures, one from (k,,0) to (k,,m) along +3 and another
from (k,,0) to (k,, — ) along —$. At each new k, point,
the states are rotated by a unitary matrix so that the matrix
of overlaps with the previous pair is as close to unity
as possible. Starting this procedure from the line k, =0
guarantees that the states on this line remain unchanged,
preserving the smoothness obtained previously. Moreover, the
entire parallel-transport procedure is identical at k, = 0 and
ky = 2m, ensuring that the states selected in this way are
continuous across the entire seam where k, = 0 has been
glued to k, = 2m. Thus, we end up with two states defined
everywhere on the mesh of k points in such a way that they
are smooth inside the BZ and periodic in k,, or equivalently,
smooth everywhere on the cylinder of Fig. 1(b). This step is
illustrated in Fig. 2(d). The above procedure relates the states
at (k,, — m) to those at (k,,7) by a unitary matrix,

13)

which plays a role similar to A of Eq. (A5). This matrix
encodes the information about the gauge discontinuity that
occurs on the boundary of the cylindrical BZ. Its off-diagonal
elements contain information about entanglement of the two
states, while the diagonal ones carry information about phase
discontinuity of the states.

Restoring periodicity in k, at k. = 0. The fact that the
two states at k =0 form a Kramers pair guarantees that
the matrix V(k,) is diagonal at k, = O with two degenerate
eigenvalues A(k, = 0) = ¢'%. (Incidentally, the same is true
at k, = m; we use this fact later.) Now we want to restore the
smoothness across k, = &+ at k, = 0, but in such a way as
to preserve the smoothness inside the cylindrical BZ. We do
this by multiplying all states by a phase factor that depends
smoothly on k, only:

i
an(kx) = (um(kx,kyzfn)| e T |un(kx,ky=n)>,

(14)

} new

— _iky‘ﬂ()/zﬂ
“n(kx,m) =e

[nhy ky)) -
After this transformation, the V (k,) matrix is the identity at
ky = 0. Thus, the gauge discontinuity, which has already been
segregated to the edges at k, = £, has now been further
excluded from the point lying at k£, = 0 (or 277) on the edge.
Figure 2(e) illustrates this, where red crosses on the edges
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represent the gauge discontinuity and the black dots indicate
continuity.

Note that the entire procedure up to this point preserves
the TR symmetry, so that the states obtained so far on the BZ
respect the constraints

Olurk) = |uz—x),

(15)
Olux) = —|ui—x).
This, in turn, implies that
V(—k,) = oy [V(k)] oy (16)

so that det[V (—k,)] = det[V (k,)].

Removing the U(l) gauge discontinuity. Obviously,
V (k) € U(2), which can always be written as a U(1) phase
times an SU(2) matrix. For our next step, we find it convenient
to reduce V (k,) to SU(2) form by multiplying the states |u,k)
by a k-dependent phase factor. To do so, we define

y (k) = ImIndet V (ky), (17)

with the branch choice that y =0 at k, = 0 and y(k,) is a
continuous function of increasing k,. This results in y =0
again at k, = 2w because the TR symmetry forces the total
Chern number C of the two bands to be zero. Indeed, C is just
given by the winding number of the U(1) — U(1) mapping
from k, to y. This follows from

2m
2C = / dk, [Tr A~ = Te AR
0

2
= / dk, ImTr[V 13, V]
0

2
_ / dk, 3,y (ks)
0

=y (kI (18)

after some algebra.
Thus, our next step is simply to shift the phases of all states
according to

—iy(k )k, /4
|“2‘(§Zi.k}.)> = TEINIT i) (19)

This conserves all of the previous properties (smooth gauge
inside the cylindrical BZ and on all boundaries except at
ky = £m). Moreover, V(k, = 0) is still the identity, but now
in addition, det V(k,) is real and positive at all k,. That
is, V(k,) has been reduced to SU(2) form. We also note
that Egs. (15) and (16) continue to hold. However, V (k)
remains off-diagonal at general k,, thus signaling that the
decomposition of the occupied subspace into the direct sum of
the two TR-symmetric subspaces is not yet complete.

