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1. Introduction

1.1 What is effective?

The concept of effective ﬁeldb theories ! is over fifty years old, being proba-
bly born to Euler and Hei‘senberg in the context of QED [2]. It was raised during
the late 60’s by Weinberg [3], who noticed that a chiral symmetric lagrangian
used at tree level was a cqpycét bf current algebra. It finally matured during
the 70’s, mating with the renormalization group ideas of Wilson [4], and it was
clearly exposed by the end of that decade as the rationale behind the use of field
theory in particle physics phenomenology (see, for example, the views expressed
by Weinberg on chiral lagrangians [5] and the Standard Model [6]).

Consider a field theory (which I call the 4underlyif1g theory”) given by
some lagrangian written in ten%@s of some fields (“elementary fields”), which is
found to adequately describe physics over a certain energy range. The effective
theory for energies smaller than some scale A is the collection of operators that

result from integrating out of the underlying theory those fields with momenta

larger than A. The effective lagrangian can be very complicated, but has two

1For a better introduction than I will be able to deliver in what follows, see [1].



important properties. First, it is local, in the sense that it involves only fields
at the same spacetime point—according to the uncertainty principle, particles
with momentum p < A can only probe distances lp > -};——but will contain arbi-
trary number of derivatives of such fields. Second, it transforms under various
groups like the underlying theory: if the underlying lagrangian is symmetric un-
der a transformation that is not anomalous, then so is the effective lagrangian,
although the symmetry might be realized non-linearly if it is spontaneously bro-
ken; if the symmetry is explicitly broken either at a classical or a quantum level,
operators will appear at low energies that break the symmetry in the same way.

The notion of an effective lagrangian is particularly useful when the un-
derlying theory has (at lel:ast) one characteristic mass scale M. In this case, the
effective lagrangian for A < M is in geheral more conveniently written in terms
of a different set of .ﬁelds than the elementary ones. This reformulation ends up
selectiﬁg those effects of the underlying theory that are more important at low
energies. |

The simplest case is the one where M is just the mass of a physical
particle. Its production and decay involve large momenta and do not concern
the effective theory. Effects of the virtual exchange of this particle, or of a
particle-antiparticle pair, are of short range and thus included indirectly in the
coefficients of 6perators of the effective lagrangian that involves only the low-
energy degrees of freedom [7]. If the particle is not stable in the context of the
underlying theory, then it does not appear at all at low energies. If, on the other
hand, it is stable, then we are stuck with this heavy, non-relativistic particle that

acts much like a static source of light fields.



Another case is where M is the scale associated with some (elementary or
composed) scalar field acquiring a non-vanishing vacuum expectation value and
breaking a continuous internal symmetry group G down to a subgfoup H. Then,
a massless spin-zero particle—a Goldstone boson— should appear [8] (or else be
eaten by a vector gauge boson which becomes massive, if G is a local symmetry).
It is convenient to introduce in the effective lagrangian a field for this particle,
which is a parametrization of the coset space G/H at each spacetime point.
There exist an infinite number of such parametrizations, but there is at least one
in terms of which all interactions of the Goldstone boson are derivative [9]. If
G is in some sense weakly, explicitly broken in the underlying theory, then non-
derivative terms will appéar—in particular, the par’;icle might pick up a mass
and we refer to it as a pseudo-Goldstone boson [10]. An effective description
might be adequate as long as the dimensional parameters associated with the
explicit breaking are small compared to M. Anyway, we get a nearly massless
particle with interactions that are weak at low energy—an ideal situation for an
effective lagrangian.

