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ABSTRACT. We characterize separable normed spaces that admit equivalent
C*-smooth norms depending locally on finitely many coordinates. It follows,
in particular, that such norms exist on any normed space with countable alge-
braic basis.

We use the method of Talagrand operators developed by Haydon in [8]
and certain integral convolution techniques [2], [13] to characterize separable
normed spaces that admit C*-smooth norms depending locally on finitely many
coordinates as spaces that admit norms with countable boundaries. As corollar-
ies we obtain improvements on some results of Fonf [3] and Vanderwerff [14]
and a new simple proof of a result of Haydon on C*-smooth renormings of
spaces of continuous functions on countable compact sets.

Our results should be compared to the result of Godun, Lin, and Troyanski in
[5] where it is shown that every separable Banach space can be given an equiv-
alent norm, the unit ball of which contains countably many strongly extreme
points. From this result and Theorem 1 below it follows that strongly extreme
points need not necessarily form a boundary of By- .

We will use the notation standard in Banach space theory. In particular, By
and Sy will denote respectively the unit ball and the unit sphere of a Banach
space X . We say that || - || depends locally on finitely many coordinates if
for each x € Sy there exist an open neighbourhood O of x, a finite set
{x;,...,x}} C X*,and a function f:RF — R such that

Iyl = f(xi ), ..., %)) foryeO.

.

If (X, ) is a normed space, the set B C Sy. is called a boundary of
(X, I -1l) if for each x € Sx there exists x* € B such that x*(x) = 1.

Theorem 1. Let (X, || -||) be a normed space. TFAE:

(i) X admits an equivalent norm having a countable boundary.
(ii) X admits an equivalent norm with a boundary B, such that there is a se-
quence {Ky}nen of norm compact sets in X* satisfying B C U,cn Kn -

Received by the editors October 13, 1993 and, in revised form, June 15, 1994.
1991 Mathematics Subject Classification. Primary 46B03, 46B10, 46B20.

©1995 American Mathematical Society

3817

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use




3818 PETR HAJEK

(iii) X is separable and admits an equivalent norm depending locally on
finitely many coordinates.

(iv) X is separable and admits an equivalent norm that is C>-smooth except
at the origin and depends locally on finitely many coordinates.

Proof. (iv) = (iii) is trivial.

(iii) = (ii) Let || - || be a norm on X that depends locally on finitely many
coordinates. Since Sy is separable, it is Lindelof. Therefore there exist a
system {S,},en of open sets in Sy, a system {®,},cn of finite subsets of
Sx+, ®y = {9}, ..., ¢}, and a system of functions {fy}nen, fa : R - R
such that the following hold true:

(@) Sx CUpenSn-

®) Iyl = fulet ), ..., 9 (v)) for y €S,

Consider the duality mapping J : Sy — exp(Sx-). Denote

K, =span(p}, ..., 97 )NSx. forneN.
1 kn

K, ’s are norm compact sets. For arbitrary x € S, , x* € J(x) we have x*(y) <
Iyl <1 for y € Sy. So x*(y) < f(p7(¥), ..., 05, (»)) <1 for y € S,. If
he ﬂf;l Kerg” and ||k|| is small enough, then

Ix £kl = f@}(x £ h), ..., 0f (x£h)) = f(P}(x), ..., 9} (x) = L.

Thus
x*(xxth)=1xx*(h) <1

and we have h € Kerx*. Altogether, (', Kerg” C Kerx*, therefore x* €
K, . Hence J(y) C K, for y € S,. In combination with (a) we obtain J(Sx) C
U,en Kn and we are done.

(ii) = (i) Let ||+ || be a norm as in (ii). First note that we can replace each
K, by K, N Bx., so we can wlog assume that K, C Bx. foreach n € N.
Take a decreasing sequence {¢,}neny such that ¢ < 1,¢&, | 0. Then there
exist an increasing sequence {i,},en Of integers with i; = 1 and a mapping
I: N — By. such that I([iy, in+]) forms an %-net in K, . This mapping
gives rise to a linear mapping M : X — /,(N) defined by the formula

M(x)(n)=(1+¢)I(n)(x), wheren €/[iy, ir.)-

Take an arbitrary x € X, ||x|| = 1. Then |I(n)(x)| <1 foreach n € N and
thus limsup,_,., M(x)(n) < 1. In particular, ||M(x)|lcc < 1+¢&;. On the other
hand there exist np € N and an element b € B such that b € K,,,, b(x) = 1.
Hence for some m € [ip,, in,+1) We have

