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1. Introduction

Mathematical morphology is a methodology for image analysis based on set theory and
topology [1]. Its two basic operations are eroson and dilation, from which al the other
operations are composed. A relatively new approach to mathematica morphology is soft
mathematicad morphology. This combines mathematicd morphology with weighted order
gatigtics. It has been shown that soft morphologica operations are less sengtive to additive
noise and to small variations in object shape [2].

Applications such as texturd segmentation and granulometry require the gpplication of
successvely larger Sze sructuring elements [1]. However, in morphologica processors the
sze of the structuring dement is usudly restricted to 3x3 pixes [3-4]. The handling of larger
Sze dructuring dements on existing machines is not a straightforward process. Structuring
element’s decomposition is required in such cases. This practica problem has concerned
many researchers, binary morphology [5-6] and grey-scde morphology [7-8]. One
decompostion drategy is to represent the structuring dement as successive dilations of
smdler sructuring elements. Algorithms for optima structuring element decomposition based
on the latter strategy have been presented [5-7]. Also, severd methods for decomposing
dructuring eements into combined Structures of segmented smal components have been
presented [8].

In this paper, a decompostion technique for any grey-scae soft morphologica structuring
element is presented for the first time. The difference between a standard morphologica

sructuring dement and a soft morphologicad structuring eement is that the domain of the soft
morphological dructuring dement is split into two subsets, i.e. the core and the soft
boundary. According to the proposed decomposition technique the domain of a large Sze
sructuring element (both the core and the soft boundary) is divided into non-overlapping
ub-domains. The smdl gtructuring eements which obtain vaues from these sub-domains are
used to form the soft morphologica operations locdly. The find result is composed from the
latter locdl results. An architecture implementing this technique is also presented.

2. Notations and Definitions
Let {kaf(x)} denote the k times repetition of f(x), i.e{kaf(x)}={f(x), f(x), ... f{X)} K
times). Also let min® denote the kth order statistic of a multiset with N elements (N>K), i.e.



the kth smallest dement of the multiset and let max® denote the (N-k+1)th order statistic of
the multisgt, i.e. the kth largest dement of the multiset. A multiset is a collection of objects,
where the repetition of objects is alowed. Soft morphologicd dilation and eroson of a grey-
scdeimagef by a soft grey-scale structuring eement [a, 13, k ], have been defined as follows
[9]:

fA [aR k](x) = {P;”}f‘éi) ({ ka( f (y) +a(x- y))} E{ f(2)+R(x- z)}) and 1)

fT[aRk](x)= mi ﬂt) ({ka( f(y)- a(x+y))} E{f(2)- B(x+z)}) )
(x+2)1 Gy

repectively,

where k isthe order index
X, Yy, Zl EN arethe spatia coordinates,
f:F® E isthegrey-scdeimage,
a:G, ® E isthe coreof the structuring eement,
:G; ® E isthesoft boundary of the structuring element,
F.G, G, E" ae the domains of the grey-scale image, the core and the soft

boundary of the structuring dement, respectively, and Gg=G\Ga, where G E" is the
domain of the grey-scade structuring eement and “\” stands for set difference.

3. Soft Morphological Structuring Element Decomposition Technique

The proposed decomposition technique is described in this section. The domain G of the
Sructuring element is divided into smdler nonoverlapping subdomains G, G;, ... G,. Also,
G,E G,E..G, =G. The soft morphologica structuring eements obtain vaues from these
domains and they are denoted by [?1, W, K], [?2, M2, K], ... [?h, Hn, K], respectively. These
have common origin, which is the origin of the origind structuring dement. Additiondly, the
points of G which belong to its core are aso points of the cores of G, G, ... G, and the
points of G which belong to the soft boundary are also points of the soft boundaries of G,
Gy, ... G. This process is grephicdly illugrated in Figure 1. In this figure the core of the
Sructuring element is denoted by the shaded area.

Then, soft dilation and erosion are computed as follows:
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fA [aR k](x) max(k)[ma>|<é”({ ka(f(y) +2(x- y))} E{f(2)+u(x- z)})]

ffaR, k|(x) mln(k)[[nfm( x+y))} [$(2)- p (x+2) )]

respectively.

