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SMOOTH SOLUTIONS OF SYSTEMS
OF QUASILINEAR PARABOLIC EQUATIONS

ALAIN BENSOUSSAN! AND JENS FREHSE?

Abstract. We consider in this article diagonal parabolic systems arising in the context of stochastic
differential games. We address the issue of finding smooth solutions of the system. Such a regularity
result is extremely important to derive an optimal feedback proving the existence of a Nash point of
a certain class of stochastic differential games. Unlike in the case of scalar equation, smoothness of
solutions is not achieved in general. A special structure of the nonlinear Hamiltonian seems to be the
adequate one to achieve the regularity property. A key step in the theory is to prove the existence of
Holder solution.
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1. INTRODUCTION

In this paper, we consider diagonal parabolic systems arising in the context of stochastic differential games.
These systems are of the form

0 z":a((t)a ) = Hy(@,u, V) 1,...,N (1.1)
—Uy — —laii(t,x)=—u, ) = H,(x,u, Vu), v=1,... N, .
815 =1 8:01 *J al‘j

where the “Hamiltonians” H, have quadratic growth in Vu. In application to game theory, N corresponds to
the number of players. The aim is to prove global existence and regularity results under the assumptions of

uniform ellipticity for a;; and special structure conditions for H,,, say

|Hy (x,u,p)| < Klpy| |pl + K |pul* + K, (1.2)

pu<v

provided some L*°-estimate is available, for which in turn, simple conditions are presented.
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170 A. BENSOUSSAN AND J. FREHSE

The theory of scalar parabolic equations (1.1) for the right-hand side having general quadratic growth is well
understood since C'*-estimates are available without smallness conditions for the growth-factor a,

|H (z,u, Vu)| < a|Vul> + K

¢f. the book [15]. For examples of scalar parabolic equations arising from stochastic optimal control, ¢f. Bensoussan
and Lions [8].

For parabolic systems with “large” growth factor, C“-estimates can not be achieved in general. Struwe
presented an example of the same type of system as (1.1), where a discontinuous weak solution develops from
the zero solution!

C®-regularity and C*-bounds follow from a smallness condition for the growth-factor a, infact |a| < ||u||cc A,
A ellipticity constant cf., Struwe [16]. However, for applications in the theory of stochastic games such a
condition for the growth factor a is not acceptable since the ellipticity constant may be very small compared
to the growth-factor. So, in order to avoid smallness conditions the authors [4] assumed the “specific structure
condition” (1.2) in the case of two players and obtained C®-estimates and hence L4(W?49)-solutions, ¢ < oo,
for (1.1). In fact [4] contains also cases with N players, N > 3, but not with the “simple” assumption (1.2).
In [3,5-7] and [2] examples of games mainly with two players, where (1.2) holds, are presented and can be
extended to the parabolic case.

Note, that a similar discussion concerning the growth factor holds for the elliptic analogue; references for
C*-estimates and -regularity under rather optimal smallness condition are [13,17].

Note further, that, without C*-estimates, in general it is false that a sequence of (possibly approximate)
solutions to (1.2), which is bounded in L>°(L?)NL?(H"'), has a subsequence which converges strongly in L*(H*).
This type of convergence allows to pass to the limit in the terms [ H,¢ dz. For a counter example in the elliptic
case, see the example [11]. Therefore, for systems (1.1) and its elliptic analogue the well known theory of Leray
and Lions [14] can not be applied. This explains the difficulty of the analysis.

The analysis for obtaining C®-estimates (and hence W?P-estimates and existence theorems) for the above
system with N > 2 and the specific structure condition (1.2) is the main contribution of this paper.

In the elliptic analogue, the corresponding case of three and four players has been worked out in [12]. In fact,
the methods [3,4,7] and [2] are extended to the general case of N players and the parabolic situation. Note
that the main results of this paper apply to the elliptic case (assume u(t,x) is constant in time) and that, also
in the elliptic case, the results are new.

2. SETTING OF THE PROBLEM AND STATEMENT OF RESULTS

2.1. Preliminary setting and assumptions

Let © be a smooth bounded domain of R™ and @ = Q x (0,7"). We write
¥ =00x(0,T).
Let a;j(z,t), 4,5 =1,... ,n be given functions satisfying

aij € CH(Q), (2.1)

aij«fj& > 0&|€|2 V§ S Rn, a > 0. (2.2)
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We define the family of 2nd order elliptic operators in divergence form

with Dirichlet boundary conditions.
We consider a vector function H(z,t; A, p) from R™ x [0,T] x RY x R¥™ into RY, such that

H is measurable, and continuous on A, p. (2.4)

We denote by H,, v = 1,...,N, the components of the vector H. In fact, we shall make use of linear
manipulations on the components of H as follows.

