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SOBOLEYV SPACES IN THE GENERALIZED DISTRIBUTION
SPACES OF BEURLING TYPE

By

Dae Hyeon PAHK and Bu Hyeon KANG

1. Introduction

In this paper we extend the concept of Sobolev spaces to the generalized
distribution spaces of Beurling type and investigate the Sobolev imbedding
theorem, the Rellich’s compactness theorem and etc on these generalized Sobolev
spaces.

For this purpose we briefly introduce the basic spaces and theories which
we need in this paper. The reader can find the details in [3]. Let . the
set of all continuous real valued functions w on R"™ which satisfies the follow-
ing conditions:

(@) O=w0)=w¢+n=w@)+w(n), & nER".

(&)

® wrdia

¢9) w(&)=a+blog(l+|&|) for some constants a and 5>0.

) w(§) is radial.

With the weight functions @ in #. and open set £ in R™ Bjorck defines
9,(82) the set of all ¢ in L'(R™) such that ¢ has compact support in £ and

d§<oo

lola={_,| 6@ lere®de<oo

for all 2>0. The space 9,(£2) equipped with the inductive limit topology, as
D(2), is Fréchet and we call 9,(2), the dual of 9,(L2), the Beurling’s gener-
alized distribution space. They denote by &,(2) the set of all complex valued
functions ¢ in £2 such that ¢pc9D,(R2) for all $=9,(2) and the topology is
given by the semi-norms |¢¢|;: for every A>0 and every ¢ in 9,82). The
dual space &.,(£2) of the space &,(£2) can be identified with the set of all ele-
ments of 9,(2) which have compact support contained in £. They also extend
the Schwartz space denoting by &, the space of all C=-function ¢ in L(R")
with the property that for each multi-index a and each non-negative number 4

we have
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P, :(@)=supe?*® | D*¢(x)| <oo
and TERT

Il 1(6):§%gexw(5)lDaé<5>l < oo

and S, the dual space of the space S,. Most theorems in the distribution space
can be extended in this generalized distribution spaces. For example, we have
the following Paley-Wiener type theorem which can be founded in [3];

THEOREM. Let K be a compact convex set in R™ with support function H.
If F is an entire function of n-complex variables L=£&+in=(,, -+, Cx), the fol-
lowing three conditions are equivalent :

(i) For each 2>0 and each €>0 there exists a constant C, . such that for
every nER™.

SRnI F(&+in)|e?o®deSCy e meint,

(ili) For edch A>0 and each €>0 there exists a constant C; . such that for
{=é+insCn.
|FE+in) | S Ch eBemreinizded

(iif) F(Q):S 1 Og(x)dx  for some GEDu(K).

e
RT

Movreover, the Fourier transform is isomorphic on the space S, and Si.

According to the definitions of the above spaces we may assume b=1 in
the c¢ondition () of «w= M., since it does not effect the size of the spaces.
Throughout this paper we assume that the weight function w satisfies the con-
dition (7) with b=1.

2. Generalized Sobolev Spaces

Since the Beurling’s generalized distribution space with weight function
o(§)=log(1+|¢&}) is exactly the distribution space, we naturally define the gener-
alized Sobolev space as follows:

DEFINITION 2.1. For s R, we denote by H} the set of all generalized
distributions ¥ =S, such that

Julg={ e 1a@1de] " <o

We call H} the generalized w-Sobolev space of order s or simply w-Sobolev
space of order s.
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From the definition we can easily see that S, is contained in H{ for all
seR; Hi=L*R"), H'CH{ for s<0 and H*DH§ for s=0. H{=H® when w(§)
=log(1+|&1).

THEOREM 2.2. HJ is a Hilbert space with inner product given by (u, v)¢=

Se“""f’ﬁ(é)@dé.

PrOOF. It is clearly an inner product on H} and the completeness follows
from the Proposition 2.2.2 and Theorem 2.2.3 in [3].
As we mentioned before, Hi=H® when the weight function «(§)=log(1+

1§1).
THEOREM 2.2. S, s dense in HS for all s=R.

