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Abstract. We construct a one-to-one correspondence between the equivariant
diffeomorphism classes of smooth Sp(2, R)-actions on the standard 4-sphere without fixed
points and the equivalence classes of certain pairs of R-actions and maps defined on the
circle subject to five conditions. Consequently, we show that there are infinitely many
smooth Sp(2, R)-actions on the space without fixed points up to equivariant diffeomor-
phisms.

Introduction. Asoh [2] classified smooth SL(2, C)-actions on S* topologically,
and Uchida [7] classified SO( p, q)-actions on S?* 7~ 1 for p, g > 3 such that the restricted
SO(p) x SO(gq)-actions are standard. Each of their actions is characterized by a pair
(9, f) satisfying certain conditions, where ¢ is a one-parameter transformation group
on St and f:S'>P,(R) is a smooth function. The pair, introduced by Asoh and
improved by Uchida, is constructed by using the following two facts: first, the restricted
maximal compact subgroup action has codimension one principal orbits and secondly,
the fixed point set of the action restricted to the principal isotropy subgroup is
diffeomorphic to S*.

In this paper, we shall study smooth Sp(2, R)-actions on S* without fixed points.
Since Sp(2, R) is simple and contains U(2) as a maximal compact subgroup, it follows
that the principal isotropy subgroup of the restricted U(2)-action is conjugate to a circle
T. Hence the U(2)-action has codimension one principal orbits, but the fixed point set
of the restricted T-action is diffeomorphic to S2. Thus we are in a situation slightly
different from [2] and [7]. Instead of the pair, we shall construct a triple (S, ¢, f)
satisfying the conditions defined in §4, where S is diffeomorphic to S* in $%, @ is a
one-parameter transformation group on S and f: S— P,(R) is a smooth map, and show
that the triple is finally represented by a pair (¢’, /) defined in §6.

The author wishes to express his gratitude to Professor Fuichi Uchida who offered
many helpful suggestions, advice and encouragement during the course of this work.

1. Preliminaries. In this section, we give relevant known facts and basic prop-
erties for later convenience.
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1.1. Sp(2, R) and sp(2, R). Let Sp(2, R) be the real symplectic group of order 2
defined by

Sp(2, R)={ge M(4, R)|gJ'g=J}  for J=< 01 102>
42

where M(4, R) denotes the set of real 4 x 4 matrices, ‘g the transposed matrix of g and
I, the identity matrix of order 2. Sp(2, R) contains U(2) as a maximal compact subgroup,
which is naturally embedded in SO(4) by

2 1

k
U(2)9k=k1+ik2|—>< ;C Zz>e50(4) )

The Lie algebra sp(2, R) of Sp(2, R) is
(1.1) sp(2, R)={AeM(4,R)|AJ+J'4A=0}

- )
A —'4,
We can take a basis of sp(2, R) as follows:
0 I 0 P R
s=( 5, ) w0 0) m(5 x) B
-1, 0 —P 0 0 R
0 0 I
(5 J) a(g0) &5 ) =
0 —-@Q 00 0 -1,
P 0 0P
Eqo= s E = ’
° (0 —P) 10 (P 0>
where P, Q, R are 2 x 2 matrices defined by
1
(30 () o 0)
0 —1 10 -1 0

respectively. The Lie algebra u(2) of U(2) is given by
u(2)=<E1, E29 E3’ E4> >

A; are 2 x 2 matrices with 4, and A4, symmetric} .

0 —-¢@
<Q 0 >
0 I,
(n6)

where { ) denotes the linear subspace generated by the elements in the angle bracket.

1.2. The 5-dimensional standard representation of Sp(2, R). We denote the inner
product on M(4, R) by

(X, Y)=trace(X'Y) for X,YeM(4, R),
and define an action of Sp(2, R) on M(4, R) by
(1.2) g-X=gX'y for geSp(2,R), XeM(4,R).
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Then M,,={Xe M(4, R) [ ‘X=—X} is an Sp(2, R)-invariant subspace of M(4, R) and
has an orthonormal basis

1<R 0 ) 1(0 R)
e1=— N e2=— )
2\0 —-R 2\R 0

1 1 1 1
es;=—F,, e, =—F,, es=—E,, e,=—EFE,.
3 2 2 4 2 3 5 2 4 6 2 1

Since eg=(1/2)J, the space R°>={e,, e,, e, e,, es> is Sp(2, R)-invariant. We call this
space RS the standard representation space of Sp(2, R) and the action (1.2) the standard
action of Sp(2, R) on R>.

LetR;={XeR*|J - X=—X}=(e, e;>and R,={XeR*|J- X=X} ={es, e,, €5).
Then R°=R, ® R, and we have the following properties:

(1.3) The standard Sp(2, R)-action on R? leaves invariant the quadratic form
—vi—vitwi+witwi=(J X, X),

for any X =v,e, +v,e,+w.e3+w,e,+wyes of R
(1.4) R, and R, are U(2)-invariant subspaces. Moreover, U(2) acts on S(R;) (i=1, 2)
transitively and

S(R)=UQ)/SUQR), S(R)=UQ2)T*,
where S(R;)={Xe R;| || X||=1}. The normal subgroup U(1) of U(2) acts trivially on R,
and so does SU(2) on R;.

REMARK 1.5. The above 5-dimensional representation of Sp(2, R) is a homo-
morphism from Sp(2, R) onto SOy(2, 3) and sends J to

(o %)
0 I,/
1.3. Subgroups and subalgebras. Put R3=<e,, e,, e;> = R>. Let H(a, b, c) (resp.
b(a, b, ¢)) denote the isotropy subgroup (resp. the isotropy subalgebra) of the standard
action of Sp(2, R) at ae, + be, + ce, for (a, b, ¢)#(0, 0, 0).