Let I be an N x N-matrix which is invertible, then to I we associate the transform of H, denoted HT and
defined by

H" (z,t; \,p) = TH(z,t; 7'\, T 1p). (2.5)
We shall say that a matrix I' satisfies the maximum principle, whenever
if ' >0, then A > 0. (2.6)
We shall make use of three alternative sets of assumptions. These conditions will us give L°°-estimates.
|Hy(x,t, A, p)|p,—0 < K, (2.7)

or, alternatively, the following two conditions (2.8) and (2.9):

N
Z H,(x,t; A, p) > —~ for those p such that Zpl, =0 (2.8)
v v=1
and
HY (2, A D)lp,=0 < 7 for some matrix I' satisfying the maximum principle (2.9)
or, alternatively, the following conditions (2.10) and (2.11):
N
Z H,(x,t; A\, p) < v for those p such that Zpl, =0 (2.10)
v v=1
and
HE (x,t; A D)lp,=0 > —7,. for some matrix I' which satisfies the maximum principle. (2.11)

The last two pairs of conditions increases the applicability of the theory to stochastic differential games consid-
erably, ¢f. [2,5] and [7].

The next assumption specifies what we shall call the specific structure, namely there exists a matrix I" such
that

|HY (2, 0,0)| < Ko lpllpo] + Y Kjlpul® + k(z,t),  v=1,...,N-1 (2.12)
p=1
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where K, K, are positive constants and k, positive functions € L9(Q), with ¢ > § + 1. Moreover
[Hy (2,5 A, p)] < Knlp|* + kn(2.1) (2.13)
with a positive constant K, a positive function ky € L9(Q), with ¢ > & + 1.
Without loss of generality, the special structure (2.12, 2.13) can be formulated as follows, dropping I" to
simplify the notation
HV(Iat;Aap) :QV(Iat,Aﬂp)pV+HB(xvta Aap)a V= ]-7 7N (214)
with

@, measurable, continuous in A, p, for p, # 0,

|Ql/(xat7)‘7p)|§KV|p| Vzl,...,:N—l,

QN =0QnN-1, (2.15)
HS measurable, continuous in \,p,v=1,... ,N — 1,

|H) (2, ; \,p)| <Y KJi|pul® + ku(z,t),v =1,... N, (2.16)

p=1
where we have defined
Ky-—1
KN =Ky+=-"—u=1,...,N-1, KN=Ky+Ky_1.

Indeed, we set, forv=1,... ,N —1

Hl/ ’t;>\’
o, (@ tiA D) = fntidp) (217)
Kolpllpol + 2 KGilpul® + ko (2,1)
=

and successively

QV(Z’t7>\’p):KVO—V(Z’t7>\’p)|p||pD|7 1/717 7N7]"

Pv
QN =QnN-1. (2.18)
HS(Z’t7>\’p):HV(x7t’>\7p)7Qy(x7t’)\7p)py7 I/:]‘?"'?N (2'19)

and (2.14-2.16) are satisfied.

2.2. The problem

Let be given

u® e (W™ ()N, (2.20)
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we look for a function u such that

we (L. rwie)” % e (LQ)", (2.21)
% + A(t)u = H(x,t,u, Du), Va,t, (2.22)
u(0) = u", uly> = 0. (2.23)

Thanks to the transformation I' we can imbed the problem (2.21-2.23) into a family of problems as follows:
If u is a solution of (2.21-2.23) then set

z=Tu (2.24)

and clearly z is a solution of the same problem, with H replaced by H', and u° by I'u’.
We state the following:

Theorem 2.1. Let the smoothness conditions (2.1, 2.4, 2.20) on the data and the ellipticity condition (2.2)
be satisfied. Assume the specific growth conditions (2.12, 2.13) on the Hamiltonians and finally the structure
conditions (2.8, 2.9) or, alternatively (2.10, 2.11) instead of (2.8, 2.9). Then there exists a global solution of
the parabolic system (2.21-2.23).

By “global” we mean that no smallness assumption for T' is assumed.

Remark 2.1. The structure conditions (2.8, 2.9) resp. (2.10, 2.11) are “responsible” for the L*-estimate, the
structure conditions (2.12, 2.13) for the step from L> to C* N H'.

3. FIRST A PRIORI ESTIMATES

3.1. A fundamental inequality
We consider a solution of (2.21-2.23). We shall write

p = llull(zee(@yn- (3.1)
To the solution u we associate any constant vector ¢ such that
lell < p (3.2)

and we write

Iy
Il
N
\
o
—~
w
w
=

Let also

P >0, Y e L*0,T,H(Q)), ¢eL®Q),
Pz, t)]aq =0, Vit e (0,T) if ¢ #£ 0. (3.4)
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We introduce the notation

Blx)=e"—z—1 (3.5)
and the map X (s) : RN — RY defined backwards by the formulas

Xn(s) = exp[B(ywsn) + B(=vsn)l;
X, (s) =exp[B(ywsy) + B(—vwsy) + Xotal, v=1,... ,N—1, (3.6)

where ~, are positive constants and s = (s1,...,Sn).
We note that

8Xl,_{01fu<z/ 57
Isy YuXv o X (B (Vusp) — B/ (=vusu)) if p > v
We call
X(a.1) = X (a(x, 1)) (3.8)
hence, clearly
DX, = me B (i) — B (— 7)) Dy, (3.9)
. W Ou
Z YuXy - (V;LUM) 5'(—%%))8—:7 (3-10)
p=v
from which we have the estimates
|DX| < c(p)|a| |Dul, (3.11)
12
2] <o 2 o

where in the sequel ¢(p) will denote a constant (not precised explicitly) depending only on p (this assumes that
the constants v, are defined only as functions of p, which will be the case as shown below).
Note also, that thanks to formulas (3.7)