A third possibility is more complicated: M is a scale where some wild non-
perturbative phenomena dominate and drastically affect the whole spectrum.
This is the case of confinement in a non-abelian theory with the appropriate
matter content. We do not know much about what happens then, but it seems
adequate to restrict the effective lagrangian to fields that are singlets under the
gauge group. |

 There are other possibilities (like the existénce of a Fermi surface [1]),

or combinations of various cases, but the point is, this mass M will provide a



measure of the high energy effects that appear only indirectly in the effective de-
scription, if this description is natural. As terms with more and more derivatives
are considered, they require coupling constants of larger inverse mass dimen-
sions. If there is no symmetry or particular dynamical mechanism to suppress
or enhance a coupling constant, we expect it to be of order 1 when made di-
mensionless by multiplication by the appropriate power of M. In other words,
an effective lagrangian is infinitely complicated, and useless unless we turn this

assumption of naturalness into an ordering of interactions.

1.2 The power; of couhting

The effective lagrangian will generate diagrams where all particles will
have three-momenta Q < M, so there exists a natural expansion parameter
Q/M. The importance of a graph will be estimated by counting powers of Q,
that add to a number I call v. Consider a generic diagram in D spacetime
dimensic;ns with Ey(E;) external and I,(I;) internal boson (fermion) lines, L
loops, C separately connected pieces and V; vertices of type i, with b;(f;) boson
(fermion) lines and d; (spatial) derivatives. These quantities satisfy the usual

topological identities of counting lines,

Z"Eb;(fi) = 2Iy5) + Eyy), (1)

and relating faces, sides and vertices of polyhedra,

L=Ib+If—ZVE+C, (2)



A particle’s mass smaller than M can roughly be considered of the same
order as @), so that its energy is also ~ Q). We can extend the definition of d;
above to include time derivatives and explicit factors of mass. Let me start with
the case where all particles are like that. Then, to a generic diagram, internal
boson (fermion) lines, loops, vertex derivatives and delta functions contribute
Q72(Q™1),QP,Q and QP respectively. Removing the overall momentum con-
servation delta function, and using the identities (1) and (2), we get

V=—-;-(D—2—r)Eb—-;-(D-—l—r)Ef+D+r(L—C)+ZV}A§’), (3)

where Afr) is hereby christened the r-index of a vertex,

A = %(19—2—r)b.~+-;-(D—1—-r)f,-+d,-—D+r
- 5§D)—-;-r(b,-+f,-—2) (4)
with
5§D)=-;-(D—2)b,-li4%(D—1)ﬁ+d,-—D (5)

the usual mass dimension (in D dimensions) of an interaction in the action.

Heré r is just a number introduced by adding and subtracting rL to v; it
is just a métter of conveﬁiénce for the discussion that followé, v being of course
independent of r. The poiﬁt is thémt, for a given process (fixed number of external
legs), we can show the exi-stence of a perturbative expansion if we can choose an
r 2> 0 for which allv A,(r) > 0. For,‘ then, C being bounded, v only increases as
graphs becémé more énd m<‘>re‘ cbﬁlplicated. |

When there are no super-renormaliiable terms (6§D) < 0), I choose

(D)
r 289 >0, (6)

Tt fo—2°



where 6{°) is the dimension of the interaction of smallest 5, which has bo( fo)

boson (fermion) fields. Then

b+ fi —
AP = gD bt fim2
' ° b+ fo—27 0 0

There are two possibilities:

i) 6((,D) = 0, that is, there are renormalizable interactions:

The index (7) is just the mass dimehsion and v, the superficial degree
of divergence of the graph. Eq. (3) simply tells us thet the dominant graphs
are expected to be those containing only renormalizable interactions, for which
), V,-AEO) = 0. The number of vertices and loops is arbitrary, which means that
the theory is still infinitely complicated, unless we ﬁhd a further ordering of
diagrams as provideed by, say, a small coupling or a large number of charges.
On the other hand, all diagrams with a non-renormalizable interaction have
D, V,-A,(.o) > 0, so they will be small as long as @ is small compared to M.
The most important of these suppressed grephs have the minimum number of
non-renormalizable interactions.

i) 5(D) > 0, that is, thefe 'are only non-renormalizable interactionS'

