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ABSTRACT: The soft bootstrap is an on-shell method to constrain the landscape of effective
field theories (EFTs) of massless particles via the consistency of the low-energy S-matrix.
Given assumptions on the on-shell data (particle spectra, linear symmetries, and low-
energy theorems), the soft bootstrap is an efficient algorithm for determining the possible
consistency of an EFT with those properties. The implementation of the soft bootstrap uses
the recently discovered method of soft subtracted recursion. We derive a precise criterion
for the validity of these recursion relations and show that they fail exactly when the assumed
symmetries can be trivially realized by independent operators in the effective action. We
use this to show that the possible pure (real and complex) scalar, fermion, and vector
exceptional EFTs are highly constrained. Next, we prove how the soft behavior of states
in a supermultiplet must be related and illustrate the results in extended supergravity. We
demonstrate the power of the soft bootstrap in two applications. First, for the NV = 1
and A" = 2 CP! nonlinear sigma models, we show that on-shell constructibility establishes
the emergence of accidental IR symmetries. This includes a new on-shell perspective on
the interplay between N = 2 supersymmetry, low-energy theorems, and electromagnetic
duality. We also show that N' = 2 supersymmetry requires 3-point interactions with
the photon that make the soft behavior of the scalar O(1) instead of vanishing, despite
the underlying symmetric coset. Second, we study Galileon theories, including aspects of
supersymmetrization, the possibility of a vector-scalar Galileon EFT, and the existence
of higher-derivative corrections preserving the enhanced special Galileon symmetry. The
latter is addressed both by soft bootstrap and by application of double-copy /KLT relations
applied to higher-derivative corrections of chiral perturbation theory.
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1 Introduction

Effective field theories (EFTs) encode the low-energy dynamics of the light degrees of free-
dom in a physical system. The general principle of EFTs is to include all possible local
interaction terms permissible by symmetries up to a certain order in the derivative expan-
sion. Irrelevant operators are suppressed by powers of the UV cutoff and have dimensionless
Wilson coefficients that parameterize the (possibly unknown) UV physics. Of particular
interest, both for formal and phenomenological applications, are the EFTs describing the
low-energy interactions of Goldstone modes of spontaneously broken symmetries. Tradi-
tionally, such effective actions are constructed explicitly from the underlying symmetry
breaking pattern using the method of nonlinear realization [1-3].

However, constructing effective actions one by one is not an efficient approach to the
problem of classifying such models and studying the properties of the associated scattering
amplitudes. Similar to gauge and gravity theories, the Lagrangian description of EFT's has
an enormous redundancy in the form of nonlinear field redefinitions which are completely
invisible in the S-matrix [4, 5]. The modern on-shell approach completely avoids both the
redundant description and the associated process of calculating observables from explicitly
given Lagrangians. Instead one uses the required physical and mathematical properties of
the on-shell scattering amplitudes to constrain the underlying models and directly calculate
the physical scattering amplitudes.

The effective actions for Goldstone modes typically have the unusual property that
while there may be an infinite number of gauge invariant local operators at a fixed order in
the derivative expansion, the associated infinite set of Wilson coefficients is determined in
terms of a finite number of independent parameters. How can this be understood in purely
on-shell terms? The traditional explanation is that the spontaneously broken symmetries
are nonlinearly realized on the fundamental fields and therefore mix operators in the ef-
fective action of different valence. From a more physical perspective, the spontaneously
broken symmetries manifest themselves on the physical observables via low-energy or soft
theorems. The non-independence of the Wilson coefficients is required to produce a can-
cellation between Feynman diagrams that ensures the low-energy theorem to hold. This



is a redundant statement: while the number of independent parameters required to spec-
ify the effective action at a given order is reparametrization invariant, the actual Wilson
coeflicients are not. As we will see, from a purely on-shell perspective the collapse from
an infinite number of free parameters to a finite number is a symptom of the underlying
recursive constructiblility of the S-matrix, which itself can be understood as a consequence
of the low-energy theorems.

It is instructive to consider an explicit example that illustrates these ideas. Consider
a flat 3-brane in 5d Minkowski space. There is a Goldstone mode ¢ associated with the
spontaneous breaking of translational symmetry in the direction transverse to the brane,
and it is well-known that the leading low-energy dynamics is governed by the Dirac-Born-
Infeld (DBI) action. In static gauge, it takes the form

%mzﬁ/ﬁ«%mcm+b%@®—g, (1.1)

where A? is the brane tension. The action trivially has a constant shift symmetry ¢ — ¢+c

which implies that the DBI amplitudes have vanishing single-soft limits. In particular, when
one of its momentum lines is taken soft,

Pl — €ephy with e—0, (1.2)

the Feynman vertex it sits on goes to zero as O(e). There are no cubic interactions, so
propagators remain finite. Hence, every tree-level Feynman diagram goes to zero as O(e).
What may be surprising is that a cancellation occurs between Feynman diagrams such
that the soft behavior of any tree-level DBI n-point amplitude is enhanced to O(e?). For
example for the 6-point amplitude, the O(e)-contributions of the pole diagrams cancel
against those of the 6-point contact term, leaving an overall O(e?) soft behavior:

R e
O(e)

o(e) (1.3)

O(€?)

The cancellation of the O(e)-contributions requires the coefficients of the 4- and 6-particle
interactions (9¢)* and (0¢4)° to be uniquely related. Interestingly we can invert the logic
of this argument. Begin with the most general effective action constructed from the oper-
ators present in the DBI action, but now with a priori independent Wilson coefficients ¢;,
schematically

C C
A%N/&4@W+é#&+£ww+“. (1.4)

Imposing that the amplitudes of this model satsify O(e?) low-energy theorems generates
an infinite set of relations among the ¢;. Up to non-physical ambiguities related to field
redefinitions, the unique solution to these constraints is the DBI action. In that sense, DBI
is the unique leading-order 4d real single-scalar theory with O(€?) low-energy theorems [6].



The cancellation of the O(¢)-terms in the DBI amplitudes is a manifestation of a less
obvious symmetry of the action. The broken Lorentz transformations transverse to the
brane induce an enhanced shift symmetry on the brane action of the form ¢ — ¢+c,z#+. . .,
where the “+...” stand for field-dependent terms. A theory with interaction terms built
from scalar fields with at least two derivatives on every field would trivially have the
enhanced shift symmetry that leads to the O(€?) soft behavior, but this is not the case for
DBI. Therefore DBI is in a class of EFTs that have been described in previous work as
exceptional [6]. This example illustrates the Lagrangian-based description of what is meant
by an exceptional EFT: a local field theory of massless particles with shift symmetries that
lead to an enhanced soft behavior of the scattering amplitudes beyond what is obvious
from simple counting of derivatives on the fields.!

The on-shell significance of the exceptional EFTs was first described in [7, 8]. It was
shown, for the case of scalar effective field theories, that the class of exceptional EFTs
as defined above coincides precisely with the class of EFTs for which there exists a valid
method of on-shell recursion. On-shell recursion for scattering amplitudes in the form of
BCFW [9, 10] or those based on various types of multi-line shifts [11-14] have been around
for several years now, but they are often not valid in EFTs. Technically, this is because
higher-derivative interactions tend to give ‘bad’ large-z behavior of the amplitudes under
the complex momentum shifts and as a result there are non-factorizable contributions from
a pole at z = co. A more physical reason is that in order for a recursive approach to have a
chance, it has to be given information about how higher-point terms are possibly connected
to the lower-point interactions. Standard recursion relations basically only ‘know’ gauge-
invariance, so in the DBI example they have no opportunity to know about any relation
between the couplings of (9¢)* and (9¢)8. So, naturally, a recursive approach to calculate
amplitudes in exceptional EFTs needs to know about the low-energy theorems, since — as
illustrated for DBI — this is what ties the higher-point interactions to the lower-point ones.
This is the additional input used in the early work of [15-17] in which vanishing soft limit
arguments were used to construct the amplitudes of pion scattering without an explicit
action. The idea was more recently formalized in the form of the soft subtracted recursion
relations presented in [7]; they provide a tool to calculate the leading (and possibly next-
to-leading) order contribution to the S-matrix of an exceptional EFT.?

The existence of valid recursion relations gives us our sought-after on-shell characteri-
zation of the relation among the Wilson coefficients of Goldstone EFTs. The infinite set of
a priori independent local operators at leading order in the derivative expansion determine
the leading-order part of the S-matrix. For a generic EFT, the presence of independent
operators of valence n corresponds to the appearance of independent coefficients on contact

!This definition is a little imprecise. In standard usage, an EFT is defined by some physical data
including the spectrum of particles and associated symmetries and corresponds to an effective action with
operators at all orders in the derivative expansion. The defining property of an exceptional EFT however
is typically only valid at leading or next-to-leading order. The equivalent on-shell statement is that the
scattering amplitudes of the EFT are only recursively constructible at the same order in the expansion.

2A recent paper [18] derives Ward identities from the enhanced shift symmetry in expectional EFTs and
discusses a different type of recursion relations.



contributions for amplitudes with n external particles. If the scattering amplitudes are re-
cursively constructible at a given order, then no such independent coefficients can appear
since the entire amplitude must be determined by factorization into amplitudes with fewer
external particles. Furthermore, the recursion must take as its input a finite set of seed
amplitudes that depend on only a finite number of parameters.

Beyond being an efficient method for calculating explicit scattering amplitudes in
known models, the subtracted recursion relations can be implemented as a numerical al-
gorithm to explore and classify the landscape of possible EFTs. We term this program
the soft bootstrap due to the structural similarity of the method with the conformal boot-
strap [19, 20]. The method is described in detail in section 3.5, here we give a simplified
description. We consider EFTs as defined by a set of on-shell soft data: a spectrum of
massless states, linearly realized symmetries and low-energy theorems. We use general
ansatze for scattering amplitudes of low valence and low mass dimension, consistent with
the assumed spectrum and linear symmetries, as input for subtracted recursion. If the
ansitze satisfy a certain criterion guaranteeing the validity of the subtracted recursion re-
lations and if the assumed soft data corresponds to a valid EFT, then the output of the
recursion should correspond to a physical scattering amplitude. Here valid EFT means the
existence of the assumed EFT as a local, unitary, Poincaré invariant quantum field theory.

For tree-level scattering amplitudes this includes the requirement that the only singu-
larities of the amplitude correspond to factorization on a momentum channel. Conversely
if no such valid EFT exists, or equivalently if the assumed soft data is inconsistent, then the
output of the recursion generically will not correspond to a physical scattering amplitude
and this may be detected through the presence of non-physical or spurious singularities. In
practice, the ansitze are parametrized by a finite number of coefficients, and the removal
of spurious singularities often places constraints on these coefficients.

The soft bootstrap program was initiated in [8], where it was used to explore the land-
scape of real scalar EFTs with vanishing low-energy theorems. The results are reviewed
and extended in section 4. This paper should be understood as a continuation and gen-
eralization of this program, incorporating richer soft data including spinning particles and
linearly realized supersymmetry. In section 1.1 we provide a brief overview of exceptional
EFTs studied in this paper before summarizing our main results in section 1.2 that also
provides an outline of the paper.

1.1 Overview of EFTs

In this paper, we extend the application of the soft bootstrap from real scalars to any
massless helicity-h particle and we derive a precise criterion for the validity of the soft sub-
tracted recursion relations. By the new validity criterion, the on-shell characterization of an
exceptional EFT will precisely be that its amplitudes are constructible using soft recursion.

Our work requires a precise definition of the degree of softness of the amplitude. This
is given in section 3.1. For now, let us simply introduce the soft weight o as

An(ep1,pa,...) =8O 4+ 0(e7*)  as e —0, (1.5)



Soft degree o | Spin s Type of symmetry breaking
1 0 Internal symmetry (symmetric coset)
0 0 Internal symmetry (non-symmetric coset)
1 1/2 Supersymmetry
0 0 Conformal symmetry
0 1/2 Superconformal symmetry
2 0 Higher-dimensional Poincaré symmetry
0 Higher-dimensional AdS symmetry
3 0 Special Galileon symmetry

Table 1. The table lists soft weights o associated with the soft theorems A,, — O(e?) as € — 0 for
several known cases. The soft limit is taken holomorphically in 4d spinor helicity, see section 3.1
for a precise definition. Conformal and superconformal breaking is discussed in section 5.3.

where S,(LO) # 0. Table 1 summarizes the soft weights for various known cases of spontaneous
symmetry breaking. The earlier example of DBI corresponds to the case of spontaneously
broken higher-dimensional Poincaré symmetry; only the breaking of the translational sym-
metry actually gives rise to a Goldstone mode [21] and it will have o = 2.

Here follows a brief overview of exceptional EFTs that appear in this paper. We include
the connection between their soft behavior and Lagrangian shift symmetries:

e DBI can be extended to a complex scalar Dirac-Born-Infeld theory and coupled
supersymmetrically to a fermion sector described by the Akulov-Volkov action of
Goldstinos from spontaneous breaking of supersymmetry. In extended supersymmet-
ric DBI, the vector sector is Born-Infeld (BI) theory. The soft weights are o7 = 2
for the complex scalars Z of DBI, o, = 1 for the fermions of Akulov-Volkov, and
o, = 0 for the BI photon. The soft behaviors can be associated with shift symme-
tries Z — Z + c+ vy xt and ¢ — 1 + &, where § is a constant Grassmann-number.?
N = 1 supersymmetric Born-Infeld couples the BI vector to the Goldstino of
Akulov-Volkov.

e Nonlinear sigma models (NLSM) describe the Goldstone modes of sponteneously
broken internal symmetries and have scalars with constant shift symmetries that
give ¢ = 1 soft weights in the low-energy theorems. A common example of an
NLSM is chiral perturbation theory in which the scalars live in a coset space
U(N) x U(N)/U(N).

The complex scalar CP! NLSM can be supersymmetrized with a fermion sector that
is Nambu-Jona-Lasinio (NJL) model. The complex scalars have shift symmetry
Z — Z + c and oz = 1 while the fermions have no shift symmetry and o, = 0. We

3We leave out field-dependent terms for simplicity when stating the shift symmetries.



study both the ' =1 and 2 supersymmetric CP* NLSM.*

e A NLSM can have a non-trivial subleading operator that respects the shift symmetry
and hence also the low-energy theorems with ¢ = 1. This operator is known as the
Wess-Zumino-Witten (WZW) term and has a leading 5-point interaction.

e Galileon scalar EFTs arise in various contexts and have the extended shift symmetry
¢ — ¢ + ¢+ v,at that gives low-energy theorems with o = 2. As such they can be
thought of as subleading operators of the DBI action, and are called DBI-Galileons.
They can also be decoupled from DBI (at the cost of having no UV completion).

In 4d there are two independent Galileon operators: the quartic and quintic Galileon.
(By a field redefinition, the cubic Galileon is not independent from the quartic and
quintic.) When decoupled from DBI, the quartic Galileon has an even further en-
hanced shift symmetry ¢ — ¢ + ¢+ v, a# + s, 22" that gives low-energy theorems
with soft weight 0 = 3 and is then called the Special Galileon [8, 22].

e The quartic Galileon has a complex scalar version with oz = 2 (but it cannot have
oz = 3). It has an N/ = 1 supersymmetrization [23, 24] in which the fermion sector
trivially realizes a constant shift symmetry that gives oy, = 1.

e There is evidence [24] that the quintic Galileon may have an A/ = 1 supersymmetriza-
tion. This involves a complex scalar whose real part is a Galileon with ¢ = 2 and
imaginary part is an R-axion with ¢ = 1.

We now summarize the main results obtained in this paper.

1.2 Outline of results

e In section 2 a brief review is given of the Wilsonian effective action. The notion of
the reduced dimension of an operator is defined and the relevance to power-counting
in the derivative expansion is explained.

e In section 3 we present a review and elaboration on the method of soft subtracted
recursion. The asymptotic (large-z) behavior of a scattering amplitude under the
momentum deformation is determined using a novel method exploiting the proper-
ties of tree amplitudes of massless particles under complex scale transformations.
This result is then used to formulate a precise constructibility criterion (3.10) for the
applicability of the method. The failure of an EFT (at some order in the deriva-
tive expansion) to satisfy the criterion is shown to be equivalent to the existence of
independent local operators which are “trivially” invariant under an extended shift
symmetry. The systematics of the soft bootstrap algorithm for constraining EFTs is
described.

e In section 4 several numerical applications of the soft bootstrap are presented. The
landscape of constructible EFTs with simple spectra consisting of a single massless

4In section 6.2 we show that the A/ = 2 CPP! NLSM requires the presence of 3-point interactions and the
soft weight of the scalar is reduced to oz = 0.



complex scalar, Weyl fermion, or vector boson is exhaustively explored. In particular,
our analysis shows that there can be no vector Goldstone bosons with vanishing soft
theorems. A similar result follows from an algebraic analysis that appeared around
the same time as this paper [25].

In section 5 we describe the interplay between soft behavior and supersymmetry.
From the supersymmetry Ward identities we show that the soft weights of the states
in an N’ = 1 multiplet can differ by at most one. Implications for superconformal
symmetry breaking and constraints on low-energy theorems in extended supergravity
are presented as examples.

In section 6, we apply recursion to construct the scattering amplitudes of the N =1, 2
CP*! nonlinear sigma models at leading (two-derivative) order. For the N = 1 case, it
is shown that recursive constructibility together with the conservation of U(1) charges
by the seed amplitudes implies that (at two-derivative order) all tree amplitudes of
this model conserve an additional accidental U(1) charge. For the N' = 2 model, re-
cursive constructibility is non-trivial due to the presence of 3-point interactions and
non-vanishing scalar soft limits, but can be achieved using the supersymmetry Ward
identities (see appendix D). Using this, we show that all tree amplitudes satisfy the
Ward identities of SU(2)r and conserve an additional U(1)r under which the vector
bosons are charged. (A detailed inductive proof of the SU(2)r Ward identities is
given in appendix C.) The connection between the existence of such chiral charges
for vector bosons and known results about special Kahler geometry are described,
in particular we highlight the emergence of electric-magnetic duality. Finally, an ex-
plicit form of the singular low-energy theorem for the vector bosons of the N' = 2
model is presented.

Section 7 contains brief comments on supersymmetrizations of DBI and Born-Infeld.