PROOF. Since 9, is dense in C%, CS is dense in L%e***®d¢) and 9,CS.,
C L¥(e**2®d¢E), S, is dense in L%(e?**®©d4&). From the fact that Fourier trans-
form is isomorphism on S, the theorem follows.

COROLLARY 2.3. H!CHS for t>s, the inclusion is continuous and has dense
image.
From the fact that for multi-index «
ID*ullg- 10 e | ull?, usHS

we have

COROLLARY 2.4. The differential D* is a continuous linear operator from
HS to HE et

To find the relation between HS and Hy°. We define the pairing

u, p>=u(g) for ucsS, and G=S,.

Then we can easily get the following.

LEMMA 2.5. For usHS, The conjugate linear functional {u, -> on S, extends
uniquely to a conjugate linear functional on Hg* satisfying

(i) <u, vr=@x)|a@i@ue

(i) [<u, v ulglvles, usHg, veHy*®
(i) <u, vd>=<v, u> '
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Proor. For u=Hg, the map v\—»(Zn)'"Sﬁ(é)‘ﬁ_(S)dS is a continuous conjugate

linear functional, since

_ N _— . 1/2 _ 1/2
emy{a@iede s@o([eree a@iwdg) (e o) 12a8)
=@2r) " ul?lvhes.
The remaining results follow from the density of S, in Hj*.
THEOREM 2.6. The pairing <-, > identifies Hy* isometrically with the an-

tidual of HS. If usDl, then ucHS if and only if there is a constant ¢ such
that |u(@)| <cl@ll%s for ¢=D.,. Moreover, the best value of c is |ul.

PROOF. Let *(H¢$) be the antidual of HS. Define G: H;*—*(HE) by
G)w=<, w=@x) " [HOFE.
From lemma 2.5 (ii) we have |G)|| < ||v]|%s for all v Hg*, which implies |G| <1.

On the other hand, if G(v)=0, G)(w)=<v, u>=(2n)'"SD(E)ﬁ($)dE:O for all u=

S,. Therefore v=0 as a point of S/, and hence v=0 as a point of H;*. To
show the surjectivity of G, for we*(H¢), there is a w,=H® due to the Riesz
representation theorem such that w(u)=(w,, u)y for all u in H. Since ¢g—

Se““"f’wl(é)é(é)df is a continuous linear functional on S,, there is a distribution

w,= Hg*® such that @,(&)=e?**®©®,(¢) a.e. Then we have

w(u)=(w,, u>':=<2n>-n§em<f>wmaﬁ(s)de

=@r)rerederme @ OT@)d8

={w,, ud>=G(w,)(u) for all u ih HS,

that is, w=G(w;). To show the isometry, let v H;* and put u=H¢$ such that
a(&)=e 29Op(£) a.e. Then

G<v><u>=<2n>-nge-”w<f>w(e)vds

=[P =ul?vi2s.

Therefore, |G@)||=]v]|¢, which means |G||=1. Hence G is an isometry and
so G is an isometric isomorphism from Hg;*® onto *(H¢).

In order to show the last statement, let u= HS. Then, by the above identi-
fication, we have
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| u(é)|

lullg=sup{ o, p<Hy'} zsup | u(9)]

@2
which is required. Conversely, if u=9, and |u(@)|=Zclldll? for all g9,
then the map ¢|—u($) extends to an element <{u, -> of *(Hs®) with norm =c.
Thus there is a unique weHg such that G(w)(@)=<w, ¢>=u(g)=<u, ¢>. This
shows u=w.

: gZSEﬂ),,,},

COROLLARY 2.7. Let A: 9,—9D,, be a linear map. Then A extends uniquely
to a continuous linear map A: Hi—H} if and only if |(Au)@)| Zcllul?|vl®: for
u, v=9D,, for some constant c. Moreover, the best value of ¢ is the norm |A]|
of the linear operator A: HE—H..

ProOOF. If u=9, and AucsH, we have, from theorem 2.6, |(Au)(v)|=
[<Au, v)| < Aulllv] .= Alllul¢|v]¢, for u, veD,. The converse is obvious
from the density of 9,.