As noted earlier, the fact that our procedure starts from
Kramers-degenerate pairs at (ky,k,) = (0,0) and (;r,0) and
respects TR symmetry at all stages enforces that V (k,) must
be a constant times the identity at k, = 0 and k, = 7. Since
V € SU(2) as well, V must be I or —I at these two k,
values. Previous gauge-fixing choices ensure that V(0) = 1,
but is V() = I or —I? It can be shown that these choices
correspond to the case of the Z, index being even or
odd, respectively. Indeed, according to homotopy theory, the
mapping U(1) — SU(2) is characterized by a Z; index; this is
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precisely the case here. In fact, the procedure up to this point
can be used as an alternative to the method we presented earlier
in Ref. 36 to compute the Z, invariant. From the numerical
perspective, however, such a method does not have any
significant advantages compared to the previously suggested
one, apart from its straightforward geometric interpretation. In
fact, for large systems it might not be very convenient to carry
out all the transformations of the wave functions described
above.
In what follows, we assume that the Z, index is odd.

B. Disentangling the two bands

In order to proceed, we want to make V (k, ) diagonal at each
ky. When this is accomplished we will have two disentangled
bands 1 and 2, although each will still have its own phase
discontinuity along the boundaries at k, = 7. We take a
first step in this direction by taking advantage of the freedom
that we had when choosing the initial representatives of the
occupied subspace at k = (0,0). These two states may be
changed by a unitary transformation U, which we take to
belong to SU(2) so that the TR symmetry is fully preserved. So,
we first look for the global SU(2) rotation that will minimize
the sum of all the off-diagonal terms of the V matrices at all
ky. Once this is done, a further adjustment can be made so
as to make V(k,) exactly diagonal at each k, without losing
smoothness on the cylinder. We now explain the procedure in
detail.

1. Steepest-descent minimization of Vop

Let us introduce a functional

Voo = 1 30 3 Wantko)? 20)

x ke m#n

that is a measure of the degree to which V(k,) fails to be
diagonal along the discontinuity at k, = 4=7. The sum on k,
runs over a uniform grid of N, mesh points. We want to use the
freedom of choosing the initial pair of states at k = (0,0) to
minimize this functional by rotating the states at all k points by
the same unitary matrix U. To do so, we consider the gradient
of Vop with respect to an infinitesimal k-independent unitary
transformation

Unn = 3mn + dWmn’ (21)

where dW = —dW for U to be unitary. A transformation of
this form rotates the states according to

i) = ltni) + Y dWinnltni). (22)

To first order in d W the change in V (k) is
den = [V’dW]mn (23)
To compute the gradient

6 _ (Do) _ dVoo
mn — dW mn_

dem

(24)
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we note that Eq. (20) can be rewritten in the form

N
1 2
Vop =N — E;;mn(m. (25)
Then, using Eq. (23), one can write

2 *
dVop = —1-Re ; ij Ve (Vamd Wiy — AW Vi)

X

—Ni > “ReTr[R(k,)dW] (26)
x ks

(the k, dependence of V is suppressed for brevity) and

Rmn(kx) = Vnm[vn*n -V ] (27)

mm

The second line of Eq. (26) is obtained by interchanging the
dummy nm indices in the second term of the first line. It then
follows that

G= Ni kZ[R(kx) — Rk (28)
We emphasize that the gradient G is independent of k,
since it generates a global unitary rotation to be applied simul-
taneously to all states. Also, G is not only anti-Hermitian but
also traceless, so that it generates a SU(2) unitary rotation. We
now follow an iterative steepest-descent procedure, choosing
a small positive damping constant 8 and letting dW = —BG'
(i.e., dW = BG) so that dVop = Tr[GdW] = —B||G||* to
first order in 8. We use this to update the states according to

V)= 3 [, ) 29)

m

and the V matrices according to
yu+h — [eAW(/'*”]TV(j)eAW(f“)’ (30)

where the upper index refers to the iteration step. The
iteration stops when Vgg - Vg];r b stays consistently below
some prechosen tolerance €.