LemMa 1.6. b(a, b, c)={B,, B,, Bs, B,, Bs, Bg), where in the case ¢ #0,
B,=bE;+aE,+c(E,+Es), B,=—aE;+bE,+c(Eg+E,,),
B3=‘_bE3+aE4+C(E7_E9)5 B4=aE3+bE4+C(E8—E10),

B5=E2, Bé=_CE1+aE5+bE6,
and in the case c=0,
Bl =b2E7 +a2E9—ab(E8 —EIO) s BZ =a2E8 +b2E10_ab(E7—E9) s
B,=E,, B,=E,, Bs=E,, Bs=aFEs+bFE,.
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ProoF. Note that Aeh(a, b, ¢) if and only if AX+ X4 =0 for X =ae, + be, + ce;.
Then the result follows by routine calculations. g.e.d.

We define m(0)e Sp(2, R) (< R) by

(1.7) m(0)=exp(—gE5>=<cosh%>1—<sinhg>E5 ,

and put M= {m(6)|6e R}. Then we have
(1.8) m(0) - (ae, +be,+cey)=ae, +be,+c'es,

where b'=bcoshf+csinh 0, ¢’=bsinh0+ccoshf. Let T be the maximal torus of

SU(2) defined by
t 0
_1eSUQR)|{|t|=1}.
{(0 t) @l }
Then we have

(1.9) t=<E,>,  Lie(MT, Sp(2, R)))=<E, E,, Es, Es) ,

where t and Lie(N(7, Sp(2, R))) denote the Lie algebras of 7 and N(T, Sp(2, R)),
respectively, and N(T, Sp(2, R)) the normalizer of T in Sp(2, R).

LemMa 1.10. Sp(2, R)=UQR)MH(, b, c).

Proor. Let geSp(2, R) and g - (be,+ce;)=v®we R, ® R,. By (1.4) there exist
ke U(2) and ¢;= +1 (i=1, 2) such that

k=1g - (bey+cey)=¢,l|vlles+e,llwlles .
Since — ||v||?+ [|w(®> = —b*+¢c? by (1.3), there exists #e R such that
m(0) - (be, +ce3)=¢;|vlle; +es(wlle; .
Hence m(—0)k~'ge H(, b, ¢). g.e.d.
It should be noted that (,, ,b(a, b, c)=t by Lemma 1.6.

LEMMA 1.11. Let g be a proper subalgebra of sp(2, R) which contains t. If dim g=> 6,
then g=N(a, b, c) for some (a, b, c) or g=b(a, b, () ® (bEs—aEy) for a®>+b*=c>.

Proor. By the Ad(T)-action on sp(2, R), we can first decompose sp(2, R) into
Ad(T)-invariant subspaces as vector spaces:

sp, M=V, ®V,0V,0 W,

where V, =(E;, Es>, V,=(Es, E1o), V3={Es, Eq), W={Ey, E;, Es, E¢), and Ad(T)
acts trivially on W. Hence we see that

g=@n(", ®V,@V)DgnW).
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Then the result follows by the Lie algebra structure of sp(2, R) and the bracket
operations on these Ad(T)-invariant subspaces (cf. Uchida [6, §2]). q.e.d.

By Lemma 1.6, we see that b(a, b, c)=b(a’, ¥, ¢') if and only if (a, b, c)=r(a’, b', ¢')
for 0#£reR. Hence from now on we rewrite H(a, b, c) (resp. b(a, b, ¢)) as H(a:b:c)
(resp. b(a:b:c)), where (a:b:c) is an element of the real projective space P,(R).

Next we denote the element #(7) e U(2) by

t(T)=CXp<—%E1>=<cos%>l—<sin%>E1 for zeR.

Then {#(r)|te R} =U(1) is a normal subgroup of U(2) and acts on R* by
(1.12) Ht)*(ae, +be,+ce;)=a'e; +be,+cey,

where a'=acost—bsint, b’ =asint+bcost. The M- and U(1)-actions on R* derive
M- and U(1)-actions on P,(R), respectively. We call these derived actions on P,(R) the
standard actions on P,(R) and use the same notation as for the actions on R>.

2. Standard Sp(2, R)-action on S*. We set S*={XeR*||X|=1}. Let &,:
Sp(2, R) x §*—S* denote the smooth Sp(2, R)-action on $* defined by

2.1 o9, X)=|lg-X| 'g-X for geSp2,R) and XeS*.

We call @, the standard action of Sp(2, R) on S*. By (1.4) and (1.7), this action has
the following properties:

(2.2) The restricted U(2)-action ¥ has the principal orbit U(2)/T of codimension one
and two singular orbits U(2)/T? and U(2)/SU(2). Let F(T) be fixed point set of the
restricted T-action on S*. Then F(T)={ue, +ve,+we;|u®+v>*+w?=1}cR* and

FT)[(M(T, U(2))/T)=S*/U(2),
where N(T, U(2))=T?u E,T? (cf. Bredon [3, p. 191]).
(2.3) S'={ve,+wes|v>+w?=1} is an M-invariant subspace of F(T).

By (1.8), Lemma 1.10, (1.12), (2.2) and (2.3), we see that the standard Sp(2, R)-action
on S* has three orbits.

REMARK 2.4. By the classification theorem due to Asoh [1], any almost effective
smooth U(2)-action on S* is equivariantly diffeomorphic to one of the following:

(1) the U(2)-action ¥ defined above.

(2) ¥': UQ2)x S8*>S* defined by

v'(g, (x, ) =(gx, y) for (x,y)eS*=C?xR'.

