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SMOOTHING PROPERTIES OF
IMPLICIT FINITE DIFFERENCE METHODS
FOR A DIFFUSION EQUATION IN MAXIMUM NORM *

J. THOMAS BEALE f

Abstract. We prove a regularity property of finite difference schemes for the heat or diffusion
equation u+ = Awu in maximum norm with large time steps. For a class of time discretizations includ-
ing L-stable single-step methods and the second-order backward difference formula, with the usual
second-order Laplacian, we show that solutions of the scheme gain first spatial differences boundedly,
and also second differences except for logarithmic factors, with respect to nonhomogeneous terms.
A weaker property is shown for the Crank-Nicolson method. As a consequence we show that the
numerical solution of a convection-diffusion equation with an interface can allow O(h) truncation
error near the interface and still have a solution with uniform O(h?) accuracy and first differences of
uniform accuracy almost O(h?).

Key words. finite difference methods, parabolic equations, diffusion, regularity, stability, L-
stable, A-stable, maximum norm, interfaces, moving boundaries, immersed interface method

AMS subject classifications. 65M12,35K05,35R05

1. Introduction. We are concerned with finite difference methods for a diffusion
equation in R? x [0, 00) such as

up = Au + f (1.1)

which allow large time steps and gain regularity in maximum norm; that is, norms
of spatial differences of the discrete solution can be estimated by the norm of f. We
suppose that, at each time ¢, f and u are defined on a grid RY = {jh : j € Z¢} in all
d-space; a rectangular domain with periodic or homogeneous Dirichlet or Neumann
boundary conditions can be regarded as a special case. We replace A by the usual
second-order discrete Laplacian

d
A, => DiD; (1.2)

v=1

where D are the forward and backward divided difference operators in direction v.
If the time discretization is a single-step method, with time step k, the approximation
u™ to u(-,nk) in (1.1) with f = 0 has the form

u" = s(kAp)"u’ (1.3)

where s is the function so that s(k\) is the corresponding factor for the model equation
y+ = Ay. The regularity results proved here include single-step methods that are L-
stable; that is, |s(z)| < 1 for all z € C with Re z < 0 and s(co) = 0. The simplest
example is the backward Euler method, but the results are more useful for second-
order methods. Two examples are a modification of the Crank-Nicolson method due
to Twizell et al. [25], adapted in [18], which we will call TGA, and a second-order
singly diagonally implicit Runge-Kutta method (SDIRK2). (Formulas are given in
the Appendix.) The results also apply to multistep methods such as the second-order

*This work was supported in part by National Science Foundation grant DMS-0806482.
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backward difference formula (BDF2). These three methods and Crank-Nicolson (CN)
have all been useful in applications ([5, 6, 11, 15, 18, 24, 27]). We show that CN has
a regularity property for the nonhomogeneous equation which is weaker than that for
the L-stable methods.

The regularity results proved here can be used to estimate the error in the com-
puted solution with limited information about the truncation error. In problems with
discontinuities at interfaces, it is desirable to use an ordinary rectangular grid and
to allow the truncation error to be O(h) near the interface while O(h?) elsewhere.
Nevertheless, it is often expected in practice that the solution obtained is uniformly
second-order accurate. The O(h) truncation error near the interface can be achieved
using the immersed interface method of R. LeVeque and Z. Li [12, 14, 13, 11, 15] or the
related method of A. Mayo [17]; corrections are made to the difference approximations
based on jump conditions at the interface. For a Poisson problem it was proved in [3]
that the solution obtained in this way is uniformly O(h?); see also [14, 21]. We prove
here a result of the same kind for a linear convection-diffusion equation with a moving
interface. This conclusion provides assurance that the expected gain in accuracy in a
time-dependent interface problem can be achieved in some circumstances.

We now state the regularity property for single-step methods. The method is
called A(6)-stable if |s(z)| < 1 on a sector

YX(0) ={z€C:largz— 7| <0} U{0}. (1.4)
For a linear operator £ on L°°(R{) we use the norm
1Bl = sup |Efll Lo @g)/ 1 L=@gy,  f#0. (1.5)

We let Dj, denote any divided difference operator D} and D,% any product of two
such operators. We first give bounds for the norm of s(kAj)™ and its differences, and
then estimates for the nonhomogeneous equation.

THEOREM 1.1. Suppose the solution of the semi-discrete initial value problem

ug = Apu,  u(0) = u° (1.6)

is approximated by (1.3). Suppose (1.3) is consistent; s is analytic on a sector %(6)
for some 8 > 0 and on a neighborhood of infinity; s is A(6)-stable; and s(oc0) = 0.
Then for any h, k with 0 < h,k <1 and integer n > 0,
[s(kAn)"| < Co, (1.7)
IDps(kAR)"|| < Ci(nk)~/2,
IDRs(kAR)"|| < Co(nk)™" (1 + |logh| + [lognk]) ,

with operator norm as in (1.5) and constants independent of h, k and n.
THEOREM 1.2. With s as above, suppose the problem

ug = Apu+f, u(0) =0 (1.10)
is approzimated by
untl = s(kAh)u” + kqu(kﬁAh)(l —mkAh)flf(-,nk—l—Tik) (1.11)

=1
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where k = ch for some ¢ > 0; m > 1, n; > 0, and 7; are fivred numbers; and g;
is an analytic function on X(0) such that q;(kAp) is bounded in mnorm in L*(RY),
independently of h,k. Then for 0 <nk <T,

[u™|| + [[Dpu™| < Cysup||f(-, 1), (1.12)
t<T

D" < Co (1+ |loghl?) fgg\lf(nt)H’ (1.13)

with norms in L (R$) and constants depending on ¢ and T but not on h or n.

The present theorems allow regularity with large k£ by making strong stability
assumptions on the choice of time discretization. They apply directly to TGA and
SDIRK?2 among others, as explained at the end of Sec. 5. Theorem 4.1, proved in Sec.
4, contains Theorem 1.1 and also applies to multistep methods including BDF2. For
CN the estimate (1.7) is included in [19], but (1.8), (1.9) do not hold. Surprisingly,
(1.12) holds for CN, although (1.13) does not; this is shown in Sec. 7.