To give a flavor of how steepest descent works we
give the values obtained for the Kane-Mele model in the
QSH regime (A,/t =1, Aso/t = 0.6, Ag/t =0.5) with a
120 x 120k mesh, ¢ = 10~° and B = 0.25. Initially, Vop =
0.0226, while after minimization Vop = 0.0021, so it becomes
approximately ten times smaller. The crucial thing is that
this final value of Vop suggests that the average off-diagonal
element of V has is of order x 1072, meaning that the V matrix
is almost diagonal.

Note that at this stage the two subspaces are still not com-
pletely disentangled into two well-defined Chern subspaces.
However, the gauge is very close to what we need. For example,
the winding of V (k, ) already has the necessary features: If one
plots V}; in the complex plane as a function of k,, one will see
that it winds once around the origin in the counterclockwise
direction as k, goes from O to 27, as illustrated in Fig. 3. Since
V are not diagonal yet the trace is not the unit circle, although
it is close. V, winds in the opposite direction.
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FIG. 3. (Color online) Trajectory of Vj; in the complex plane
as k, runs across the BZ, before (red dashed line) and after (solid
black line) the global U, rotation that minimizes Vop for a Z,-odd
insulator. In neither case is the graph exactly a unit circle (dotted
line), but V;;(0) = 1 and V;(r) = —1.

2. Diagonalization and final decomposition

Now we are in a position to make the final step in
decomposition procedure. As a result of the steps above, the
off-diagonal elements of the V(k,) matrices should be small
compared to the diagonal ones, so that the matrices are almost
diagonal. This means that V(k,) can be diagonalized by a
unitary transformation /(k, ) thatis only slightly different from
the unit matrix. Since diagonalization of V(k,) does not fix
the phases of the eigenvectors, and we need the phases to vary
smoothly, we need an extra step to fix these phases. We do this
by enforcing that the dominant component of each eigenvector
of V(k,) is real and positive.*> We then apply U(k,) to rotate
the states at all k, for each given k, (except at k, = 0 or 7,
where V was already diagonal).

As a result of this step the occupied subspace has been
disentangled into a direct sum of two subspaces corresponding
to states n = 1 and 2. Moreover, they should form Kramers
pairs and satisfy the constraint (15). Each subspace has a gauge
that is smooth on the cylinder but not on the torus, since
there is still a phase mismatch, corresponding to V,,(k,),
across the boundary at k, = £m. For the Z;-odd case this
phase discontinuity can never be completely removed, since
the subspaces have Chern numbers of +1.

To check the procedure, we apply it to the Kane-Mele
model and compute the individual Chern numbers of the two
disentangled bands. The computation is done for each band
separately using the Abelian definition of Berry curvature
[Eq. (3)]. The result is C; = —1 and C, = +1. The fact
that the two states have well-defined Chern numbers is a
signature of disentanglement, so that the individual Chern
numbers of Eq. (12) have integer values (¢; = —c; = —1).
The TR constraint of Eq. (15) is indeed respected at each k
point. Thus, we conclude that we have succeeded in finding
a decomposition of the occupied subspace into a direct sum
of two Chern subspaces that are mapped onto each other by
the TR symmetry. Once again, we see that the TR-symmetric
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gauge for topological insulators is discontinuous on the BZ
torus.

C. Establishing a cylindrical gauge

In Sec. II A we introduced a special “cylindrical gauge” for
which the states satisfy Eq. (5). The defining characteristic of
this special gauge is that the phase discontinuity at the cylinder
boundary evolves at a constant rate as a function of k,. As we
see in Sec. IV, it is useful to have such a “standard gauge”
enforced on the states when using them in some subsequent
operations. Here we show how to extend our procedure so as
to conform to the requirements of the cylindrical gauge.

As was mentioned above, the diagonal elements of V (k)
wind around zero in the complex plane in opposite directions,
changing by 27 when k, goes from O to 27. Since we have
carried out the diagonalization of the V matrices, we know
that the V;; elements follow a unit circle in the complex plane
of the form ¢?i**), However, the speed of this rotation given
by v;(k,) = dp;/dk, (where p; remains on the same branch
of the logarithm) is not constant, in contrast to the requirement
of the cylindrical gauge.