DEFINITION 2.2. If @ is an open subset of R® and s=R, then we define
H10c(Q)=}ucs2,(2): pusHS for all ¢=9D,(2)}.

LEMmMA 2.8. If ¢=D, and usH§, then pucsHg.
PrOOF. By the Minkowski inequality, we have

| Ppu :(Sezswce)l@(e)lzde)llz
=(Se“‘”“’[<2ﬂ>‘”§¢<n>a<s—n)d n]zds)w
§(27L‘)‘n/zg | ()] (SIﬁ(é_v)lzenw(e)dé)l/zdn

@ny (130 ewrdy)([1a@—niweesrdg) ™ if 520

A
ElIA

o ((18m1e s run)([1a@—nizenec-rag)™ it s<o

=2r) " "*|@ll 151 lu]]¢ <o, which shows gucsHg

THEOREM 2.9. If P(x, D)=Ia§maa(x)D“ with a,=E,(2), then P(x, D) is

continuous linear map from HSE,oo(2) into HETR(RQ).

PROOF. Let usHgoc and ¢=9,. Choose X in 9,(2) such that X=1 on a
neighborhood of supp(¢). Then we get the result from corollary 2.4 and
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lemma 2.8.
Next we give some examples.

EXAMPLE.

(1) &, is an element of H¢ for any s<—(n/2).

(2) D%, is an element of HS™'*' for s<—(n/2).

(3) On R, the characteristic function u(x)=X..,. is an element of HJ
when s=<0.

3. Imbedding Theorem and Compactness

In this section we extend the Sobolev imbedding theorem and Rellich’s
compactness theorem to the generalized Sobolev space. For this we need
several definitions.

DEFINITION 3.1. We denote by HX=N\HS and H;*=\JH}S. We provide

s&€R SER
Hg(resp. H;~) with the weakest (resp. the strongest) topology such that the

cannonical injection Hy—Hg(resp. Hi—H;*=) is continuous for all s€R.

DEFINITION 3.2. Let k2 be a non-negative integer. We denote by &%(£2)
the vector space of all locally integrable functions u on 2 such that

Se”"'<5>l¢/z\¢(5)d5<oo for all G Du(2).

We notice that the intersection of such spaces &%(2) is &,(£2). Moreover
we get

PROPOSITION 3.1. For any nonnegative integer k, EL(2)CC*(Q).

PrROOF. Let ucs&i(R) and x=£2. Choose g=9,(2) with ¢=1 in a neigh-
borhood of x. Then

(gu={e=odurde,

since gu= L'(R™). Using the inequality for |a| =k,

|E| lal_s_(l_l_ ]$|)|a|ée-a|a1e1a1w(é>§e—a|a|ekw(5>

we know that D“(¢u)(x)=ge“1'5>$“(¢/1:)(5)d§ has finite value for |a|<k. This

means u<sC*(Q).

THEOREM 3.2 (Sobolev imbedding theorem). For s>(n/2)+k, k=N, we
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have H3CEL(R™). Moerover,

I‘g‘;kIID"‘uHméCs,kllull‘;’ for all useHS.

PrROOF. Let u=H$ and ¢=9,(R™). From lemma 2.8 we have

Sckw(é) | ¢/1:(5>| d&-:gesmé) | ¢/l\t($) | eck—s)w(E)de

1/2

< [Ser(e) ] ¢/1:($) | 2d5]1/2[5e2(k-8)w(5)d5]

=Cligully for s>%+k
Hence u=&tc C*. Furthermore, for |a| <k, we have
|&2a(8)| = &% ®e* O q(8)]
SAHEDEF et D] ad)]
The last term is product of L2-functions and so (5"\u)(§) is integrable. By the

Riemann-Lebesgue lemma we get lim D“u(x)=0 and

| &} —o0

| Deu(x)| = | @m) (e Pgeag)de|
<|ga@Iu=Cluls  for all xeR",

which shows the inequality.
We can easily see that HC&, and lim D%u(x)=0 for every a=N" and

| & =00

usHy. Moreover we have
PRrROPOSITION 3.3. &€,CH;™.