If an exact, smooth solution of (1.10) is approximated by (1.11) and has truncation
error O(k - (h? + k?)) in L*°, with k = ch, then Theorem 1.2 applied to the error
equation gives O(h?) convergence for v and Du, and O(h?(log h)?) for D?u, bounded
by the maximum norm of the truncation error. To illustrate further the significance
of Theorem 1.2, we derive estimates in Sec. 8 for a convection-diffusion equation with
an interface. We suppose the equation is posed in a periodic domain with a prescribed
moving interface at which there may be a discontinuity. Once a scheme is chosen, the
corrections described above leave a truncation error which is O(h) near the interface
and O(h?) elsewhere. Estimates for the case of CN show that for a piecewise smooth
solution the error is uniformly O(h?). If one of the L-stable methods is used, the same
is true, and furthermore the error in first differences is O(h?(log h)?); a value for the
first derivatives of the same accuracy can then be found. The proof depends on the
fact that the local O(h) truncation error can be written as a discrete divergence of
an O(h?) function (Lemma 8.1). In [18] a distinction in accuracy and stability was
observed between TGA and CN in a finite-volume discretization of a moving boundary
problem.

For schemes with k = ch?, regularity results like Theorem 1.1 have been proved for
general parabolic equations and without logarithmic factors in [26]. The estimate (1.7)
was proved in [19] without restriction on k for rational s with weaker assumptions.
A smoothing property for CN was proved in [16] in L? norms with initial backward
Euler steps, in analogy to (7.2), the weakened version of (1.8) shown here for CN. The
technique of proof for Theorems 1.1 and 4.1 is close to that of [1, 22, 23] and related
work, relying on the point of view of analytic semigroups of operators, although the
sequence of steps here is different. Resolvent estimates were proved for a general
class of discrete elliptic operators in [1], Sec. 4.1, which include (2.26), (2.27) here
and appear to imply (2.28); we give a more direct proof for the special case of Ay,.
Resolvent estimates like (2.26) have been proved in the finite element setting for
general domains; see [2]. For this and smoothing properties with finite elements, see
[23].

In Sec. 2 we derive estimates (Thm. 2.1) for the solution operators e®#* of (1.6)
and their spatial differences, for complex t. These lead to estimates (Thm. 2.2) for the
resolvent (z — Ay,)~! and its differences for z € C outside a sector about the negative
axis. For periodic grid functions we give estimates for (Ay,)~! and its differences in
Sec. 3. The resolvent estimates in Secs. 2 and 3 are close to best possible; there are
logarithmic factors for the second differences. In Sec. 4 we prove Theorem 4.1, the
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generalization of Theorem 1.1, by writing the time step operators as contour integrals
and estimating, as was done in [1, 23]. In Sec. 5 we show that Thm. 1.1 follows from
Thm. 4.1, prove Thm. 1.2, and comment on TGA and SDIRK2. In Sec. 6 we verify
for BDF2 that Thm 4.1 applies and Thm. 1.2 holds. In Sec. 7, we show that (1.12)
of Thm. 2.1 holds for CN. Sec. 8 explains the application to the interface problem
and verifies the statements above.

2. The exponential and resolvent of the discrete Laplacian. The solution
of the semi-discrete initial value problem (1.6) is u(-,t) = e®**u®. We derive estimates
for the solution operator e®! on L>°(R¢) for complex ¢ in a sector about ¢ > 0. As
noted in [23], p. 83, the maximum principle holds for ¢ > 0, since it holds for
the backward Euler approximation (see [20], p. 48). Here we obtain more general
estimates by adapting an argument of [10], as presented in [22], for real, discrete time
with step O(h?). We then write the resolvent (2 — Ay)~! as an integral of e®#? and
estimate its differences for z in the complement of a sector of the form (1.4).

THEOREM 2.1. For any M > 0 the operator e®nt on L™(R{) extends to an
analytic function on the sector

Ty = {t:tl + ity it > 0, |t2‘ SMtl} (21)
and has the estimates, with constants depending on M but not on h,
|Dgelrt|| < Cplt|™/2, la|=m, m>0. (2.2)

Here Dy is any mth-order partial difference, where each first-order difference has the
form Df, 1<v<d.

Proof. We express the solution of the equation in terms of the discrete Green’s
function g(x,t) satisfying

gt = Ahg7 g(]ha()) = 050 (23)

that is, g(0,0) = 1 and g(jh,0) = 0 for all j # 0 in Z¢. The solution of (1.6) is

u(Gh,t) = Y g(ih— th,t)u’(th). (2.4)
Leza
Thus for each j € Z¢,
u(ih, )] <D 1g(ihs D)t » (2.5)

J

and for the case m = 0 it will be enough to show that g(-,t) extends analytically in ¢
with

> lg(ht) < Co, teTar. (2.6)
JEZL

Now if g(® denotes the Green’s function in dimension d, we have
9 VGih, gahs . gah) = g (j1h)g™M (j2h) - g (jah) - (2.7)

Thus if we prove (2.6) for dimension d = 1, it then follows for general d. A similar
remark applies to differences of g(%).



We write the discrete Fourier transform of g and its inverse for d =1 as

g(&t) = > g(jh,t)e ¢, (2.8)
JEZ
aint) = o= [ ate.neae. (2.9

In the transform Aj, = DT D~ has symbol

Ap(€) = —isiHQ(f/Q) = —ia(é)» o(€) = 4sin*(¢/2) (2.10)

h? h?
so that (2.3) becomes
g = —(a/hMg,  §(&0)=1 (2.11)
and thus
glEt) = e (2.12)
It will be important that
El/m < [sin(&/2)] < [¢l/2, gl < (2.13)

so that o/|¢| is bounded above and below. Formula (2.12) extends analytically to
t =ty + ity € C, and for ¢ in the sector Tj; we have

(&, 1)) < e €0/ (T < omelltl/h* (2.14)

with ¢ depending on M. We will also need the bound

a\*.
We now estimate g(jh,t) using (2.9), (2.14), (2.15). The change of variables £ =

sh/+\/]t| gives

bl L[ e o
o] < = [ lateoae< [ Tl = O (2.16)

On the other hand, if we integrate by parts twice in (2.9), apply (2.15), and change
variables again, we get, for j # 0,

t 2|t .
< C% (1 - % l) e l/n® (2.15)

. c [ . C'|t] h C" /|t
lg(Fh,t)] < jj/wmff(f»t)‘df < 321L2||t = Jz\hﬁ (2.17)

Finally we sum over j. Let J = {\/|t|/h}. For 0 < |j| < J we estimate |g(jh,t)| by
(2.16) and for |j| > J we use (2.17), and noting that |g(0,t)| < 1, we verify (2.6):

> lg(ih,t)| < 14 CrJ(h/V/TH) + Co(J + 1) 7]t /h < C. (2.18)
JEZL
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This proves (2.6) with m = 0 for d = 1, and by (2.7) it also holds for d > 1.