We notice that the action ' has two fixed points as singular orbits.
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3. Smooth Sp(2, R)-actions on S*.

LemMAa 3.1. Let @:Sp(2, R)x N-N be a smooth Sp(2, R)-action on a smooth
4-manifold N. Then the action @ has a fixed point if and only if its restricted U(2)-action
has a fixed point.

ProOF. Suppose the restricted U(2)-action has a fixed point X,. Let g be the
isotropy subalgebra at X, with respect to the Sp(2, R)-action. Then tcu(2)=g. On the
other hand g=bh(a:b:¢c), h(a:b:c) D (bEs—aEgy or sp(2, R) by Lemma 1.11. Hence
g=sp(2, R). Thus X, is a fixed point of the Sp(2, R)-action. q.e.d

By this lemma and Remark 2.4, we have:

LEMMA 3.2. Let &:Sp(2, R)x S*—S* be a smooth Sp(2, R)-action on S*. Then
the action @ has no fixed point if and only if its restricted U(2)-action is equivariantly
diffemorphic to the action \ in (2.2).

In the rest of this paper, we shall study smooth Sp(2, R)-actions on S* without
fixed points. By Lemma 3.2, we assume that the restricted U(2)-action coincides with

Y. We put
G=Sp(2,R), K=U(2), T={<(t) (t1>|t|=1}’

y=P,|KxS*, FT)={(u,v, w)=ue, +ve,+wes|u*+v>+wi=1}.

(3.3)

Let @: G x S*—S* be a smooth G-action on S* satisfying @ | (K x S*) =y We shall
construct a smooth map f: F{{(T)— P,(R) uniquely determined by the condition

(3.4) b(f(X)<cgx  for XeHT),

where gy is the isotropy subalgebra at X with respect to the given G-action @ and
h(f(X)) is a subalgebra of sp(2, R) in Lemma 1.6. Because gy is a proper subalgebra
of sp(2, R) containing t, there exists a unique (a:b:c)e P,(R) such that h(a:b:c)cay
by Lemma 1.11.

Comparing b(a:b:c) with the isotropy subalgebra of the restricted K-action, we

have

3.5) f(X)=(0:0:1)=X=(0,0, 1),
and |

(3.6) f(X)=(a:b:0)<=X=(u,0,0).

Let m(6) be the matrix defined by (1.7). The set F(T) is invariant under the M-action
D | (M x $*), because m(f) commutes with each element of T. Let ¢: R x F(T)—HT)
denote the smooth R-action on F(T) defined by ¢(6, X) = &(m(0), X). Then we see that
fis U(1)- and M-equivariant by the definitions of f and b(a:b:c). Hence we have
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3.7 flo@, X)=m(0)-(a:b:c)=(a:b":c") for f(X)=(a:b:c),
where b’ =bcosh 0+ c¢sinh 8, ¢’ =bsinh 8+ ccosh 8, and also
(3.8) f(t)- X)=t(r)*(a:b:c)=(a’:b":¢) for f(X)=(a:b:c),

where a’=acost—bsint, b’ =asint+bcost. By (3.6), (3.8) and (1.12), we see that the
restriction f'| {X=(u, v, 0)e F(T)} is a double covering.

LeEMMa 3.9. The map f: F(T)— P,(R) is smooth.

PrOOF. Put f(X)=(a:b:c)for X=(u, v, w). Then h(a:b:c)=gy. First assume that
w#0. Then ¢#0 and we have

aEy;—cE,,, bE;+cEs€eqgy,
by Lemma 1.6. Hence
a||E3||§(—c<<E3, Eio»x=0, b\ E;||% + cK Es, Eg»x=0,

where ¢ , ) denotes the standard Riemannian metric on S$* and each element of sp(2, R)
can be considered naturally as a smooth vector field on S§* (cf. Palais [5, ch. II, Th.
IT7). Hence f(X)=(a:b:c)=(a/c:b/c:1) is smooth, since E,¢ g, by Lemma 1.11.

Next assume that w=0. Then ¢=0. If b#0, then f(¢(f, X)) has a non-vanishing
third coordinate for some 6e R by (3.7). Hence f is smooth, since f(X)=m(—0)-
f(@(8, X)) by (3.7). In the same way we see that f is smooth in a neighborhood of the
points X; (i=1, 2) satisfying f(X;)=(1:0:0) by (3.8).

Thus f is smooth on F(T). q.e.d.

By (3.5), (3.6), (3.7) and (3.8), the image of f contains P,(R)— C, where C is the
standard U(1)-orbits of the set {(0:1: +1)}. Hence we see that f is surjective by the
continuity of f.

Let J;: (T)-»HKT) (i=1,2) denote the involutions defined by J,(u,v,w)=
(—u, —v,w) and J,(u, v, w)=(u, v, —w). Then J,J,(X)= — X and we have

(3.10) JULX)=fUx(X))=(a:b:—¢)  for f(X)=(a:b:c),
which follows from J;(X)=y/(j;, X) (i=1, 2), where
(3.11) Si=E,=Jel(l), Ja=E;eN(T, U(2)).

Since j;m(6) =m(— 0)j;, we have
(3.12) Jile(0, X)=p(—-0,J,(X)) (i=1,2).
Put P, (R)={(b:c)=(0:b:c)e P,(R)} and S=f"'(P,(R)).

LemMMA 3.13. S is a one-dimensional submanifold of F(T) which is diffeomorphic
to a great circle in F(T).
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PROOF. Let f; be the restriction of f on F(T)—{+e;}. Then f, maps F(T)—{ te;}
onto P,(R)—{(0:1)}. Since f, is t-regular on P;(R)—{(0:1)} by (3.8), fo {(P(R)—
{(0:1)}) is a one-dimensional submanifold of F(T)—{+e;}. By (3.5), S=f5 "(P(R)—
{(0: 1)) u{+tes}. On the other hand, (8, +e;)e S by (3.7) and ¢(—, +e;) gives a local
diffeomorphism from a neighborhood of 0 in R to a neighborhood of +e;. q.ed.