In section 8 various applications of the soft bootstrap algorithm to Galileon-like
models are presented. Previous results on the A/ = 1 supersymmetrization of the
quartic- and quintic-Galileon are elaborated upon, in particular the various possible
soft weight assignments to the states in the multiplet are described in detail.

The existence of an extension of the special Galileon with non-trivial couplings to a
massless vector is considered and evidence is given in favor of the existence of such a
model. The soft bootstrap algorithm is applied to the problem of classifying higher-
derivative corrections to the special Galileon effective action that preserve the low-
energy theorem via the associated on-shell matrix elements. Compatible amplitudes
are classified up to couplings of dimension —12 for quartic interactions and —17 for
quintic interactions. These results are compared with the output of the double-copy
in the form of the field theory KLT relations as applied to chiral perturbation theory.
These two constructions are found to agree for quartic interactions but not for quintic.

In appendix B many explicit forms of calculated amplitudes for various models con-
sidered in this paper are presented.



2 Structure of the effective action

The low-energy dynamics of a physical system can be described by a Wilsonian effective
action containing a set of local quantum fields for each of the on-shell asymptotic states
with all possible local interactions allowed by the assumed symmetries:

co
Seffective = SO + Z W /d4£(} (’)(x) . (21)
@

Here Sy denotes the free theory, i.e. the kinetic terms, A is a characteristic scale of the
problem, and co are dimensionless constants. The sum is over all local Lorentz invariant
operators O(x) of the schematic form

O(z) ~ 8¢ (2) () F(x)" (2.2)

where A,...,D are integer exponents. In this paper we focus on EFTs in which the
operators O are manifestly gauge invariant.’
We assign the following quantities to a local operator

e Dimension: A]O] defined as the engineering dimension with bosonic fields of dimen-
sion 1 and fermionic fields of dimension 3/2.

e Valence: N[O] defined as the sum of the total number of field operators appear-
ing. Equivalently, this is the valence of the Feynman vertex derived from such an
interaction.

The schematic operator in (2.2) has A[O] = A+ B+ 3C+2D and N[O] = B+C +D.
In standard EFT lore, operators of lowest dimension dominate in the IR. In many cases
this means the marginal and relevant interactions dominate and the irrelevant interactions
are sub-dominant and suppressed by powers of the UV scale A. In other cases, such as
effective field theories describing the dynamics of Goldstone modes, there are only irrelevant
interactions and it may be less clear which operators dominate. It is therefore useful to
introduce the reduced dimension
~ A[O] — 4
AlO] = 7]\[[0] — (2.3)
for the operator basis (2.1). Operators that minimize A dominate in the IR.
The authors of [6-8] consider only scalar EFTs and therefore operators of the form
O ~ d™¢". They define a quantity

m— 2

— = Al0] -1, (2.4)

p=

®This need not be the case in more general scenarios (though of course we insist on overall gauge
invariance). For example in Yang-Mills theory, the gauge invariant operator trF? has a quadratic term
which we group into the free part Sp of the action while the interaction terms would be accounted for in
the sum of all operators O in (2.1). Similarly, for massless spin-2 fields when /—gR is expanded around
flat space.



to determine when two operators of this form produce tree-level diagrams with couplings
of the same mass dimension. Morally p is the same as the reduced dimension A[O]. The
latter is the natural generalization of p to operators containing particles of all spins.

The quantity A is useful for clarifying the notion of what it means for an interaction to
be leading order in an EFT with only irrelevant interactions. In the deep IR, the relative
size of the dimensionless Wilson coefficients in the effective action is unimportant since
lower dimension operators will always dominate over higher dimension operators. It is
therefore only necessary to isolate the contributions that are leading in a power series
expansion of the amplitudes in the inverse UV cutoff scale A~!. The dominant interactions
in the deep IR are generated by operators that minimize this quantity. As an illustrative
example, consider an effective action for scalars with interaction terms of the form

C C
Sffoctive D / d*z [A—ia‘*qb“ + A—5584¢5] . (2.5)

The reduced dimensions A are 2 and 5 /3 for the quartic and quintic interactions respec-
tively. The quintic interaction should therefore dominate over the quartic in the deep IR.
To see this explicitly we have to compare amplitudes with the same number of external
states, so we compare the contributions from tree-level Feynman diagrams to the 8-point
amplitude:

~ ~

1 1
Az A0

This confirms that the diagrams arising from the quintic interaction dominate the 8-point
amplitude.

It is useful to introduce the notion of fundamental interactions (or fundamental op-
erators) in an EFT. These are the lowest dimension operator(s) whose on-shell matrix
elements can be recursed to define all matrix elements of the theory at leading order in the
low-energy expansion.

Consider the DBI action. The leading interaction comes from an operator of the
form %84& and as discussed in the introduction, with the associated 4-point amplitude
as input, all other n-point amplitudes in DBI can be constructed with soft subtracted
recursion relations. If the action had contained an interaction term of the form %85&,
then ﬁ@‘lqﬁ‘l would not be sufficient to determine dominating contributions at n-point
order, i.e. both interactions would need to be considered fundamental for soft recursion.

The operators immediately subleading to DBI in the brane-effective action are encoded
in the DBI-Galileon. In 4d, there are two such independent couplings,® namely for a quartic
interaction of the schematic form %8%54 and a quintic interaction of the form %88&;
these both have A = 3 whereas DBI has A = 2. Thus the DBI-Galileon has a total of
three fundamental operators: the 4-point DBI interaction and the 4- and 5-point Galileon
interactions.

5The cubic Galileon interaction is equivalent to a particular linear combination of the quartic and quintic
Galileon after a field redefinition.



3 Subtracted recursion relations

We review on-shell subtracted recursion relations for scattering amplitudes of Goldstone
modes [6-8, 26, 27] and derive a new precise criterion for their validity.

3.1 Holomorphic soft limits and low-energy theorems

We rely on the 4d spinor helicity formalism (for reviews, see [28-31]) in which a massless on-
shell momentum is written p = —|p)[p|. This presents an ambiguity in how to take the soft
limit (1.2): it could for example be taken democratically as {|p),[p]} — {€/?|p), €"/?|p]},
holomorphically {|p),|p]} — {€|p),|p]}, or anti-holomorphically {|p),|p]} — {|p),€|p]}.
These are all equivalent choices, because the momentum p is invariant under little group
scaling {|p), |p]} — {t|p),t'|p]}. Amplitudes scale homogeneously under the little group,

An ({11,100} Atla) e iy o) = 720 A ({10, 1Y - A{l) [+ ) (3.1)

so the choice of soft limit is simply reflected in a helicity-dependent overall scaling fac-
tor. We choose to minimize the power of € in the soft limit by letting the choice depend
on the sign of the helicity of the particle: specfically, we take psoy — €psott = —€|s)][s]
holomorphically for any state with non-negative helicity:”

|s) = €|ls)  for hs>0. (3.2)

For a negative-helicity particle, we use the anti-holomorphic prescription |s] — €|s]. For
scalars, it makes no difference which choice is made.

We characterize the soft behavior of amplitudes of massless particles in terms of a
holomorphic soft weight o (or, for brevity, just soft weight). It is defined in terms of the
holomorphic soft limit (3.2) as

A ({0,110} Aels), [sh4 .- ) = €@ SO+ 0(e"F)  as €0, (3.3)

where 87(10) # 0. This way of taking the soft limit is closely correlated with the shifts
introduced for the soft subtracted recursion relations in the following.

3.2 Review of soft subtracted recursion relations

We consider complex momentum deformations of the form

n
pi — ﬁz = (1 — aiz)pi with Zaipi =0. (3.4)
i=1
The label i = 1,2, ..., n runs over the n massless particles in the scattering amplitude. The

shifted momenta p; are on-shell by virtue of p? = 0 and satisfy momentum conservation

"Taking the soft limit as simply as in (3.2) is not compatible with overall momentum conservation.
To stay on the algebraic locus of momentum conservation in momentum space, we take the limit with
appropriate shifts in a subset of the n — 1 other momentum variables. The precise prescription can be found
in equation (6) of [32]. The details will not affect the main line of the discussion in this paper, but we note
that all calculations are done manifestly on-shell, including the soft limits.

~10 -



when the shift coefficients a; satisfy the condition in (3.4). (We discuss the solutions to this
condition in section 3.5.) When evaluated on the shifted momenta p;, an n-point amplitude
becomes a function of z and we write it as A, (z).

The subtracted recursion relations for an n-point tree-level amplitude A,, are derived

dz A, (2) B
fz m = (3.5)

from the Cauchy integral

where the contour surrounds all the poles at finite z and the function F' is defined as

n

F(z) =[] = aiz)7. (3.6)

i=1

The vanishing of the integral in (3.5) requires absence of a simple pole at z = oco. We
derive a sufficient criterion for this behavior in section 3.3.

The shift (3.4) is implemented on the spinor helicity variables according to the sign of
the helicity h; of particle ¢ as

hi >0: i)y = (1 —a2)|iy, i — 1], 47

hi <0:  |i) = i), li] = (1 — a;2)]i] . 3.7

The limit z — 1/a; is then precisely the soft limit p; — 0 of the ith particle in the

deformed amplitude. Hence, if the amplitude satisfies low-energy theorems of the form (3.3)

with weights o; for each particle i, the integral (3.5) will not pick up any non-zero residues

from poles arising from the function F' when it is chosen as in (3.6). Therefore the only

simple poles in (3.5) arise from z = 0 and factorization channels in the deformed tree

amplitude. They occur where internal momenta go on-shell, ]5[2 = 0. The residue theorem

then states that the residue at z = 0 equals minus the sum of all such residues, and
factorization on these poles gives

A i)
A, = Z Z Z i (27 )-AR (Zfi) (3.8)
I |py * I (1 — /ZI )

The sums are over all factorization channels I, the two solutions zI to P2 0, and
all possible particle types |1p(1)> that can be exchanged in channel I. These recursion
relations are called soft subtracted recursion relations. When F' = 1, the recursion is called
unsubtracted.

The expression for the solutions zIi to the quadratic equation ]512 = 0 involves square
roots, but those must cancel since the tree amplitude is a rational function of the kinematic
variables. On channels where the amplitude factorizes into two local lower-point amplitudes
(meaning that they have no poles), the cancellations of the square roots can be made
manifest. This is done by a second application of Cauchy’s theorem, which for each channel
I converts the sum of residues at z = zfc to the sum of the residues at z =0 and z = 1/a;

for all 4. Details are provided in appendix A, here we simply state the result: if A(LI)
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Ag) are local for all factorization channels, the soft recursion relations take the form

(1) n (I (I
4= (“4 + 3 Res ;i““()“‘lpt()> | (3.9)

I |0y F(z

Note that this form of the recursion relation is typically only valid at low points since it
requires that the amplitude factorizes into a form where all subamplitudes are local.

The recursion relation in the form (3.9) is manifestly rational in the kinematic variables,
and we will be using (3.9) for the applications in this paper. Note that only the first term
in (3.9) has poles. Therefore the sum of the 1/a; residues over all channels must be a local
polynomial in the momenta.

3.3 Validity criterion

The purpose of including F'(z) in (3.5) is to improve the large-z behavior of the integrand
so that one can avoid a pole at z = oo. This is necessary in EFTs, where the large-z
behavior of the amplitude typically does not allow for unsubtracted recursion relations
with F(z) = 1 to be valid without a boundary term from z = co. A sufficient condition
for absence of a simple pole at infinity is that the deformed amplitude vanishes as z — oo.
Below we show that for a theory with a single fundamental interaction (see section 2) of
valence v and coupling of mass-dimension [g,] the criterion for validity of the subtracted
recursion relations is

—znjsi—znzai<0. (3.10)
=1 =1

Here s; is the spin (not helicity) of particle i and o; is its soft behavior (3.3). Alternatively,
one can write the constructibility criterion in terms of the reduced dimension A, introduced

n (2.3), as
4fn+(n72)AstifZJi<0. (3.11)
i=1 =1

The criterion generalizes to theories with more than one fundamental coupling by

replacing ’;:g [gv] in (3.10) by the sum over all couplings contributing to the diagrammatic
expansion of the amplitude in question; the precise criterion is given in (3.19).

Proof of the criterion (3.10). To avoid a pole at infinity in the Cauchy integral (3.5),
it is sufficient to require A,(z)/F(z) — 0 as z — oo. To start with, we determine the
large-z behavior of the deformed amplitude ./tn(z)

Generically, in a theory of massless particles with couplings g, a tree-level amplitude

An Z (Hg”ﬂ’“) (3.12)

where [], ng * is a product of coupling constants and M; is a function of spinor brackets

takes the form

only. Since there can be no other dimensionful quantities entering M, the mass dimension
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[M;] can be determined via a homogenous scaling of all spinors:
iy = A2y and i) = AY2)i) = M; — AMilag (3.13)
The mass dimension is also fixed by simple dimensional analysis to be

My =4—=n—=> njlal, (3.14)
P

since an m-point scattering amplitude in 4d has to have mass-dimension 4 — n.
It is useful to consider a modified scale transformation defined as

hi 20z i) = Ali),  Ji] =i,

o , , (3.15)
hi <0: i) = i), li] — Alg] .

The effect of this scaling can be obtained from the uniform scaling (3.13) via a little group
transformation (3.1) on all momenta with ¢t = /2. Therefore under (3.15), M; scales as
M; — AMG1=32 % M;, where s; is the spin (not helicity) of particle 1.

For the case of a theory with a single fundamental interaction of valence v with coupling

Juv, the number of couplings appearing in an n-point amplitude is Z—:g, and therefore we have
Ay PA,, D=d—n-""21-3 (3.16)

v—2 .

(2

under the modified scale transformation (3.15).
Under the momentum shift (3.7), the deformed tree amplitude A, (z) can be written

A (o A = ai2)li), i1+ {1d), (1 = a;2) 5]} -)
= An (. A2(1/z = ali), li}+ - {14), 2(1/z = aj)l4]}-) (3.17)
= 2P A (- Az = a)li)s i} {l)s (12 = ay)l]}-)

where the subscripts + refer to the sign of the helicity of each particle. In the last line we

used the behavior (3.16) under the modified scaling (3.15).
At large z, the amplitude in the last line of (3.17) is the original unshifted amplitude

A, (2)

evaluated at a momentum configuration with ¢; = —a;p;. These momenta are all on-shell
and satisfy, via (3.4), momentum conservation. The only way the tree amplitude could
have a singularity at this momentum configuration would be if an internal line went on-
shell. This can always be avoided for generic momenta.® Thus we conclude from (3.17)
that for large z, the deformed amplitude behaves as

An(z) = 2N with N<D, (3.18)

where D is given in (3.16). The inequality allows for the possibility that A4, could have a
zero at q; = —a;p;.

8The condition (3.4) has a trivial solution with all a; equal. Therefore any solution to (3.4) can be shifted
uniformly a; — a; 4+ a for any real number a. Hence, we can always avoid the discrete set of momentum
configurations for which an internal line in A,, goes on-shell.
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Our mission was to find a criterion for A,(z)/F(z) — 0 as z — co. By the defini-
tion (3.6), we have F(z) — 22:7 for large z. From our analysis of the large-z behavior of
An(z), we can therefore conclude that, at worst, A, (z)/F(z) — zP~2i% . The sufficient
criterion for absence of a pole at infinity, and hence for validity of the subtracted recursion
relation, is then D — ) . 0; < 0. This is precisely the condition (3.10). This concludes
the proof.

It is straightforward to generalize the constructibility criterion to EFTs with more
than one fundamental interaction,

4—n—minj<2njk[gk]) —isi—ia¢<0. (3.19)
k i=1 i=1

Recall that in effective field theories, the couplings have negative mass-dimension. This
means that the constructibility criterion tends to be dominated by the fundamental inter-
actions associated with operators of the highest mass-dimension that can contribute to the
n-point amplitude.

Example 1. Let us once again return to the example of DBI. The action has a fun-
damental quartic vertex g4(8¢)4 with a coupling of mass-dimension [g4] = —4. The con-
structibility criterion (3.10) for the n-scalar amplitude is n(1—og) < 0, where og is the soft
behavior of the scalar ¢. Since og = 2 in DBI, all DBI tree amplitudes are constructible
via the subtracted soft recursion relations, as claimed in the introduction.

The failure of the constructibility criterion for og = 1 is simply the statement that
an EFT whose interactions are built from powers of (9¢)? trivially has a constant shift
symmetry and hence og = 1, so there are no constraints from shift symmetry on the
coefficients of (9¢)%* in terms of that of (0¢)* and then one has no chance of recursing A4
to get all-point amplitudes.

Example 2. Consider a theory of massless fermions with quartic coupling of mass-
dimension [g4] = —2. The criterion (3.10) says that the n-fermion amplitudes are con-
structible when 4 < n(1+ 20y). Thus all n > 4 point tree-amplitudes are constructible
by (3.8) for any soft weight o, > 0. No such theory exists for o, > 0 (as we prove in
section 4.2), but for oy, = 0 this is exactly the Nambu-Jona-Lasinio (NJL) model, which
consists of the simple 4-fermion interaction ?1)? [33].

3.4 Non-constructibility = triviality

We have derived a constructibility criterion, but what does it mean? The answer is quite
simple: if an n-point amplitude can be constructed recursively from lower-point on-shell
amplitudes, there cannot exist a local gauge-invariant n-field operator that contributes to
the amplitude without modifying its soft behavior. We define a trivial operator to be one
with at least 4 fields whose matrix elements manifestly have a given soft weight o. Let us
now assess what it takes to make an operator of scalar, fermion, and vector fields trivial.
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Triviality.

Scalars. Operators with at least m derivatives on each scalar field will trivially have
single-soft scalar limits with og = m.

Fermions. We have chosen the soft limit (3.2) according to the helicity such that the
fermion wavefunctions do not generate any soft factors of e. Thus a trivial soft behavior
must come from derivatives on each fermion field in the Lagrangian. We conclude that the
trivial soft behavior or = smallest number of derivatives on each fermion field.