X — X(0)] < clp)lal®, (3.13)

where X (0) is the value of X (s), for s = 0.
Moreover,

X > X(0)>1. (3.14)

We state the following:

Proposition 3.1. If we assume(2.1, 2.2, 2.12, 2.15, 2.20), and if we have a solution u of (2.21-2.23), then
there exist v, (p), c(p), such that, for any constant vector ¢ subject to (3.3), and any v such that (3.4) holds,
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one has

/lb%d dt+/ ”Cr;lg_wd dt+a/¢|Du|2dxdt<c /wzk dx dt. (3'15)

Proof of Proposition 3.1. We take as a test function in (2.22)
Uy = l/}’)/u(ﬂl(’yuﬁu) - ﬂl(fﬁyvﬁu))ul;llXﬂa
then from (3.10) it is easy to check that

- % 711)_(9)(1.
at ot

v=1

Similarly,

= [0, 00 ) — B (=) 1
/A(t)ul,vl, dzdt = /am 9z, axi%(ﬁ (M) — B'( %u”));}LX" dz dt
Q

Ouy,
+ /alj ox Wy(ﬁ"(%ﬂv) + 0" (=) 81:3- p=1
Q

0 v
ylu~1/_l_l/~l/ HXU
+ [ Grim B i) ~ 8 (i) g f X arar
=I+1I+1I1,

and as easily seen

oY 0X4
I:
/ ”8 81] dx dt,
Q

II>a / VY2 Dul? (e 4 e i) I X, dzdt,
/J,:

F, OF,
117 = / amg Zm wE X, dzdt,

where F, =log X,.
Now

N—

1
Z / Q. Du,v, dz dt =

v=1 =1

—1
/ ¥Qu(DF, = DX,11) 11 X, da dt
=
)
N-1 v N
-y /w(QV ~Qu-1)DF, 11 X, dvdt - /wQN_lDFN 11 X, dadt,
v=1 n= w=
Q
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where we have set Qp = 0. Since Qn = Qn—1, it follows that
N—-1 N—1 . 5
> /QDDW}” dedt =) /wQ,,DFl, 1 X, dzdt
v=1 Q v=1 Q n=1

with

Q,=Q, —Qu_1, v=1,...,N—1.

Collecting results and performing additional majorations yields

N—-1
X Q.- Q,
/wbd at + awgwg da dt+a§ /¢7V|Duy| (e7“v+e—%) Iy, dedt <> /zp“ Qu-Quy
Q v= 1 v=1

N
Z/wHB% (e”“ﬂ" fe‘%ﬂ") 1 X, dzdt
v=1 n=1

Q

and thanks to (2.16),

N
ZZ:K +K,_1) MIEX

N
< Z/¢|Duu|2 l'a
Q

v=1

al T Yol — Yol Z
+ Z Yo KZ|e1 e — ¢ | IL X, | dedt

o=V

N 14
+ Z/%wky|e%“" —e | 11 X, dz dt.
v=1 p=l
Suppose 7, (p) are chosen so that

—1 v
any =27, K} > ” H [Z(KU + Koo1)?

4 o=1
N— o
+ Y (Ko +EKoe1)? > Xy

o=v+1 p=v+1

,_.

N
+ D qpKg[erte —eTole ] n X, (3.16)

v+1
o=v—+1 n=

and ¢(p) is such that
Ay | — T HlXM < ¢(p). (3.17)
p=
Then one obtains (3.15). The constants 7, depending only on p, can be defined from the inequalities (3.16)

backwards, observing that X,, can be majorized by a number depending only on p, v,,... ,yn. The proof has
been completed. O

in the formula.

3We implicitly assume the matrix a = a;; symmetric. If not replace a for “7;“*
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3.2. L%(0,T; H') estimate
If we pick ¢ =0 and ¢ =1 in (3.15), we obtain

04/|Du|2dacdt < /X(uo)dx—l—c(p)/ (Z ky> dz dt < ¢(p), (3.18)
Q Q Q v

and thus an estimate of the norm in (L2(0,T; H}(Q)))" follows from the L> norm of u, denoted by p.