Let us denote the restriction of f and ¢ to S also by f and ¢, respectively. By the
definition of S, S is J-invariant for i=1, 2, and f and ¢ also satisfy the conditions
(3.5), (3.6), (3.7), (3.10) and (3.12). Moreover S—{ +e,} intersects transversely U(1)-
orbits on F(T)—{ te,}.

4. Properties of (S, ¢, f). Let S*={X=(u,v,w)eR?*|u*+v?+w?=1} and
P (R)={(b:c)=(0:b:c)} = P,(R). Let (S, ¢, f) be a triple of a one-dimensional closed
submanifold S of S2, a smooth R-action ¢ : R x S—S and a smooth map f: S—P,(R)
satisfying the following conditions:

(i) Sis J-invariant and diffeomorphic to a great circle containing {(0, 0, + 1)},
where J; (i=1, 2) are involutions on S? defined in §3. S—{(0, 0, + 1)} intersects each
circles {(u, v, w)e S? |w=c} (— 1 <c<1) transversely.

(i)  Ji(o(0, X))=o(—0, Ji(X)) (i=1,2),

(i) f(J1(X)=f(X))=(b: —0) for f(X)=(b:0),

(iv) flo®, X))=(":¢") for f(X)=(b:0),
where b'=bcosh 6+ csinh 8, ¢’=bsinh 8+ ccosh b,

(v) f(X)=0:1)«=X=(0,0, +esS,

i) fX)=(1:0)<X=(u,v,0)eS.

Let (S, ¢, /) be a triple defined above. Let W,, and P(X) denote matrices defined
by

4.1) W= (b*+c?) ™ Y2(be,+ces) , P(X)=W,'W,.
for f(X)=(b:c), respectively. Let U(X) denote the subset of G defined by
UX)={geG|(g* Wo@" W)= Wy Wiy} .
Then trace P(X)=1 and H(0:b:c)< U(X). We have
4.2) (m(6) - W) (m(0) - W)= A0, X)P(0(6, X)) ,
where
(0, X)=cosh 20+ 2bc(h*> +c?*)~!sinh 20
for f(X)=(b:c). By the conditions (v) and (vi), we have
(4.3) KnH@O:b:c)=Ky,

where Ky denotes the isotropy subgroup at X e S for the K-action y.
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5. Construction of Sp(2, R)-actions.

5.1. Let (S, ¢, f) be a triple of a one-dimensional closed smooth submanifold S
of S2, a smooth R-action ¢ on S and a smooth map f: S—P,(R) satisfying the six
conditions in §4. We construct a smooth G-action on S* from the triple (S, ¢, /). We
use the notation in (3.3) and (3.11).

Let XeS. Then by Lemma 1.10,

5.1 G=KMH(O:b:c)
for f(X)=(b:c). Take (g, p)e G x S*. Let us choose

keK, XeS:yk X)=p,

(5.2)

k'eK, 0eR, ueH(:b:c): gk=k'm(O)u,
and put
(5.3) (g, p)=y(k', p(0, X)) e S*.

Then we have the following:

PROPOSITION 54. @: Gx S*—>S* of (5.3) is a smooth G-action on S* such that
| (Kx 54 =y.

In the rest of this section, we shall prove this proposition. The proof is divided
into two parts.

5.2. First we shall show that @ of (5.3) is well-defined and defines a G-action on
S* such that @|(Kx S*)=y.

LemMma 5.5. Let f(X)=(b:c) and
(%) km(Owu=k'm@Y for k,k'eK and u,u’'eHO:b:c).
Then Y(k, (8, X)) =y (k', (6, X)).

To show this, we need the following lemma.

LeEMMA 5.6. In Lemma 5.5, the following hold.

() Iff(X)=(e:1) (e==%1), then () implies 0=0" and k™ 'k’ e T.

2) Iff(X)=(1:0), then (*) implies one of the following:

(@) 0=0'=0 and k™ k'e SUQ2), (b) 0=0"#0 and k™ k'eT, (c) 8=—0'+#0 and
k™'k'ej,T.

3) Iff(X)=(0:1), then () implies one of the following:

(@) 0=0'=0 and k™ 'kK'eT? (b) 6=0"#0 and k™ 'k'eT, (c) 8=—0"#0 and
k™ k'ej,T.

Proor. We only prove the case (2). Since km(0) - e,=k'm(0’) - e,, |m(0) - e,]| =
lm(0’) + e;||. Hence 8= +0’. If 8=6’, then (a) or (b) holds. If §=—8'#0, then
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Sk TR m(0) - e, =j,m(6) -e;=m(—0) - e,=m(0") - e, .
Hence (c) holds. g.e.d.