Next we prove (2.2) for m = 1, the first difference. We first note that the conclu-
sion is trivial for |t| < h?, since |[DF|| = 2/h < 2|t|~'/2. Thus we assume hereafter
that |t| > h2. In view of (2.4) and (2.7), it is enough to show that with d = 1, for
t € Ty and |t] > h?,

> IDYg(ih ) < C/V/TH. (2.19)

JET

We start with the representation

(Drg)t) = 1= [ " sin(e/2)3(€, e THDE ge (2.20)

hr J_.
Estimating as in (2.16), and noting the extra factor |£/h| = |s|/\/]t|, we have
[(D*g)(jh, )] < Ch/t]. (2.21)

As in (2.15) we have for [t| > h2,

2
\(g) sinfe/2)a(e.0)| < g (1+ fh't) eI (299)
In place of (2.17) we find for j # 0
(DFg)(jh,t)] < C/(5*h). (2.23)

Using (2.21) and (2.23), proceeding as in (2.18), we obtain (2.19).
Finally, having established (2.2) for m = 0 or 1, we consider higher m. Since each
D# commutes with Ay, and therefore e®rt, we can write symbolically

1D | = [|[(De®r/2) (Dert/2)|| < 20/t (2.24)
using the case m = 1. This verifies (2.2) with m = 2, and m > 2 can be handled
similarly. O

THEOREM 2.2. For any § > 0 and all z in the sector

Ss = C — ({z=214iz2: 21 <0,]22] < d|z1]} U {0}) (2.25)

we have the estimates, with constants depending on § but not on h,

1(z = Ap) 7 < Colz|™ (2.26)
Dz — Ap)~H| < Culz| ™25 (2.27)
D7 (2 — Ap) 7Y < Co (1+]log|z|| + | loghl) . (2.28)

Proof. . We begin with the representation for z € C with Re z > 0

(= A" = / At gt (2.29)
0
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For z in the sector S} = {z : 21 > 0, |22| < 621}, we have |e ?!| = e=#1t < e~€l*It for
t > 0, with ¢ > 0 depending on §. Using this and the boundedness of e®"? in (2.29),
we obtain (2.26). Similarly, using (2.2) with m = 1, we have
1 o gmelalt 1/2
1Dn(z — A~ < c/ g < O (2.30)
o Vi

For the second difference, we proceed similarly but split the time interval. For ¢ < h?
we estimate D® by A2 to obtain

e} €—c|z|t

|Di(z — A7 < Cth_Q—l—C'/ dt < C"(1+ |log|z|h?)) (2.31)

h2
which gives (2.28). We have proved the estimates for z € ;.

Now let M = 2/4. For any z = 21 +izs with z; > 0 and 25 > 0, and for t = ¢ +1its
with t; > 0, t3 <0, we have Re tz = t121 —ta29 > t121 and |e™#| < e7*1%1 50 that we
may deform the path of integration in (2.29) to the ray Ry = {t = t; —iMtq, ¢, > 0}.
This new integral extends the resolvent as an analytic function of z to the sector
So = {z: 22 > 0,]z1] < 22/6}, since for such z and for ¢ € Ry we have Re tz =
t1(z1 + Mzy) > 2zpt1 /6 > c|z||t] for some ¢ > 0, so that |e=*| < e~¢l*Ill, We can now
estimate for z € Sy as before, using (2.2) with ¢t € Ry. The sector S3 conjugate to Sy
can be handled similarly, and since Ss = S; U Sy U S, the proof of (2.26)—(2.28) is
complete. O

3. The discrete Laplacian on a periodic grid. We now consider the problem
(1.6) with spatially periodic grid functions. We assume for convenience the period is
27 and the interval [—m, 7| is discretized by the set Ij, of N points. where N is even,
h=2r/N,I={j€Z:—-N/2<j<N/2} and I, = {jh : j € I}. Similarly we
discretize [—7, 7|4 C RY by the grid I,%. Let X}, be the subspace of L>(I,%) whose
elements have mean value zero. We can consider the problem (1.6) on X, x [0, 00) as a
special case of that on L>(R%) x [0, 00) and the operator A, on X}, as the restriction
of Ay, on L*°(R¢). Similarly (2 — Ap) ™!, when it exists, maps X, to itself and thus is
the resolvent of Ap, on X}. Thus the estimates (2.2), (2.26)—(2.28) hold on X}, but can
be improved. The important difference is that the resolvent set includes z = 0, that
is, (Ap)~! exists on Xj,. We first show exponential decay for the solution operator
for t > 0 on X}, and then estimate (Ap)~! and its differences.

THEOREM 3.1. There exists ¢ > 0 so that on the space Xy,

|Dge®rt|| < Cout™™2e=t,  t>0, |aj=m, m>0. (3.1)

Proof. We will consider only ¢t > 1, since the conclusion follows from this case
and (2.2). We introduce a periodic Green’s function with mean value zero,

g = Apg, g(jh,0) =80 — N~ (3.2)

The solution of (1.6) for u® € Xj, is given as in (2.4) but with £ € I?. We use the
discrete transform

glkt) = Y g(Gh, e ™" kel (3.3)
jerd
g(ih,t) = 2m)~* Y gk, )™t jert. (3.4)
keld



We have §(k,0) = 1 for k # 0 and §(0,0) = 0, so that §(k,t) = e=/"" for k # 0,
o = o(kh), and §(0,t) = 0, where now, in place of (2.10),

d
o(kh) = 4 sin®(k,h/2). (3.5)
v=1
Thus
g(jht) = N=43 " emot/hcikit, (3.6)
k=0

In contrast to the earlier case, §(k,t) decays at a uniform rate,
Gk, t)| < e *t kel k#£0,t>0 (3.7)
for some ¢ > 0, because of (3.5) and (2.13). For t > 1 and any j € I¢,

|g(jh,t)| < Nfd Z €7Ck2t _ Nfdefct Z efc(k2fl)t < CNfdefct' (38)

0#£keTd 0#£keld
Then
> lgliht)] < N*-CN~de™t = Ce™ . (3.9)
jerd

The estimate (3.1) with m = 0 follows from this and the convolution form of the
solution operator (2.4), with sum over I%.