Photons. Gauge invariance tells us that we should construct the interaction terms using
the field strength F W.g When associated with an external photon, the Feynman rule for
FE,, gives p,€, — py€,. Naively, it may seem to be linear in the soft momentum, but under
the holomorphic soft shift (3.7) it is actually O(e”). Recall that in spinor helicity formalism,
a positive helicity vector polarization takes the form ei&ﬁb = eib = 1¢)%[p|°/(pq), where q
is a reference spinor. Hence, for a positive helicity photon we have

o)l

° (pg)

This is explicitly independent of the reference spinor ¢ because F), is gauge invariant.

(F—l—)ab = (Uw/)abF,uu — (Uuu)ab(p,ue—&—u - pue—l-u) ~ ‘p]a<p| = ‘p]a[p’b . (320)

For a positive helicity particle, we take the soft limit holomorphically as |p) — €|p) (while
Ip] = [p]), so we explicitly see that F,, —s [p][p| is O(e") when p is taken soft. Likewise, for
a negative helicity photon, (F_)*; — |p)(p|. We conclude that an operator with photons
has trivial soft behavior that is determined by the smallest number of derivatives on each
field strength F),, .

In an EFT where photon interactions are built only from the field strengths, the matrix
elements are O(1) when a photon is taken soft. This, for example, is exactly the case for
Born-Infeld theory in which the photons have ¢ = 0.

Constructibility. Suppose we study an n-particle amplitude with ng scalars, ny
fermions, and n., photons in an EFT whose fundamental v-particle interactions all have
couplings of the same mass-dimension [g,]. The criterion (3.10) for constructibility via
subtracted soft recursion relations can be written as

1

4 —n —nylgy] — N Ty T NsOs — NFOF — NyOy <0, (3.21)

where n, = (n — 2)/(v — 2) is the number of vertices needed at n-point.

Non-constructibility = triviality. Let us assess if there can be a local contact term
for an n-particle amplitude with n, scalars, n; fermions, and n, photons and soft behaviors
os, 0f, and o,, respectively. As discussed above, a contact term that has such trivial soft
behavior takes the form

gn (07°0) -+ (07°¢) (07 4) - - (8774)) (07 F) - -- (07 F) (3.22)

ns nf Ny

90Or covariant derivatives D, = 9, + igA,. In this paper, we focus on scalars and fermions that do not
transform under any gauge-U(1), therefore photons must couple via Fj, .
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(for brevity we have not distinguished ¢ and 1)). In 4d, the mass-dimension of the coupling
gn is easily computed as

3
[9n] = 4 = (ns + ns0s) = (2”f + nfo) - (2ny +1y04) (3.23)
Using n = ng + ny + n,, we can rewrite this as
1
4—n—[gn]—§nf—n,y—nsas—nfaf—nvav:0. (3.24)

Compare this with (3.21); we note that the constructibility criterion is simply that n,[g,] >
[gn], or maybe more intuitively, that g, has more negative mass-dimension than n, g,-
vertices. So, when constructibility holds, the n-particle amplitude constructed from the n,
v-valent vertices cannot be influenced by a contact term that trivially has the soft behavior:
such a contact term would be too high order in the EFT due to all the derivatives needed
to trivialize the soft behavior. That of course makes sense; were there such an independent
local contact term, it could be added to the result of recursion with any coefficient without
changing any of the properties of the amplitude. Hence recursion cannot possibly work in
that case. (This is analogous to the example in [28, 29] for constructibility in scalar-QED
via BCFW; the difference here is that the subtracted soft recursion relations “know” about
the soft behavior in addition to gauge-invariance.)

The argument is easily extended to the case where the theory has fundamental ver-
tices of different valences and mass-dimensions. We conclude that the constructibility cri-
terion (3.10) is equivalent to the non-existence of local n-particle operators with couplings
of the same mass-dimension and trivial soft behavior: Non-constructibility = Triviality.

3.5 Implementation of the subtracted recursion relations

Here we present details relevant for the practical implementation of the soft subtracted
recursion relations.

Solving the shift constraints. Conservation of the momentum for the shifted momenta
pi (3.4) requires the shift variables a; to satisfy

Zaipi =0. (3.25)

In 4d, the Lh.s. can be viewed as a 4 x n matrix pi' of rank 4 (if n > 5) multiplying a
n-component vector a;. Hence the valid choices of parameters a; form a vector space given
by the kernel of the matrix p!'. For n > 5 any subset of four momenta are generically
linearly independent, so the p{-matrix has full rank. By the rank-nullity theorem, the
dimension of the kernel is therefore n — 4. However, there is always a trivial solution which
consists of all a;’s equal, hence non-trivial solutions to (3.25) exist only when n > 6.
Practically, the linear system of equations is solved by dotting in p;, i.e. we have

Zsjiaizo for j=1,2,...,n. (3'26)
A

The symmetric n x n-matrix with entries s;; has rank 4, so the linear system (3.26) can be
solved for say a1, ao, az, and a4 in terms of the n — 4 other a;’s.
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Soft bootstrap. Subtracted recursion relations can be used to calculate tree amplitudes
in EFTs of Goldstone modes in theories we already know well, such as DBI, Akulov-Volkov
etc. However, the soft subtracted recursion relations can also be used as a tool to classify
and assess the existence of exceptional EFTs with a given spectrum of massless particles
and low-energy theorems with given weights o.

The approach to the classification of special EFTs is as follows:

(1) Model input: the spectrum of massless particles and the coupling dimensions of the
fundamental interactions in the model.

(2) Symmetry assumptions: the n-particle amplitudes have soft behavior with weight o;
for the ith particle.

If the constructibility criterion (3.10) is not satisfied, the assumptions (1) and (2) are
trivially satisfied and we cannot constrain the couplings in the EFTSs; it is not exceptional.

If the constructibility criterion (3.10) is satisfied for input (1) and (2), one can use
the soft subtracted recursion relations to test whether a theory can exist with the above
assumptions. One proceeds as follows.

The fundamental vertices give rise to local amplitudes which must be polynomials'®
in the spinor helicity brackets, and it is simple to construct the most general such ansatz
for the local input amplitudes. One can further restrict this ansatz by imposing on it the
soft behaviors associated with the assumed symmetries. The result of recursing this input
from the fundamental vertices is supposed to be a physical amplitude and therefore it must
necessarily be independent of the n — 4 parameters a; that are unfixed by (3.25). If that is
not the case for any ansatz of the fundamental input amplitudes (vertices), we learn that
there cannot exist a theory with the properties (1) and (2) above. On the other hand, an a;-
independent result is evidence (but not proof) of the existence of such a theory. It may well
be that a;-independence requires some of the free parameters in the input amplitudes to be
fixed in certain ways and this can teach us important lessons about the underlying theory.
The test of a;-independence can be done efficiently numerically, and this way one can scan
through theory-space to test which symmetries are compatible with a given model input.

Additionally, one can impose further constraints from unbroken global symmetries,
for example, one can restrict the input from the fundamental amplitudes by imposing the
supersymmetry Ward identities. We shall see examples of this in later sections.

4d and 3d consistency checks. There is a subtlety that must be addressed for n = 6.
In that case, the solution space is 2-dimensional, but one solution is the trivial one with
all a; equal. Furthermore, one can rescale all a;. This means that if the recursed result for
the amplitude depends on the a; only through ratios of the form

(ai — aj)

(or—a)’ (327

10T his is true at 4-point and higher; for 3-point, massless particle amplitudes are uniquely fixed by the
little group scaling.
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it will appear to be a;-independent numerically, but the result will nonetheless have spurious
poles. To detect this problem numerically, we dimensionally reduce the recursed result to
3d.!! Then the space of solutions to (3.25) is (n — 3)-dimensional, so there are non-trivial
solutions and a numerical 3d test will reveal dependence on ratios such as (3.27) for n = 6.
We refer to the consistency checks of a;-independence as 4d and 3d consistency checks,
respectively, or simply as n-point tests when applied to construction of n-point amplitudes.
In this paper, we use 6-, 7- and 8-point tests. In section 4, we present an overview of the
resulting space of exceptional pure real and complex scalar, fermion, and vector EFTs.

Special requirements for non-trivial 5-point interactions. Consider 5-particle in-
teractions which are non-trivial with respect to a given soft behavior. This could for
example be the Wess-Zumino-Witten (WZW) term, which with 4 derivatives on 5 scalars
has a non-trivial o = 1 soft behavior. Or the 5-point Galileon, which with 8 derivatives
on 5 scalars has a non-trivial ¢ = 2. Constructibility tells us that one must be able to
calculate such 5-point amplitudes from soft recursion relations via factorization, i.e.

Ay = Ao (3.28)

However, there are no 3-point amplitudes available that could possibly make this work. The
reason is that the only 3-scalar interaction with a non-zero on-shell amplitude is ¢3, which
gives rise to amplitudes with 0 = —1 [32]. So we appear to have a contradiction: the con-
structibility criterion tells us that these 5-particle amplitudes are recursively constructible,
but it is obviously impossible to construct them from lower-point input.

What goes wrong is that at 5-points, there are no non-trivial choices of the a; pa-
rameters that give valid recursion relations in 4d. So we have to go to 3d kinematics to
resolve this issue. The above contradiction persists in 3d, so the only resolution is that
these non-trivial constructible 5-point amplitudes must vanish in 3d kinematics.

Indeed they do: for WZW term and the quintic Galileon, the 5-point matrix ele-
ments are

APV = g5 upopiP5PEPT . AS™ = 5 (eupod DEPEDT)” - (3.29)
The Levi-Civita contraction makes it manifest that these amplitudes vanish in 3d.

We conclude that any non-trivial (in the sense of soft behavior) 5-particle interaction
must vanish in 3d. Thus, it is no coincidence that the WZW and quintic Galileon 5-point
amplitudes are proportional to Levi-Civita contractions.

4 Soft bootstrap

We now turn to examples of how the soft recursion relations can be used to examine
the existence of exceptional EFTs. The landscape of real scalar theories was previously
studied in [6-8, 14]. We outline it briefly below for completeness, but otherwise focus on

1The dimensional reduction from 4d to 3d is carried out by simply replacing all square spinors by angle
spinors.
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new results, in particular for complex scalars, fermions, and vectors. This section considers
only theories with one kind of massless particle. One can of course also couple scalars,
fermions, and vectors in EFTs, and this is discussed in sections 6, 7, and 8.

4.1 Pure scalar EFTs

Consider an EFT with a single real scalar field ¢. There can only be non-vanishing 3-point
amplitudes in ¢>-theory and this gives amplitudes with soft weight ¢ = —1. Focusing on
EFTs with soft weights o > 0, the lowest-point amplitude is 4-point.

The on-shell factorization diagrams that contribute in the recursion relations (3.9) for
Ag(1y 243444 5464) are composed of a product of two 4-point amplitudes, for example the
123-channel diagram is

Ly 4y
-P, P, Ap(0)AR(0 0 2)Ar(z
AP b o 5, = L )2 R( )+ZRGSZ CALz) 1;2( ).
Pras i—1 w2 F(2) Piy
3¢ 6y

where Ay, = /l4(1¢ 2434 — Py) and Ap = A4(P¢ 445464).'2 One sums over the 10 inde-
pendent permutations corresponding to the 10 distinct factorization channels.'?

For complex scalars, we assume that the input 4-point amplitudes are of the form
As(1725374;);'* one can also consider more general input but it would not be compatible
with supersymmetry, so in the present paper we do not discuss such options. At 6-point,
there is only one type of amplitude that can arise from such 4-point input via recursion,
and that is Ag(1z25324;526;). The 123-channel diagram is

17 45
40123) _ 5 — P Pz (4.1)

3z 67

To get the full amplitude, one must sum over all factorization channels:

As(1725374,5,65) = (A5123> FRod+r2o 6)) L (15 +F(3a5). (4.2)

In the following we consider real and complex scalar theories with 4- and 5-point funda-
mental vertices.

12The momenta in the hatted amplitudes are shifted; for simplicity, we do not write the hats on the
momentum variables explicitly. Note that in particular Py should really be understood as I:’¢ with I:’f, =0.

13We do not consider color-ordering in this section. With color-ordering, one only includes the factoriza-
tion diagrams from cyclic permutations of the external lines.

“There is no color-ordering implied in any of the amplitudes here. We simply alternate Z and Z states
as odd/even numbered momentum lines. In later sections, other helicity states are grouped similarly, in
particular for supersymmetric cases, states that belong to the positive helicity sector sit on odd-numbered
lines and negative helicity sector states on even-numbered lines. This is convenient for the practical imple-
mentation but should not be misunderstood as an indication of color-ordering.
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4.1.1 Fundamental 4-point Interactions

Consider a theory of a single real scalar with fundamental 4-point interactions. We pa-
rameterize A" as the most general polynomial in the Mandelstam variables s, ¢, u (with
s+ t+u = 0) and full Bose symmetry. We subject the recursed result for Ag to the test
of a;-independence, as described in section 3.5. The result is

82m¢4 (43)
-lg] | m | AF2(152435,44) | o=0 1 2 3 4
0 0lg ¢*-theory F F F F
2 110 — F F F F
4 | 2| g(s®+ 12+ u?) — — DBI F F
6 3 | gstu — — Galgy Spec Galy F
8 | 4 | glst+tt+ub) - - - F F

In the table, we list the coupling dimension [g] of the fundamental quartic couplings along
with the most general ansatz for the corresponding 4-point amplitude. The dash, —, indi-
cates that the constructibility criterion (3.10) fails; this means “triviality” in the sense de-
scribed in section 3.4). “F” indicates that the soft recursion fails to give an a;-independent
result, and hence no such theory can exist with the given assumptions. When a case passes
the 6-point test, we are able to uniquely identify which theory it is. In the above table,
the non-trivial theories that pass the 6-point test are: ¢*-theory, DBI, and the quartic
Galileon. The latter automatically has o = 3 (which is called the Special Galileon) and
passes 6-point test for both ¢ = 2 and o = 3.
The analysis for complex scalars proceeds similarly and the results are

Tl AV A (4.4)
- g | m | Ajmsatz(1,.2,.3,,45) oc=0 1 2 3
0 |0]g | Z|*-theory F F F
2 |1 |gt — CP! NLSM F F
4 | 2 |gt?+g'su — — ¢ =0 cmplx DBI F
6 | 3 |gt+g'stu - - g =0 cmplx Gal; F
8 | 4| gt*+ g't?su+ g"s%u? - - - F

The non-trivial theories are |Z|*-theory, the CP! NLSM (which is studied in further detail
in section 6), and the complex scalar versions of DBI and the quartic Galileon. Note that
there does not exist a complex scalar version of the Special Galileon with ¢ = 3. The results
for the 6-point amplitudes of each of the theories with ¢ > 0 can be found in appendix B.

4.1.2 Fundamental 5-point interactions

At 5-point, the input amplitudes are constructed as polynomials of Mandelstam variables
si; and Levi-Civita contractions of momenta. They must obey (1) momentum conservation,
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(2) Bose symmetry, and (3) assumed soft behavior o. In many cases, these constraints on
the 5-point input amplitudes are sufficient to rule out such theories (assuming no other
interactions) without even applying soft recursion.

As discussed at the end of section 3.5, non-trivial 5-point amplitudes must vanish in
3d kinematics, so they are naturally written using the Levi-Civita tensor, as in the two
cases of WZW and the quintic Galileon (3.29).

We can summarize the results in the following:

e 1 real scalar. There are only two non-trivial theories based on a fundamental 5-
point interaction, namely ¢°-theory, which has [g5] = —1 and o = 0, and the quintic
Galileon, which has [g5] = —9 and o = 2.

e 1 complex scalar. We assume input amplitudes of the form A5(1727324;57). Two
cases pass the 8-point test.

The quintic g5(Z3Z% + Z2Z3)-theory with [g5] = —1 has o7 = 0.

The complex-scalar version of the quintic Galileon with [g5] = —9 and oz = 2. The
5-point amplitude is

As5(122232452) = g5(eupai P5P5PT)? (4.5)

same as for the real-scalar quintic Galileon. The fact that it passes the 8-point test
is somewhat trivial: because of the two explicit factors of momentum for 4 out of 5
particles, the residues at 1/a; vanish identically for each factorization channel. The
same is true for the real Galileon, so the 8-point test is not really effective as an
indicator of whether such a theory may exist.

Suppose the putative complex-scalar quintic Galileon is coupled to the complex scalar
DBI. Then we can conduct a 7-point test based on factorization into a quantic
Galileon and a quartic DBI subamplitude. The test of a;-independence requires the
coupling constant gs to vanish. This means that the DBI-Galileon with a complex
scalar cannot have a 5-point interaction.

At [g5] = —9, there is a 6-parameter family of 5-point amplitudes with oz = 1. The
EFT with such amplitudes is generally non-constructible. However, a 1-parameter
sub-family is compatible with the constraints of supersymmetry. As discussed in [24]
and further in section 8.1 this may be a candidate for a supersymmetric quintic
Galileon with a limited sector of constructible amplitudes.