Because in this case operators with dlfferent dimensions will contribute
to the lowest order v, AE ) in (7) is more oonvement than 6( ) to class1fy the
relative importahce of opex"ators:. Eq. (3) tell us that the dommant graphs to
any prccess afetx:'ee graphs Qith aﬂ vex;tices haw}ing indetc Zero. Addihg loops
acid also pesitive pcwers of "Q, SO a perturbative expansion indeed emerge;, even
if the couphngs of the underlyxng theory are not small MoreOVer the more
connected parts a graph has, the more 1mportant 1t is. Pa.xrwxse interactions are

favored: many-body forces are relatlyely suppressed and impulse approximation



holds.

Super-renormalizable terms are a problem, however: their couplings are
proportional to positive powers of M, and that disturbs the power counting by
introducing large factors. The most dramatic example is a large cosmological
constant. Another is an interaction like ¢® in D = 4, which would force a
negative r in (6) and result in arbitrarily large contributions from diagrams of
arbitrarily large number of loops. And there is also generically a problem with
the masses of the various particles. All these large factors better be forbidden or
at least suppressed; if this is achieved by a symmetry, one says that the effective
theory is natural.

There is one case it which a super-renormalizable term must be faced but
is tolerated at low-energies: a large mass for a stable fermion. We can integrate
out fermion-antifermion pairs in loops, but the fermion might be there already
as an external particle. In this case, it is represented by a line that simply
goes through the diagrams, and it is necessarily non-relativistic, its energy being
essentially its rest mass m plus a very small kinetic energy @*/m. Because this
is a problem with three scales m >> @ >> Q?%/m, the above power counting
needs adaptation. In order to separate the first scale, m, we have to formul#te the
effective lagrangian in a way that m does not appear explicitly. This can be done
elegantly [11] by working with a field of definite velocity, in what is called a heavy
fermion formalism. The same result in a non-covariant form can be achieved by
eliminating time derivatives of the heavy fermion in interaétion terms in favor
of the value given by the Dirac equation. In order to separate the third scale,

Q?/m, we have to distinguish two sorts of diagrams [12]: irreducible diagrams



that cannot be disconnected by cutting through an intermediate state only those
lines corresponding to initial or final particles; and reducible diagrams that are
formed by sewing together irreducible diagrams with several separately connected
pieces. The power counting (3) and its consequences hold for the former. The
latter will contain infrared divergences when the heavy fermion kinetic energy is
neglected; when it is not, they will be bigger than naively expected by the power
counting by a large factor m/Q; contrary to the irreducible diagrams themselves,
their iteration has to be carried out to all orders.

The power counting done above provides the rationale to select a finite
number of operators compatible with our desired degree of detail in describing
the low energy physics: %o a certain order in Q/M, all observables are known
functions of a finite number of parameters in the effective lagrangian. One can
only do better if the underlying theory and a way to solve it are known, in which
case these effective parameters can be obtained explicitly in terms of the more

fundamental parameters of the underlying theory.

1.3 The soft end of a hard theofy

This dissertation is devoted to the application of these ideas to the soft
limit of the strong interactions.

It does not seem to be an overstatement to say that the results from all
experiments and observations made to date are éxplained by, or at least consis-

tent with, the Standard Model: a theory of quarks and leptons with gravitational



interactions given by general relativity plus renormalizable, gauge-invariant in-
teractions to bosons of a SU(3), x SU(2), x U(1)y gauge group, spontaneously
broken to SU(3). X U(1)em by an unspecified mechanism. This is a(n almost)
natural effective theory at a scale ~ 100GeV as long as the electroweak breaking
sector has a custodial SU(2) symmetry to ensure the correct relation between
the W and Z masses, and whatever other symmetries necessary to suppress
superrenormalizable terms.