To change the speed of winding of V(k,) we apply the
gauge transformation

W (ks ky) = [Viarg(ke) VT (k)10 @31

to the the occupied states at each (k. ,k,). Here

el‘k,(,‘] 0
Vlarg(kx) = <0 eikec2

gives the target shape of v that corresponds to the cylindrical
gauge. Note that the choice of sign should be correlated with
the individual Chern number of the band it is applied to. Such a
gauge transformation is obviously continuous on the cylinder
and does not change the topology of the individual bands. It
also preserves the TR symmetry of the states and the relation
of Eq. (15) is still satisfied.

We note that if the above decomposition is applied to a
normal insulator (say, the Kane-Mele model in the normal-
insulator regime), then ¢; = ¢, = 0 and a smooth gauge is
obtained at this step.

D. Relation to spin Chern numbers

Finally, we would like to compare our approach to disen-
tangling Z, bands into Chern bands to some other approaches
suggested previously. In the work of Ref. 27 the authors
suggested to associate a Chern number with each possible
spin projection value. This is especially convenient when §, is
conserved; then it is natural to assign individual Chern numbers
to each of the bands identified by a particular value of s,.
Such Chern numbers were called “spin Chern numbers.” For
example, in the case of the Kane-Mele model with no Rashba
coupling (i.e., Ag = 0), §, is conserved and the Hamiltonian
becomes block diagonal with respect to the spin projection,
allowing for well-defined spin Chern numbers. When the
Rashba interaction is turned on the mirror symmetry of the
model is broken and §, is no longer conserved, thus making
the original concept of a spin Chern number obscure.
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This issue was clarified further by Prodan,?® who showed
that even with the spin-mixing Rashba term it is possible
to define spin Chern numbers by diagonalizing §, in the
occupied space of Z, insulator at each k. In other words, one
diagonalizes the operator B3, P, where Py is the projector
onto the occupied states at k. Then, if the eigenvalues turn
out to be separated by a spectral gap from one another at
each value of k, one can identify these “bands” as the desired
manifolds and carry out a unitary rotation of the original
bands into these states to disentangle them. The spin Chern
numbers thus defined for these bands are well defined and, in
fact, correspond to the individual Chern numbers of our work.
However, when the spectral gap between any two eigenvalues
of the projected spin operator closes, such a decomposition
becomes impossible. One could still consider some other
projection operators based on mirror or other symmetries,
as in Ref. 28, and use these eigenvalues in a similar way
to disentangle the occupied states. However, such a method
always relies on some symmetry of a particular model, and
is thus not universal. The method suggested in the present
work, in contrast, does not depend on any symmetries of the
underlying system. Thus, we conclude that individual Chern
numbers proposed in the present work are robust and arise
solely from the topology of the occupied subspace of the
system.

Finally, it was discussed elsewhere that the spin Chern
numbers do not contain any more information than the Z,
invariant, because their sign can be changed without closing
the insulating gap.?*?**3 This is the case for individual Chern
numbers as well, since obviously, one can simply change the
labeling of the states by a simple unitary transformation that
interchanges |ux) with |uyk). Therefore, individual Chern
numbers are merely an alternative way of describing the
occupied subspace of a Z, insulator in terms of disentangled
bands and do not contain any more information about the
topological state of the whole system than a Z, invariant alone.

IV. ROTATION INTO A SMOOTH GAUGE

We now discuss the final step in our construction of a
smooth gauge for a QSH insulator starting from the two
Chern bands obtained at the previous steps. The task of
unwinding the topological twists of these bands requires a
unitary transformation that is also topologically nontrivial
in the following sense. Obviously, a transformation that is
smooth on the BZ torus, being periodic in the k, direction,
cannot make a cylindrical gauge smooth. One needs instead a
unitary transformation G(k) € U(2) that has a discontinuity
on the torus that exactly cancels out the discontinuities
of the cylindrical-gauge states. Of course, since the total
Chern number of the whole occupied space is a topological
invariant,*! the transformation will preserve the condition that
the total Chern number is zero. In particular, the rotation we
are looking for makes ¢; = ¢, = 0.