For the case m = 1, we suppose Df, a difference in the first coordinate, is applied
to g. To prove (3.1) in this case it will be enough to verify, in analogy with (3.9), that

S IDFglh )] < Seet, 21, (3.10)
jEI‘i \/E
From (3.3) and (3.4),
(DY g) (k)] < [hale™""", (3.11)
1D} g 1) < N7 3 fhale*" = N (Z |k1|e”’“ft> (Z ) |
kerd ki€l ka€l
(3.12)

For ¢ > 1 each factor above except the first is bounded by a constant. For the first
we write

—ct

2 (&
D |kilemkt = 27 4 2——8, (3.13)
ki€l \/&
e 2 e 2
S = Z kivete RNt < 9 Z v/ (B2 = 1)ct e~ (FimDet (3.14)
k1:2 k1:2

This sum is decreasing in ¢ for ¢ > 1/c¢, since the function ze=® is decreasing for
2 > 1. Thus the sum is bounded independent of ¢ > 1. The conclusion (3.10) follows
as in (3.9). For higher m, (3.1) again follows from m = 1. O
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COROLLARY 3.2. For Ay on X, we have the estimates
1AM < Coy  [IDa(AR) 7 < Crs (3.15)
D7 (AR) M| < Co(1 + |loghl) . (3.16)

To derive this, we use (3.1) to write

(At = /OOO eArt dt (3.17)

and estimate directly as in (2.29)—(2.31).

For z near 0 we can write (z — Ay) ™! = (=Ap) 71 (1 — zA; )1, We can then
improve the earlier estimates for the space X}, replacing |z| in (2.26), (2.27) with
(14 |2|), and |log 2| in (2.28) with log(|z| + 1).

4. The Main Regularity Theorem. We suppose a time discretization is cho-
sen for the initial value problem (1.6) with time step k and solution operator at time
n of the form s, (kAp)ug, where s, is a function depending on the method. This
operator is meaningful provided s,, is analytic on the spectrum of kA,. For single
step methods s,(z) = s1(2)". We derive estimates for the time step operators on
L (R‘,f) in which Ay is replaced by a general operator with resolvent estimates like
(2.26)—(2.28) and with general assumptions for the functions s,.

We suppose for each h > 0 we have a bounded operator Aj; on LOO(]R%) with
spectrum in a sector about the negative real axis, specifically

|An| < Ch™2, spec (4y) C Xy (4.1)

for some 0 < ¢’ < & where
s = {z=2 41022 <0,z <d|zl|}. (4.2)
We assume that on the complementary sector Ss of (2.25) we have resolvent estimates
I(z = An) "Ml < Colz[™5 |[Du(z = Aw) 7| < Calz| 725 (4.3)
D (2 = An) 7| < C2 (1 + |log ||| + [log hl) (4.4)

as in (2.26)—(2.28). We assume there is an open set in C, containing ¥s and a neigh-
borhood of co, on which each function s, is analytic, n > 1, and

Sn(00) =0. (4.5)

We assume there is a disk about 0 € C and some ¢y, Cy > 0 so that for all z in the
disk and each n,

Isn(2)] < Co(1+ col2])" (4.6)
Finally, we assume there exist ¢, C; > 0 and p > 0 so that for all z € X5 and all n
|sn(2)] < C1(1+cq|z])7Pm. (4.7)

THEOREM 4.1. With assumptions (4.1)-(4.7) for Ay and s,, we have the follow-
ing estimates for the operators s,(kAp) and their differences acting on L= (R{).

[sn (kAR < Coj
| Dpsn(kAR)|| < Cy(nk)~Y?2; .
|Disn(kAp)|| < Cao(nk)™ (14 |logh| + |lognk|) (4.10)
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with constants independent of h and k for 0 < h, k < 1.

Proof. As in [1] and [23] we write s,(kAy) as a contour integral and estimate
norms using (4.3), (4.4). For a simple closed curve I' in C enclosing the spectrum of
kAp, positively oriented and depending on k, h, we can write

sn(kAp) = %m_/rsn(z)(z—kAh)_l dz (4.11)

(see e.g. [4], section VIL.3). For reference we rewrite (4.3), (4.4) in terms of kAj: for
k<1and z € Ss

1(z = kAn) 71| < Col2 . (4.12)
|Dn (2 — KAL) < Clkz| 742, (4.13)
ID%(z = kAR) ™ < Ck™* (1 +|log hl + |log (|| /K)]) - (4.14)

Choosing a curve I' to include segments on the rays z = z1 + 422,21 < 0,20 = £021,
and an arc of a circle enclosing z = 0, we can extend the rays to infinity, using (4.12)
and (4.7). In this way we replace I" by a path I';;, depending on n but not on h, k < 1,
consisting of the arc

Ry = {z = (g/n)e', |0] < 6y} (4.15)

and the two rays
Ry = {re r>¢/n}. (4.16)
Here ¢ is chosen small enough so that (4.6) holds for |z| < e, with tanfy = —¢ and

/2 < By < . We assume for now that n > 2/p and return to the remaining cases
later.

We first verify (4.8). For z € T',, and k < 1, using (4.12) and (4.6), we estimate
the portion of the integral (4.11) on Ry by (1 4 eco/n)™ - (n/e) - 2n(e/n) < C. Using
(4.12) and (4.7) we estimate the portion on Ry by

*° n
/ (1+cr) P tdr < =, (4.17)
e/n €
o 1 C
J = 1 P = < 4.18
/O (1+cr) r an—1 = n (4.18)
so that this portion is bounded, and (4.8) is established.
For (4.9) we proceed similarly, starting with the integral
1
Djs,(kAp) = — sn(2)D5 (2 — kAR) 1 dz (4.19)
27 Jr,,
with |a| = 1. In estimating the portion on Ry, we now have a factor of (n/(ck))/?

from (4.13) in place of the earlier factor (n/e), resulting in a bound of C(nk)~/2.

For the portion on Ry we estimate as in (4.17), (4,18), with r~! in (4.17) replaced
by (rk)~1/2, again from (4.13), and in a similar way we obtain the bound (4.9).