As we go down to a scale of a few GeV, weak gauge bosons have been
integrated out in favor of non-renormalizable terms suppressed by powers of
the W, Z masses; what remains is QCD and QED. The part of the lagrangian
containing quarks, gluons‘l and photons is

= - ﬂZfl@(ﬁ —ig,F— iz;eA + m;)q; — %Tr[G’,,,,G’“"] - iF,‘,,F’“’
= ,

2
2 €,000 T T|G**G?°] + non-renormalizable terms, (8)

4995 fg
3272
where ¢; (1 =1,...,n;) is t‘he quark field of mass m; and charge 2;, G, (A,) is
the gluon (photon) field of strength G,, (F,,) and coupling g, (e),la,nd 0is a
para,metor.

I will ignore non-renormalizable terms in what follows. I will further re-
strict my attention to processes t'ha,t do. not in&olve explicitly strangeness, charm,
beauty, .: most of what I will do in'tile rest of this work can be straightfor-
wardly extended to include the s quark c, b,' ca,r.l.bre incorporated as heavy
fermions in an eﬁ"ectlve low-energy theory the way I mentioned above, an ap-

proach that blossomed recently (see [13] for a rev1ew). The renormalizable terms

in the lagrangian (8) for ny = 2 have 5 f)ara.metevrs: the masses of the up (m,)
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and the down (mgq) quarks, the gauge couplings for strong (g,) and electromag-
netic (e) interactions and the strong CP (6) parameter. The latter is found to
be unnaturally small (strong CP problem), so I will neglect it.

What are the characteristic scales of such a theory? In the limit where
e, m, and my are zero, there is a global chiral SU(2);, x SU(2)g symmetry. A
consistent picture emerges if we assume that two non-perturbative phenomena
happen, the spontaneous breaking of chiral symmetry to SU(2)y of isospin at
a scale A,sp, and confinement at Agep. At energies small compared to these
scales, thus, the effective lagrangian will contain Goldstone bosons—the pions—
and possibly other hadrons. To describe nuclear processes, the less massive,
stable baryons, the nucle</)ns, can be included as heavy fermions; the A-isobar
is not much heavier and can also be incorporated. The resulting lagrangian has
only non-renormalizable interactions and is therefore amenable to a perturbative
treatment as indicated above. Other mesons, however,-can couple to pions and
nucleons via renormalizable interactions that are not small, so I do not know of
an expansion that justifies neglecting all but a finite number of contnbutlons
I will stay below the p mass, in which case these other mesons are mtegra.ted
out Now the pion mass is not zero, being rna.inly due to the explicit brea.king of
chiral symmetry from the 1sosp1n symmetnc cornbma.tlon of qua.rk mass terrns
But it is small in the cha.ra.ctenstlc sca.les of QCD so it can be 1ncorpora.ted in
the effectlve la.gra.ngla.n w1thout destroymg 1ts rnornenturn expa.nsxon

In chapters 2 and 3 1 will follow the ploneenng work of Wemberg [14] and
apply this effectxve lagrangian a.pproa.ch to the fundamenta.l problern of nuclear

physxcs—a. derivation of the nuclear potentla.l The genera.l chiral lagrangxa.n up
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to second order is constructed; the nucleon-nucleon potential is derived in terms
of lagrangian parameters, the Schrédinger equation is solved, and phase shifts
and deuteron properties are fitted; and few-body forces are discussed. Most of
the features present in more phenomenological approach are recovered.

In chapter 4, I look at the extra terms in the chiral lagrangian that arise
from the quark mass and charge differences, and argue that the smallness of
these effects can be naturally understood.

Can we do better and predict the parameters in this effective lagrangian?
This is a difficult task because strong interactions are, well, strong; QCD is a hard
theory to solve. A step in this direction can be made with a dose of goodwill. The
two scales Aysp and AQC-/D are related, but are not necessarily the same. Indeed,
it has been argued [15] that there might be a range of energies below A,sp but
above Agcp where there are still colored degrees of freedom but chiral symmetry
has been broken. An effective lagrangian would contain pions, constituent quarks
and gluons, and provide a natural understanding of the successes of constituent
quark models, from which parameters of the nucleonic chiral lagrangian can be
predicted.