17(m) - Bl < 2,
and so I(m)(x) > 1 — %2 . Consequently

€ €
M(x)(m) > (1 + &n,) (1 - %) > 1+,
This proves that M is an isomorphism from X onto some linear subspace
of I(N). Since limsup,_,, M(x)(n) < 1, we have that M(x) is always an
element of /,(N) attaining its norm on N . If we define

xlls = 1M (x)lleo »
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then the set {M*(e})}nen, Where e are the dual functionals in /% (N), is a
countable boundary of (X, |- |[;).

(i) = (iv) The separability of X follows from a result of Gilles Godefroy
[4]. Recall that in the course of our proof of (ii) = (i) we showed that X is
isomorphic to some Y C /(N) such that every y € Y attains its norm, i.e.,
y(n) = ||y|leo for some n € N. Consider a decreasing sequence J, | 0 and an
isomorphism S:Y — Z, Z C [(N) defined by

Sy)(n) = (1 + 6n)y(n).

We will renorm the space (Z, || - |l) by the desired C*°-smooth norm.
Note that for each y € Y with ||y|lc =1 thereisan n € N satisfying |y(n)| =
1. Therefore for each z € Z there exists n, € N satisfying |S~!(z)(n;)| =
IS7!(2z)llo and thus

|2(n2)] = (14 6,.)187" (2)lloo
and
|z(k)| < (14 0.+1)IS7'(2)lloo  for k > 1.

Take a sequence {b,}nen of C*-smooth bump functions b, : R — R, b, >
0, [% ba(t)dt = 1, supp(bn) C [(6n+1 — 0n)/4, (On — Ons1)/4]. Define a non-
decreasing sequence {F,}32, of convex functions on /. (N) by the inductive
formula

Fo=1"lloo>

(Jn"‘sn+l)/4
Fy(z) = / Foei(z + ten)ba(t) dt.
(Jn+l“5n)/4

Suppose [|S™!(2)|leo > 1 and p = (dn, = n,41)/4, ||V = Zllo < p. Then for
k > n, we have

(Jk'5k+l)/4 (6nz _6n:+l)/4
Fk(y)=[ ...[ PP

Os1—0k)/4 On;+1—0n;)/4

(01=02)/4
./((S s ly +tier + - + teeklloobi (1) - - - be(t) dt, - - - dty.
201

Since —p<t; <p for n, <l <k and y(n,)-y(l) > 4p, we have that
ly +tier + - + teexlloo =y + t1€1 -+ + tn.€n, ||o-

Consequently

(Jn;- nz+l)/4

F) = F,.(y) = /

(Onz+1—0n.)/4

(6,—d2)/4
: /( max{[y(1)+11], Q)+l ..., Y(n:)+1n.]}

5,-61)/4
~bi(t)) b, (tn.)dty -+ dty,

for ||z - y|llo < p and k > n,. It follows that the convex function F on Z
defined by F = sup,cn(F») is locally dependent on finitely many coordinates
(namely the functionals ef, ..., e; ) and C*®-smooth on {z € Z; ||z| >
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1+ 6,}. Notice that Fy(z) < |Iz]lo + 25% for arbitrary z € l(N) and
k € N . Applying the Implicit Function Theorem , we obtain that the Minkowski
functional of the set {z € Z, F(z) <1+ 24,} introduces a C* norm on Z
that locally depends on finitely many coordinates.

Corollary 2 (Fonf). Suppose that any of the equivalent statements (i)-(iv) is
satisfied for a normed space (X , ||-||) . In particular, suppose that the set ext By.
is countable. Then X contains an isomorphic copy of ¢ .

Proof. The space satisfies (iii). By the result of Pechanec, Whitfield, and Zizler
[11] we obtain the conclusion immediately.

Corollary 3 (Haydon). Every space C(K) where K is a countable compact set
admits an equivalent C>®-smooth norm.

Proof. Immediate from Theorem 1, since the Dirac functionals form a count-
able boundary for the supremum norm on C(K).

Corollary 4. Every normed space (X, ||-||) with countable algebraic basis admits
an equivalent C*-smooth norm.