3.3. L®° estimate
We state the
Proposition 3.2. We assume (2.1, 2.2, 2.7) (or (2.8, 2.9)) (or (2.10, 2.11)). If we have a solution u of

(2.21-2.23), then there exists a number p depending only on the constants v, ~,, the matriz T' and ||[u| L=, so
that

ull(ze(@yn < p- (3.19)

Proof. We treat only the second alternative. The proof is typical for the other cases.
Since u; € L9, V2u € L9, q large, we have Vu € C®. Suppose that the boundary 0Q contains no minimum
point of the function ¢ = e~ Yu,. Let M be the set of points where ¢ attains its minimum m. M is closed and
v

Ve =0 and V3u, = 0. We have XH, > —y on M (assume (2.8, 2.9), to fix ideas). Let U CC @ be an open

neighborhood of M such that ¢ = m+e¢ on OU, € > 0 small. In addition, we may choose dist(OU, M) so small,
that ¥H, > —y — ¢ on U. (For simplicity we assume here that H, is also continuous in 2. The general case is

treated by approximating H,,.)

0
— >y —
<8t + A(t)) Eylul, >—y—d6onU

and

0
(E + A(t)) o+@>—e(y+46) onU.

Now, suppose that m +¢ < —e"(y+4), 0 <t <T. Then
0
E—FA(t) e+(p—(m+e)>00nU,

and we obtain a contradiction if we test by min(¢ — (m+¢),0). (Take into account that ¢ — (m+¢) =0 on OU
and V¢ cannot be zero a.e. on U.) This means that either m + ¢ > —e (7 + §) or the minimum is attained
at 9Q. In both cases, we arrive at a bound for Yu, from below:

v

Zuy > —c. (3.20)
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With similar arguments, we achieve a bound for u,, v = 1,... | N from above. Let z = I'u. Then z is a
solution of

(% + A(t)) z=H"(z,Dz),

Z|Z :0,

2(z,0) = Tu’ () = 20().

Suppose that ¢, = e~tz, does not attain its maximum at the boundary and let M, be the set of its maximum
points. Then Vy, =Vz, =0 on M and

(% + A(t)) 0, + @, < ey, on M,.

Introducing an adequate neighbourhood U, of M, as above we obtain

0
(5 + A(t)) ®v + Pv < e_t(’YV + 51/) on Ul/)

and if we suppose that m, = maxy, and m, —e > e (7, + d,,), we obtain a contradiction by testing with
max(0, ¢, — (m, — €)). This gives a bound for z, from above:
2z, < c.

Since I' satisfies the maximum principle, we conclude a bound for the w, from above. This concludes the proof
of the proposition. O

4. HOLDER A PRIORI ESTIMATES

4.1. Notation

The Holder estimates represent the core of the a priori estimates. We recall that for 6 > 0
)
C*3(Q) ={pl lp(z1,t1) = pl(wa, ta)| < el|wr — wal® + [t1 — ta| /), Va1, tr; w2, t2 € Q}- (4.1)

We shall use the characterization of C'% 3 (Q) as a Campanato space. We need some notation. If zg = (z9,%0) € @,
we set

We shall write also Br, Qr etc. when there is no ambiguity on the center.

| pdzdt
on :QR(ZO)
- Qr(z0)]
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then the characterization of C%3(Q) is given by (¢f. Campanato [9], Da Prato [10])

/ o — @Rz |2 dodt < cR"T2F2 Vz0 € Q, R < Ry. (4.2)
Qr(20)
4.2. Green function

We shall make use of the Green functions associated to a point zy € @ and a number 6 > 0, denoted by
Ggo.to+0(x, 1), abbreviated as Gy, defined for z € R™, t < tog + 6, solution of

Gy 9Gg\
W*a?(a—x) =0

Go(zo,to +0) = d(z — o). (4.3)

This writing is formal, but Gy is well defined for ¢ < t¢ + 6, and satisfies the estimates (Aronson [1]):

ky(to+0—t) % exp (-6 lr=wl _ g (2,8) < kalto+60—1t) % exp | —0 |z = mo? (4.4)
1(to 1t0+9—t_9’ < ka(to 20t 0-1)" .
where k1,01, k2, 2 are positive and depend only on a and the L* norm of the a;;.
The function s~ % exp —g attains its maximum for s > 0 at § = %, and
sT2exp—— < (8)7 2,
therefore we have, applying with 3 = d;|x — x|,
Go(x,t) < clx — xo|™". (4.5)

A sharper estimate can be obtained if o + 6 — ¢ is small compared to |z — zo|?. Indeed, if

26
0<to+0—1t<e?e—af with e2 < =2, (4.6)
n

then the above function is on its increasing side, and thus can be majorized by its value at £2|x — x¢|?, hence

Go(x,t) <d(e)|x —xo|™" (4.7
with 0(g) = kee™™" expfg—% tending to 0 as € — 0.
Furthermore, if
€2|:L'71‘0|2§t0+97t§m2|1'71‘0 2 (4.8)
we can write
Go(x,t) > dp(e)|x — xo|™" (4.9)

with do(e) = kym™" expf%, tending to 0 as € — 0.
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4.3. Basic inequalities

We consider two cut off functions as follows:

1 if Jz| <1,
7(z) =
0 if |z| >2,

Te€CER™),0<7<1

1if ¢ > -1,
Bt) = .
0 if t<—4,

B €C>®(R),0< <1, and we set

r — X
TRxo —=TR =T R )

B ﬂRﬂ<tt°),

R2

MR,z (T 1) = MR = TR2oBR,to-

Note that 0 < ng < 1, ng € C°(R""1), and

1 if (z,t) € Qr,
R =
0 if 2 ¢ Bagort<ty— 4R

We apply (3.15) as follows: we pick the constant ¢ in (3.2) such that
c=c® =0, if Bag(xo) N (R" — Q) # 0,
and pick

b= 77]2;{G9 if t<to,
0 if t>to.