In chapter 5, I consider this chiral quark lagrangian in the limit of large
number of colors. In order to determine parameters, I follow Weinberg once
more [16] and impose that some amplitudes have good high energy behavior
encoded in sum rules: the Adler-Weisberger sum rule provides information on the
axial vector coupling, and the Drell-Hearn-Gerasimov sum rule on the anomalous
magnetic moments.

In summary, my aim is to show that chiral effective lagrangians provide a
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link between QCD, quark models and nuclear physics, and in doing so, help to
improve our understanding of the low energy hadronic nether world in terms of

the symmetries of the Standard Model.



2. The nucleon-nucleon potential

2.1 Introduction

The problem of detiving the nuclear potential is as old as nuclear physics
itself. After early field-theoretical work ran inf.o all sérts of difficulties in the 50’s
a.nd was followed by a much more phenomenological approach in the 60’5, the last
two decades saw la. comﬁromjse being reached, with meson exchange potentials
proQidiné very good fits to nucleon-nucleon da.ta.. Why, then, should we look at
this problem again? |

It has been argued [17] that Regge phenomenology can be extended to low-
energy nucleon-nucleon scattering, Regge poles leading to an one-boson-exchange
(OBE) potential wher(-;:.i) the contributions of meson trajecfories (including a
scalar c-:’s) -are dominated by the particles with lowest spin, which couble to
nucleons with a gaussian form fa.ctor, and ii) ga.ussw.n potentlals arise from the
Pomeron and tensor traJectorles Such a potentla.l in a non-rela.tlwstlc expansmn
has been constructed by the Nl_]megen group [‘18] and fits data well. However,
Regge cuts are simply neglected. The Boﬁn group (for a review,vsee [19]) seriously

attempted to include multi-boson exchange, in the framework of old-fashioned

13
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perturbation theory. To the OBE of known mesons, they added 27 and =p
exchange with nucleons and A isobars in intermediate states, “correlated” two-
pion exchange in the form of a ¢ scalar meson, and even woogg (With cogg an
approximation to 27, ¢’ and 7p) and 7w exchange. Agreement with data is but
impressive.

Nevertheless, the justification of such an approach from the known theory
of strong interactions, QCD, remains mysterious. In particular, it is not clear
how one can consistently deal with the exchange of mesons with masses not much
smaller than the typical inverse hadronic radius set by the QCD scale Agep. This
has led many people (see /Ref. [20] for a review) to attempt derivations of nucleon-
.nucleon scattering from duark models (either constituenf or ;t)aggy), formulated
1n terms of some effective degrees of freedom carrying the same qua.nturh numbers
as current quarks and gluons. Although such models are not currenﬂy derived
from QCD, either, they usually have only a few parameters, most fixed by a
fitting of one-nucleon properties. Generically [20] one produces a.deqﬁa.té short-
range interactions, but the long range potential is still formulated in terms of
pion exchange. |

It seems natural, therefore, to start a treatment of the nuclear force prob-
lem by recognizing the ﬁnique. role pla;yed by the pion. Althoﬁgh we are largely
ignorant of the non-perturbative dynamics of QCD at low energies, we know
there exists an abproximate chiral symﬁletry which is broken by the i'/a.cuum.
This symmetry restricts the form of the"a.llowed interactions of pioné witl‘l'them-
selves and with cther pa.rticles; Consequences are i) the small pion mass in the

scale set by Agcp, responsible for its long range, and ii) theorems relating pro-



cesses involving different numbers of pions, which yield some predictive power.
The pion is indeed the most important character, besides the nucleon, of the
nuclear physics drama.