To prove (4.10) we start with the integral (4.19) with || = 2. We estimate the
integral on Ry using (4.14), with |z|/k = ¢/(nk), as

C(nk)™' (1 + |logh| + |lognk|) . (4.20)
10



On Ry we write |z|/k = nr/(nk) and estimate the integral by

k! / (14 c1r) P (1 + | log h| + |log nk| + |lognr|) dr. (4.21)
e/n

The factor (1 + |logh| + |lognk|) multiplies a term bounded by k=1J < C(nk)™!,
according to (4.18), and this part of (4.21) is bounded as in (4.20). In the last term
we split the integral, presuming ¢ < 1,

oo

) 1/n
k_l/ (14 cy1r)~ P lognr|dr = k;_l/ + k7t . (4.22)
e/n e/n 1/n

For ¢ < mr < 1, |lognr| < |loge|, a constant, so that the first term in (4.22) is
bounded by C(nk)~!. For the second term, we use the convexity of the function
x +— x"/2 with np/2 > 1 to say that (1 4 c;7)™/2 > 1+ ¢;pnr/2. For nr > 1,
|log nr|/(1 + c1pnr/2) is bounded, and we can now estimate

oo

kfl/ (14 cr) P lognr|dr < Ckfl/ (14 e1r) P2 dr < C'(nk)™' (4.23)
1/n 1/n

the last as in (4.18). This completes the proof of (4.10).

It remains to prove (4.8)—(4.10) for n < ng, where ng > 2/p is fixed. Since the
decay in (4.7) for large z is slow for such n, we subtract a term from s, (z) to improve
the convergence in (4.11), (4.19). Since s,,(c0) = 0, we have s,,(2) = a,27 1 +0(|2|7?)
for some a,,. We set 3, (2) = s,(2) +a,(1—2)71, so that 3,(2) = O(]z|2) as z — o0,
and thus for some ¢, C

15,(2)] < C(1+¢lz))72, 2z€%s. (4.24)

Since s,,(2) = 8,(2) — an(l — 2)7 1,

sn(kAR) = 8,(kAR) —an(1 — KAL), (4.25)

From (4.12)—(4.14), with 2z = 1, we see that (1 — kA,)~! satisfies (4.8)—(4.10); here
we note that k=1 < ng(nk)™! = C(nk)~!. We can estimate 5,(kAj) as before
for s,(kAp), using the integral representation, with (4.24) in place of (4.7). The
modification is straightforward since n is bounded. O

5. Proofs of Theorems 1.1 and 1.2. We prove Theorems 1.1 and 1.2 from
Theorem 4.1. For Theorem 1.1 we verify that the hypotheses on s imply those for
8p = 8™ in Theorem 4.1. The application to TGA and SDIRK2 is explained.

Proof of Theorem 1.1. First, since the time discretization is consistent, we
must have

s(2) = 14+2+0(2%) asz—0. (5.1)

This implies that |s(z)| < 14 ¢glz| for z in some disk about 0 and for some cg, so that
(4.6) holds with Cy = 1. We will show that (4.7) holds with p = 1 and Cy = 1; that
is, we show for some ¢; > 0,

Is(2)] < A +cilz)t, z€3%s. (5.2)
11



Here ¢ > 0 is chosen so that s is analytic on a neighborhood of ¥s and |s(z)] < 1 on a
larger sector. We consider three parts of ¥s, starting with z small. For z = 21 +i25 €
Ys, we have |1+ 22 = (1 +221) + |2|%, 21 <0, and |2| < (1 + 6%)/2(—21). From
these facts and (5.1) we can see that |s(2)| < (1 —c1]z]) < (1 +cq]z|) 7! for |z| < g,
provided ¢; < (14 62)71/2/2 and ¢ is small enough. Next we consider z large. Since
s is analytic at oo and s(c0) = 0, we have s(z) = a/z + O(]z|72). Then there exist
ro, M > 0so that |s(z)| < M/|z| for |z| > ro. Let r1 = max(rg,2M) and ¢; = 1/(2M).
Then for |z| > r1, (1 + c1]z|) < |2|/M, so that (14 c1|2])™! > M/|z| > |s(2)]. We
have now verified (5.2) for z small or large, and we are left with the compact set
Ymid = {z € s : € < |z| < r1}. Since this set has a neighborhood where s is analytic
and |s(z)| < 1, it follows from the Maximum Modulus Principle that |s(z)| < 1 on
Ymid- Then there exists k < 1 so that [s(2)| < & for z € ¥,,;4, and we can choose ¢y
sufficiently small so that £ < (1 +¢171)~ . Thus (5.2) holds on ¥,,;4 as well, and the
inequality is verified for all of ¥5. O

Proof of Theorem 1.2. Let M = sup,<r ||f(-,%)||, and denote the right side of
(1.11) by kf™. The solution of (1.11) is

S
|
—

u = s(kA) T k. (5.3)
0

o~
I

From (4.8) and (4.12) with z = 1, we have |[u"| < Y CMk = CMnk < C'M. For
first differences, we note that (4.13) implies || Dy (1 —n;kAR) "1 f|| < CME~/2. Using
this for £ =n — 1 and (4.9) for £ <n — 1 we get, with £ —n —1—¢,

n—1
[Dpu”|| < CMEY? + CM Y (tk)™?k < C'M(nk)'/? < C'MT'V? . (5.4)
(=1

For D%, (4.14) gives ||D#(1 — nikAp) 7 f|] < CME™1(1 + |logh|). We use this for
¢ =n —1 and otherwise we use (4.10) to obtain

n—1
|Diu"|| < CM(1+ |logh)) (1 + Z(ék)‘%)
=1
< OM(1+ |logh|)(1 + |logT| + |logk|) < C'M(1+ |logh[?) O (5.5)

TGA and SDIRK2. We verify that Theorems 1.1 and 1.2 apply to these two
methods among others. Each is L-stable. We can see from (A.3) and (A.6)—(A.8)
that each operator ¢;(kAp) in (1.11) has the form

ql(kAh) = p(kAh)(]. - alkAh)fl ce (1 — azkAh)71 (56)

where p is a polynomial, a; > 0 for 1 < j < ¢, and £ > deg p. Now (2.26) implies
that the operator (1 —a;kA,)~" on L* has norm bounded by Cp. It follows that any
operator (bg + b1kAp)(1 — a;kAp)~! is bounded on L* uniformly in h and k, and
thus ¢;(kAp), being a product of bounded factors, is also uniformly bounded on L.
Thus the hypotheses of the two theorems are satisfied. The same remark applies to
any other L-stable single-step method with equation (1.11) provided ¢;(kAy) has the
form just described.
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6. The backward difference formula. We verify that Theorem 4.1 applies to
BDF2, as given in (A.11). As a consequence, Theorem 1.2 holds for BDF2 as well. We
suppose here that the two-step BDF2 method is started with one step of the backward
Euler formula.