4.2 Pure fermion EFTs

Let us now consider EFTs with only fermions and fundamental interactions of the form
0%™4)24h%. This is not the only choice, but it is the option compatible with supersymmetry.
Moreover, we have found that couplings of “helicity violating” 4-point interactions in the
fermion sector must vanish by the 6-point test in all pure-fermion cases we tested. The
calculations proceed much the same way as for scalars, except that one must be more careful
with signs when inserting fermionic states on the internal line. The diagrams needed for
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the recursive calculation of the 6-fermion amplitude A6(1;Z 2y 3:; 4, 5$ 6,,) are just like
those in the scalar case (4.1), but now the permutations have to be taken with a sign:

As(1] 2 35 4755 67) = (Ag123> (15— (3o 5)) (26 4)—(246).  (46)

The input 4-point amplitudes A4(1:Z 2, 3:; 4;) are fixed by little group scaling to be
(24)[13] times a Mandelstam polynomial of degree m — 1 that must be symmetric under
s < u to ensure Fermi antisymmetry for identical fermions. The most general input
amplitudes for low values of m are summarized in the table below that also shows the
result of the recursive 6-point test:

O Mp? (4.7)
-lg] | m | As(1 2537 4;) = (24)[13]x | o =0 1 2 3
2 01g NJL F F F
4 |1 gt AV F F
6 | 2| gt>+g'su - - F F
8 | 3| gtd+g'stu — — g=0new F

We comment briefly on these results:

e The NJL model has the fundamental 4-fermion interaction 121? and the result of
recursing it to 6-point is given in appendix B.1. The relevance of this model will for
our purposes be as part of the supersymmetrization of the NLSM (see section 6).

e Akulov-Volkov theory of Goldstinos is the only non-trivial EFT with coupling of
mass-dimension —4. The Goldstinos in this theory have low-energy theorems with
o = 1. The 6-fermion amplitude is given in (B.14) in appendix B.2.

e There are no constructible purely fermionic EFTs with fundamental quartic coupling
[g4] = —6. Nonetheless, as was shown in [24], the quartic Galileon has a super-
symmetrization with a 4-fermion fundamental interaction, however, the fermion has
o =1, so the all-fermion amplitudes in that theory are not constructible by soft re-
cursion: one needs additional input from supersymmetry. We refer the reader to [24]
and present some further details in section 8.1.

e For [g] = —8 and o = 2, the 6-point numerical test is passed in 4d kinematics
without constraints on ¢ and ¢’; that is because the recursed result depends only on
ratios (3.27). When the 3d consistency check is employed, we learn that we must
set g = 0 to ensure a;-independence. (This is not a strong test since the particular
form of the interaction, stu, ensures that all 1/a;-poles cancel in each factorization
individual diagram.) Hence, the theory that passes the 6-point test with o = 2 has
As(Ly, 25,34, 45) = ¢'(24)[13]stu. The subtracted recursion relations fail at n > 6,
which means that at 8-point and higher, this model is not uniquely determined by
its symmetries. The Lagrangian construction of this theory has been studied as a
fermionic generalization of the scalar Galileon [34].
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4.3 Pure vector EFTSs

Pure abelian vector EFTs consist of interaction terms built from F},,-contractions, possibly
dressed with extra derivatives. In 4d, the Cayley-Hamilton relations imply that theories
built from just field strengths F},,, can be constructed from two types of index-contractions,
namely (see for example [35])

1 1 -
f = _EF;U/FHU and g = _ZFMVF#Va (48)
where F1 — %e““pUFpa. If one assumes parity, the Lagrangian can only contain even

powers of g. One can then write an ansatz for the Lagrangian as

b2 2
Fg

As established in section 3.4, a model with photon interactions built of F},, -contractions

b by 4 b
L=f+ gl + 539+ 5sf+ 55l + - (4.9)

only have soft behavior ¢ = 0. The simplest 4-photon interactions may naively look like
the vector equivalent of the constructible ¢* scalar EFT. However, that is not the case. For
the scalar, the 6-particle operator %qﬁﬁ is subleading to the pole contributions with two
¢*-vertices. However, for photons the pole terms with two %F‘l—vertices are exactly the
same order as %FQ Therefore amplitudes in a theory with F'™ interactions and o = 0 are
non-constructible, in other words it is trivial to have ¢ = 0 for any choice of coefficients b;.
One may ask if it is possible to choose the parameters b; in (4.9) such that the amplitudes
have enhanced soft behavior ¢ > 0. The 6-point soft recursive test shows that this is
impossible, i.e. no models exist with Lagrangians of the form (4.9) and o > 0.
Nonetheless, the class of theories with pure F™-interactions do include one particularly
interesting case, namely Born-Infeld (BI) theory. The BI Lagrangian can be written in 4d as

Lpr = A* <1 - \/ —det (N + Flu /A2)> : (4.10)

Upon expansion, the Lagrangian will take the form (4.9) with some particular coefficients
b;. As noted, those particular coefficients do not change the single-soft behavior of ampli-
tudes, the BI photon also has o = 0. Nonetheless, BI theory does have the distinguishing
feature of being the vector part of a supersymmetric EFT. In particular, N'= 1 supersym-
metric Born-Infeld theory couples the BI vector to a Goldstino mode whose self-interactions
are described by the Akulov-Volkov action. One can also view Born-Infeld as the vector
part of the N' =2 or N = 4 supersymmetrization of DBI. It was argued recently [35] that
supersymmetry ensures BI amplitudes to vanish in certain multi-soft limits. Based on that,
the BI amplitudes can be calculated unambiguously using on-shell techniques [35]. Alter-
natively, one can show that the A/ = 1 supersymmetry Ward identities uniquely fix the BI
amplitudes in terms of amplitudes with Goldstinos; we discuss this briefly in section 7 and
in further detail in the context of partial breaking of supersymmetry in a forthcoming paper.

Next, one can consider EFTs in which the field strengths are dressed with derivatives,
for example

1
L= —ZF2+%82F4+%84F6+... (4.11)
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Theories with fundamental 4-point interactions are non-constructible for ¢ = 0 and fail the
soft recursion a;-independence 6-point test for o > 0. One implication of this is that there
can be no vector Goldstone bosons with vanishing low-energy theorems. This conclusion
was also reached in [25], but from a very different algebraically-based analysis. A second
implication is that the pure vector sector of an A/ > 2 Galileon model is non-constructible
with the basic soft recursion, and other properties (such as supersymmetry) have to be
specified in order to determine those amplitudes recursively.

There are other interesting vector EFTs: we study in detail the N = 2 supersymmetric
NLSM in section 6. Furthermore, massive gravity [36-38] motivates the existence of a
vector-scalar theory coupling Galileons to a vector field; we explore this in section 8.2.

5 Soft limits and supersymmetry

For models with unbroken supersymmetry, the on-shell amplitudes satisfy a set of linear
relations known as the supersymmetry Ward identities [39, 40]. (For recent reviews and
results, see [28, 29, 41].) In this section, we use N/ = 1 supersymmetry to derive general
consequences for the soft behavior for massless particles in the same supermultiplet. It
is not assumed that these particles are Goldstone or quasi-Goldstone modes; the results
apply to all ' = 1 supermultiplets of massless particles. The consequences for extended
supersymmetry are directly inferred from the A" = 1 constraints.

5.1 N = 1 supersymmetry Ward identities

We consider N = 1 chiral and vector supermultiplets. We use the following shorthand for
the action of the supercharges on individual particles with momentum label i: for chiral

multiplets
state i | Q-4 | A, prefactor | Qf - i | A, prefactor
ot |z /] 0 0
zZ 0 0 (Uhs —|2) (5.1)
Z | v /] 0 0
(U 0 0 Z —|i)

where Z is a complex scalar and v is a Weyl fermion. The superscripts + refer to the
helicity of the particle. QF raises helicity by 1/2 while Q lowers it by 1/2. The prefactor
is what goes outside the amplitude when the supercharge acts on it, e.g.

Q- A, (1223 47...) =0+ 24, (12223 47...) = [8]An (1223247 .. .)

o (5.2)
+4A (12234, ... ) + ...

Due to the Grassmann nature of the supercharges, there is a minus sign for each fermion
that the supercharge has to move past to get to the ith state.
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Similarly for a vector multiplet:

state i | Q-4 | A, prefactor | Qf -i | A, prefactor
A i 0 0
T 0 0 At —|4) (5.3)
U —|d] 0 0
v |0 0 i |4)

where v is a Weyl fermion and + is a vector boson.
In this notation, the supersymmetry Ward identities are equivalent to the statement
that the following action of the supercharges annihilates the amplitude [28, 29, 41]

0=0-A,(1,...,n) => (D" Fi]A, (1,...,Qi,...,n),
=1
0=0" A, (1,....n) = Y (~1)X+Fi) A, (1QTzn)

i=1

(5.4)

where L; is equal to the number of fermions to the left of Q). and the factors P; = 0 or 1
correspond to the additional minus signs associated with the spinor prefactors as described
in tables (5.1) and (5.3). Note that the action of the supercharges always changes the
number of fermions by +1, but that amplitudes are non-vanishing only if the number of
fermions is even. So to get an interesting relation among amplitudes on the right-hand-side,
the amplitude on the left-hand-side must vanish identically.

5.2 Soft limits and supermultiplets

We consider the chiral multiplet and vector multiplet separately and then extend the results
to enhanced supersymmetry.

Chiral multiplet. Define the soft factors Sr(f) as the momentum dependent coefficients
in the holomorphic soft expansion taken here for simplicity on the first particle

A ({el1), 1} z,.) = 8P (1z,..) €7 + 8P (17,...) 77 + O (7777)
(5.5)
Ay ({e|1>, 1, ) — SO, e + ST, ) e+ 0 ().

The soft weights are oz and oy for the scalar and fermion, respectively. To see how
supersymmetry forces relations among the soft weights and soft factors we use (5.4) to write

n

_ Lt P41 [ X1 + .
A, (1z,...,n) ;22( 1) —[Xl] A, (11/},...,Q z,...,n), -
_ o (qyepen (X0 . |
An (1:;,...,n> —i2(_1)L+P+1<X1> A, (12,...,QT.Z,,..,n>,

where the arbitrary X-spinor cannot be proportional to |1) or |1].
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Taking the holomorphic soft expansion on the right-hand-side of these expressions, in
the second line only, an extra power of € appears in the denominator and we find

n

SO(1z,...)e72+0 (e211) :Z(-UL#PH@s(O)(ﬁ Q)€ O (70T

P [(X1] " ¥

. o (X , -
(0) 1+ “ee Ty U¢+l = —1 L7'+P7'+17< (0) 1 . T. . oz 1 gz .
SO, e +0 (v =Y (-1) <X1>S” (1z,...,014,..)e727 1+ 0 (¢77)

=2

The leading power of € on the right-hand-side must match the leading power on the left.
It is possible that cancellations among the terms on the right-hand-side may effectively
increase the leading power but never decrease it. This then gives the following inequalities

oz >0y and oy >0z -1, (5.7)
for which there are only two solutions
oz=o0p+1 or oz=o0y. (5.8)

These two options have different consequences for the soft factors. For o0z = o, +1, we have

n

0= (~1)l+P x| SO (q, 0, ) ,

1=2

N _ (5.9)
0) (1+ _ LR XD (o) t.;
S (1w,...) ;( 1) ) (12,...,Q z)
while for o4 = 0, we have
0= (~1kFPXi)SY (12, 0 ) ,
‘ (5.10)

=2
s o (X ,
SO (15,..) = Z(—l)LﬂrPﬂrl [[Xl]} 50 (1:;7 0, ) ‘
=2

In addition there will be an infinite number of similar relations which come from matching
higher powers in e.

Vector multiplet. We define the soft factors as
Ao ({ell), 13, = 8©0af, e +8Mat,..)e ™ 0 (e . (5.11)

The analysis of the supersymmetry Ward identities proceeds similarly to that of the chiral
multiplet and results in only two options for the soft weights:

oy =0y+1, or oy=o0y. (5.12)
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The consequences for the soft factors are for o = 0, + 1

n

0=> (-1)E RSV (1F,...,Q4,...),

1=2

- ' (5.13)
0) (14 ) — N~ (1) EtPr1 XD o(0) (1+ to
SO (1F,..) Z;( 1) S (lw,...,Q 2)
and for o, = oy,
0= (~1kHPXi)SY (1;;, L0t ) ,
o Xil (5.14)
©) (1+ — N\ LitPA1 Y o(0) 1+ .
st (1w,...> ;( 1) oS (1F,..,Q4,...).

Note that we have made no assumptions about the sign of o, so the relations derived
here are totally general. Also, the supersymmetry Ward identities hold at all orders in
perturbation theory, so the relations among the soft behaviors remain true at loop-level.

Extended supersymmetry. Relations between the soft weights of particles in the same
massless supermultiplets in extended supersymmetry follow directly from the N' = 1 results
above, since the supersymmetry Ward identities take the same form for each pair of (s, s+
$)-multiplets. In particular, the soft weights of the boson (o) and fermion (o) in a

(s, s+ 1)-multiplet are related as

(5.15)

op=ocrp+1 or og=op for s integer,
op=o0rp—1 or og=op for s half-integer.

These relations will be useful in later applications in this paper. For now, we make a
small aside and demonstrate the application of (5.15) to the case of spontaneously broken
superconformal symmetry and for unbroken extended supergravity.

5.3 Application to superconformal symmetry breaking

The breaking of conformal symmetry gives rise to a single Goldstone mode [21], often called
the dilaton. It has been established in the literature [42—44] that this dilaton obeys low-
energy theorems with ¢ = 0. In a superconformal theory, breaking of conformal invariance
must be accompanied by breaking of the superconformal symmetries. This follows from
the algebra: {S,ST} = K, [Q,K] = ST and [QT,K] = S, where K are the generators of
conformal boosts, S and St are the superconformal fermionic generators, and Q and ot
are the regular supercharges with {Q, Qf} = P.

Assuming Q-supersymmetry to be unbroken, the dilaton will be joined by a Goldstone
mode from the broken R-symmetry to form a complex scalar Z with o7 = 0.5 It follows
from our general analysis that the fermionic partner of Z will have ¢ = 0 or ¢ = —1. For

15 An example of the bosonic part of an N = 1 effective action of the dilaton and a U(1)g Goldstone
boson can be found in [45].
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the latter, Yukawa-interactions are necessary [32] and supersymmetry then requires cubic
scalar interactions Z|Z|? + h.c. which would imply ¢ = —1 for the dilaton. Since oz = 0,
o = —1 is not possible for the dilaton and we conclude that the Goldstino mode associated
with the breaking of the superconformal fermionic symmetries generated by S and ST must
have low-energy theorems with soft weight o = 0.

An example is N = 4 SYM on the Coulomb branch with the simplest breaking pat-
tern.' The R-symmetry is broken from SO(6) to SO(5) and the five broken generators
give rise to five Goldstone modes which join the dilaton of the conformal breaking to be
the 6 real scalars of an N/ = 4 massless multiplet. The supermultiplet also contains the 4
Goldstinos associated with the four broken superconformal generators. The supermultiplet
is capped off by a U(1) vector whose soft weight, by the above analysis, must be either
0 = 0 or —1. The states that are charged under this U(1) are the massive W-multiplets
and in their presence, one can have o = —1, otherwise ¢ = 0 for the vector.

5.4 Application to supergravity

It is well-known that gravitons have a universal soft behavior [47]: when the soft limit (3.2)
is applied to a single graviton, the amplitude diverges as 1/€?, i.e. the soft weight is 09 = —3.
(In this section, we use a subscript on the soft weight to indicate the spin of the particle.)
Applying (5.15) shows that the gravitino can have o /2 = —2 or —3. However, unitarity and
locality constraints show [32] that amplitudes cannot be more singular than 1/¢? for a single
soft gravitino, so it must be that 3,5 = —2. This must be true in any supergravity theory.

Consider now a graviphoton in N/ > 2 supergravity. Its supersymmetry Ward identities
with the gravitino imply o7y = —2 or 07 = —1. The 01 = —2 behavior requires the
graviphoton, and by supersymmetry also the gravitino, to interact with a pair of electrically
charged particles via a dimensionless coupling; however, for the gravitino such a coupling is
inconsistent with unitarity and locality [32]. So there is only one option, namely o1 = —1.

In pure N > 3 supergravity, we also have spin—% fermions in the graviton supermulti-
plet. By (5.15) and the previous results, they can have either o s2 = —1or 0. The analysis
in [32] shows that oy /2 = —1 requires a dimensionless coupling of the spin—% particle with
two other particles, for example via a Yukawa coupling. Since there are no dimensionless
couplings in pure supergravity, it follows from [32] that the amplitude has to be O(e") or
softer. This leaves only one option, namely that o1/, = 0 in pure supergravity.

In pure N' > 4 supergravity, the scalars in the supermultiplet can have o¢p = 0 or
oo = 1. If we focus on the MHV sector, the supersymmetry Ward identities give

(13)*

An(17253, 45 ...nf) = 231

An (152,345 .onf), (5.16)

where Z and Z denote any pair of conjugate scalars and h are gravitons. Taking line 1 soft
holomorphically, [1) — €|1), the graviton amplitude on the r.h.s. diverges as 1/€> but the
prefactor vanishes as e*. It follows that the MHV amplitude vanishes as O(e) in the single
soft-scalar limit. In other words, for MHV amplitudes o9 = 1. It is tempting to conclude
that one must have og = 1 for all amplitudes, but that is too glib, as we now explain.

163ee [44, 46] for explicit amplitudes on the Coulomb branch of ' =4 SYM.
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helicity state o

+2 graviton -3
+3/2 gravitino -2
+1 graviphoton -1

+1/2 fermion 0

0 scalar 0or +1

-1/2 fermion +1

-1 graviphoton +1
-3/2 gravitino +1
-2 graviton +1

Table 2. Holomorphic soft weights ¢ for the A = 8 supermultiplet. Note that the soft weights in
this table follow from taking the soft limit holomorphically, |i) — €|i) for all states, independently
of the sign of their helicity. At each step in the spectrum, the soft weight either changes by 1 or
not at all. Note that one could also have used the anti-holomorphic definition |i] — €|i] of taking
the soft limit; in that case the soft weights would just have reversed, to start with ¢ = —3 for
the negative helicity graviton, but no new constraints would have been obtained on the scalar soft
weights. In N/ = 8 supergravity, the 70 scalars are Goldstone bosons of the coset E7(7)/SU(8) and
hence ¢ = 1. Including higher-derivative corrections may change this behavior to ¢ = 0 depending
on whether the added terms are compatible with the coset structure.

It is known that the scalar cosets of N' > 4 pure supergravity theories in 4d are
symmetric, and therefore lead to og = 1 vanishing low-energy theorems. But at the level
of the on-shell amplitudes, this conclusion does not follow from the supersymmetry Ward
identities alone: as we have seen, they give 09 = 1 or 09 = 0. That analysis has to remain
true at all loop-orders. In N = 4 supergravity, for example, the anomaly of the U(1) R-
symmetry can be expected to affect the soft behavior at some order. Our arguments show
that it cannot happen in the MHV sector, but does not rule it out beyond MHV; this is
what the oy = 0 accounts for. Furthermore, one can add higher-derivative operators to the
supergravity action such that supersymmetry is preserved but the low-energy theorems are
not. Indeed, string theory does this in the o/-expansion by adding to the N/ = 8 tree-level
action a supersymmetrizable operator a’3e 5?R*. This operator does not affect the soft
behavior of MHV amplitudes, but it is known that it does result in non-vanishing single
soft scalar limits for 6-particle NMHV amplitudes at order o’ [48, 49)].

The results for N' = 8 supersymmetry are summarized in table 2.