Such distinguished status of the pion has, of course, been emphasized
before, particularly by the Stony Brook and Paris groups. It resulted in a co-
ordinate space potential by the latter [21], containing: i) a long range, “the-
oretical” part constructed through unitarity, analyticity and crossing relations
from 77 and 7N phase shifts, which includes one, two (continuum plus p, €)
-and partially three (in the form of w) pion exchange; ii) a short range, purely
phenomenological part vyith several combinations of spin and isospin factors.
Both groups later moved from this model-independent but parameter-crowded
approach to the other extreme, the only vaguely justified but two-parameter
 Skyrme model. Semi-quantitative success results, except for the lack of central,
intermediate range attraction [22].

- What is fundamentally new in our approach is the framework of the gen-
eral effective chiral lagrangian. By considering the most general lagrangian which
involves the pion and the nucleon, and transforms under chiral symmetry as the
QCD lagrangian, we can split the problem in two. One task is to deal with QCD
and reformulate it in terms of the low-energy degrees of freedom. The result has
to have the form of the general chiral lagrangian (because the latter contains
all the interactions with the correct symmetry), but the coupling constants will
" be known functions of more fundamental quantities like Agep and the quark
‘masses. In other words, the dynamics of QCD is buried in the couplings of the

chiral lagrangian. Since different models of QCD are just different attempts to
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capture the essence of its dynamics, they will in general differ in the strenght
of the low-energy parameters. The second part of the problem is to relate these
parameters to the measured, low-energy quantities, like scattering phase shifts
and deuteron properties.

We will not attempt to “solve” QCD here, so we will concentrate on
the second task mentioned above. We start with the general chiral lagrangian
with undetermined coeflicients. Because €hiral symmetry is manifest (contrary to
most meson-exchange models—e.g. [18, 19]), our approach is a priori compatible
both with QCD and with all known low-energy phenomenology: =7, 7N, YN
scattering, meson-exchan§e currents, etc.. When a systematic analysis of such
processes as 7N scatteriﬁg with a chiral lagrangian is carried out, a number of
our undetermined coefficients will be fixed by fitting data from such processes.
Meanwhile, by keeping such parameters free, our scheme is model independent:
we do not commit to either a massive meson exchange picture or a particular
quark model. We do have to make one assumption, that of naturalness, that
the parameters can be estimated by naive dimensional analysis. But under this
sole assumption, we can develop a perturbative treatment of the nuclear potential
that is lacking in other approaches. Here the perturbative expansion is in powers
of momenta small compared to a typical QCD scale. To a certain order, we know
all the interactions and diagrams that should be included. Of course, because we
have no choice of what to put in, it is not guaranteed that we will have all the
necessary ingredients. If we get a good overall description of the problem, that
tells us that we have carried out perturbation theory to the order the precision

of the data generically requires. If, on the other hand, a particular ingredient
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(say, scalar isoscalar attraction) is missing, then that might be telling us that a
certain operator or diagram is more important than naively expected. It could
be included, but what is more important, this in turn would be indicative of
some characteristic dynamic mechanism, and we would be learning something
about QCD.

We would like to stress that our aim is not to get a better fit of nucleon-
nucleon data than the already excellent fits by meson-exchange potentials. What
we hope for is to establish a bridge between QCD and nuclear physics. In doing
so, we might learn about QCD dynamics, and, at the same time, provide a
sound nuclear potentlal whose off shell structure is fixed and may be used for
other nuclear calculatlons In short, the general chiral lagrangian is a useful way
to parametrize both our ignora.xice of QCD and our knowledge of nuclear physics.

The rest of the.éhaptér is devoted to the support of this claim. In Sect.2.2
some generalitiééldre discussed regarding what ingredients éﬁeﬁectivé theory of
nuclear processes should contain; and in Sect.2.3 we present the chiral lagrangian.
The two-nucleon potential is derived to a certain order in chiral perturbation
theory in momentum space in Sect.2.4, and in coordinate spacef—ﬁsing a mo-
mentum space gaussian cut-off—in Sect.2.5. Sect.2.6 présehfs the results of the
fitting of the coordinate spacé potential to nucleon-nucleon scatter'nig and bound
state data. -Coiicl‘uiéions are ithve con‘tents/of. Sf‘ect.2.'7. Finally, some of the details

regarding different asi;ects of the work are saved for Appendices A, B, C and D. -
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2.2 Power Counting