Thanks to the choice of the constant (4.10) we can assert that
(X1 — X1(0))n% =0 on X.

We write

/(waxl n 0X1 aw) dedt
ot
Q

Qi ——
J al‘j al‘z

- 7)/ (n}%Ge%()ﬁ - X1(0)) + aij%(Xl - X1(0)) <
0 Q

9Gy

8Ii

R

+ Gy

(4.10)
(4.11)
(4.12)
‘Z)f: > ) dzdt
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and using (4.3), we obtain

- /nzaa(xl —X1(0)) (@ t) da — /nzcg(xl — X1(0))(z,0) dz
Q

8 0X1 0
7 i

oG
// ax" ”a n%(X1 — X1(0)) dz dt.

Thus from (3.15) we deduce

a / |Dul?Gy dx dt < / Go(X1 — X1(0))(z,0) dels, <ap2

Qr(zo0) Bar(wo)

o X, 8
//G9<X1 X1(0)) gf* = 16307;3) dz dt
/ / GG%” o —n%(X1 — X1(0)) da dt

/ (GQZk ) da dt. (4.13)

Q2r
Noting that, from the assumption on k,

1
Py

N
/(GQZky> dedt < ¢ /Gg'dzdt <R

Q2r 2R

Setting Gy = 2 — ”T“ > 0, and making use of (3.11, 3.13) and the definition of the cut off functions, we obtain
the basic inequality

Lemma 4.1. The following inequality holds:
o / |Dul?Gy dx dt < c(p) / [u® — c®2Go(x,0)1yy<are
Qr(z0) Bar(x0)
u— B2
+c(p) / <% + |Du|2> Gpdxdt

Q2R(20)—QR(ZO)

+c / / nhlu — B ?|DGy*Gy " dx dt + c(p)R™. (4.14)

(to—4R?)* Bop—Br
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4.4. Auxiliary result

To take care of the last integral in the right hand side of (4.14) one estimates the quantity

to
Z = / / 3lu — cR2|DGo[2G, * dx dt. (4.15)

(to—4R?)* Bor—Bgr

Let p be a new cut off function such that

1
peCRY), p:0f0r|ac|§§,
0<p<7, p=riorlz|>1, (4.16)

and set pr(z) = p(252) and
¢r(z,t) = pr(2)BR(t) (4.17)
so that
pR = 1R OL (BQR - BR) x [(to — 4R*)T to].

_1 1
We test the Green function equation (4.3) with G, ?|u — cff|?¢% and (2.22) with (u — c®)p%GZ, integrating
on [(to — 4R?)T,to] and Q, and noting that these functions vanish on Y. Combining we obtain

to

0Ge 0Gy 2 1
/ aij =Gy *lu— M Pph dedt < 4 / pilu’ — PG (2,0) dely <ape
8:E]- al‘z
(to—4R2)* B2R_BR/2 B2R—BR/2
9 R|2
H(u—c)p RG2dxdt+4 a”a Gza—goR|u—c |“dxdt
(to—4R?)t Byp— BR/2 (to—4R2)* Bop— BR/2
7 02 9 9
3 R1299¥ R
+4 / Gy {|uc |20—tRia”‘0 lu —c |28xi¢%} dz dt.

(to—4R2)* B2R—BR/2

Majorizing the third integral on the right hand side by Young’s inequality and combining with the left hand
side, noting that Z is smaller than the left hand side leads to

2
Z<c / |u®—cH|? G (,0) daly <apz+c / / ( |Du|2) Gdedt—i-c( YR +00,
Bar—Bpr)> (to—4R?*)* Bop—Bp/»
(4.18)
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4.5. Transformation of the basic inequality
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We want to make use of (4.18) to estimate the last integral in the right hand side of (4.14). We write it as

the sum of two terms (e small)

toA(to+0—c?R%)T

I. = / / nhlu — 2| DGo|*Gy ! da dt,
B2R*BR (’50*41‘—‘:2)+
to
II. = / / nhlu — c?|DG PGyt dr dt.

Bon— Bp toA(to+0—c2R2)+
Consider I1.. For tg A (to + 0 — e2R%)* < t < ty, we have
to+6—t<e?R? < 2|z —xo|?
since we integrate on By — Bg, hence R < |z — xo| < 2R. Therefore from (4.7)
Go(x,t) < o(e)|x —zo|™™" < 6(e)R7T,
hence, clearly
II. <§Y2(e)R™% 2,

which implies from (4.18)

II. <c / [u® — F*(Go(x,0) + 6(e)R™™) dwly, <ape

2 |U — CR|2 -n Bo
+c |Du)® + T (Go 4+ 6(e)R™™) dx dt + c(p)R".