5.5 MHYV classification and examples of supersymmetry Ward identities

For later convenience, we state here the explicit form of the supersymmetry Ward identi-
ties (5.4) for a few particularly useful cases. We focus on the chiral multiplet, but similar
results apply to the vector multiplet.

First we make the simple observation that amplitudes with all Z’s or only one Z and
rest Z’s vanish:

An(12273242...n7) =0 and An(1z72;3z47...)=0. (5.17)
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This follows from the supersymmetry Ward identities such as

0=0Q-Ay (1 2232 4z..n7) =[1] Ay(12 22 37 42...nz),
0= Q-An(lgz 27 3z 42...712) :|1].An(lz 27 3z 42...122)—‘2],4”(1;}; 212 3z 42...77,2) .

Dotting in [2| gives (5.17). Similarly A,(1 2, 37 4z...nz) = 0 and so on. In the
context of gluon scattering, the equivalent statements are that amplitudes with helicity
structure + 4+ +...+ or — + +...+ vanish. These helicity configurations are often called
“helicity violating”.

The simplest non-vanishing amplitudes are often denoted MHV (Maximally Helicity
Violating) in the context of gluon scattering and we adapt the same nomenclature here.
MHYV amplitudes obey the simplest supersymmetry Ward identities in that they are just
linear proportionality relations. For example, it follows from

0=0 Au(1) 273247 52...n2)

- B (5.18)
=1 A(12 2232 4z...) = 121 An(1] 2, 32 47...) — |4 Au(1] 22 32 4 ...)
upon dotting in [4| that
L 14
.An(lw 2¢ 3Z 42 5Z . .nz) = @ An(lz 22 3Z 42 5Z i .nz). (519)

Similarly, one finds that the MHV amplitude with four fermions is proportional to the one
with two fermions. To summarize, MHV amplitudes satisfy

13
An(1 25 35 4, 57...nz) = M An(15 25 32 47 57...nz)
(5.20)
13
= {24} .An(lz 22 3Z 42 52...712).

The second-simplest class of supersymmetric Ward identities relate amplitudes in the
NMHYV class. In this paper, the 6-particle amplitudes play a central role, so we write
down the 6-point NMHV supersymmetry Ward identities explicitly:

[1JAs(17 27 37 47 527 67) — |2l As(1); 2, 37 47 57 67)

_ - (5.21)
— 4] A6(13; 27 37 4, 57 67) — [6]As(1)) 27 32 47 52 6,) =0,
11 As(17 2 3 47 57 67) + [3]A6(1;, 2, 37 47 57 67) (5.22)
— [4)A6(1] 2, 3] 4, 57 65) — |6l As(1)) 2, 3 45 52 6,) =0, '
11 As(17 2 3 4, 5, 62) + 31 As(1] 2, 37 4, 5, 62) (5.23)

+ |5 A6 (15 2, 37 4 57 67) — [6]A46(1] 2, 37 4, 57 6,) =0.

We now turn to applications of these results.
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6 Supersymmetric non-linear sigma model

Perhaps the simplest and most familiar class of models that exhibit both linearly realized
supersymmetry and interesting low-energy theorems are the supersymmetric non-linear
sigma models. Of particular interest are the coset sigma models for which the target
manifold is a homogeneous space G/H. At lowest order, the coset sigma model captures
the universal low-energy behavior of the scalar Goldstone modes of a spontaneous symmetry
breaking pattern G — H, where G and H are the isometry and isotropy groups of the target
manifold respectively. If the target manifold is additionally a symmetric space and there are
no 3-point interactions, then the off-shell Ward-Takahashi identities for the spontaneously
broken currents imply ¢ = 1 vanishing low-energy theorems for the Goldstone scalars. An
interesting recent perspective on coset sigma models can be found in [50].

At leading order it is fairly straightforward to calculate the on-shell scattering ampli-
tudes for such a model from the (two-derivative) non-linear sigma model effective action.
Using the methods of on-shell recursion, the use of an effective action is unnecessary. In-
stead, we may assume low-energy theorems and on-shell Ward identities of the isotropy
group H as the on-shell data that defines the model. Using the procedure of the soft
bootstrap described in section 3.5, we may apply subtracted recursion to construct the
contributions to the S-matrix at leading order.

A particularly simple and well-studied example of such a construction has previously
been given for the w
this model which make it an appealing toy-model to study on-shell. As will be discussed

coset sigma model [7, 26]. There are several nice features of

in section 8.4, at leading order (A = 1 or equivalently two-derivative) the isotropy U(N)
symmetry allows for the construction of flavor-ordered partial amplitudes with only (n—3)!
independent amplitudes for the scattering of n Goldstone scalars.

The situation is somewhat less straightforward for models describing the low-energy
dynamics of the Goldstone modes of internal symmetry breaking with some amount of
linearly realized supersymmetry.'” There are several interesting consequences of this com-
bination of symmetries. The states must form mass degenerate multiplets of the supersym-
metry algebra, which in this case means that the Goldstone scalars must always transform
together with additional massless spinning states. As discussed in section 5.2, the low-
energy theorems of each of the particles in these Goldstone multiplets are not independent.

It is well-known in the literature of supersymmetric field theories that to construct a
supersymmetric action, the massless scalar modes must parametrize a target space manifold
with Kdhler structure for N/ = 1 supersymmetry [51]. For ' = 2 supersymmetry the target
space manifold must have the structure

Mpy—9 = My x My, (6.1)

where the scalars of the vector multiplets parametrize the special-Kdhler manifold My
while the scalars belonging to hyper multiplets parametrize the hyper-Kdhler manifold

"Tn this more general context internal symmetry includes R-symmetry. For our purposes the relevant
property is that the conserved charges are Lorentz scalars and so correspond to a spectrum of spin-0
Goldstone modes.
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My [52]. As a consequence, despite the obvious virtues of a flavor ordered representation,
this makes studying the supersymmetrization of the % coset sigma model using
subtracted recursion more difficult, since even in the /' = 1 case the target manifold is not
Kahler. This does not mean that the internal symmetry breaking pattern U(N) x U(N) —
U(N) is impossible in an A/ = 1 supersymmetric model. Rather it means that the target
space contains % as a non-Kéhler submanifold and includes additional directions
in field space or equivalently includes additional massless quasi-Goldstone scalars [53]. In
general there is no unique way to extend the symmetry breaking coset to a Kahler manifold,
because in any given example the spectrum of quasi-Goldstone modes depends on the
details of the UV physics. Correspondingly, the quasi-Goldstone scalars do not satisfy
the kind of universal low-energy theorems necessary for us to construct the scattering
amplitudes recursively.

Instead, in this section we will study the interplay of low-energy theorems and super-
symmetry by considering the simplest symmetric coset that is both Kahler and special-

Kahler SU()
~ ol
W =~ CP*, (6.2)
and therefore should admit both an NV = 1 and AN/ = 2 supersymmetrization. Our as-
sumption here is that the target manifold is the coset manifold and therefore the massless
spectrum should contain only two real scalar degrees of freedom, both Goldstone modes.
They form a single complex scalar field Z, Z which carries a conserved charge associated
with the isotropy U(1). These properties uniquely determine the Goldstone multiplets as
an N =1 chiral and N = 2 vector multiplet respectively.
The main results of this section are (1) the demonstration that both the A/ =1 and
N =2 CP! non-linear sigma models are constructible on-shell using recursion without the
need to explicitly construct an effective action. And (2) this construction gives a new on-
shell perspective on the relationship between the linearly realized target space isotropies

of My and electric-magnetic duality transformations of the associated vector bosons.
6.1 N =1CP' NLSM
The N = 1 CP! non-linear sigma model is defined by the following on-shell data:

e A spectrum consisting of a massless A" = 1 chiral multiplet (Z, Z, ", 7).

e Scattering amplitudes satisfy A/ = 1 supersymmetry Ward identities.

e Scattering amplitudes satisfy isotropy U(1) Ward identities under which Z,Z are
charged.

e 07 = 05 = 1 soft weight for the scalars.

Using the approach of the soft bootstrap, we begin by constructing the most general on-
shell amplitudes at lowest valence that are consistent with the above data and minimize
A. There are no possible 3-point amplitudes consistent with the assumptions and so we
must begin at 4-point. A |Z|* interaction, corresponding to A = 0, is consistent with U(1)

~32 -



conservation but violates the assumed low-energy theorem. The next-to-lowest reduced
dimension interactions correspond to A = 1 and have a unique 4-point amplitude consistent

with the assumptions
1

Ai(1z 27 37 47) = 15513 (6.3)

Note that at 4-point, the conservation of the U(1)-charge for the complex scalar is automat-
ically enforced as a consequence of the supersymmetry Ward identitites. We will see that
this implies the conservation of the U(1) charge for amplitudes with arbitrary number of
external particles corresponding to A = 1. Note that this is not automatic for higher order
(A > 1) corrections and must be imposed as a separate constraint. Using (5.20) the re-
maining 4-point amplitudes are completely determined by supersymmetry; it is convenient
to summarize the component amplitudes in a single superamplitude [54]

4
A1 25-3g4g-) = 15 [13162(Q) = 515 18] D fidhmins (6.4)
ij=1

Here we have introduced two chiral superfields ® and ®~ that contain the positive and
negative helicity fields of the A/ = 1 chiral multiplet as

ot =yt 497 | O =7 —niy. (6.5)

n is the Grassmann coordinate of N' = 1 on-shell superspace and 7; denotes the n-coordinate
of the i*" superfield. We can obtain all the component amplitudes by projecting out com-
ponents of the superfield. For example, the all-fermion amplitude can be derived as follows

0 0

1
== 8777287774./44(1q>+2¢73q)+4q>7) = ——= [13] <24> (66)

oot -
As(152,354y) A2

It is useful to note that the expression (6.4) is manifestly local. It follows that all com-
ponent amplitudes are free of factorization singularities, indicating the absence of 3-point
interactions in this theory. Note also that the pure fermion sector is exactly the NJL model
detected by the soft bootstrap in section 4.2.

Next, we use these 4-point amplitudes to recursively construct n-point amplitudes.
Following the discussion in section 5, we note that the soft weight of the fermion must
be either oy, = 0 or o = 1. Making the conservative choice oy, = 0, we evaluate the
constructibility criterion on the above on-shell data,

4 < 2ng+ny, (6.7)

where n ¢ is the number of external fermion states of the n-point amplitude and ny = n—ny
is the number of external scalar states. For m > 4, this condition is satisfied for all n-
point amplitudes. We find that recursively constructing the 6-point amplitudes yields
an a;-independent expression. All the 6-point amplitudes can be found in appendix B.1.
Since our input 4-point amplitudes are MHV, the only non-zero constructible amplitudes
at 6-point are NMHV and can be verified to satisfy the NMHV 6-point Ward identi-
ties (5.21), (5.22), (5.23).
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If however we make the stronger assumption o, = 1, the recursively constructed 6-
point amplitude is a;-dependent and therefore fails the consistency checks. As a result
we conclude that the true soft weight of the fermion of our theory is o, = 0 and this is
sufficient to construct the S-matrix at leading order from the 4-point seed amplitudes (6.4).

The recursive constructibility of the S-matrix has non-trivial consequences for the
possible conserved additive quantum numbers. In a recursive model the only non-zero
amplitudes are those which can be constructed by gluing together lower-point on-shell
amplitudes

112

~
S

where the states X, X on either side of the factorization channel I have CP conjugate
quantum numbers. As discussed further in appendix C, if an additive quantum number is
conserved by all seed amplitudes then it must be conserved by all recursively constructible
amplitudes.

For example, in the present context the seed amplitudes conserve two independent
U(1) charges:

UL)a | U5
zZ qA
Z | —qa
(Cal 0 qB
[ 0 —qB
n —qA 4B
ot 0 qB
L —qa 0

We know to expect the existence of an isotropy U(1) under which the scalars are charged,
but from our on-shell construction it is unclear whether this should be U(1) 4 or a combina-
tion of U(1) 4 and U(1) . We have presented the charges as two independent R-symmetries
but more correctly we should consider them as a single global U(1) and a U(1)g. The
presence of a second conserved quantum number is not part of the definition of the CP!
non-linear sigma model but is instead an emergent or accidental symmetry at lowest order
in the EFT. In general one would expect U(1)4 x U(1)p to be explicitly broken to the
isotropy U(1) by higher dimension operators.
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6.2 N =2 CP' NLSM
The N =2 CP! NLSM is defined by the following on-shell data:

e A spectrum consisting of a massless N' = 2 vector multiplet (Z, Z, %" ¢, vT,v7),
where a = 1, 2.

e Scattering amplitudes satisfy AN/ = 2 supersymmetry Ward identities.

e Scattering amplitudes satisfy isotropy U(1) Ward identities under which Z, 7 are
charged.

Note that, importantly, we do not impose the soft weight of the scalars oz =057 = 1. As
we will explain further below, no model with the above properties and vanishing scalar
soft limits exists.

To proceed, interactions with reduced dimension A = 0 (such as Yukawa interactions)
are incompatible with N' = 2 supersymmetry for a single vector multiplet. Thus, the
minimal value is A = 1; that is of course also the value for the ' = 1 model. It is curious
to note that N/ = 2 supersymmetry is sufficient to uniquely construct the S-matrix at this
order in A. As we show in the following, without assuming vanishing scalar soft limits, the
restriction of the external states to a single chiral multiplet (Z, Z, ¢, 11 ) reproduces the
N =1 CP! sigma model.

As in the previous section, for A = 1 the 4-point scalar amplitude takes the form (6.3).
All 4-point component amplitudes are uniquely fixed by the 4-scalar amplitudes by the N =
2 supersymmetry Ward identities and they can be encoded compactly into superamplitudes
using two chiral superfields [54]

O =T !t 4+ T — 2,

L - - - (6.8)
O = Z +mpy —meby — mney

Here 1 and 72 are the Grassmann coordinates of ' = 2 on-shell superspace. The R-indices
on 1 are raised and lowered using €,p, s0 ¥, = €™ =1~ and Yy = €1’ = —p?.
In terms of the superfields, the 4-point superamplitude can be expressed as

2 4
1 13 ~
As(lp+2¢-3p+de-) = A2([13]>6(4)(Q TT H > (i) ianja- (6.9)

a:l 4,j=1

We use 7;, to denote the a'® Grassmann coordinate of the i*" external superfield. In
contrast to (6.4), the superamplitude (6.9) generates component amplitudes that are not
local due to the factorization singularity at P123 — 0. For example, consider the following
component amplitude

o o9 o8 o 1 [13] [14] (24)

A1(1+2¢-30+4q-) = —————""_ (6.10
 Ong1 0o ON31 Oy 1(lo+2Zo-30+de-) A2 [24] (6.10)

+o—at
Ad(132531,4,) =

Locality and unitarity imply that this 4-point amplitude must factorize into 3-point am-
plitudes on the singularity at P123 — 0. Denoting the helicity of the exchanged particle h,
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the amplitude factorizes as

+ —
17 h —h 2’Y
P13 _P13

+ —
3¢1 41111

The contribution to the residue on the singularity takes the form

P A(132737,4,) o= A3 (1531 (Pi3)n) As ((—Pi3)-n254y, )
PZ=0
_ <%[13]3/2—h[1P13]1/2+h[3P13]—1/2+h> (gXQ<24>3/2—h<2P13>1/2+h<4pl3>—1/2+h>
— D92 (_q)2h (13320 (04)3/2 4 (93] /2R [14)1/2 R (6.11)

A2
with the 3-point amplitudes completely determined by Poincaré invariance and little group
scaling. Comparing with the explicit form of the residue calculated from (6.10)

_ 1
P123A4(1+2 3+ == p
P123:0

12735,45) [13] [14] (24)2, (6.12)

we find that h = 1/2 and g192 = —1. The exchanged particle of helicity h = 1/2 can
be either 't or ?*. The locality of the .A4(1$1 2y, 3;‘14;1) and -’44(11—;221;2314;24;2) tells
us that they do not factorize on the (Py3)*> — 0 pole. We conclude that Ag(lfYrQ:Zl 31‘};1) =
Az(1427 37 ) = 0, while

_ 9 _ 9

As(132 37 ) = T [12][13] ,  As(152,,3,,) = X<12><13>' (6.13)

We carry out a similar exercise with A4(13273%47) for a particle of helicity h in the
P%L — 0 factorization channel. Comparing with the 4-point amplitude (6.9) fixes h = 0.
This could correspond to either Z or Z exchange. The absence of a P — 0 pole in

Ay (1527 3745) shows that A3(172735) = 0 and

A(15283) = T2 A(152587) = T (12)%, (6.14)

where g3g4 = 1. Demanding that all non-local 4-point amplitudes factorize correctly fixes
—g1 = g2 = g3 = g4 = —1. The 3-point superamplitudes are

2 3
As(lg-29-3¢-) =W (Q) = ﬁ 1T > Girmanja, (6.15)

a=1 i,j=1

2
As(Lg+29+3p+) = %5(2) (1 [23] 412 [31] 473 [12]) = % T (714 (231424 [31] 4134 [12]),

a=1

where Hi:l fa is defined as f1 fs.
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It is interesting to observe that even though the A" = 0,1 and 2 CP* NLSM have the
pure scalar 4-point amplitude in common, in the latter case the extended supersymmetry
together with locality require the presence of 3-point amplitudes.

We are now in a position to address the constructibility of general n-point amplitudes.
Since we are not assuming vanishing soft limits as part of our on-shell data, we are not able
to make use of subtracted recursion. This is only problematic for a subset of the amplitudes
in this model, at least at leading order. The unsubtracted constructibility criterion for this
model reads

4 <nyp+2n,, (6.16)

where ny and n, are the number of fermions and vector bosons respectively. It turns out
that the amplitudes that do not satisfy this criterion can be determined from the N = 2
supersymmetry Ward identities in terms of those that do; explicit formulae are given in
appendix D. Remarkably, without making any strong assumptions about the structure of
low-energy theorems for the scalars, which usually characterize the sigma model coset struc-
ture, the A/ = 2 supersymmetry is sufficient at leading order to both construct the entire
S-matrix and reproduce the amplitudes of the N/ =1 and AN/ = 0 models as special cases.