Typical three-momenta @ exchanged in nuclei can be estimated as the
inverse of the rms eletromagnetic radius < r3 >1!/2 of a light nucleus. For
example, for triton < r2, >1/2~ 1.75fm and we find that Q ~ m.,, the pion mass.
The theory of strong interactions, QCD, on the other hand, gets strong and is
dominated by non-perturbative effects at a scale M that is roughly given by a
typical hadronic mass, ~ 1 GeV. Whenever we face such a two-scale problem, it is
useful to separate the correspondlng physlcs by looking at an effective low-energy
theory that involves only the relevant degrees of freedom, all with small three-
momenta Q. It can be formulated with a Lagranglan that i is local (m the sense
that it 1nvolves only operators contamlng fields at the same Spacetxme point) and
shares the symmetrres of the underlyrng theory The dynamlcal mformatron of
modes w1th momenta 2 M is contamed in an (mﬁnlte) set of parameters

What are the relevant degrees of freedom in this ca,se? We do not expect
to (and we do not mdeed) see’ quarks and gluons with such low energy probes.
Our fields wxll represent mesons and baryons Clearly, the hghtest stable part1cles
in each sector should be mcluded The plon 03 ha.s a mass that is small compared

to M and 1ts pseudo-Goldstone boson nature makes 1t a fundamental 1ngredxent
_ The nucleon N has a mass mN whlch is not small but protons and neutrons are
already there in the systems we are 1nterested in, so they should and they can,

be included. (The explicit appearence of the nucleon mass my in the effective

theory will require some care later.) What about higher mass states? Their
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effects in the pion-nucleon system will generically be suppressed by the inverse of
their masses (in the case of mesons) or of the mass differences with the nucleon
(in the case of baryons). We keep only those states for which this factor is
bigger than ~ 1/M. In the meson sector, this implies we do not explicitly keep
the p, w, etc. whose masses > 5.5m, are closer to M than to m,. In the baryon
sector, we retain the A isobar which has a mass ma ~ my + 2m,; as for the NV*
of mass my+ ~ my + 3.5m, and other states, we decide more or less arbitrarily
not to include them explicitly, but this could be done in much the same way
as the A is included below. Finally there are the other octet pseudo-Goldstone
bosons and the hyperons./Again, for simplicity we consider only SU(2) x SU(2),
our treatment being easily extended to SU(3) x SU(3) and hypernuclear physics.
- The requirement that the low energy lagrangian incorporates the sym-
metries of QCD will restrict the form of possible interactions involving w , NV
and A, but we will still be left with an infinity of interactions ¢, which differ in
the number of derivatives or powers of pion mass d;, fermion fields f;, etc. If we
knew how to solve the QCD dynamics at such low energies, we would calculate
the corresponding coupling constants g;. We can resort to models which incor-
porate many explicit and implicit assumptions concerning that dynamics, but
then we face quandaries like quark model vs. meson exchange.
In any case, there is no a priori reason for the couplings to be small.
The situation might seem hopeless, because we want to avoid model dependent
assumptions and yet, we know little more than perturbation theory.
We can proceed only by making an assumption 6f naturalness: that once

a coupling constant g; of mass dimension —§; is expressed as g; = §;:M~%, the
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dimensionless coupling §; is of order O(1), unless suppressed by symmetry. Of
course this might not be true for all the couplings, but then we will discover that
sooner or later on phenomenological grounds. If a coupling constant is found
to be anomalously large or small, it will require perhaps a special treatment
at low energies, but will also possibly point towards a particular dynamical or
symmetry effect at the level of QCD.