A unitary transformation that solves the problem of un-
winding the two QSH bands with Chern numbers =+1 is
given naturally by the solution of the Haldane model'? of
a Chern insulator (CI), or for that matter, of any two-band
model of a CI. Indeed, the unitary transformation G(k) that
diagonalizes the Hamiltonian in that case is one that rotates
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the two topologically trivial tight-binding basis states (1,0)”
and (0,1)7 into the eigenstates of the model. Obviously,
G~'(k) = G'(k) rotates the topologically nontrivial states back
into the trivial ones and thus can be used to unwind our QSH
states. In order for this procedure to produce a smooth gauge,
the Hamiltonian eigenstates of the CI model also have to be
smoothly defined on the cylinder and obey the same cylindrical
gauge of Egs. (4) and (5). Assuming this has been done, the
application of the resulting G'(k) to the QSH states defined
by our procedure will finally result in a gauge that is smooth
everywhere on the torus and that generates new bands with
c1 = ¢cp = 0, as desired.

The numerical implementation of this procedure is done
most conveniently by solving the CI model on the same 2D
k-space mesh as was used to solve for the QSH states. If the
latter have been computed in the context of first-principles
calculations or of some complex tight-binding model, then
some known CI model such as the Haldane model can be used
to provide the needed G(k). However, when working with a
minimal 4 x 4 tight-binding model for a QSH system, it may
be more convenient to use a 2 x 2 spin-up (or spin-down)
block of the original 4 x 4 QSH model itself. After all, this
already lives on the needed k mesh and generates bands with
Chern numbers of 1. For example, for an application to the
Kane-Mele model in the QSH regime (A,/t = 1, Aso/t =
0.6, Ag/t = 0.5), we used the spin-up block of the original
Hamiltonian and obtained two states |u;, ) with Chern numbers
¢y = —1 and ¢} = 1, where the hat is used to distinguish the
CI quantities from the QSH ones.

As mentioned earlier, it is also necessary to bring the CI
bands |u},) into the cylindrical gauge in order to ensure that
the resulting G'(k) exactly cancels the discontinuity of the
QSH bands at the edge of the cylinder. For this purpose, a
parallel-transport procedure is carried out across the BZ in
close analogy to what was described in Sec. III A, but now it
is done in a single-band U(1) context applied to each of the
CI states in turn. It is useful to refer again to Fig. 2. First, a
parallel transport of |u}, ) is carried out along the k, axis (with
an arbitrary choice of phase atk = 0), and a graded phase twist
is applied to match phases at k, = 0 and 27 as in Figs. 2(b)
and 2(c). Then parallel transport is performed along the vertical
directions as in Fig. 2(d), and a (k,-independent) phase change
that is graded along k, is applied to restore continuity at the
corner points of Fig. 2(e). This defines a phase discontinuity
V/ (ky) = (u}(ky, — 7)|u(ky, 7)) whose phase-winding rate
d In(Vyy)/dk, is initially nonuniform, but is made uniform by
the same trick as for the QSH states. The procedure is repeated
for the second CI band.

The above procedure results in Chern bands obeying the
cylindrical gauge as required. We can now simply form the
desired unitary matrix G(k) as the 2 x 2 matrix whose first
and second columns are filled with the column vectors |u] (K))
and |u}(Kk)), respectively. We emphasize again that this matrix
is not topologically trivial; its coefficients are continuous on
the cylinder, but not continuous across k, = %, just like the
CI that has produced it. Applying Gf(k) to the QSH bands
constructed in Sec. III,

lii) = Gl (K 4k, (32)
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we finally end up with two bands that have ¢; = ¢; = 0 and
that span the Hilbert space defined by the original occupied
bands of the QSH model. Thus, we have constructed a smooth
and periodic gauge for the target Z, insulator.

It should be stressed that rotation into a smooth gauge
as described above breaks TR symmetry, since G(k) results
from a TR-broken CI model. Thus, the two smooth subspaces
are not mapped onto each other by the TR operator, so
that (i) x|0|ii2,—x) # 0 except at TR-invariant momenta k =
—k + G. Similarly, if Wannier functions are constructed from
the Bloch spaces defined in this way, they will not form
Kramers pairs.”® Finally, we note that although the gauge
is now smooth and periodic, it can be smoothed further by
using this gauge as a starting point for a Wannier-function
maximal-localization procedure.*

In summary, we have demonstrated a general method for
constructing a smooth gauge for a Z, topological insulator.
At this final stage we start with a gauge that still respects TR
symmetry, but then we carry out a unitary mixing operation
that violates this symmetry in order to avoid the topological
obstruction. Application to the Kane-Mele model allows us to
compute the Z, invariant with the smooth-gauge formula of
Fu and Kane,? as discussed in Appendix C.