(to—4R)* By Bp)s
In I., we use (4.5) and since
R < |z —zo| < 2R
we have Gy < ¢R™™, hence

toA(to+0—e?R%)T
I. <cR % / / nhlu— cR|2|DG9|2G;3/2 dz dt.

B2R73R (t0—4R2)+

(4.19)
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This integral is similar to Z up to the upper level of integration of ¢. This leads to
n 0_ Ri2/3
I. <cR™ 2 / [u” — c"|°Gg (x,0) daly, <4p2
BzR*BRn
toA(to+0—e?R?) T

-z lu—c"J? 2\ 3 3

(to—4R?)+ B2R_BR/2
For
(to —4RH)T <t <to A (to +60 —2R*)*T

we have, since © € Bag — B2

2
3
Z|:cfm0|2<€2R2<t0+97t<4R2+9.

Suppose we restrict 6 so that
6 < ¢*R?, g>1 (4.20)
then
&2

Z|x —mo)P <to+0—t<(d+PR* <44+ )|z — 20

and thus (4.8) applies with ¢ changed into £ and m? = 4(4 + ¢?).
It follows that

€ —n € —np—n
Go(z,t) 2(5(5) |z —zo| ™" > b (5)2 R™™.
Using
Gy(z,0) <cR™"

we finally obtain

toA(to+0—e2R?)T

- u— B2
Eer [ W0 P ek [ (M5t ipu) Godadr 4 e
Bog (to—4R2)* Bar—Bgr/s
(4.21)
with K (¢) = 2%50_%(3) — 400 as e — 0.
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Collecting results we transform the basic inequality (4.14) as follows:

Lemma 4.2. The following inequality holds (provided (4.20) holds)

a / |Dul?Gg dz dt < c(p) / [u® — c®12(Go(2,0) + R™™) 1y, care

Qr(20) Bar (o)
+ e(p) / \Dul(K (£)Go + 6(e)R™™) da dt
Q2r(20)—Qry/2(20)
|U B CR|2 —n

Q2R(20)—QR/2(20)
toA(to+0—e2R?) T

lu — cF|? 5
+c(p)K(e) TGQ dz dt + c(p)R™
(to—4R2)* B2R_BR/2

with 6(¢) — 0, K(g) — o0 as € — 0.

4.6. Choice of the constant cF

0

In the case (4.10) we have ¢f* = 0. Since u° vanishes on the boundary, we have

|u’(x)| < cR, for z € Byg(zo)
and thus

[ G0 + R e < o
B’2R(Io)
Next, considering the integral
toA(to+0—e2R?)T
Jul?
Gy dx dt,

R2
(to—4R2)* B2r—Br/2

we may use inside the integral
Gy <cR™" < K(e)Gy

together with Poincaré’s inequality to assert that

I < cK(e) / | Dul*Gy d dt.
Q4R—QR/2

185

(4.22)

(4.23)



186 A. BENSOUSSAN AND J. FREHSE

Next

to**

2 2 2
I = / [ul® B Gydadt = / / [l e d:cdt+/ / [l B Gy da dt.

Q2R7QR/2 Bor— BR/2 (to—4Rr?)*+ BR/2 (to—4Rr?)*+
In the second integral, we may use inside
cR™" <Gy <cR™"

together with Poincaré’s inequality. In the first integral we decompose the interval of time into [(tg — 4R?)*,
to A (to+ 6 —e2R%)*] and [to A (to + 0 — e2R?) ™, to]. In the first interval we recover I;. In the second interval
we can majorize Gy by §(¢)R™™, and use Poincaré again.
Collecting results we can assert that
a / |Dul*Gp dx dt < / |Dul?(Go K1 () + 61(¢)R™™) dadt + ¢(p) R™, (4.24)
Qr(zo0) Qar(20)—Qry2(20)

where again
d1(e) — 0, Ki(e) 00 ase—0.
We now assume that
Bagr(z) C Q. (4.25)

Note that Bap = Bag, Qar = Q2r.
To proceed, we introduce the notation

[ ule, Oon da
Bar

u? ==
b
R,xo,t f PR dx
Bar

where pr has been defined in (4.16). We shall need the following result:
Lemma 4.3. Let (tg — 4R?*)T < s <t <tg, then one has

t

[y o ¢ — Wy o> < R / / |Dul? + cR?. (4.26)
s Bar—Bpr/a
Proof. Tt is obtained by testing (2.22) with pr and integrating over x and the interval s, t. o
Consider the case
to+60 —2R? <0, (4.27)

then we take

= (W) =, 0 (4.28)
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Note that in Bag(zo), we have |u(z) — (u®)?| < ¢R, hence the first term in the right hand side of (4.22) is
bounded by ¢(p)R%. Next applying (4.26) we have