If we replace Ay, with A € C and «™ with y,, in (A.11), we have the iteration

3 1
§yn+1 - 2yn + iyn—l = k)\yn—i-l (61)

or, with z = k),

( Yn+1 ) - M(z)( Yn ) , M(z) = ( 2(%_12)_1 _%(30_’2)_1 ) . (62)

Yn Yn—1

|

With yo, y1, specified, y,(z) is analytic for Re z < 0. The general solution of (6.1) is
Yn = cywl] + c_w”, we = (241 +22)/(3-22). (6.3)

It is well-known that BDF2 is A-stable ([8], Sec V.1; [9] Sec. 4.4), i.e.,
lwe(z)] <1, Re z < 0. (6.4)

(The double root at z = —1/2 will not concern us directly.)
Since we start with one backward Euler step, we take yo = 1 and y; = (1 —2)~%.
Then y,, corresponds to s,(z) in the Theorem, and s,(2) = c;w’ + c_w” with

cr = (w—ty)/(ws —w-), co = (wp—y1)/(we—w-), y=01-2)7". (65)

We now check the hypotheses of the Theorem. From (6.2) we can regard s, (z)
as the first component of M (2)"~!((1 —z)~! 1)7. It is analytic on any sector X5 and
at infinity. Since

2 —3

mer = G-o (1TE9T 1) (66)

it is apparent that s,(co) = 0. For z near 0, we choose the positive square root, so
that wy(z) =1+ 2+ 22/2 + O(2?), while w_(0) = 1/3. From (6.5), c; =1+ O(2?),
c_ = O(z?). It is now evident that (4.6) holds for some Cp, ¢y and z in a disk about
0. Tt is also evident, as in the discussion of the single step method, that (4.7) holds
for z near 0 with p = 1 and therefore also p < 1. For large z, wy =~ il/\/ﬂ and
¢+ — 1/2. From this and (6.3),

lsn(2)| < Clz|7™%,  zlarge. (6.7)

Now on the rays z = 21 £ 621,21 < 0, we have |w+| < 1 by the stability condition
(6.4), and ci are bounded. Thus s,(z) is bounded independent of n on these rays,
and by its analyticity it is also bounded inside the sector. We can now verify (4.7)
with p = 1/2, using the boundedness in the sector, (6.7) for large z, and the case
of small z already checked, in a manner similar to the proof in Theorem 1.1 for a
single-step method.

The proof of Theorem 1.2 is easily modified for BDF2, writing the nonhomoge-
neous equation in a form like (6.2), and noting f™ is multiplied by (3/2 — kAj) ™! as
in (1.11).

13



7. The Crank-Nicolson method. For the Crank-Nicolson, or trapezoidal,
discretization of (1.10), stated in (A.1), (A.2), Theorem 4.1 does not apply since
s(00) # 0. It can be seen easily from examples that the analogues of (1.8), (1.9) and
(1.13) do not hold for CN with k = ch, since s(kA,) = —1 + O(h) in the highest
modes. We prove a weaker version of (1.8) and the smoothing property (1.12) for the
nonhomogeneous problem. The boundedness of s(kA)™ follows from [19], but we
give a brief proof here.

THEOREM 7.1. With Ay, as in Theorem 4.1 and s given by (A.2) we have

[s(kAR)"™| < Co, (7.1)
IDns(kAR)" (1 — kAR/2)"Y|| < Ci(nk)~ V2. (7.2)

Proof. We first estimate |s(z)| for z € 3s. For such z = z1 + iz2 we have z; <0,
|2| < COlz|, 1+ 2/212 = |1 — 2/2]2 + 221 or |s(2)|?> =1+ 221 /|1 — (2/2)|?, and

sl < 14 = <1 - L (73)
for some ¢ > 0. We will use the two consequences
Is(2)] < 1—coll, 2| <1, ze€Xs, (7.4)
s < 1—efld,  |2121, e (7.5)
On the other hand, for any large z we have
ls(z)] < 1+8/|z|, |z| > 4. (7.6)

We now prove (7.2) in a way similar to [1], Lemma 1.1, p. 189. In view of the
above, we may write the operator as a Cauchy integral as in (4.11), (4.19),

Dps(kAR)" (1 — kA /2)~ — / "(1—2/2)"'Dp(z — kAy) " tdz  (7.7)

using the same n-dependent contour as in (4.15), (4.16). On the arc Ry near z = 0
we have the same estimate as before, since the factor (1 — z/2)~! is bounded away
from zero for z small. On the ray Ry we use the inequality |1 — z/2| > ¢(1 4 |z]|), the
resolvent estimate (4.13), and (7.4),(7.5) above. We obtain the upper bound for the
integral on R4

< s 1.-1/2
c/ ———_—d|z| < Vi + L), (7.8)
e/m (14 [2))V/k[z]
o) 1
I :/ (L—c/r)"r=32dr, I, = / (1—er)r Y2 dr. (7.9)
1 0

The change of variables s = 1/r in I; results in the same integral as I». For either we
estimate, presuming ¢ < 1,

1 1/n 1
/ (1—cr)r V2dr < / rV2dr 4 nil/Z/ (I —cr)™dr
0 0 1/n
<o V24 onV2pmt < O'n /2 (7.10)
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so that (7.8) is bounded by C(nk)~'/2, completing (7.2).