V. CONCLUSIONS

In this paper we have developed a general method for
decomposing the occupied space of a Z, insulator into
a direct sum of two TR-symmetric Chern subspaces with
nontrivial individual Chern numbers. We then described a
general procedure for breaking the TR symmetry between the
two bands and rotating them into subspaces that are smooth
everywhere on the torus. Our methods are general in the
sense that they do not make use of any special symmetries
or assumptions about gaps in the spectrum of spin operators.
This establishes the construction of a smooth gauge for 2D
topological insulators.
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APPENDIX A: PARALLEL TRANSPORT

Let us discuss how to construct a parallel-transport gauge
starting from a set of randomly chosen eigenstates of the
Hamiltonian on a k mesh. In what follows we distinguish
single-band and multiband parallel transport procedures. The
general idea in both cases is to carry the Bloch states along
a certain path in the BZ in such a way that they remain
as parallel as possible to the previous states at all points.
If the path is closed, the states might return to the initial
point with some phase differences relative to the initial states,
thus violating singlevaluedness. However, singlevaluedness
of the wave function can be restored by spreading the extra
phase uniformly along the path, as explained in more detail
below. For simplicity, we consider parallel transport along
one direction in the BZ, say k.. In this case, a closed loop is
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obtained when the state is transported by a reciprocal lattice
vector G,. The generalization to an arbitrary direction should
be obvious.

Consider a single isolated band |u,k). To carry the state to
k + Ak via parallel transport, the phase of the Bloch state at
this new point should be chosen in such a way that the overlap
(Unk|Un k+ak,) 1s real and positive, so that the change in the
state is orthogonal to the state itself. It is straightforward to
implement this numerically. Consider a discrete uniform mesh
of k points {k;},j € [1,N + 1], where k; | = k; + Ak, and
Kni1 = K1 + Gy. The states |ii,) at these points are obtained
by a numerical diagonalization procedure and thus have
random phases. At the initial point j = 1 we set |u;(]) = |, )-
Then at each subsequent k| welet 8; 1 = Im In (ﬁkHI | ”f(,->
and then apply the /(1) phase rotation

i, ) = P i, ) (A1)

which makes (u;(j |ui(m) real and positive. Once this is done
at each k point, the state at k; differs from that at ky,; by a
phase factor ¢'?, where ¢ is chosen on a particular branch, say
¢ € (—m,m]. ¢ is the Berry phase associated with the traversed
path. Unless ¢ = 0, periodicity in k, is lost. To restore it, the
extra phase should be spread uniformly along the string of k
points, that is,

|uk‘f) — e—i¢kj/27‘[|ui(j) — e_i(j_])¢/N|I/t;(j), (A2)

where in the last equality the uniformity of the k mesh was
used.

In the multiband case one deals with the non-Abelian
generalization of the Abelian Berry phase.’** We now
consider an isolated set of A bands and describe parallel
transport in the k, direction in the non-Abelian case.**** The
parallel transport gauge is constructed by requiring that the
overlap matrix

Myd™ " = itk |, )

(A3)

must be Hermitian, with all positive eigenvalues, at each step.
This is uniquely accomplished by means of the singular value
decomposition in which an A" x N matrix M is written in
the form M = VI WT, where V and W are unitary and X
is positive real diagonal. If the states at k;; are rotated by
U= WVT, thatis,

N
|u;1kj+l> = Zumn(ijrl)mmk/H)v (A4)

. k;.k .
the new overlap matrix M,/,,(n" +1) will be of the form VX VT,
which is Hermitian with positive eigenvalues as desired.
Repeating this procedure up to j = N, one obtains that the
new states | .L‘;k,m) are re.lated to the states |u:1k]) by a unitary
transformation A according to