to
[WR ot — 12 < cR*”/ / |Dul? + cR*%. (4.29)
0 B2r—Bry/2

Moreover, in (4.22) the last integral vanishes. Consider

to

— B2 _ .R|2
/ %(G(;—F&(E)R%)dxdt: / / %(G;—f—é(e)]%‘”)dxdt
Q2r—QRr/2 0 Ba2r—Bpg/2
to
_ Rp2
< §()R / / %dxdt
0 B2r—Bry/2

since in the integral Go(z,t) < 27"6(2e)R™™, by (4.7).
Using

t

° ju— P2 / = W 7
/ / %dmdtﬁ 2/ / %dmdt+2}2"’2/|u%,xo,tfcR|2dt
0

0 Bar—Bry2 0 Bar—Bry2

and Poincaré’s inequality, we obtain again that the inequality (4.24) holds.
It remains to consider the case

to+60 —*R? > 0. (4.30)

We take this time

toA(to+0—e2R?)
. u?‘—i@o,t dt
R (to—4R?) )
€ = toA(to+0—c2R?) (4.31)
dt

(to—4R?)*
To evaluate the first term on the right hand side of (4.22), we restrict ourselves to tq < 4R?. We remark that

toA(to+0—e2R?)
[y 0 — (0?2 dlt

R _ (, 0\p|2 0
|C (U’ ) | S to/\(t0+9—€2R2) ?
dt
0

and from Lemma 4.3

toA(to+0—e2R)
|t — (%) < cR7" / / |Du|? dz dt + cR*%.

0 Bar—Bry2
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Using inside the integral Gy(z,t) > do(5)27"R™", we obtain
Mo@rPSEE [ PPt dedt +eR?,
Q2R(ZO)_QR/2(ZO)

which is similar to the right hand side of (4.24).
Consider the term

|’Lb - CR|2 -n
Q2r(20)—Qr/2(20)

then we can reduce it to the study of

|U - u%,x07t|2

Jy = T Reotl (G4 6(e)R™) dedt

R2
Q2R(ZO)—QR/2(ZO)
and
|l g s — " _
Jy = / RJOE—Q(GQ +6(e)R™™) dz dt.

Q2r(20)—QRr/2(20)

We treat J; as in the case when ¢ = 0 (see above). Note that

to
|U’/}J{,(L‘0,t - CR|2

JQSC R2

(to—4R2)+

dt

and the interval of integration in time is split into
[(to — 4R2)+, to N\ (to + 6 — €2R2)] and [to N (to +6— €2R2), to].

In the second interval, we use the fact that

to to

P P 2
|“R, t T Up o2yl _
o ’“’;%?A“"* SR Gt < ee? [R n |Du|2dxdt+R2ﬁ°},
toA(to+0—e2R2) (to—4R?)*t Bar—Br/2

which is a term like in the right hand side of (4.24).

For |u§%,x0,t0A(t0+9752R2) — c'|? and the first interval of time we need to use (4.26) with s < ¢ < tg A (to +
6 — e2R?), in which case we rely on the fact that R™" < K (¢)Gy(x,t) to obtain contributions of the type of the
right hand side of (4.24).

Collecting results, thanks to the appropriate choice of ¢?, we can assert that:

Lemma 4.4. Provided (4.20) holds, the inequality (4.24) applies, with §1(c) — 0, K1(g) — 00 as e — 0.
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4.7. Statement of the main property
We can now state the

Proposition 4.1. Under the conditions of Proposition 3.1 one has the property
/ |Du|?dzdt < c(p)R™H%° (4.32)
QR(ZO)
for some B >0, 26 < Bo.
Proof. Using
cR™" < Gre(x,t)  for t<to, © € Bar(xo)

we assert from (4.24), that for § < ¢?R?,

/ |Dul?Gy dx dt < K (¢) / |Dul?Gg dx dt + (<) / G e dzdt + c(p)R™.

Q%(ZO) QALR(ZO)*Q%(ZO) Q4R(z0)*Q§(ZO)
Then for 23 < fy and 828 < 1, setting

©(R) = R™? sup / | Dul?Gy d dt,
0<q’R? _
QRry/2

we deduce, by the hole filling trick that

p(R) <v(e)p(8R) + c(p),

where v(g) < 1 for a convenient choice of € sufficiently small. This implies

sup R~ sup /|Du|2G9d:cdt§c(p),
0<R<R; 0<4q2 R?

Qr

and in particular

R~ / |Dul?G g2 dzdt < c(p)
Qr
hence also (4.32), and the proof has been completed. O

To obtain the Holder property from (4.32), it is sufficient to observe that

/ |u —up, ., |* dedt < cR? / |Du|? dz dt + cR"H2+20, (4.33)
Qr(zo0) Qar(=0)

When Bag(z9) N (R™ — Q) # 0, this follows from Poincaré’s inequality. When Bag(zg) C €, it is obtained by
using the analogue of Lemma 4.2 with 75 as a test function.
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From (4.32) and (4.33), thanks to the characterization (4.2), we obtain the Holder estimate

/ |u — uR, . |? dodt = c(p)RMH2+20, (4.34)
Qr(20)

Remark 4.1. Note that § does not depend on p, but only on Gy = 2 — "TJFQ.