This same statement can be made in the perhaps more familiar language of local field
theory. At this order in the EFT expansion, the S-matrix elements should be calculable
from some effective action, the bosonic sector of which should be described by a two-
derivative Lagrangian of the general form

Lot =P (1Z°)10,2)* +Q (|1Z*) Z F} +h.c. (6.17)

where P(|Z]?) and Q(|Z|?) are some functions analytic around Z ~ 0. Insisting that the S-
matrix elements satisfy the on-shell N' = 2 supersymmetry Ward identities is equivalent to
requiring the existence of off-shell N' = 2 supersymmetry transformations under which the
effective action is invariant. The on-shell uniqueness result is equivalent to the statement
that the off-shell N' = 2 supersymmetry uniquely (up to field redefinitions) determines the
form of the two-derivative effective action. In particular, the function P(|Z]?) is uniquely
determined to be

2
P(|2)?) = <1+1|Z|2> : (6.18)

corresponding to the Fubini-Study metric on CP!.

Since the entire S-matrix is determined, we can explicitly demonstrate how the presence
of the vector bosons modifies the structure of the low-energy theorems from the naive
vanishing soft limits suggested by the coset structure. Consider the following relation
among 5-point amplitudes given by the N' = 2 supersymmetry Ward identities
(34)°
(45)2
The amplitude on the right-hand-side satisfies (6.16) and therefore is constructible

As (15,2%.34,42,55) =

327, As (17,27,3%,42,57) . (6.19)

’y? ’y? ’y?

using unsubtracted recursion. This gives the non-constructible amplitude on the left-hand-
side as

1
As (15,25.82,42,5;) = E<34>2 ( - - ) : (6.20)
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The soft limits on particles 1, 2, 3 and 4 vanish, as expected. The soft limit on particle
5, however, is O(1), contrary to the expected soft behavior for a Goldstone mode of a
symmetric coset. Explicitly

|5]—€l5]

1
As (1#,2:’;,32,42,52) S [12]2+O(6).

e (6.21)
It is interesting that the coupling to the photons, required by N/ = 2 supersymmetry, results
in non-vanishing soft scalar limits for a theory with a symmetric coset. In principle, this
amplitude could have had a contact contribution of the form oc [12]?, but our calculation
shows that such a term would be incompatible with N' = 2 supersymmetry.

The maximal R-symmetry group that this model can realize is U(2)rp = U(1)r x
SU(2)r. We will now verify that the SU(2)r symmetry Ward identities hold for the seed
amplitudes, the U(1)r we will address separately. To do this we choose a basis for the gen-
erators of SU(2)g. The scalars and vectors both transform as SU(2) singlets. The positive

helicity fermion species ¢!?T will transform in the fundamental representation under

10 01 00
The negative helicity fermions transform in the anti-fundamental with 7; = —7?. This
tells us that the 7p-Ward identity is satisfied as long as the fermion species appear in pairs

of (a) different helicity, same species or (b) same helicity, different species. This is true of
all the non-zero amplitudes in this model. The action of 71 and 7_ are

(6.22)

state i | T3 -4 | A, prefactor | 7_ -i | A, prefactor | Tp - i | A, prefactor
it 0 0 b2t 1 nE 1
W2+ | plt 1 0 0 P2t -1 (6.23)
Yy Yo -1 0 0 ch -1
(> 0 0 ch —1 (> 1

We find that all 3-point and 4-point amplitudes in this model satisfy the SU(2) p Ward
identities, for example
+o— a9t 41—\ — + 9— ot 4— + 9— ot 4— + 9— ot 4—
T- "’44(111112111231&14%) = “44(1w22w23w14¢1) — A4(1¢12w13¢14¢1) + A4(1w12w23¢24w1)
[13]

=——=(s+t+u)=0.

21 (6.24)

As discussed above, we conclude that at leading order the SU(2)p Ward identities are
satisfied by all amplitudes in the N' = 2 model.

Following the same approach as described for the A/ = 1 model, conservation laws
satisfied by the seed amplitudes imply that the same quantities are conserved by all leading-
order amplitudes if they are recursively constructible (see appendix C). This result extends
to non-Abelian symmetries, which in the on-shell language correspond to Ward identities
for non-diagonal generators; this is shown for SU(2) in appendix C. The amplitudes that
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are not constructible using recursion are fixed by supersymmetry in terms of those that
are. Therefore, they will also respect the conservation laws and non-Abelian symmetries
of the seed amplitudes.

This model also conserves a separate U(1)g charge. We know to expect the conserva-
tion of the charge associated with the U(1) isotropy group. In the N' = 1 case we found that
the scattering amplitudes conserve an R-charge U(1) 4 assigned only to the complex scalar
but it was consistent with the existence of U(1) g that the isotropy U(1) might also assign
a charge to the fermion or even to assign equal charges in the form of a global symmetry.
In the present context we also have two independent U(1) symmetries. The first is the
U(1) C SU(2) which assigns opposite charges to the fermions ¢!+ and ¥?T. The second
assigns charges to each of the states which, up to overall normalization can be deduced
from the 3- and 4-point seed amplitudes and are summarized in the following table:

UL)r | SU(2)r
A —4 1
Z 4 1
¢a+ -1 2
vy |1 2
vt 2 1
o -2 1
Ma 2
o 1
[ 1

These are the only linear symmetries compatible with the seed amplitudes. The
isotropy U(1) must therefore be identified with some linear combination of U(1)r and
U(1) € SU(2)g. This is perhaps surprising, it tells us that the massless vector boson must
also be charged under the isotropy U(1). Just as for the fermions, the vector charges are
chiral meaning that the positive and negative helicity states have opposite charges. Such
charges for vectors are associated with electric-magnetic duality symmetries.

Such an extra U(1)r symmetry is possible because the maximal outer-automorphism
group of the A/ = 2 supersymmetry algebra is U(2)g. The assignment of the associated
charges is, up to normalization, fixed by the charge of the highest helicity state in the multi-
plet. It is interesting to observe that in the present context, knowledge of the non-vanishing
4-point amplitudes is insufficient to determine the U(1)g charge assignments. It is only
from considering the 3-point amplitudes that we find the assignment of a non-zero chiral
charge for the vector bosons unavoidable. Consider for example the amplitudes (6.14).
Since the scalar is required to be charged under the isotropy U(1), which in this case must
be the U(1)g since there are no other symmetries under which the scalar is charged, we
see that the vector must also be charged and satisfy 2¢[y"] = —¢[Z]. The existence of
fundamental 3-point interactions in this model was deduced by demanding that the singu-
larities of the 4-point amplitudes be identified with physical factorization channels. From
an on-shell point of view, it is therefore an unavoidable consequence of locality, unitarity
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and supersymmetry that the My isotropy group of an A/ = 2 non-linear sigma model acts
on the vector bosons as an electric-magnetic duality transformation.

The necessary existence of the fundamental 3-point amplitudes (6.13) and (6.14) has
a further interesting consequence for the low-energy behavior of the vector boson. In [32]
it was shown that singular low-energy theorems arise from the presence of certain 3-point
amplitudes. In the notation used in [32] the 3-point amplitudes (6.13) and (6.14) are
classified as a = 1 in the soft limit of a positive helicity vector boson. Therefore a vector
boson present in amplitudes which contain at least one of the following other particles: Z,
¥ or 41 has soft weight 0., = —1. Using the general formalism developed in [32], we can
write down the low-energy theorem of the vector bosons in this subclass of amplitudes

Ani1 (s3,1,2,...,n) 2722 0, > G[Sk] An (1,2, Fy - kyon) + O (€.
k=1
(6.25)

Here we are using a notation similar to [55] with the introduction of an operator F.; which
acts on the one-particle states as

state i | F4 -1 | A, prefactor
Z = 1
U T -1 (6.26)
w2t by 1
vt Z -1

and annihilates the states of the negative helicity multiplet. A similar operator F_ can be
defined for the soft limit of a negative helicity vector. Using equation (5.13) in conjunction
with the soft behavior (6.25) of the (n+ 1)-point amplitude results in the following identity

for the residual n-point amplitudes

ZZ 1+PMA11(1’2,.,,,Q1~i,...,}'+-j,...,n):0, (6.27)
=1 j=1 Yj>

where here P; = 0 or 1 corresponds to the additional signs associated with the prefactors of
both the supersymmetry Ward identities and the operator F4 given in table (6.26). Note
that the action of Q; and F; commute on all physical states, so there is no ambiguity
when ¢ = j in the sums. Moreover, rearranging the order of the sums, it becomes clear
that for each fixed j, the sum over i expresses a supersymmetry Ward identity for the n-
point amplitudes. As such, the identity (6.27) does not impose further constraints beyond
supersymmetry.

7 Super Dirac-Born-Infeld and super Born-Infeld

In the soft bootstrap analysis of section 4, we encountered three theories with a fundamental
quartic interaction whose couplings are of mass-dimension —4: DBI, Akulov-Volkov, and
Born-Infeld. These EFTs can all be related by supersymmetry. We will discuss them in
further detail in future work, so for now we simply note the following:
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e The N = 1 supersymmetric Dirac-Born-Infeld model has as its pure scalar sector the
complex scalar DBI theory with 0z = 2 and as its pure fermion sector Akulov-Volkov
theory with oy = 1. All amplitudes are constructible with soft subtracted recursion.
We present the expressions for the 4- and 6-point amplitudes in appendix B.2.

e The N = 1 supersymmetric Born-Infeld model combines Akulov-Volkov theory with
Born-Infeld theory with o, = 0. All amplitudes are constructible with the soft
subtracted recursion relations of section 3, except the pure vector ones, but they are
uniquely fixed by the supersymmetry Ward identities. The 4- and 6-point amplitudes
are given in appendix B.3.

e Extended supersymmetry binds BI, Akulov-Volkov, and DBI into one supersymmetric
exceptional EFT. In particular, N’ = 4 supersymmetry binds together DBI, Akulov-
Volkov, and Born-Infeld theory and will be discussed further in forthcoming work.
The N = 4 super-DBI amplitudes can be constructed using the CHY approach [56].

8 Galileons

Galileons are scalar effective field theories that arise in a multitude of contexts and as a
result can be defined in different ways. In 4d, Galileons are

1. Higher-derivative scalar field theories with second-order equations of motion and
absence of Ostrogradski ghosts. These theories have three free parameters: the cubic,
quartic and quintic interaction coupling constants. A field redefinition removes the
cubic interaction in favor of a linear combination of the quartic and quintic. The
scattering amplitudes are of course invariant under the field redefinition, so for the
purpose of studying perturbative scattering amplitudes, we consider only the quartic
and quintic Galileons.

2. The non-linear realization of the algebra ®al(4,1) which is an Inonii-Wigner con-
traction of the ISO(4,1) symmetry algebra [57]. Truncated to leading order in the
reduced dimension A, this gives an effective field theory of a real massless scalar ¢
with o = 2 vanishing soft limits and coupling dimensions [g4] = —6 and [g5] = —9 for
the quartic and quintic interactions respectively.

3. Subleading contributions to the low-energy effective action on a 3-brane embedded
in a bd Minkowski space. The leading contribution to this EFT is the DBI action
and including the Galileon terms, the model is often called the DBI-Galileon. In
the limit of infinite brane tension, the Galileons decouple from DBI. The non-Zs-
symmetric cubic and quintic interactions arise from considering the effective action
on an end-of-the-world brane.

4. Scalar effective field theories that arise from the massless decoupling limit of Fierz-
Pauli-type massive gravity [36, 37] and from the decoupling limit of Proca theories.
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It is not obvious if these definitions are equivalent. The equivalence between Definitions
2 and 3 is straightforward since ISO(4,1) is the Poincaré symmetry of the 5d embedding
space. In the brane picture of Definition 3, the DBI-Galileon scalar is a Goldstone boson
that arises from the spontaneous breaking of translational symmetry transverse to the
brane, with the contraction of the 5d Poincaré algebra equivalent to the non-relativistic
limit of the fluctuations of the brane into the extra dimension [58].

In an approach based on scattering amplitudes, it is natural to use the second def-
inition of Galileon theories, based on their soft weight ¢ = 2 and fundamental coupling
dimension. This is what we do in the following, however, we do comment on the connec-
tions to the other definitions. In section 8.1, we briefly review our recent results about
the supersymmetrization of (DBI-)Galileon theories in 4d and cover some details that were
left out in [24]. Motivated by Definition 4, we investigate the possibility of a scalar-vector
Galileon theory in section 8.2. In sections 8.3 and 8.4, we focus our attention on the Spe-
cial Galileon. In section 8.3 we address the question of subleading operators respecting
the enhanced o = 3 soft behavior. In section 8.4, we approach the same question from a
double-copy construction.

8.1 Galileons and supersymmetry

This section reviews and expands on the results of [24] for A/ = 1 supersymmetrization of
Galileon models. Two approaches to forming a complex scalar Z = ¢ + i are considered:

(a) Both ¢ and x are Galileons so that the complex scalar Z has soft weight o7 = 2, or

(b) ¢ is a Galileon but x only has constant shift symmetry; then o4 = 2 and o, = 1, and
hence oz = 1. A natural interpretation of y is as an R-axion.

Both options were considered in [24].

Option (a): oz = 2. Counsider first the quartic Galileon. As discussed in section 5.5,
to be compatible with supersymmetry, the 4-point complex scalar amplitudes must have
two Z’s and two Z’s; such an amplitude is in the MHV class. It is also clear from the table
of “soft bootstrap” results in (4.4) that there is a unique complex scalar quartic Galileon
theory!'® with o7 = 2 based on the 4-point interaction with A4(17253745) = g4stu. The
other 4-point amplitudes in a supersymmetric theory are fixed by A4(17273747) using
the supersymmetry Ward identity (5.20).

By (5.8), the soft behavior of the fermion must be either o, = 1 or 2. The all-fermion
amplitudes are constructible when o, = 2, and our soft bootstrap results for fermion
theories (4.7) show that no such theory exists. Therefore, the fermions in a supersymmetric
Galileon theory with oz = 2 must have o, = 1.

In a supersymmetric quartic Galileon theory with 0z = 2 and o, = 1, the constructibil-
ity criterion (3.10) for n-point amplitudes with ng scalars and ns fermions is ny < 4. Thus
at 6-point, we can only use soft subtracted recursion to compute the amplitudes with at

8That analysis also shows that it is impossible for this kind of model to have special Galileon symmetry
with oz = 3.
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most two fermions. However, as discussed in [24], two of the six supersymmetry Ward iden-
tities (5.21)—(5.23) uniquely determine the 4- and 6-fermion amplitudes. The remaining
four identities in (5.21)—(5.23) are used as consistency checks. The expressions for the 6-
point amplitudes of the supersymmetric quartic Galileon can be found in appendix B.4. We
have checked that the recursively constructed 4- and 6-point amplitudes match those that
we calculate from the Lagrangian superspace construction of the quartic Galileon in [23].

The supersymmetry Ward identities at 8-point and higher do not uniquely determine
the non-constructible amplitudes of the supersymmetric quartic Galileon. We therefore
suspect that the quartic Galileon fails to be unique at 8-point and higher [24].

The quintic Galileon does not admit a supersymmetrization with oz = 2 for the
complex scalar. As discussed at the end of section 4.1.2, there are no obvious obstruc-
tions from the soft-recursion tests to a complex scalar decoupled quintic Galileon with
As(122;324;57) = (ew,pgp’fpgpgpi)z. However, it is not compatible with the 5-point
supersymmetry Ward identities. It follows that the cubic Galileon also cannot be super-
symmetrized with oz = 2.

Option (b): oz = 1. Consider a quartic complex scalar theory where the real part
of the complex scalar Z is the Galileon ¢ and the imaginary part is an R-axion yx. The
constructibility criterion with o4 = 2 and o, = 0y = 11is 2n, + ny < 4, so there are
only two mixed amplitudes to check; they do not restrict the 2-parameter family of input
amplitudes [24]. We have checked that the constructible 6-point amplitudes are compatible
with DBL.

For a quintic Galileon with oz = 1, we found [24] a unique solution to the supersym-
metry Ward identities

[24]

24
As5(1227324;52) = _®A5(1Z 27324;5y) = {35}«45(12 253y 45 5y) (8.1)

namely

As5(122,374257) = saa (6524525545 + (4512523545 + 2512504534+ 2855 545+ 524555+ (2 <> 4))
+(1435)+(34>5))—4s3,.

The amplitudes As5(172237425%), As5(17223; 4¢5@), and As(1; 2y 312) 4y 5121) follow
from conjugation of the above.'” It is interesting that the fermions in these 5-point ampli-
tudes automatically have oy, = 1.

To test consistency of a supersymmetric quintic Galileon with oy = 2, o, = 1, and
oy = 1, we consider the 7-point and 8-point amplitudes in the decoupled Galileon theory. In
both cases, the constructibility criterion is 2n, +ny < 4. The (few) non-trivial constructible
amplitudes pass the soft subtraction recursive tests of a;-independence. We have also tested
compatibility with the supersymmetric DBI interactions: at 7-point the constructibility
criterion is 2n, + ny < 8 and again the constructible 7-point amplitudes pass the test.
This indicates that there may indeed be a supersymmetric brane-theory with both quartic

19These 5-point amplitudes are not required to vanish in 3d kinematics (and they do not) because they
do not satisfy the constructibility criterion.
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and quintic terms subleading to DBI. The scalar ¢ is the Goldstone mode of the broken
transverse translational symmetry whereas the scalar x is an R-axion. The fermion ¢ is a
genuine Goldstino of partial broken supersymmetry. We discuss such scenarios further in
forthcoming work.

8.2 Vector-scalar special Galileon

It is known that scalar Galileon theories arise in certain limits of massive gravity [36, 37]
(for a review, see [38]). An on-shell massive graviton in 4d has 5 polarization states and
the decoupling limit gives one real massless scalar (the Galileon) and a massless photon in
addition to the massless graviton. So we expect there to be an EFT of a real Galileon scalar
coupled to vector.?? The vector couples quadratically to the scalar and was consistently
truncated off in [37]. Some subsequent studies have discussed the photon-scalar coupling
of Galileons, see for example [59]. Here, we use soft recursion to give some definitive results
about the possible scattering amplitudes in such a theory.