To prove (7.1) we first note that, for each n, s(2)" — (—=1)" = O(|z|7!) as z — oo.
With this fact and (4.12), we can use an integral representation with the same contour
(4.15), (4.16)

s(kAR)" — (—1)" = % RO IS ICER X I R (1

The integrand is O(|z|~2) for large z. To estimate s(kA;)"™ we change the contour to
a bounded one as in [23], Thm. 9.1. With p > 0 large, we use the closed curve T',
consisting of the arc Ry, the segments on the rays Ry with ¢/n < |z| < p, and the
arc R, = {z = pe'?,|0] < 0o}, with 6y as in (4.15). Since the integrand is O(|z|~2)
for large z, in principle we commit an error O(1/p) in using this contour, but in fact
the integral is independent of p > 2, by the analyticity of s and (z — kAy)~*. Thus
the new integral formula is exact. Moreover, the term (—1)" contributes zero to the
integral. We now have
1

s(kAp)" = ()" + i ). s(2)"(z — kAp) "t dz. (7.12)

We choose p; > 2 and p, = np;. We can now show that the norm is bounded. Using
(7.6), (4.12) we bound the integral on R, by C(1+8/(np1))" < C’, and similarly for
Ry, as before. We bound the integrals on the rays, using (4.12), (7.4), (7.5), by a
constant times

Pn 1
/ (1 —cy/r)"r tdr + / (1—cr)"r~tdr. (7.13)
1 e/n

The second integral is bounded by

1
(n/a)/o (I—=er)dr<C (7.14)

while the first converts under the change of variable s = 1/r to an integral with the
same integrand, from 1/p,, = 1/(p1n) to 1, and is estimated in the same way. O
For the nonhomogeneous problem (1.10), the analogue of (1.11) for CN is

k
u"tt = s(kAp)u" + k(1 — 5Ah)—1f"+1/2. (7.15)

Because of the resolvent factor on the right, we can estimate |[u"||, ||Dpu™| using
(7.1), (7.2), as in the proof of Theorem 1.2:

COROLLARY 7.2. If (1.10) is approxzimated by (7.15) with k = ch, 0 < nk < T,
then ||[u™| and | Dpu™|| are bounded as in (1.12).

8. Convection-diffusion with an interface. We consider the approximation
of spatially periodic solutions of a convection-diffusion equation

ur + a-Vu = Au (8.1)

where a = a(z,t) € R?, with discontinuities at an interface. In a rectangular domain

Q = (0,L)? C R?, suppose that, for 0 < t < T, B(t) is a subdomain with boundary

['(t) C Q, and suppose Up<;<7 (I'(t) x {t}) is the image of S4~! x [0, 7] under a C*,
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injective, nondegenerate mapping, preserving ¢, where S9! = {z ¢ R? : |z| = 1}.
We will assume that a and u are smooth on the set U; B(t) x {t} and also smooth
on Uy (Q — B(t)) x {t} with periodic boundary conditions; jump discontinuities are
allowed at T'(¢). We suppose that the jumps

Uy —U— = go, 8;—5—8;—“_ =g on I'(¥) (8.2)
are specified or otherwise known, where n is the normal vector to I'(t).

We suppose this problem is discretized on a square grid with size h, with L/h
an integer, and with time step k = ch, using any of the schemes discussed here. We
suppose the truncation error is O(h?) away from the interface and is corrected to
O(h) near the interface. We show that, with reasonable assumptions, the error in the
solution " at time nk is uniformly O(h?):

|| < Ch2. (8.3)
Moreover, for TGA, SDIRK2, or BDF2, first spatial differences are almost O(h?):
|Dre™|| < Ch%(1+ |loghl?). (8.4)

From these differences, accurate values can be obtained for first derivatives, using
corrections at the interface.

To be specific, we assume at first that (8.1) is discretized with CN, using an
explicit O(h?) version of a - Vu at time n + 1/2,

— + ga" -Vpu' — %anfl SVpuTl = %Ahun+1 + %Ahu" (8.5)
where k = ch and V), is the centered difference. (A different scheme is needed for
n = 0; see below.) The exact solution has truncation error in the form x™ + 7%,
where x™ will represent large errors near the interface. We will call (jh, nk) a regular
point if the interface does not intersect the stencil of A} centered at jh at time nk
or (n 4+ 1)k, and also does not cross the line segment at jh from nk to (n + 1)k.
For such jh the difference formulas in (8.5) have the usual accuracy; in this case we
set X"(jh) = 0, and 7(jh) = O(h?). At an irregular point the largest contribution
X" (jh) can be found using the jump conditions (8.2), as in [12, 13, 17], so that the
remaining truncation error 77(jh) is O(h). Once x™ is known, the discrete solution
can be corrected by adding x™ to the right side of (8.5). In this way, a discrete solution
is obtained so that the error ™ satisfies equation (8.5) with 7" on the right, that is,

(1— gAh)f—:"“ =1+ gAh)s” - ;k‘a” Ve + %ka”*1 Vpe" k" (8.6)
or
e = (kAR + kq(kAL)F" + kq(kAg)r" (87)
where
s(z) = (1+2/2)(1—2/2)71, q(z) = (1—-2/2)71 (8.8)

and F™ represents the convection terms in (8.6). We will need the following lemma,
proved at the end of the section. It shows that 7" is the discrete divergence of an
O(h?) grid function plus remainder:
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LEMMA 8.1. If the periodic grid function ™ is uniformly O(h?) at regular points
and O(h) and irreqular points, then there are periodic grid functions 7,0 < v < d,
so that

d
T =Y D,O + & and |0} < Ch2. (8.9)
v=1
We assume the scheme is started at n = 1 in such a way that ¢ = 0 and

let|l < Ch2. We now have, as in (5.3), for n > 2,

n—1 d
e = s(kAR) e + kY s(kAy)" T (kA <F‘+2Dh,yq>,€ +<1>g> (8.10)

(=1 v=1

We estimate ||¢"]|. From (7.1), ||s(kAy)" tel|| < Collet|| < C'h2. We proceed
with the other terms as in the proof of Thm. 1.2, beginning with the first convection
term. We write a’ - Vet = V), - (a’e?) + b, where b’ depends boundedly on . We
commute operators in the main term:

s(kAR)" (kAL V), - (a'eh) = Vi - s(kAR)" 1 q(kAL) (a'eb) . (8.11)

For ¢ < n—2 we use (7.2) to bound this by C((n—1—£)k)~/?||?||. For £ = n—1 we use
(4.13) to get the bound Ck~1/2||e"~1||. Each term s(kAp)" ' ~Yq(kAp)b¢ is bounded
by C||e*||. For the second convection term we get similar estimates with &’ replaced
by e/~! and £"~! by £"~2. For the terms in (8.10) with Dy, ,®’ we again commute
Dy, forward and find, using (7.2) and (4.13), that s(kAp)" 1 =“q(kAy) Dy, @Y is
bounded by C((n — 1 — £)k)~/2||®¢|| < C'h*((n — 1 — £)k)~*/2 for £ < n — 2 and
CE=1/2||®2—1|| < C'h%k~1/2 for £ = n — 1. The contribution to (8.10) from these
terms is thus bounded by

n—2
Ch2k <k‘1/2 +> (n-1- e)k)—1/2> < C'h? (8.12)
=1

and the contribution from ®§ is similar but simpler. Combining the estimates we
obtain for n > 2 (with sum omitted for n = 2, 3)

n—3
el < €1y ((n=2=0k) Ik + CikT V2 (|l + [|e"2]) k + Coh?
=1
(8.13)
To simplify this, we choose a, 1 < a < 2, so that t=1/2 € L*(0,T). With1/8 = 1—-1/a
we apply Holder’s inequality,

n—3 B/a n—1
le™1? < ¢! <Z (n—2—0)k)~/? k+2ka/2k> > IR + Cyh*P (8.14)
=1 £=1

The first sum is bounded independent of n, and we can now apply a discrete Gronwall
inequality (e.g. [23], Lemma 10.5, p. 175) to conclude ||e*||” < C’h??, thus proving
(8.3) for the CN scheme (8.5).