N
) = €Y Apnlit)g, - (A5)
m

The eigenvalues of this matrix are of the form A, = e~'%,
where the phases ¢, = ImInA, (again chosen according to
some definite branch cut) are the analogs of the Abelian Berry
phases.
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To restore periodicity we follow the same trick as in the
single-band case, but generalized to the matrix form. To do
this one finds the unitary matrix R that diagonalizes A and
then rotates all states at all k; by this same unitary R, so that
the new states correspond to a diagonal A with its eigenvalues
Jn = €% on the diagonal. Now it is straightforward to obtain
periodicity by applying the graded phase twists

e IUTDOIN ). (A6)

|unkj) =

This results in a gauge that is smooth along k, and G, periodic.

APPENDIX B: KANE-MELE MODEL

Here we briefly summarize the Kane-Mele model" of a
QSH system. This model is represented by a tight-binding
(TB) Hamiltonian on a honeycomb lattice with dimensionless
lattice vectors a; o = (+/3§ £ %)/2. The Hamiltonian is

H =2 &cle+Y el +irgls x dijl)e;
i (i)
+l')\5021}l‘jC;rSZCj, (Bl)
()

where the three terms represent on-site, first-, and second-
neighbor interactions, respectively. Here §& = =£1 represents a
staggered on-site interaction (breaking the inversion symmetry
of the original honeycomb lattice), and Asp and Ay represent
the effects of spin-orbit interaction (the latter breaks S,
conservation and violates mirror symmetry in the xy plane).
Also, &[ ; 1s a unit vector directed from site i to site j, while
Vjj = (2/«/3)[&1 X ﬁz] = +1, where a1 and flz represent the
directions of the two bonds along which the electron hops in
going from site i to site j.

Using the TB convention xok(r) = D g e*Rp.r—R —
t;), where ¢ are TB basis functions, s stands for the spin
index, and t; is the vector from the origin to the jth atom in
the home unit cell, the Hamiltonian is written as

5 5
HEK) =Y do(T* + > dap()T. (B2)
a=1

a<p=1

Here the Dirac matrices are [':2345 = I®o",IR®c*s*®
0”,s7 ® 0¥,5° ® o¥) with the Pauli matrices o* and s* acting
in sublattice and spin space, respectively, and the commutators
are I'*# = [I'®,T"#]/(2i). The original reciprocal-lattice coor-
dinates «; and k, may be changed to k, € [0,27] and k, €
[—m, 7] via ky = K, /2 — «/§Ky/2 and k, =k, /2 + \/gKy/Z.
The resulting d coefficients are given in Table I. This model
respects TR symmetry and realizes the QSH regime; that is,
it represents a 2D Z; topological insulator in some regions of

TABLEI Nonzero coefficientsin Eq. (B2). Here o = (k, + ky)/2
and B = (k, — k,)/2 with k, = k./2 — /3K, /2 and k, =k, /2 +
V/3i, /2. The lattice constant is assumed to be of unit length.

d, t(1 +2cosacos B) di —2tcosasin B

d, Ay dis 2Aso(sin 2o — 2 sin e cos )
ds Ar(1 —cosacos B) dys —Agcosasin B
dy —/3gsina sin B dos 3Ag sina cos B
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its parameter space.'> For our illustrative tests we have used
A/t =1, Ago/t = 0.6, and Ag/t = 0.5 for the topological
phase and have changed 1, /¢ to 5 to access the normal phase.

APPENDIX C: TIME-REVERSAL CONSTRAINT
AND SMOOTH GAUGE

In Ref. 23 Fu and Kane developed a theory of a Z, periodic
spin pump of a 1D insulating system. That work established a
formula for computing the Z, invariant given a smooth gauge.
In this appendix we review this result and discuss it from the
perspective of the smooth gauge constructed in the present
work.