5. A PRIORI ESTIMATES IN LP(0,T; W%P(Q))

5.1. Statement of the result

We want to show now an estimate of v in LP(0,T; W?P) and % € LP(Q), with p < q.
We shall rely on the method used in the elliptic theory (see Frehse [11]). We need to know that « is Holder
and the following property of the Hamiltonian summarizes what is needed

\H(z,t,u, Du)| < K|Dul* + §, feLi> g +1, (5.1)
which of course is satisfied in the conditions of Proposition 3.1. Without loss of generality we can take
u’ = 0. (5.2)

Indeed defining z by

0z

Ay =
0t+ (t)z =0,

Z|Z:0a Z(I,O):UO,

then from the linear theory and the assumption (2.20), z has full regularity. By a simple translation, we obtain
a problem where the property (5.1) is satisfied as well as (5.2).
We state the

Proposition 5.1. Under the conditions of Proposition 3.1 one has the property

|5
ot

5.2. Proof of Proposition 5.1

+ ||w|| Leco.w2p <c Vp < gq. 5.3
Lr(Q) llull (0,T;W2r(Q)) = (p) pP>q (5.3)
Let Qr(xo) be the cube of center xy and side length R. We note

Qr(zo) = 2N Qr(20).

Let 7 be a Lipschitz continuous function such that

o 1 on Q1(0),
o outside Q2(0),

and denote

w2 {0 1, e
R R 0 outside Q2r(wo).
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We shall denote by K constants depending only on the data, K (p) those depending also on the L> norm of u
which has been denoted by p, and Kr constants depending on R. Calculating

%(UVTR) + A(t)(u”TR),

and applying the linear theory of parabolic equations, we can assert, making use of (5.1)

T

810
/5
0 Qr

‘We notice that

8=

dx dt //|D2u|pdxdt <K //|Du|2pdxdt + Kg, Vp<gq. (5.4)

0 Qar

//|Du|2pdzdt<//|TQRDu|2pd:Edt (5.5)

0 Q2r 0 Qar

Let cR(t) be a vector, depending on ¢ but not on x, such that

0 if Qur(wo)N(R" —Q)#0
Bty = % ( Ienén u(z,t) + max u(x, t)) if Qur(zo) C . (5.6)

Therefore g (u — cf) =0 on .

Performing an integration by parts we have

T T
/ / |Tor Du|?? dz dt = —/ / 728 | Dul** =2 Au, (u, — &) dz dt

0 Qur 0 Q4R

_zp//m

0 Qur

T
ou?  du, Ou
—2(p—1 DulPP~4_— B Z B2V — BYdrde
1) [ [ D G G el da
0 Qur

T
§cp/ / T2R|Du|2p 2|D2u| |u — R|d30dt
0 Qur

0 du,
T2k ~|Du |2P—2 81:; (u, — cf)dz dt

—l—cp/ / 7'221’; Y Drog| | Dul?Hu — | da dt
0 Qur
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hence

<CP// 2p|DQU|p|u R|dxdt+cp//T2R|Du|2p|u R|dmdt+cp//|DTQR|2P|U—CR|dxdt

0 Qur 0 Qur

and from the Holderianity of u

Rﬁ// 728 | Dul?P da dt + K, (p // 201 D?ulP dz At + K, r(p).

0 Qur 0 Qur

Combining with (5.4, 5.5), we arrive at

//|D2u|pdxdt< (p Rﬁ/ / |D2uf? dz dt + K, g(p), (5.7)

0 Qur

provided of course 1 — K,(p)R® > 0. So take R < Ry with 1 — Kp(p)R[f > 0 and define

T
&= sup //|D2u|”dxdt,
ToEN

R<R1 0 Qp

then notice that

T
sup//|D2u|pd30dt§K§7

xoEN
R<R, 0 Q4R
and thus
K!(p)R®
p K/
g =q1_ Kp(p)Rﬁg + p,R(p)
We may assume R; such that
KyoR,
L- K, ()R

which leads to an estimate on £. By a finite covering of Q by cubes Q g, we easily conclude the estimate (5.3).
The proof has been completed.

6. PROOF OF THEOREM 2.1
If we consider the approximated Hamiltonians

H(z,t,Ap)
L+ e|H(z,t,\p)|’

He(x,t, A\, p) =
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then it is clear that it satisfies all the assumptions of H, with the same constants, independently of €. Now if
we consider the approximate problem

8 £
a—ut + A(t)u® = H(x,t,u®, Du®),
uE(O) = uov u€|€ =0,

whose solution in L2(0,T; W?2P(Q)), aa—f € LP(Q), exists for any p, since H is bounded by %, then the a priori
estimates obtained in (3.18, 3.19, 4.34) and (5.3) are valid for u®. By extracting a subsequence which converges
in the appropriate spaces, it is fairly easy to see that the limit is a solution of (2.21-2.23).
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