If the scalar has o4 = 2, only the scalar amplitudes are constructible, and we are not
able to say anything about the vector sector and its couplings to the scalar. If however the
couplings are tuned in such a way that the cubic and quintic Galileon interactions are set
to zero then in the scalar sector the soft weight of the scalar is enhanced to o4 = 3, the
special Galileon scenario. At present it is unknown whether this enhancement of symmetry
can be understood in some natural way from the decoupling limit of some model of massive
gravity. Moreover, it is not a priori clear if the o4 = 3 enhancement can survive coupling
to other particles.

We use the power of the soft bootstrap to construct the most general amplitudes con-
sistent with the special Galileon low-energy theorem. We use the 6-point test to exclude
EFTs with a special Galileon coupled non-trivially to a photon with o, > 0. For the
model with o4 = 3 and o, = 0, we find that the soft recursion 6-point test reduces the
most general 6 real-parameter ansatz for the scalar and scalar-vector interactions to a 3
real-parameter family:

A4(1¢ 2¢ 3¢ 4¢) = glstu

Au(1424 25 4F) = g2[34)% (£ + u® + 3tu) | 52)
Aa(15 2435 47) = 91(12)[24](13)[34]u, '
Au(142435 47) = g3(34)% (2 +u? + 3tu) .

The couplings of the pure vector sector are unconstrained; the most general ansatz is

Au(1F 25 3H4%) = gy ([12]2[34]25 +[13]2[24)% + [14]2[23]2u> ,

Ag(15 25 35 4F) = g4(12)*[34)%s, (8.3)

Ai(15 2535 45) = g} (<12>2<34>25 +(13)2(24)% + <14>2<23>2u) .

The most interesting feature of the above result is the relation between the coefficients
of the amplitudes A4(14 24 3¢44) and A4(17 243447). The former is the familiar quartic

20The decoupling of these interactions from the graviton is not clear [38].
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Galileon, while the latter would arise from an operator of the form
O ~ g1(0uF7) (0" F2) (04009) (07,0,9). (84)
where Fy are as defined in and below (3.20)
The relation between the couplings strongly indicates the existence of a non-linear
symmetry which mixes the scalar and vector modes. Describing the action of this symmetry
and its consequences is left for future work.

8.3 Higher derivative corrections to the special Galileon

The real quartic Galileon has low-energy theorems with ¢ = 3 soft weight. Being agnostic
about the origin of the special Galileon, from an EFT perspective, one should write a La-
grangian with all possible operators that respect the symmetries of the theory in a derivative
expansion. The authors of [60] found that among a specific subclass of Lagrangian oper-
ators, namely those with the schematic form 9%¢*, 9%¢* and 0%¢°, the special Galileon
is the unique choice that can give enhanced soft limits with ¢ = 3 soft weight. In this
section, we investigate much more exhaustively the possible higher-derivative quartic and
quintic operators compatible with ¢ = 3 soft behavior. This is done using soft-subtracted
recursion relations to calculate the 6- and 7-point scattering amplitudes of the model.

Let us start our discussion with the 6-point case. The constructibility criterion (3.21)
implies that recursion relations are valid if the coupling constant gg of the 6-point amplitude
satisfies

[g6] > —20. (8.5)

Given that this coupling is the product of two quartic couplings and that the leading order
quartic coupling has mass dimension —6 recursion relations can probe contributions to the
4-point amplitude with mass dimension in the range

— 14 < [g4] < —6. (8.6)

Taking into account Bose symmetry, the most general ansatz one can write down for the
4-point matrix element of local operators is
As(1920344) = %stu
+ 5 (st )
+ 515 (0 + 17 +0)
+ ﬁ (c3 (s® +10 +u®) + chs*tu?) + O(A™1).

(8.7)

The leading term with coupling co/AS is the usual quartic Galileon. The terms suppressed
by higher powers of the UV cutoff A encode all possible higher-derivative quartic operators
of the scalar field up to order A=,

We apply the 6-point test with ¢ = 3 and find that consistency requires ¢; = c¢3 = 0
in the ansatz (8.7). The 4-point amplitude then becomes

€0

/
A6 stu + % (s +° +u®) + 53222 O(A™1). (8.8)

Aa(1p 2435 49) = ALz
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From this, we understand that there cannot exist an 8-derivative Lagrangian operator that
preserves the special Galileon symmetry. Additionally, at 6-, 10- and 12-derivative order
there exist unique quartic operators compatible with ¢ = 3. In section 8.4, we show explic-
itly that the result (8.8) can also be obtained from an application of the BCJ double-copy.

Next we examine the possible existence of quintic operators compatible with o = 3.
We combine input from the quartic Galileon with the most general possible ansatz for the
5-point matrix elements and use the 7-point test to assess compatibility with ¢ = 3. The
soft subtracted recursion relations at 7 points are valid if

[g7] > —24. (8.9)

Since the 7-point coupling constant is the product of a quartic (with mass dimension —6
or lower) and a quintic coupling, the latter must then satisfy

[g5] > —18. (8.10)

With Bose symmetry and the requirement that the ansatz for the 5-point amplitude must
have soft weight o = 3, we are left with

d
A5 (15243546 5¢) = A—llse(1234) > (~1)Flsp psp,pyspipisepsesp (8.11)
P

1
+ﬁ d2 6(1234)4+d36(1234) E (—1)‘PISppoS%gQP3 (S%2P38p3p4—8%31p28p2p4)
P

4 —_
a4 528%25?#2 > (208 skt + 95Tt — 25y simsn) | | +OAT).

i<j i<y i<j k#i,j

In the above, €(1234) = €,,,004 Pyp5p], the sum ZKJ- means E?:l Z?:Hl, while the sum
> p is over all permutations of {1,2,3,4,5}, (=1)/Pl is the signature of the permutation
and P; is its ¢th element. There are no contributions to the amplitude that have less than
14 derivatives. The 1/A-term satisfies the constructibility criterion and vanishes in 3d
kinematics, in agreement with the discussion of section 3.5. Two of the 1/A-terms also
vanish in 3d kinematics, but this was not a priori expected since they are too high order
to satisfy constructibility.

The 7-point test implies no constraints on the coefficients dy, do, d3 and d4. This is
evidence in favor of the existence of four 5-point operators that preserve the special Galileon
symmetry. Next, in section 8.4, we investigate whether this result can be obtained from a
double-copy prescription, similar to the 4-point case.

8.4 Comparison with the field theory KLT relations

The significance of the special Galileon extends well beyond the contraction limit of the 3-
brane effective field theory and the decoupling limit of massive gravity. The enhancement
of the soft behavior to o = 3 (which degenerates to 0 = 2 when the DBI interactions
are re-introduced) or correspondingly the extension of the non-linearly realized symmetry
algebra suggests that this model has a fundamental significance of its own that is at present
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only partially understood. Perhaps one of the deepest and least understood aspects of the
special Galileon is its role in the (field theory) KLT algebra as the product of two copies
of the % non-linear sigma model. For N = 2,3 this coset sigma model has been
intensively studied as a phenomenological model of the lightest mesons under the name
Chiral Perturbation Theory (xPT). Henceforth we will use this name to avoid confusion
with the CP! non-linear sigma model discussed in section 6.

The double-copy relation between xPT and the special Galileon was first understood
in the CHY auxilliary world-sheet formalism [61]. Specifically, it was shown in the CHY
formalism that the leading order contribution to scattering in the special Galileon model
can be obtained from the KLT product

Apeet =% A o] Sgrlal B1AXTT (], (8.12)
o,

where a, 3 index the (n — 3)! independent color(flavor)-orderings.?! The KLT kernel
Skrr|cr| 5] is universal in the sense that the explicit form of the relations (8.12) are identical
to the perhaps more familiar field theory KLT relations giving a double-copy construction
of Einstein-dilaton-B,,,, gravity from two copies of Yang-Mills theory. Concretely, the first
few relations have the form

AN (1,2,3,4) = —sp A} [1,2,3, 40 A4FT[1,2,4,3]
ASS (1,2,3,4,5) = sozs05.AX T [1,2,3,4,5] AT [1,3,2,5,4] + (3 ¢ 4),
Al (1,2,3,4,5,6) = —812545A%<PT [1,2,3,4,5, 6] (535A>6<PT [1,5,3,4,6,2]
(s34 + s33) Ay [1,5,4,3,6, 2]) +P(2,3,4), (8.13)

where P(2,3,4) denotes the sum of all permutations of legs 2, 3 and 4.

For the formulae (8.12) and (8.13) to even be well-defined, the color-ordered ampli-
tudes on the right-hand-side must satisfy a number of non-trivial relations to reduce the
number of independent partial amplitudes to (n — 3)! for the scattering of n particles. The
existence of a color-ordered representation is itself non-trivial and not guaranteed to be
satisfied in all models with color structure [62]. In all known cases where the double-copy
relations (8.12) give a sensible, physical output, the reduction to a reduced basis of size
(n — 3)! is accomplished by two sets of identities among the partial amplitudes, namely
the Kleiss-Kuijf and fundamental Bern-Carrasco-Johansson relations. That these iden-
tites obtain for amplitudes calculated in the leading two-derivative action of xPT was first
established in [63] using semi-on-shell recursion techniques developed in [64].

Our goal in this section is to connect two (possibly discrepant) definitions of the special
Galileon model:

1. The special Galileon is the most general effective field theory of a real massless scalar
with ¢ = 3 vanishing soft limits.

2. The special Galileon is the double-copy of two copies of xPT.

21We use square brackets for the arguments of a color-ordered amplitude.

47 —



What we have described above is the known fact that these definitions agree at the lowest
non-trivial order. In the previous section we used soft subtracted recursion to construct
the most general 4- and 5-point amplitudes consistent with the first definition up to order
A~12 and A717 respectively. To determine if these results agree with the second definition
we must first construct the most general 4- and 5-point amplitudes in xPT compatible
with the requirements of the double-copy. Here we are following the approach of [62] and
making the most conservative possible assumptions. Specifically we assume that both the
explicit form of the double-copy (8.13) and the relations the amplitudes must satisfy to
reduce the basis of partial amplitudes to size (n — 3)! are identical to what is required at
leading order.
Let us begin with the 4-point amplitudes. The relations we impose are cyclicity (C)

APT,2,3,4) = ATT[2,3,4,1], (8.14)
Kleiss-Kuijf (KK) or U(1)-decoupling
AFT1,2,3,4] + AP 12,1,3,4) + AFT[2,3,1,4] =0, (8.15)
and the fundamental BCJ relation
(—s — ) A1, 2,3,4] — tAXFT[1,2,4,3] = 0. (8.16)

Since there are no additional quantum number labels in the partial amplitudes, at each
order the 4-point amplitude is determined by a single polynomial function of the available
Lorentz singlets

Af%ﬂjA:FU@ﬂ+2Fm@ﬂ+ FU()+W (8.17)

A A4

The superscript k counts both the mass dimension of the function and the number of deriva-
tives in the underlying effective operator. In this language, the double-copy-compatibility
conditions take the form

C:  FW(s,t)=F®)(—s—t,1),
KK: F®(s,t) + F®)(s,—s —t) + F®)(—s —t,5) =0, (8.18)
BCJ: (—s—t)F®)(s,t) —tF®)(s,—s —t) = 0.

We make a general parametrization of the polynomial functions as

FO(s,t) = ¢,

FO(s,) = s + 1,

FO(s,1) = s + st + 5012, (8.19)
FO)(s,1) = (6)S + Cg ) 24 +c§, ) 442 +C(6) ’

F®(s,1) = 658)54 + cg )3t + Cg )g242 4+ Cfl )3 4 Cég)tzL’
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and so on. Imposing the conditions (8.18) gives a system of linear relations among the
coeflicients cgk). These are straightforward to solve and give

AYPT[1,2,3,4) = %t + %t(sQ +12 4 u?) + %t(stu) ¥ (8.20)

A few comments about this result. As expected, the leading 2-derivative contribution is
compatible with the conditions (8.18). Surprisingly, there are no compatible contributions
from 4-derivative operators, but there are unique contributions at 6- and 8-derivative order.
Moreover, the structure of the result here agrees with the 4-point amplitude of Abelian
Z-theory [65]. The Z-theory model is a top-down construction which gives open string
scattering amplitudes as the field theory double-copy of Yang-Mills and a higher-derivative
extension of YPT. The Z-amplitudes are by construction guaranteed to satisfy the double-
copy-compatibility conditions but with Wilson coefficients g; having precise values calcu-
lated from the known string amplitudes. The method of this section can be understood as
the bottom-up converse of the Z-theory construction, and at 4-point we find agreement.

To summarize, we have shown that up to 8-derivative order there is a 3-parameter
family of operators that generate 4-point matrix elements compatible with the conditions
required for the double-copy to be well-defined. We could continue this to higher order,
but our ability to compare with the methods of section 8.3 are bounded above at this order
by the constructibility criterion.

To construct the associated amplitudes in the special Galileon model (according to the
second definition described above) we use the first relation in (8.13). The result is
c3

qEs e (8.21)

gstu—i— 2 (85 +t° +u5) +

sGal
'A4 (1727374> - A6 AlO

in precise agreement with the special Galileon amplitude (8.8).

As an additional check to the results obtained above, we calculate the 6-point ampli-
tudes of both xPT and the special Galileon. Up to order O(A~%) the yPT amplitude can
be calculated using soft subtracted recursion with (8.20) as input. Note that only three
factorization channels contribute to this calculation because the rest do not preserve color
ordering. The resulting amplitude,

AXPT[l 2,3,4,5,6] = gj 513546 | S$24515 | 535526
6 )Ly Yy Ey Yy

= — Sou6| + O(A7?), (8.22)
At Pf23 P§34 P§45

satisfies all C, KK and BCJ constraints. Contributions subleading to the ones listed above
do not satisfy the constructibility criterion (3.21) and cannot be calculated using soft
subtracted recursion. However, we were able to uniquely determine them up to order
O(A™19), by demanding that they have the correct pole structure, consistent with unitarity
and locality, have o = 1 soft weight and satisfy C, KK and BCJ conditions. The result of
this calculation is listed in (B.30).

We are now in position to calculate the 6-point special Galileon amplitude with two
different methods. We can either use the 6-point KLT relation in (8.13) or use soft sub-
tracted recursion with (8.21) as input. The results of these calculations match perfectly
up to order O(A~'®), which is the furthest the recursive calculation can go.
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Shifting our focus to 5-point amplitudes, we find that it is mot possible to repro-
duce (8.11) as a double-copy of two (identical or non-identical) color-ordered scalar ampli-
tudes, despite the perfect agreement at 4- and 6-points. Starting from a general ansatz for
the scalar color-ordered amplitude, we find that the leading contribution that satisfies all
C, KK and BCJ constraints is O(A~!'%) corresponding to a valence 5 scalar-field operator
with 14 derivatives. The existence of such an operator at all is interesting since there are
apparently no odd point amplitudes in Z-theory [65]! At this order we find that the kine-
matic structure of Z-theory does not coincide with the most general possible double-copy-
compatible higher-derivative extension of yPT. Or perhaps said differently, just like string
theory fixes the Wilson coefficients in the 4-point result (8.20) to take particular (non-zero)
values, it appears to fix the Wilson coefficients of the odd-point amplitudes to be zero.

When we use the second relation of (8.13) with this result, we obtain a 5-point scalar
amplitude of order O(A~33), which is significantly subleading to the amplitude (8.11) we
calculated in the previous section for the special Galileon.

9 Outlook

There are several interesting questions that remain unanswered in this work. In section 4
we applied the soft bootstrap to classes of models with simple spectra consisting of a single
particle of a particular spin. Furthermore, we gave a limited examination of classes of
models with linearly realized supersymmetry with spectra consisting of a single multiplet.
There is a potentially vast landscape of constructible models with more complicated spectra
and possible futher interesting linearly realized symmetries.

We have already seen examples of this; in section 6 further symmetry (in this case elec-
tromagnetic duality symmetry) emerges as an unavoidable consequence of the combination
of low-energy theorems and linear N' = 2 supersymmetry. Similarly we should expect the
soft bootstrap to reveal models with complicated non-linear symmetries. In section 8.2 we
have given evidence in favor of the existence of such a symmetry underlying a vector-scalar
extension of the special Galileon.

Our results also suggest two additional applications for the soft bootstrap. The first
is to the classification of higher-derivative operators. The method applied in sections 8.3
and 8.4 to the special Galileon and yPT is generalizable to a large class of EFTs with mani-
fest advantages over traditional methods. The second is a useful cross-check on results con-
cerning exceptional EFTs obtained via the double copy. In section 8.4 we found the puzzling
result that there exist valence 5 operators invariant under the special Galileon symmetry
which apparently cannot be constructed as the double copy of subleading xPT operators.

It would be reasonable to expect further, similarly rich and unexpected, phenomena
to be present throughout the landscape of constructible EFTs.
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A Derivation of (3.9)

In this appendix, we derive the manifestly local form (3.9) of the subtracted recursion
relations. For a given factorization channel, consider from the recursion relations (3.8) the

expression
ACDACH 5 e, AVOAE) [ ATOAE)
F(zH)P?(1 —2F/2F) fs " 2F(2) P} ¢ ) P
I

where the contour surrounds only the two poles zI The second equahty IS non-trivial and
deserves clarification. In the second expression, the subamplitudes .AL (2) and .AR (2)
are only defined precisely on the residue values z = Z}t for which the internal momentum

Py is on-shell; in general one cannot just think of /lg)R(z) as functions of z. However, in

the product A(LI)(Z)Ag)(z), one can eliminate the internal momentum P in favor of the n
shifted external momenta by using momentum conservation. Then the resulting expression
can be analytically continued in z away from the residue value. This is implicitly what has
been done in performing the second step in (A.1).

Let us assess the large-z behavior of the integrand in (A.1). The L and R subamplitudes
have couplings g5, and ggr such that gr.gr = gn, wWith g, the coupling of A,,. Their mass-
dimensions are related as [gr] + [gr] = [gn]. Hence, using ny, + ng = n + 2 and (3.16), we
find that the numerator behaves at large z as

A(LI)(Z)AE?{)(Z) — 2PL PR = J6-n—lon]-3iny si=2sp — D+2-2sp ) (A.2)

where sp denotes the spin of the particle exchanged on the internal line and D is the large
z behavior of the A,, which we know satisfies D — )" | 0; < 0, by the assumption that the
amplitude A,, is recursively constructible by the criterion (3.10). We therefore conclude
that the integrand in (A.1) behaves as zP~172i=19i25p e it goes to zero as 1/z% or
faster. Hence, there is no simple pole at z — oo.