Now suppose we discretize (8.1) as in (8.5) using TGA rather than CN, treating
the convection term as before. We obtain an error equation as in (8.7) with different
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s and ¢. Arguing just as above, but using (1.7), (1.8) rather than (7.1), (7.2), we can
again verify (8.3). Moreover, we can prove (8.4) in a related way provided we assume
the scheme is started carefully enough so that (8.3) and (8.4) hold for e!. To verify
(8.4) we apply Dy, to (8.10). We bound the convection term by Ve rather than
€, obtaining an estimate for this part similar to the earlier case. For the truncation
term we use (1.9) and (4.14) to estimate

Dy, us(kAR) " " q(kAL) Dy, @ = Dy Dps(kAR)" q(kAy) Y (8.15)

by C((n—1—0)k)~ (1 +|log h)||® || < C’'h2((n—1—£)k)~ (1 +|loghl) for £ < n—2
and Ck=1(1+ |logh|)||®2~1|| < C'h%k=1(1+ |logh|) for £ = n—1. The resulting sum
is bounded by Ch?(1+ |logh|?) as in (5.5). Note that (1.9) was not available for CN.
Summing over u, we get

n—3
IDre™| < €1y ((n—2—0)k) % | Dyet|| k
=1
+ Cik Y2 (|IDpe™ Y| + | Dre™2|) k + Coh*(1 + |logh|?) (8.16)

which as before leads to (8.4). Similar estimates could be made for SDIRK2 or BDF2.

We have presumed here that the time-dependent position of the interface was
given. In a more realistic problem its position would depend on u, and the errors in
u and the interface position would be coupled. The estimates here apply only to the
error in u due to the treatment of the interface. The control of errors in Vu as well
as u, given by (8.4), can be important in computing the interface motion.

Proof of Lemma 8.1. The proof is similar to that of Lemmas 2.2 and 2.6 in
[3] for the time-independent case. Since k = O(h), an irregular point of any kind at
time nk must be within O(h) of T'(nk); this fact depends on the boundedness the
t-derivative of the map defining T'(t). We suppose first that 7 is supported in a coor-
dinate patch; specifically we assume that 7(jh, nk) is nonzero only for irregular points
(jh,nk) in a set where I'(t) can be given by x4 = Y (&, t); here & = (z1,...,24-1) and
Y is C'. We claim that with n fixed, for each jh = (jih,...,j4_1h), any irregular
point (jh, jqh,nk) in this set, with some j4, must have |joh — Y (jh,nk)| < Coh for
some constant C. Thus for each n and j, the number of irregular points (jh, jgh, nk)
must be bounded. To prove the claim, suppose we have such an irregular point. Then
there is a point on I'(nk) of the form (z*,Y(Z*)) within O(h). (We omit the depen-
dence on nk for simplicity.) Then #* — jh = O(h); therefore Y (#*) — Y (jh) = O(h)
also, and thus jgh is within O(h) of Y'(jh). This proves the claim.

Assuming 7 has limited support as above, we now define

L/h

dn(jh) = %ZT(}h, th,nk) h, (8.17)
=1
®3(Gh,jah) = 3 (v(Gh, thynk) — ®3(Gh)) h (8.18)

(=1

for 1 < jq < L/h and @7 (jh,0) = 0. ®F extends to a periodic function since it
depends only on jh, and @7 extends periodically since ®7(jh, L) = 0. Moreover

T = D;®} + OF. (8.19)
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From the claim above, there are only O(1) nonzero terms in (8.17) and thus ||®f| <
Ch|7|] < C'h®. Then for the same reason ||®7]| < Cyh|/7| + C2h* < C'h?. This
proves the lemma for the special case we have considered.

For general 7, we can use compactness to cover the time-dependent boundary by
a finite number of coordinate patches in which one spatial coordinate is a function of
the others. The irregular points for each such patch can be handled as above. (Cf.
the proof of Lemma 2.2 in [3].) For the remaining regular points, 7 = O(h?), and
these points contribute to ®f.

Appendix A. Particular Schemes. We summarize the four time-stepping
methods that are emphasized here, as applied to (1.1). All are second-order accurate
and A-stable. All except CN are L-stable. We give the function s(z) for the single-step
methods.

The familiar Crank-Nicolson (CN) method is

(= Eagu = (1 a4 ke, (A1)

s(z) = (1+2/2)(1—2/2)7 . (A.2)
The TGA method, as defined in [25] and adapted in [18], is
(1 — kAR (1 — kpaAp)u™™ = (1 + kpsAp)u™ + (1 + kuaAp)kf"rY2 (AL3)
where a is chosen with 1/2 < a < 2 — V2 and
1,2 = (aFvVa2—4a+2)/2, pzs=1-—a, ps=(1/2)—a (A.4)
5(2) = (14 s2)(1 = p12) " (1 = uzz) ™" (A5)

SDIRK2, a singly diagonally implicit Runge-Kutta method, is (e.g., see [§8], p. 98)

k
u"+1 = u" “+ E(Kl —|—K2), (AG)
K1 = Ahu" + k’}/AhKl + fn—‘,-’y (A?)
Ky = Apu™ 4 k(1 — 29)AnKy + kALK, + frHi— (A.8)
where
v = (2+£V?2)/2 (A.9)
s(2) = (14 (1 —27)2)(1 —y2)72. (A.10)

BDF?2, the second-order backward difference formula is (e.g., see [8], pp. 364-66, or
(9], p. 27)

3 1
iu"“ —2u" + iunfl = EAputt 4+ kL (A.11)
BDF?2 is discussed further in Sec. 6.
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