PROOF OF LEMMA 5.5. In the case f(X)=(e:1), we have §=0’ and k~ 'k’ e T by
Lemma 5.6. Put £~ 'k’=u. Then
Yk', o0, X))=y(ku, (8, X))=y(k, (0, X)) .
In the case f(X)=(1:0), if the case (c) of Lemma 5.6 (2) holds, put k™ *k’=j,u. Then

Y(k', (0", X)) =y(kjru, o(—0, X)) =y(k, (8, J (X)) =y(k, ¢(0, X)),
by the condition (ii). The other cases of Lemma 5.6 (2) are clear. In the case f(X)=(0:1),
we can also show the result by Lemma 5.6, (3). Now we shall show the equality in the
other case. Let f(X)=(b:c), where bc#0 and |b|#|c|. If |b|<|c]| (resp. |b|>|c}),
then by the condition (iv), there exists 6,e R such that f(¢(6,, X))=(0:1) (resp.
(1:0)). Put X, =¢(08y, X). Since km(6 —0,) - e;=k'm(0'—6,) - e; (resp. km(6—0,) - e, =
k'm(0'—8,) - e;), we have
Y(k', 6, X)) =y(k’', (8" =05, Xo)) =Y(k, p(8— 0, Xo))=Y(k, ¢(6, X)) .
g.e.d.
By Lemma 5.5 and the definition of @, we can show that @ of (5.3) is a well-defined
G-action satisfying 45] (K x S*)=1. Since the proof is same as [7, §4], we omit it.
5.3. Next we shall show the smoothness of @ of (5.3). For i=1, 2, define

S;(@)= {dj(g, € .1) l ge G} » Si(@o)= {¢0(g, €+1) | ge G}
for the G-action @ of (5.3) and the standard G-action @, respectively. Then clearly
51(@o)={v®we SR, ® Ry)| ol > |Iwl},
S:(Po)={vr®we SR, ®Ry)| llvll <llwl} .
Put X;=(u,v,0)eS. Let r; (resp. r) be the supremum (resp. the infimum) of the third
coordinate of {¢(0, X,)|0eR} (tesp. {@(6, e;)|0€R}) and set r,=(1—r?)'2 Then
0<r;<1 (i=1,2) and we see that
Sy (P)={v@®weS(R, D R,)|w|<ry},
Sy@)={v@®weS(RL®Ry)||v] <rs},
by (5.3) and the conditions of (S, ¢, f).
LEMMA 5.7. & is smooth on G x S;(®) (i=1, 2).

To show Lemma 5.7, we define diffeomorphisms F; (i=1,2). Let D3(8)={we
R,||w| <8} and D*(8)={veR,||jv]| <8} for §>0. The subset S;(®)n S of S has two
components. We denote one of them by S;. Then there is a smooth real-valued function
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h, on (—ry, r,) such that f(u, v, w)=(1: h,(w)) for (u, v, w)eS,; by the condition (vi).
By the conditions (iv), (vi), h; is a diffeomorphism from (—r;,r;) onto (—1, 1).
Moreover, we have h,(—w)= —h,(w), because

(I: by (=wh)=f(w, v, —wW)=f(J5(u, v, W) =(1: —h,(w)) .

Since wi—sw~'h;(w) is a smooth even function, F;(w)=|w| ‘(A (|w|)) w is a
diffeomorphism from D3(r,) onto D3(1) (cf. [4, ch. VIIIL, § 14, Problem 6-c]).

The subset S,(@)n.S of S also has two components. We denote by S, the one
containing the point e5. Then S, ={¢(0, e;)| 6 € R}. Let p: S,—D?*(r,) be the map defined
by p(u, v, w)=(u, v) and let L=p(S,). Then there is a smooth real-valued function 4,
on L such that f(u, v, w)=(hy(u, v): 1) for (u, v, w) € S, by the condition (v). We see that
h, is a diffeomorphism from L onto (—1, 1) satisfying h,(—u, —v)= —h,(u, v) and
hy(p(@(8, e5))) =tanh 8. We put L,=Hh; ([0, 1)). By using the standard U(1)-action on
D?*(5), we define a map F,: D*(r,)—>D?(1) by

Fy(t-v)=h,(v)(t"e,) for teU(1), vel,.

Then F, is a diffeomorphism from D?(r,) onto D?(1), because we see that F, is regular
on D2(r,) by the definition of (S, ¢, f).

ProOF OF LEMMA 5.7. Let a: D?(1)x S(R,)—S,(®,) be the diffeomorphism
defined by

(o, w)=(lolI*+ )" (v @ w),
and let F;: S,(®)—S,(P,) be the diffeomorphism defined by
2@ w)=a(F,(v), [w]| ™ 'w).
Since SU(2) acts trivially on R, by (1.4), we see that F, is K-equivariant. By the
definitions of F, and #4,, we have
2(@(0, e3))=o(m(0),e;)  for OeR.
Take ge G and put g=km(0)u for ke K, ue H{0:0:1). Then

F3(9(9, e3))=F3(Y(k, 9(0, €3))) = Do(k, F3(¢(9, e3)))
= d>O(k’ ¢0(m(0)’ 83)) = ¢O(g’ e3) .

4

Hence the difftomorphism F; is G-equivariant. Thus we see that the restriction
@ | (G x S,(P)) is smooth.

Let v, be the element of .S, satisfying f(v,)=(1:0). Then S; ={¢(®, vy) , OeR}. Let
n: S (@)>S(R,) x D3(r,) be the map defined by

ne@w)=(lv]| v, w).

Then 7 is a K-equivariant diffeomorphism by (1.4). We denote D(S,)=S,(®)n S? and
denote by S’ the intersection of D(S;) with the great circle in S? through v, and e,.
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Then 7(D(S1))=S(R,) x {wez e D3*(r,)} and n(S")={(vo, we;) | |wl<r} =S(R,) x D3(ry).
Moreover 5(S,) is a smooth curve in #(D(S;)) such that
(%) (v, wez) en(S,) < (v, —wez)en(S,),
since J,n(@(0, vy)) =np(—0, vy). It follows from the conditions (i), (i) in §4 and (*)
that there exists a smooth map o¢: (—ry, ;)= U(1) such that o(w)=0(—w) and that the
map &: 7(S)-n(S,), defined by o(X)=(c(w)" vy, we;) for X=(vy, we;)en(S’), is a
diffeomorphism. Let A, : S(R,) x D3(r,)—>S(R,) x D3(r,) be the K-equivariant diffeo-
morphism defined by

Ay, w)=(to-a(lwl) ™" - v, w),
where t,€ U(1) is the element satisfying ¢, - vo=e,, (|| - ||) being smooth since ¢ is an
even function. Let A, : §,(®)—S,(®) be the map defined by

A(w@w)=(to - a(Iwl) " -v)Dw.