Proof :

" (e y)16,:a0e y)=U20ey)

b f (a0 )= U F(1)+2 0cy)]

b ket (y)+alx- ) =kegJ[F () +2 0w =

ka( f (V)42 Y), F (V) +2, (% Y. F () +2,(%- V)

Alo, " (x- 2)1 G R(x- 2)= 0 W (%-2)

b f(2+R(x- z):O[f(z)+M(x-z)] =

f(2+p (X- 2.1 (D+ (X D,...T (D +U,(X- 2)

Therefore

A [aB k] Y 8%ka y) f(y) +? (x- y) ...f(y) +?n(x- y))} E
e 812 +u1 X- Z) £(2) +1, (x- 2),... (2 +11,(x- 9}

abia( 1(y) +2,(x- )} & {f< ) +py(x- 2.9
= max® g{ ( X y)} 2) +i, (x- Z)} N
(x—_y)Z;gGABQ_ ;

3)

(4)

Q)

(6)

Qo



The above equation can be expressed, in terms of order Satistics of the multiset, asfollows::

f AfaRk]|(x) ax(")[max‘N)({ka(f (y) +2(x y))} E{f(2)+u(x z)})

i=1 X)Z/))IGA
1Gg

max ([l (3) +2,6c- )} & { 2+ (- 7)),

where N is the number of the dements of the multise.

However, if an dement is not greater than the loca (N-k)™ order tatistic, then it cannot be
greater than the globa (N-K)™ order statistic. Therefore, the terms max™ ... max**? can be
omitted :

f A [aRk|(x)= ax(k’[rgc;;\)f(ek) ({ ka( ) +2(x- y))} E{f(2)+n(x Z)})

g *{{kelt )+ ) {13 e 2))

max ([ka(1 (3) +2(x Y} £ { 12) +h (x- 2} )

B

= ma e ({ka (4) +2.6c )} € (1) 12 (x- 21

A
x-z)1 Gg
=1

Similarly egn (4) can be proven.

Example : Let us congder the following image f and soft structuring eement [a, (3] :

11| 15| 10| 0 |10 | 12 5 |{f0| 10| 6 |6 |5
f [aR]

Soft dilation at point (0,0) for k=2, according to egn. (1) is:

i A [aB 2)(0,0) = max® ({22(1010)} & {1621,1617}) = max®(1010,1010,16,2116,17) =17



According to the proposed technique the structuring is divided into three structuring € ements

5 |[10 1106 r 6|5
[?0 1] [ 7,14 [?5.14

The following multisets are obtained from the above structuring eements {2a(10),17} ,
{2a(10),16} and {16,15}, for the first the second and the third stucturing eements,

respectively. From these multisets the max and the max® eements are retained : ({ 17,10}
and {16,10} and {21,16}). The max® of the union of these multisets, i.e. 17, is the result of
soft dilation a point (0,0). It should be noticed that dthough 17 is the max of the first
multise, it isthe max® of the global multiset.

4. Architecturefor Decomposition of Soft Morphological Structuring Elements

An architecture for the implementation of decomposition of soft morphologica structuring
elements is depicted in Figure 2. The Structuring eement is loaded to the structuring
element management module. This dvides the structuring dement into n smaller Sructuring
elements and provides the appropriate one to the next stage. The pixes of the image are
imported to the image window management module. This provides an image window
which interacts with the gppropriate structuring eement, provided by the structuring
element management module. Both the previous modules consst of regisers and
multiplexers (MUXs), controlled by a counter modn, as shown in Figure 3. The second
stage, i.e. the arithmetic unit (Figure 4) consists of adders/subtractors (dilation/erosion) and
of an array of MUXs that are controlled by the order index k. The MUXs provide the
multiple copies of the additior/subtraction results to the next stage, i.e. an array of order
statistic modules (OSMs). An OSM is capable of computing any order datistic of a multiset
[4, 10]. Of course, instead of using an array of k OSMs, only one OSM may be used, at the
expense of speed. The max/min® results (I=1, ... k) of every multiset are collected by
means of an array of registers. These registers provide the n” k max’/min” of the n
multisets concurrently to the last sage OSM which computes the find result according to
eqgns. (3) or (4).

5. Conclusions



A decompostion technique for any grey-scde soft morphologicd sructuring ement has

been presented in this paper. According to this technique the domain of the sructuring

element is divided into nonoverlgoping sub-domains. These sub-domains are used to

compute the soft morphologica operations localy. From these loca results the globa result

of the soft morphologica operation is composed. An architecture suitable for red time

gpplications implementing this technique has been dso presented.
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FIGURE CAPTIONS

Figure 1 : Example of a4x4 soft structuring element decomposition.
Figure 2 : Architecture for the implementation of the decompostion technique.

Figure 3 : Datawindow management

Figure 4 : Arithmetic unit
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