PrROOF. Let usé&,. According to the Paley-Wiener type theorem, we can
find some constant >0 and C; such that |#(§)| < Ce**®, £ R*. Thus we have

Sezsw(é) ] ﬁ(&) | deé C%Se“”““’(e)df

gcg<l+15|>2<s+*>de<oo
if s+A<—(u/2). That is, u is in such HS and H;™.

COLLARY 3.4. If ¢=S,, then the multiplication operator Ty, given by Tsu
=¢u, is a bounded linear operator on HS for all s=R.

DEFINITION 3.3. We denote by H(2) the closure of 9,(R2) in the H:-norm
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for every s=R.

THEOREM 3.5 (Trace Theorem). If usHIR) for some s>n/2, then u=0
on 0%.

PROOF. If s>n/2 and usH&(RQ), then there is a sequence {u,} of functions
in 9,(2) such that u, converges to u in Hi. According to Sobolev imbedding
theorm,

sup |u(x)|=sup |[(u—u.)(x)| Ssup|u—u,| <Csllu,—ul|¢
reof? reof? 2
for all n=1, 2, ---. Hence #=0 on 02.

THEOREM 3.6 (Rellich’s compactness theorem). If 2 is bounded open in R™
and t<s, the inclusion map from H(Q) into HE is compact

Proor. Let {u,} be a bounded sequence in H(2) and let X be a local unit
for ©. Then

exw(e) l ﬁk(&)l ggesa)(f)‘sw(ﬂ) I i(s_ﬂ)lesw(ﬂ) I ﬁk(‘r])] d7]

1/2

g[geww-ww12(5—7;)|2d7;]”2[ge“w“ﬂ | ak(v)lzdv}

< gl [errece- g —pp 2y

=Ci <

for some constant C,, independent of & and k. In a similar way we have
e**®| D;u(§)|<C, for some constant C, independent of & and k. We now
claim that ¢**%,(£) is an equicontinuous sequence of functions on any compact
set. Let K be any given compact subset of R® and C,=sup{e'®'“®: £=B(0, R)}
where RZ?[éE“X”. Then |#:(8)| =C,e™**®<C,C; and | D;#,(&)| <C,C, for all

& in K and all positive integer k2. From the uniform continuity of ¢**> on K,
we can find, for each ¢>0, a constant d, such that |§—»]|<d, implies |e**® —
et | <e/2C,Cy. On the other hand, we have, from the mean value theorem,

| 2@ =2 S 3 16=71 1 Dsata(E+0(n—8)

=Cillé—nll

for some constant Cj; and for all k=1, 2, --- and &, n=K. Hence, for each ¢>0
there is a constant 0,>0 such that |§—7%|=d,, §, =K imply the inequality
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| ,(&)—@:(n)] <e/2C4C,.  Choosing & =min {d;, 0,}, we have [e*“® 4,(§)—
e h, ()| =e* @4 (8)—ar(n)| + @ —e* | |7,(n)| <e, provided that [§—
7| <d and &, y<=K, which shows our claim. Since {e**®7,(&)} is a pointwise
bounded sequence on K, the Arzela-Ascoli theorem gives a subsequence
{e**®n, (§)} converging uniformly on each compact sets in R*. Now, for each
real number R>0, we have

s e 127 = {2 (@4, — 00 &)1 d
=|erct-vudgred | (@, —a, )(@)1%d8
<| el = )OI

R B O W [N GIREE

1§12R

<( | @I, — 0 ) 1Pdg+ Corm oo (14 Ry
1§1sR

for some constant C. The last inequality follows from the boundedness of
{us} in H&R). Now, given ¢>0, we can take R so large that Ce*¢ 9¢(14
R~ <¢/2, The uniform convergence on B(0, R) of the subsequence
e**®q, (§) then gives a constant M such that &;, k;=M imply

SiEisRezswce) | (8)— e ()17 <e/2.

Therefore, {u.,} is a convergent subsequence of u, in H¢.
We remark that this theorem is not true when ¢=s.
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