Since A;n=nA,, A, is a K-equivariant diffeomorphism. Let a’: S(R;) x D3(1)—> S(®,)
be the diffeomorphism defined by

o' (v, w)=(1+|w|®) "2 (vDw).
Put Fi=a'o(1 x Fy)oneoA,. Then Fi: S,(®)->S5,(P,) is K-equivariant and we have

Fi(p(0, v))=Po(m(0), e;)  for OeR,

by the definitions of F; and ¢. Hence we see that F} is a G-equivariant diffeomorphism
in the same way as above and that the restriction @ |(G x S,(®)) is also smooth.
q.e.d.

Put X=(u,v,w)e S and f(X)=(b:c). If w>0, then ¢#0 and there is a smooth
function § on {(u, v, w)eS| w>0} such that f(X)=(f(X):1). We define the subsets S,
and S_ of S by

S, (resp. S_)={X=(u,v,w)eS|w>0, B(X)>0 (resp. B(X)<0)} .

Then each of S, and S_ is connected and J,(S,)=S_ and J,(S_)=S, by (5.8) and
the definition of f.

LemMMa 5.8. Let (8, X)eRx S, (resp. Rx S_) be given. Then ¢(0, X)e S, (resp.
S_) if and only if
(5.9 {2B(X)cosh 20+ (1+ B(X)*)sinh 20} >0 (resp. <0).

Proor. f(¢(0, X))=(B(X)cosh8+sinh8: B(X)sinh @ +coshf) by the condition
(iv). Hence if (8, X)e S, (resp. S_), then (B(X) cosh 8+ sinh 8)(S(X) sinh § + cosh §) >0

(resp. <0). Thus we have (5.9). Conversely, if (5.9) holds, then (0, X)e S, UJ,J,(S,)
(resp. S_uJ,J,(S_)). Hence we see that ¢(8, X)eS, (resp. S_) by (5.8) and the
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connectivity of the orbit of X under the R-action ¢. q.e.d.
We define
D, ={(6, X\)eRxS. |p(6, X)eS,},
W, ={(km(®u, X)eGx S, |keK, (0, X)eD,,uec HO: B(X): 1)} .
Then D, is an open set of Rx .S, and we have the following.
LemMma 5.10. For (g, X)eG xS, we have (g, X)e W, if and only if
(5.11) trace(g * Wiy 1)'(@ - W) #1 (1 - BOHA + X)) 71,
where Wy x,, is the matrix in (4.1).

Proor. By Lemma 1.10, for any g € G we always have a decomposition g =km(6)u,
where ke K, 6e R and ue H(0: f(X):1). Hence we see that

(%) trace(g * Wyx1)'(@ * Wyxy1) =cosh 20+ 2B(X)(B(X)*+1)" ! sinh 260

by (4.2). We denote the right hand side of this equation by «(6).

First suppose (g, X)e W .. We may assume that ¢(0, X)eS,. If f(X)=1, then
a(0)>0. Hence (5.11) holds. If B(X)#1, then a(f) has the minimum | (1 —B(X)?)(1+
B(X)?)~1|if and only if tanh 20 = — 2B(X)(1 + B(X)?)~!. Hence (5.11) follows from (5.9).

Next suppose (5.11) holds. Then tanh 20 # — 28(X) (1 + B(X)?)~ 1. Hence ¢(8, X) e
S, US_byLemma 5.8. If (8, X)e S_, then we can take a decomposition of g satisfying
@0, X)e S,. We shall show this as follows: By considering the R-action ¢, f(X)#1.
First suppose 0 < f(X)<1. Then f(¢@(fy, X))=(0:1) for ,€ R with (X)+tanh §,=0.
Put k' =kj,, u'=m(—0,)j,m(0,)u and 68’'=26,—06. Then we have

g=k'm@Y ;u'e HO:f(X):1).
Moreover ¢(6’, X)e S, because
(0o, X)=J,19(00, X)=(—0b, J1(X))
by conditions (ii), (v) and then
Ji(@(0', X)) =00 —0b,, p(— by, J1(X)))= (6 — by, (6o, X))=¢(8, X) .

Next suppose 1 <fB(X). Then f(¢(6y, X))=(1:0) for 6, R with f(X) tanh6,+1=0.
Now we put k'=kj,, u'=m(—0y)j,m(0)u and 6'=20,—6. Then we see that
g=k'm(@H', ' e HO:f(X):1) and ¢(8’, X)e S, in the same way as above. g.e.d.

Lemma 5.12. For any (g, X)e W, there exist unique kT e K/T and 0 € R such that
(5.13) g=km(@u;ucHO: f(X):1),(0, X)eD, .

Furthermore, the correspondence A: W, —(K/T)x D, defined by A(g, X)=(kT, 0, X) is
smooth.
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ProoF. First we shall show the uniqueness of the decomposition. If g=km()u=
k'm(6)u’, then ||m(0) - (0, B(X), D|=]m(0") - (0, B(X), 1)||. Hence we have 8§=6" by
Lemma 5.8. This implies kK~ 'k’ e T. Next we shall show that A is smooth. Let 8§ =6(g, X)
and d(g, X)=kT for (g, X)e W, . We consider the smooth function y on W, x R defined
by

(g, X, 0)=cosh 20+ 28(X)(1 + B(X)?) ! sinh 20 — trace((g * Wpx)1)' (9 * Wpy1)) -
Then y(g, X, 8(g, X))=0 by (5.13) and (*) in the proof of Lemma 5.10. By Lemma 5.8
07/80 =2(sinh 20+ 2B(X)(1 + B(X)*) 1 cosh 20) >0

at (g, X, 0) satisfying y(g, X, 8)=0. Thus we see that the function 8(g, X) is smooth by
the implicit function theorem.