The work of Ref. 23 focuses on the pumping process in 1D
gapped periodic Hamiltonians subject to the conditions H (r +
T)= H(t) and H(—t) = 60H(t)0~", where t is the pumping
parameter. Such a pump becomes TR invariant at + = 0 and
t = T/2. The Hamiltonian of a 2D TR-symmetric insulator
can easily be put in this context by treating k, as the wave
vector k of a 1D periodic system while treating k, as the
pumping parameter #. Assuming at the TR-invariant values of
t a gauge of the form

Oluik) = e *ury),
. (C1)
Olusk) = —e'**|uj_p),

that is smooth in k, it was shown that one can compute the
Z, invariant associated with the pumping process from a
knowledge of the occupied states at the TR-invariant points of
the pumping cycle only. However, for this purpose the gauge
must be smooth on the whole torus formed by k and ¢.2

Letus now look at how all this is reformulated in terms of the
gauges introduced in the present paper for a 2D system. The
Hamiltonian gauge of an ordinary TR-symmetric insulating
system corresponds to x; = 0 in Eq. (C1), and it is possible
to define Bloch states in a smooth fashion on the whole torus
subject to this condition. However, for a Z, insulator such a
constraint introduces a topological obstruction for a smooth
gauge.”> This can be understood in terms of the cylindrical
gauge introduced in Sec. II. Taking into account that the TR-
symmetric values of the pumping parameter now correspond to
ky = 0and k, = £, note that in the cylindrical gauge the TR
operator maps the states at (k,k, = 0) to (—k,,k, = 0) and
the states at (k,,k, = m) to (—k,,k, = Fm) according to
Eq. (15). If we now take into account the boundary conditions
of Eq. (5) for the cylindrical gauge and use them to relate the
states at (k,k,) to those at (—k,,k,), one then arrives at a
relation of the form of Eq. (C1) with

xk =0
at ky, = 0 and

Xk = Tk, C
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at ky, = xm. For an ordinary insulator C =0, and this
obviously reduces to the standard case of y; = Obothatk, =0
and k, = £m.

To derive an expression for the Z, invariant a concept
of partial polarization was introduced,?® using the gauge of
Eq. (C1) via

2

where the index S = 1,2 differentiates between the two states
of a Kramers pair. This expression is U(2) invariant modulo
a lattice vector (a = 1), provided that the transformation is
globally smooth in 1D. The Z, invariant was defined as

1 7. 7
Pfs>=—[z f <us,,,k|ak|us,z,k>dk+(xf,k_n—x,,k_oﬂ, (€2)
0

V= (Pt(i)() - Pt(i)()) - (Pz(i)r/z - Pr(i)T/2)9 (C3)

when the gauge is also smooth in ¢ from O to 7' /2. With the
Xx suggested by the cylindrical gauge, and taking into account
that C has opposite sign for S = 1 and § = 2, one has Pk(‘vl)=0 -
P,fvz)zo = 0 and P,fj >= iy — P,f‘z): ., = £C, obviously giving the
correct value of the topological invariant.

As shown above, the construction of a smooth gauge
starting with the cylindrical gauge proceeds by means of
a unitary rotation that unwinds the gauge discontinuity of
the cylindrical gauge. The unitary matrix that realizes this
transformation is smooth and periodic in k,. Thus, when
establishing a smooth gauge at the TR-invariant values of k, the
gauge condition (C1) on the 1D system is changed smoothly
and, as discussed in Sec. IV, the smooth occupied subspaces
are no longer mapped onto each other by 6. However, the TR
polarization does not change under such a transformation, and
as was nicely shown in Ref. 23, one can compute the Z; index
using the formula

4

det[w(k)]
-1’ = Y ' C4
=D E Pflw(k})] €4
where k* are TR-invariant momenta (i.e., K* = —k* + G)
and
w;j(K) = (u;—x|0]u jx). (Cs)

Note that w(—k*) =
well defined.

The application of the smooth-gauge construction devel-
oped in the main text of this paper to the Kane-Mele model
in the QSH regime indeed results in the odd value for v.
The TR constraint takes the form w;,(k*) = 41 and, as men-
tioned above, is satisfied only at the TR-invariant momenta,
with |wa(K)| < 1 at other values of k. In particular, our
parameter choice (A, /t = 1,Ag0/t = 0.6, Ag/t = 0.5)results
in w2(0,0) = 1 but w(0,7) = wi2(7,0) = wip(mw,m) = —1,
thus signaling a band inversion at I' = (0,0).

—wT (k*), so that the Pfaffian in (C4) is
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