Proof. Let {x,}nen be an algebraic basis. Following Vanderwerff [14] and [9],
we imbed X into C[0, 1] and renorm this latter space by a norm | -| so that
there exists a sequence of finite-dimensional projections {Qn}nen, |On| < 1,
0xQj = Q;Qk = Onin(k,j) such that

lespan{x. yerXn} = Id lspan{x. v Zn}

for k larger than k(n), n arbitrary. This allows us to cover the boundary of
(X, |-]) by the sequence of compacts {K,}nen, Kn = @;(C[0, 1]*) NSk~ . By
our theorem, we are done.

Recall that the Talagrand operator on Cy(K) space, K a compact set, is a
continuous linear mapping T : Cy(K) — ¢o(K) such that for every f € Cp(K)
there exists some k € K so that

If() = Iflo and |f(k)+Tf(Kk)|>I|f(K)I

It follows easily that the norm ||| ||| defined on Cy(K) by [|If1l| = | flleo +
IT fllo depends locally on finitely many coordinates. This fact allows us to
drop the assumption of scatteredness of K in the result of Haydon [6].

Corollary 5. Suppose the space Cyo(K), where K is a locally compact set, admits
a Talagrand operator into co(K). Then Co(K) has an equivalent C*°-smooth
norm.

Proof. Every separable subspace of Cy(K) admits a norm depending locally
on finitely many coordinates. By Theorem 1, such a space can be renormed by
an equivalent C*-smooth norm, therefore it is an Asplund space. Hence the
whole Cy(K) is an Asplund space. Thus K is a scattered locally compact set
(see [1], Lemma 8.3, page 258) and we are ready to use Haydon’s result [6] on
such spaces, which guarantees the existence of C*°-smooth renorming.

ACKNOWLEDGMENT

The author would like to thank Dr. V. Zizler for his encouragement and
valuable suggestions.

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use




SMOOTH NORMS 3821
REFERENCES

1. R. Deville, G. Godefroy, and V. Zizler, Smoothness and renormings in Banach spaces, Pitman
Monographs Surveys Pure Appl. Math., vol. 64, Longman Sci. Tech., Harlow, 1993.

2. M. Fabian, J. H. M. Whitfield, and V. Zizler, Norms with locally Lipschitzian derivatives, Israel
J. Math. 44 (1983), 262-276.

3. V. P. Fonf, One property of Lindenstrauss-Phelps spaces, Funktsional. Anal. i Prilozhen. 13
(1977), 79-80.

4. G. Godefroy, Some applications of Simon’s inequality, preprint.

5. B. V. Godun, B. L. Lin, and S. L. Troyanski, On the strongly extreme points of convex bodies
in separable Banach spaces, Proc. Amer. Math. Soc. 114 (1992), 673-675.

6. R. G. Haydon, Infinitely differentiable norms on certain Banach spaces, preprint.

7. ——, Normes et partitions de |'unité indéfiniment différentiables sur certains espaces de Banach,
C. R. Acad. Sci. Paris Ser. I 315 (1992), 1175-1178.
8. —, Trees in renorming theory, preprint.

9. W. B. Johnson, H. P. Rosenthal, and M. Zippin, On bases, finite dimensional decompositions
and weaker structures in Banach spaces, Israel J. Math. 9 (1971), 488-506.

10. J. Lindenstrauss and R. R. Phelps, Extreme points properties of convex bodies in reflexive Banach
spaces, Israel J. Math. 6 (1968), 39-48.

11. J. Pechanec, J. H. M. Whitfield, and V. Zizler, Norms locally dependent on finitely many coor-
dinates, An. Acad. Brasil. Ciénc. 53 (1981), 415-417.

12. M. Talagrand, Renormages de quelques C(K), Israel J. Math. 54 (1986), 323-334.
13. S. Troyanski, Gateaux differentiable norms in L, , Math. Ann. 287 (1990), 221-227.

14. J. Vanderwerff, Frechet differentiable norms on spaces of countable dimension, Arch. Math. 58
(1992), 471-476.

15. J. H. M. Whitfield and V. Zizler, Extremal structure of convex sets in spaces not containing ¢ ,
Math. Z. 197 (1988), 219-221.

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF ALBERTA, EDMONTON, CANADA T6G 2G1
E-mail address: phajek@vega.math.ualberta.ca

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use