Next consider the smooth maps §,: W, —R>, §;: K/T—R? and the smooth map
8, on (R;—{0}) @ (R, —{0}) defined by

d1(g, X)=(1+p(X)*)" 29 (B(X)e, +e3)
03(kT)=k" (e, +es3),
S,(0@w)= v v @ Iwl| " 'w,
respectively. Since §,0=40,3, and J; is an embedding, J is smooth. q.ed.

Now we show that @ of (5.3) is smooth. Define W(®)={(g, y(k, X))e G x S* | keKk,
(gk, X)e W.}. Since W, is an open set of G x S, by Lemma 5.10, we see that W(P)
is an open set of G x S*. Moreover, we see that ¢| W(®) is smooth, because A is smooth
by Lemma 5.12. Therefore, @ is smooth on G x S4, since G x §* is covered by the open
sets G x {®(g, e,)| g€ G}, G x {®(g, e;)| g€ G} and W(P), and ¢ is smooth on each open
set.

6. Equivalences and the theorem. Let @, (i=1, 2) be smooth G-actions on S* without
fixed points. @, and @, are said to be equivalent if @, is equivariantly diffeomorphic to
®,, i.e., there exists a diffeomorphism ¥ : $*— S* satisfying ¥(®,(g, X)) =D,(g, P(X))
for any (g, X)e G x S*.

Triples (S;, ¢;, f) (i=1, 2) satisfying the conditions (i) to (vi) in §4 are said to be
equivalent if there exists a diffcomorphism ¢ from S, onto S, such that {J;=J;¢ for
j=1, 2 and if the following diagram is commutative:

RxS, 2.8, &
Py(R)

6.1 lel 15
@2 /
RxS, — 8, f,

If S=5'={(0, v, w)} = S2, then we simply write the triple (S, @, f) as (¢, f). The
pair (¢, f) is characterized by the conditions (ii) to (vi) in §4. The pairs (¢;, f;) (i=1,2)
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are said to be equivalent if the triples (S!, ¢;, f;) are equivalent.

THEOREM. There is a one-to-one correspondence between the equivalence classes of
smooth Sp(2, R)-actions on S* without fixed points and the equivalence classes of pairs
(9, f) satisfying the conditions (ii) to (vi) in §4.

To prove this theorem we need the following lemmas.

LEMMA 6.2. Let @, (i=1, 2) be smooth G-actions on S* satisfying ®,;|(Kx S*)=y.
Then the corresponding triples (S;, ¢;, f;) defined in § 3 are equivalent if @, are equivalent.

PROOF. Let ¥ : S*—S* be a diffeomorphism satisfying ¥ - @, (g, X) = @,(g, ¥(X)).
Then Gy =Gy for any XeS* Hence ¥(S,)=S, and f;=f,o¥. Let E=¥|S,. Then
¢Jj=J;¢ (j=1,2) and &(94(6, X))=0,(6, {(X)). Hence (Sy, @4, f1) and (S, @3, f,) are
equivalent. q.e.d.

LemMa 6.3. Let (S, ¢;, f;) (i=1, 2) be triples satisfying the conditions (i) to (vi)
in §4. Then the corresponding G-actions ®; (i=1, 2) constructed by (5.3) are equivalent
if (S;, @;, f;) are equivalent.

Proor. If (S;, @;, f;) (i=1, 2) are equivalent, then there exists a diffeomorphism
£: 8,8, such that &{J;=J;¢ (j=1,2) and the diagram (6.1) is commutative. Since
¥ [(KxS;): Kx 8§;—S* are smooth, closed and surjective, there exists a K-equivariant
homeomorphism ¥ of S* satisfying Y(y(k, X))=y(k, E(X)) for ke K, Xe S,. Now for
any (g, p)e G x §*, let us choose (g, p)=y(k’, ¢,(8, X)) as in (5.3), where p=y(k, X),
gk=k'm(6)u, ue HQO:b:c) for fi(X)=(b:c). Then we have

¥(2.(9, ) =YW (K', 9.8, X)) = (k’, 04 (6, X))
=yY(k', 920, £(X)) = Py(g, ¥(p)) -

Thus ¥ is G-equivariant.

Let Sy(T)={XeS; | Si(X)#(1:0), fi(X)#(0:1)}. Since ¥ | (Kx S;(T)) are open
maps and have smooth local sections, ¥ is a diffeomorphism on S*— {B(T?) u B(SU(2))},
where B(T?)={y(k, e5) | ke K} and B(SUQ2))={y(k,e,)|keK} are two singular
orbits of the K-action y on S*. On the other hand, open orbits {®;(g, e5)|geG}
and {®(g,e,)|geG} of the G-actions @; are equivariantly diffeomorphic to
G/H(0:0:1) and G/H(0:1:0), respectively. Hence the G-equivariant homeomorphisms
P|{®,(g,€;)|geG}: {®,(g, )| g€ G} > {D1(g, €)| g€ G} (i=2, 3) are diffeomorphisms.
Thus ¥ is a G-equivariant diffeomorphism and hence ¢, and &, are equivalent.

q.e.d.