If we deform the contour, we get the sum over all poles z # zf in A(LI)(Z)A%)(Z) /
(2 F(2) P?). Let us assume that A(LI) and Ag) are both local: they have no poles and hence
we pick up exactly the simple poles at z = 0 and z = 1/a; for i = 1,2,...,n. We then
conclude that the soft recursion relations take the form

i)
= Z Z Z Res,—. —( ()J?RA (2) ) (A.3)

1 Z/zo7 1 [ (D)

’a

~ 51 —



where F(z) = []i;(1 — a;2)%. This form of the recursion relation is manifestly rational
in the momenta.

Note that only the z = 0 residues give pole terms in A,. Therefore the sum of the
1/a; residues over all channels must be a local polynomial in the momenta. For example,
it is valid for the reconstruction of the 6-point scalar amplitude of NLSM, but not for the
reconstruction of an 8-point amplitude.

B Explicit expressions for amplitudes

In this appendix, we present expressions for the 4- and 6-point amplitudes of the theories
discussed in the main text. The 6-point amplitudes were reconstructed with the 4-point
ones as input, by means of the subtracted recursion relations and the supersymmetry Ward
identities also discussed in the main text.

B.1 Supersymmetric CP! NLSM

Below, we list the amplitudes for the CP' N = 1 supersymmetric NLSM. This model is
discussed in section 6 as an illustration of our methods.
The 4-point amplitudes are:

./44(12223242) = Fslg, (Bl)
As(17253547) = 27 23] (24) = 5 5 (o1 — paf3] (B2)
A(15273547) = —% [13] (24) (B.3)
They serve as the input for computing the 6-point amplitudes recursively:
Ae(1225324;5263)
1 [ [s13s
= A4_< ;%2;‘6 +(1 <—>5)+(3<—>5)> +(2<—>4)+(2<—>6)+3p%35] , (B.4)
As(172237475,6,,)
_ % [ <813 [p524] (46) L2 4)> B (824 [p521] (16) (1o 3)>
L 123 156
- (PR L by o n) s owb] . ©9
D126
As(1222374,5567)
_ 1 [ _ <[31] (1]p123|5](46) (36 5)> n <[35] (4]p126|2](26) (4 6)>
At Plas Pla
B [51] (16) [32] (24) B
(25520 ) o]
As(17,2,,3,4,5,67)
4
— % [([13} <2|§%§§’5]< 6 _ (1+5)— B+ 5)> 204 -2« 6)} . (B.7)
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Note that only the pure scalar amplitudes and the 2-fermion amplitudes have local terms.
The 6-point amplitudes satisfy the NMHV supersymmetry Ward identities in (5.21)—(5.23).

B.2 Supersymmetric Dirac-Born-Infeld theory

The amplitudes of N' = 1 supersymmetric Dirac-Born-Infeld theory are all recursively
constructible. The 4-point amplitudes are

1
As(172,3745) = E.si,,, (B.8)
_ 1 1
Au(1727354;) = 2713 [32] (24) = W313<4\p1 —pa|3], (B.9)
1
As(152,374,) = — 2513 [13] (24), (B.10)

and the results of soft subtracted recursion for the 6-point amplitudes are

Ae(12253245526;)

:% <5§;%?+(1<—>5)+(3<—>5)>+(2<—>4)+(2<—>6)—p?35}, (B.11)
Ao(122737475,,6,)

L [ (526535 [54] (4|p126|1](16) 535546 [54] (46)

AS (< Plag +(1H3>>+(2H4)>+< Plas +(2<_>4)>

_ <515854[511<16>
Pise

As(12273,4,5,6,)
= % [(8244-826)17%35 [35] (46) — ( (815524 [5119%? 32](24) (3¢ 5)) — (44> 6))

) (513346 32) 2lpsl5] (46) 5)> . <826835 35 (4lpr26[2)(26) ) ., 6))] ,

+(1+ 3)> + (813824— (8134—824)]?%35) <6|p24!5]] , (B.12)

Plas Pla
(B.13)
A28
1 [/ 513546 [13] (2|p123]5] (46
=A8[< 13540 ];%2'5123 I >—(1<—>5)—(3+>5)>—(2<—>4)—(2<—>6)}. (B.14)

The 6-point amplitudes satisfy the NMHV supersymmetry Ward identities in (5.21)—(5.23).
As in the case of the NLSM, only the pure scalar amplitudes and the 2-fermion amplitudes
have local terms.
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B.3 Supersymmetric Born-Infeld theory

In this subsection, we list the amplitudes of Born-Infeld theory. This theory is the leading
order contribution to the effective field theory of a Goldstone A/ = 1 vector multiplet. The
4-point amplitudes are

Aa(17,2,34,) = —% [13] (24)s13, (B.15)
Ad(1f25347) = 1 [13)28) (20 = — S (13l - pi3)28), (B.16)
Ag(1F273547) = % [13]% (24)2. (B.17)

Except for the all-vector amplitudes, all amplitudes are constructible with soft subtracted
recursion. The all-vector amplitudes are the amplitudes of Born-Infeld theory, and they
are fixed in terms of the other amplitudes using the supersymmetry Ward identities. In
particular, at 6-points, we use (5.23) and the remaining five identities in (5.21)-(5.23) are
used as checks. The results are

Ag(12,354,516,)
B % (.913546 [13] ;%225123I5]<46>_(1 o 5)-(3(—)5))—(2(—}4)—(2(—}6)], (B.18)
As(17273]4,5,6,)
:% -<S46 [13]2<2]§;23|5]<23)(46> —(395)>+<83"’ [14] [35];§\p124|1]<24>2_(496)>
L 123 124
2
B <<[13] [14] <4\p;§,:l5] (52)(26) 13 (2|p35]1](6|pas|5] (24) — (3 < 5)> —(4<—>6)>} ,

(B.19)
Ag(15273747576,))
_ 1 [ (13 (2lp12s|5]*(54) (46) [35] [36] (6]p124[1]*(24)°
| (P ) (FEEREE )

N <<[15}2 [36] <2|p1225!3]<25><46>2 e 3)) e H4)> 1132 <6|p24’5]<24>2} ’
D125
(B.20)
As(152737475767)
— % K[13]2<2”2§i5]2<46>2 +(15)+(3¢ 5)) +(2¢4)+(2 <—>6)] : (B.21)

In this case, only Ag(172737475,6,) has local terms.
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B.4 Supersymmetric quartic Galileon theory

Below, we list the amplitudes of an A/ = 1 supersymmetric quartic Galileon. This model
was discussed in detail in [24] and reviewed in section 8. The 4-point amplitudes are

1
./44(12223242) = Fslgslgsgg, (B.22)
1 1
_ot ) —
A4(12223'¢)4¢) = Fslgsgg [32] <24> = w312823<4|p1 — pg‘?)], (B.23)
- _ 1
Au(15253547) = — 16 [13] (24)s12823 . (B.24)

At 6-point, only the amplitudes with at most two fermions are constructible with soft
subtracted recursion relations. The remaining ones are fixed by the supersymmetry Ward
identities (5.21)—(5.23), and we find

As(122232455767)
_ ﬁ <Sl25138;3%z§5846556+(1 <—>5)+(3<—>5)) +(2<—>4)+(2<—>6)] , (B.25)
As(122237475,,6,,)
_ 1 [ s12513523545556 [54] (46) _ ( 816523524534856 [51] (16)
COAL2 ( Plas +(2<_>4)> ( Pise o <_>3)>
512516534545 [53] (3|p126/2](26)
+ << e +(1 <—>3)> +(2<—>4)>} : (B.26)
As(12273,4,5,6,)
4 4
_ ﬁ [([31} <1|;9%42635]< 6) _(3(_>5)) +<[35]< !5%126!2](2@ —(4<—>6))
(e8]
As(152,354,5767)
_ ﬁ [([13} <2y§%12335]<46> _a H5)_(3<_>5)> —(2<—>4)—(2<—>6)} . (B.28)

None of the amplitudes have local terms.

B.5 Chiral perturbation theory

Below, we list the color-ordered amplitudes of the % sigma model, with higher

derivative corrections, referred to as chiral perturbation theory in the main text. Different
color orderings are related to the ones listed by momentum relabelling. At 4-point we have

Ad[1,2,3,4] = %t + %t (s2 4+ +u?) + %sﬂu +O(A10) (B.29)
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and at 6-point

Agl1,2,3,4,5,6]

2

_ 93 [313546 824515 | 835526 s s s

v 5 D) 5 524 7526 T 546
A* | piog P33y P35

9296 | S13546 , o 2 2 2 9 9
A8 {pz (sTo+si3+s33+545+546+536)

123
524515 ( 2 2 2 2 2 2 535526 ¢ 2 2 2 2 2 2
+ p2 (323+324+s34+s56+315+316)+ p2 (834+835+845+816+826+812)
234 345

3 2 2 2 2 2 2 2 2 2
-2 (826+323826+825526 +534826 +545826+823326+825526 +S34826 +835826+845526

+ 523534526 1 523535526 1 525535526 + 534536526 + 523545526 + 534545526 + 536545526
+5§6 +524s§5 +8248;)2,5 +824SZ5 +523842;6 +525siﬁ+334si6+535 54216 "‘53654216
+S4584216 + 524535536+ 8%5346 +8§4346 + 8%5 Sa6+ 836846 +Si5846 + 593825846
+ 525534546+ 523545546 + 534545546 + 535545546+ 536545 846)

—4(834 +825S%4+835 8344-8453%4 +8§3824 +8%4824+S§6824+823325324+825 534524
+ 523535524 + 525535524 + 534535524 + 526536524 + 523545524 + 525545524 + 534545524
+ 835545524 1+ S36 545524 1 523525526 1 525526534 + 525526 545 +8§3846 + 8255826546
+523534546 1 523535546 1 534535546 + 523536546 + 525536546 + 526536546 + 534536546
+ 535536546 1 525545546 1 526545 846)

—6 (3235544-8348%44-8368%4 +8%6324+336324+323326324 525526524 1523534524
+ 526534524 1 523536524 1 525536524 + 526545524 + 525546524 + 535546524 + 545546524

2 2
1526546 1525534536 1 525536545 1 526546 T 523526546 +826S34846)

-10
—8s24 (824826 1534536 1523546 1 524546 T 534546 +836846) — 12524526546 | +O(A™ ).

(B.30)

These amplitudes are discussed in further detail in section 8.4.

C Recursion relations and Ward identities

We show that if the seed amplitudes of a recursive theory satisfy a set of Ward identities,
then all recursively constructible n-point amplitudes also satisfy them. For Abelian groups,
this follows from two features:

(a) additive charges have Ward identities that simply state that the sum of charges of
the states in an amplitude must vanish.

(b) CPT conjugate states sitting on either end of a factorization channel have equal and
opposite charges.

Hence recursion will result in amplitudes that respect the Abelian symmetry so long as the
seed amplitudes do.
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Now consider Ward identities generated by elements of a semi-simple Lie algebra. In
the root space decomposition of the algebra, we can choose a triplet of generators: raising
operators 7., lowering operators 7_, and “diagonal” 7y generators, for each positive root
that satisfy the algebra

[7]’?7-*] = 767 [T+776] = _2713 [7:,76] =27_. (Cl)

In order for representations of this algebra to be physical, CPT must be an algebra auto-
morphism. The CPT charge conjugation generator C must also flip the sign of the additive
To-charge. So we determine the action of C to be

C-To-X=-Tp-C-X=-Ty-X
C-To X=-T_-C-X=-T_-X, (C.2)
C-T.-X=-T,-CX=-T,-X

where X is a physical state and we have defined the conjugate state X to be the charge
conjugate of X, ie. X =C-X.

If the S-matix is recursively constructible (at some order in the derivative expansion)
then each n-point amplitude is given as a sum over factorization singularities with residues
given in terms of a product of amplitudes with fewer external states

AP () AD (2)
A (1, -- Res A—, C.3
( ZZ Pr(z)2F(2) €3

ZZI

where [ labels all possible factorization channels and X the exchanged internal states.
Since Ty is diagonal, the Ward identity generated by 7o works just like in the Abelian case
— charges can be assigned to the physical states and recursion preserves this charge in any
n-point amplitude. More complicated are the non-diagonal generators 7. For simplicity,
we present the argument explicitly for SU(2) g Ward identities as they apply to the N' = 2
NLSM described in section 6.2. For SU(2)g, the action of 7 on the fermion helicity states
is given in (6.23). The scalar and vectors are singlets under SU(2) .

The statement of the SU(2) g Ward identity is that 7.-A,(1,...,n) = 0. The inductive
assumption is that this holds true for the lower-point amplitudes in the recursive expression
for A,(1,...,n). We already know from section 6.2 that SU(2)p is a symmetry of the 3-
and 4-point amplitudes, so that provides the basis of induction.

The action of 71 on the recursive expression for an n-point amplitude is

> (-1 oo T iy un) (C.4)

=1

AP T )AL
RGS )PZ L s T+ ) 9 R
ST

To - Anl

.

=z |5 2Pp(2)2F ()
AD i) (% :
(AR (X, Ty
2 (-1 2P(2)2F(2) - (G9)

i¢l
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where P; = 0 or 1 corresponds to the additional signs in the prefactors for the action
of T4 as given in table (6.23). We now prove that this expression vanishes channel by
channel. Without loss of generality, we will show that the contribution from the (1...%)*
channel vanishes independently, where + means the contribution from the z* residue. The
argument follows for all other factorization channels by replacing (1...k)* by I*. For the
(1...k)-channel, the relevant part of (C.4) that we want to show vanishes is

k
> [(Z(—I)PiftL(l,...,ﬁ-z‘,...,k,X)) Ap(X, k+1,...,n)

X =1
+AL(1,... K, X) < > (—1)PiAR(X,k+1,...,T+-z‘,...,n)>]. (C.6)
i=k+1

By the inductive assumption, the lower-point amplitudes respect the 7, Ward identities
SDPALL, LTk X)) = (D)PTALL LR T X)), (C.7)

and similarly for /lR. Using this relation and splitting the sum over particles X allows us
to rewrite (C.6) as

_Z PX[AL 7k’T_i_.X),,ZlR(X',k—i-1,...,n)}

R . (C.8)
—Z )5 [AL(L - b XD AR(T - X R+ 1, )]

In the second line we have made a change of dummy summation variable that we now
exploit further.

It is non-trivial, but turns out to be true for SU(2)r as we have explicitly checked,
that if we define X’ = 7 - X and sum over X instead of X', the second line of (C.8) gives
exactly the same result. We can then write (C.8) as

—Z[ DX AL, kT - X)Ar(X, k+1,...,n)
(C.9)
+ ()P A1, kT X)AR(TL - C - T - X k+1,...,n)|.
Since 7. -C-T; - X = T, - T_ - X, this becomes
—Z[ DPX AL (1, kT X)Ap(X, k4 1,...,n)
(C.10)

b ()X Ak T X)AR(Te T X k41, )]

where Qx refers to the prefactors for the action of 7_ as given in table (6.23). This

vanishes when 7, - 7_- X = X and Pr 5+ Qg = 0 for any state X such that 75 - X # 0.
For SU(2)g, we can check explicitly that these conditions are satisfied. The only states
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for which 7, - X # 0 are X = ¢** and ;. Their conjugates are X = 1, and 1>+,
respectively, and by (6.23) we have

T Tt =T g?t = !t To T- by =To by =4y, (C.11)

If follows that from the inductive step that all amplitudes satisfy the SU(2) g Ward identities
when the seed amplitudes do.

D Amplitude relations in N' = 2 CP* NLSM

Below are explicit formulae, derived from N = 2 supersymmetry Ward identities, for all
amplitudes in this model with total spin < 2 expressed as linear combinations of amplitudes
with strictly greater total spin. Collectively these formulae allow us to construct every tree-
level amplitude in the A" = 2 CP! sigma model using unsubtracted recursion. The needed

relations are:
Aon (12,22732342 -5 (2n)z)
- Z €, 2k+ L2RED) (12:25,32,42, . 2k + D, .., (20)7)
Asn (1¢1, ” ,3Z,4Z,...,(2n)2)

2,2k + 2 _ _
= 3 B e (125, 92,4 25, 0))

Aony1 (13,27,32,45,....(2n+1)z)

— (3,2k + 3 _
:Z<<34>>A2n+1 (Lya 773Z14 2>527" (2k+3)¢277(2n+1)z)

Aoy (1¢1,2y,3¢2,42,52,...,(2n)2)
32k+2 .
_Z A2n (1:;72’773$2>4Z>-"7(2k+2)w27'"a(2n)2>

A2n (1+ 2 3274275Z7"'7(2n)2)

= 1,2k +2
B [[13]]“42n<1’—y~_72773jp_27427" (2k+2)¢""’(2n>2>

85247.57,..., (20 +1)7)
— ) <1j,2j,3;2,4z,5;2,6z,...,(2n+1)2>

2 (4,2 + 4)

a5 e (14,2585, 42,55,, 62, ., (2 + ), .., 20 +1) )

k=1
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Ao (151,25,82,43,52,6 .-, (2n) 5)

[32] _ _
:ﬁAZﬂ(1¢727,3$2,4¢2,5Z,62,,(2’[’2,)2)

23,2k + 4] e .
%-2{:44T§ﬂ44n4m1(1772¢N3w2,4wﬁ5z7.“,(2k—%4)ww..w(2n)2>

k=1

A2n (1;:“21;1,3:21,41;1,52,62, ey (271)2)

[42] _ _
:mAQTL(1¢727;3$174¢1,5Z,62,7(2’[’2,)2)

24,2k + 4] R .
+ZW¢4M(17,2¢1,3w1,4¢1,5z,...,(2k+4)w2,...,(2n)2>

k=1

A2n+1 (1$1a 2$173$274:Z23 525 6Z7 EEE) (27’L =+ 1)2)

21) + ot a9+ 4+ £—
- _T5>A2n+1 (1'7’2 173w274¢235w2’6z’72""’(2n+ 1)2)
n—2
(2, 2k + 4) -
+ ; WA2n+l (1;:“2;2173$2a4;£275¢2a6Z7' . ’(2k+4)$2? : ’(2n+ 1)2) :
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