LEMMA 6.4. Let @ be a smooth G-action on S* satisfying @ |(Kx S*)=y, and let
(S, @, f) be the triple defined in §3. Then the G-action @', constructed from (S, ¢, f) by
(5.3), coincides with the given one.

PrOOF. Let (g,p)eGx S*, and set ®'(g, p)=y(k', ¢(0, X)) as in (5.3), where
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p=y(k, X), gk=k'm(6)u, ue HQO:b:¢) for f(X)=(b:c). Then we have

P(g, p)=P(k'm(O)uk ™, Y(k, X)) =y (k', p(8, X))=2'(g, p) -
g.e.d.

LEMMA 6.5. Let (S, @, [) be a triple satisfying the conditions (i) to (vi) in §4, and
let @ be the G-action on S* constructed from (S, @, f) by (5.3). Then the triple (S', @', ")
constructed from ® coincides with the given one.

Proor. Let XeS and f(X)=(b:c). Then H(0:b:c)<= Gy by the definition of &.
Hence f'(X)=(b:c) and we have S=.S" by the condition (i). Therefore f=f"and p=¢’.
q.e.d.

LEMMA 6.6. Let (S, @, /) be a triple satisfying the conditions (i) to (vi) in §4.
Then the triple is equivalent to a pair (¢', f') satisfying the conditions (ii) to (vi) in §4.

PrOOF. By the condition (i), there exists a J-equivariant diffeomorphism h: S'—
S for i=1,2. We define a smooth R-action ¢’': RxS'—S! and a smooth map
f': 8t > Py(R) by

0’0, X)=h"Y @0, k(X)) and [f(X)=f(KX)) for feR, XeS*,

respectively. Then we see that the pair (¢’, f”) satisfies the conditions (ii) to (vi) in §4
and is equivalent to the triple (S, ¢, /). : q.e.d.

PrOOF OF THEOREM. Let @ be a smooth G-action on S* without fixed points.
Then @ is equivalent to a smooth G-action @’ on S* satisfying @' |(Kx S*)=y by
Lemma 3.2. Hence we are done by the above lemmas. q.ed.

7. Examples and Corollary. Let (¢, /) be a pair defined in §6. Then we denote
Flo, )={XeS'| @O, X)=X for any 0 R} .

We say that X, X, € F(p, f) are equivalent if X,=J7J5(X,) for some r,se{0, 1} and
we denote the set of the equivalence classes by {F(¢, f)}. Then we have the following
lemma by the definition of (¢, f).

LemMMA 7.1.  If {F(o, f)} consists of m elements, then the G-action on S* constructed
from (@, [) by (5.3) consists of (2m+ 1) orbits.

Now we give two examples.

ExampLE 1. Let @, be the standard G-action on S$* introduced in §2. Then the
triple (Sg, ©o, fo) 15 as follows:

S0=S1 H f0(05 2 W)=(U: W) and (p0(99 (03 D, W))=(U,2+W12)_1/2(03 UI, W’) >

where v'=vcosh 8+ wsinh 8, w'=vsinh 8+ wcosh 8. Moreover {F(¢,, f;)} consists of
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one element.

ExaMpLE 2. Let m be a positive integer. Now we shall construct a pair (¢, f)
defined in §6 such that {F(¢@, )} consists of (2m—1) elements. Let L be the unit vector
field on S*! defined by Ly= —w(6/dv)yx +v(6/0w)y for X=(0, v, w)e S'. We put

_fexp(—1/x%)  if x>0,
p(x)"{o if x<0,
and n(x)=p(p(x)). We define smooth functions a(x) and B(x) by
a(x) = (n(x1) —n(x2))/(n(xy) +n(xz))
BOx)=x7x3p(x,)p(x2)[(xp(x1)? + X3 p(x2)) ,
where x; =(1+x)/2, x, =(1—Xx)/2. Put y(x)=1/a(x) for x#£0 and

a2 D) =YDz 1 (D Do) O<T<7),
b(r)=s53 ;05 “ (— 1YB(w;(z)) (0<t<n),

where s=7/(8m—4) and w;(1)=(r—2js)/s (0<j<4m—2). Then we see that

(7.3) b(r)(daldr)=1—a(1)?,

and

74 a(n—1)=—a(1), b(rn—1)=b(7),

by routine calculations (cf. Asoh [2, §10]).
Put X=(0, cost, sint)eS! (—n<t<n) and

h(X)={a(T) %f O<t<m,

75) —a(—1) if —n<1<0,

. b(1) if O<t<m,
g(X)={ .

b(—1) if —n<1<0.

Then g and h are smooth functions on S*! and S* —{(0, +1, 0)}, respectively. Also there
exists a smooth function #'(X) in a neighborhood U of (0, + 1, 0) satisfying #'(X) = 1/h(X)
for any Xe U—{(0, £1, 0)}. We define a smooth map f: S'— P,(R) by

X):1) if X#(0, £1,0),
(1:/'(X)) if XeU.

Then conditions (iii), (v) and (vi) in §4 hold by (7.4). Moreover we have
gUi(X)=9g(X),  h(J(X)=—h(X),
by (7.4) and (7.5). We see by (7.3) that
(gL)xh=1—h(X)* for XeS'—{(0, +1,0)}.

f(X)={
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Hence the vector field gL defines a smooth R-action ¢ on S!' which satisfies
h(p(6, X))=(h(X)+tanh 6)/(1 + A(X) tanh 6) and conditions (ii), (iv) in §4 (cf. Asoh [2,
Lemma 9.3 and (6.8)]). We also see that {F(¢, f)} consists of (2m— 1) elements.

By Example 2, we have the following:

COROLLARY. There are infinitely many non-equivalent smooth Sp(2, R)-actions on
S* without fixed points.
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