We now have a natural expansion parameter -1% ~ &, the contribution
of any diagram being characterized by the power v of the soft momentum Q.
We can count powers of () in the same way we do it to get the superficial degree
of divergence of a graph,/ but some care must be taken with baryons due to
explicit factors of their 1a‘rge masses. Because in the effective Atheory all three-
momenta ¢ € my, nucleons and A’s are non-relativistic: - they just sit there
getting a little kick now and then from a soft pion or another slow baryon.
The first task is to organize the expansion in such a way as to eliminate time-
derivatives of the fermions in interaction terms, since they would contribute
large factors. This can be done elegantly by redefining the fermion fields in
terms of velocity eigenstates [23], but also more simply by directly replacing the
time-derivatives of fermion fields by their expressions given by the equations of
motion; in the process we generate interactions that have already been accounted
for, thus just redefining their coefficients. The second thing is to realize that there
is a class of diagrams involving at least two nucleons which are larger than one
could naively think. These diagrams, that we call reducible, are such that they
can be separated in two parts by cutting in an intermediate state all initial or

final lines, but only those. This type of intermediate state produces infrared
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divergences in the limit when the baryon kinetic energy is ignored; when it is
not, we find a small recoil energy denominator which makes the overall diagram
bigger than expected by a factor gt > 1. The simplest way to isolate these
diagrams is to work in the framework of old-fashioned, time-ordered perturbation
theory. Irreducible diagrams are those that contain only intermediate states with
energies that differ from the initial energy by an amount O(Q). For such an
irreducible diagram with V; vertices of type i, L loops, C separately connected
pieces and Ey = 2A external fermion lines, the power of Q) can be conveniently
written as

u/=4—Ef+2L—2C'+§:V,-Ai (9)

where
A; ='d;+%—2 ' (10)

is called the index of vertex i. A generic reducible diagram can then be built
from irreducible diagrams with several connected pieces, and intermediate states
with energies that differ from the initial energy by an amount O(Q?/my) or
smaller.

We will here be dealing with process with external nucléons only. Ir-
reducible diagrams are then A-nucleon irreducible: any intermediate state has
at least one pion or one isobar. We define the nuclear pofential as thel éum of
such irreducible diagrams, their contributions being ordered by (9). The ampli-
tude for scattering can then be evaluated by iterating the nuclear potential in
the Lippmann-Schwingér equation, or equivalently, by solving (numerically) the
corresponding Schrodinger équation. '

One last remark before we move on to the symmetries of the effective
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lagrangian. We do not know a priori what exactly the scale M is, so it is
not clear how relativistic corrections (which are suppressed by 1/my) compare
to 1/M corrections. A rough idea of their relative importance can be obtained
from the following naive dimensional argument. The nucleon-nucleon poten-
tial in momentum space can be written as V(p,p') = al(p,p’) where . I(p,p')
is some dimensionless function of the initial and final c.m. momenta p,yp/,
and o ~ 272/M? if we attempt to count powers of 2 and 7 a la Georgi and -
Manohar[24]. Putting this in the Lippmann-Schwinger equation we see that it is
an expansion in a@Qmy/2x? ~ Qmy/M?. A shallow bound-state indicates that
this series barely diverge§, so one might guess that M? ~ Qmy. This estimate
is admittedly crude and fs not crucial for our approach, but it suggests that rel-
ativistic corrections O(;;?;) are O(QM%) If M is actually larger, it only indicates

that relativistic corrections are relatively a little larger than assumed here.

2.3 Chiral Lagrangian

One paﬁ_see frofﬁ (9) that it is essential for a perturbative expansion
that A; > 0. For, in this case, there_'is a lower bound fo.f v, corresponding to
diagrams with the ﬁlaximqm numli)er’o,f sgpafétely c;)nnected pieces, no ioops and
~ all vertices having A; = 0. Correctioﬁs W?Ehhi“gher v are obtained by inserting
loops and illteraétions with A; > 0, and decre;a.sing the number of connected

!

pieces. We will now show that chiral symmetry enforces

A 200 - (11)
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Here for simplicity we work with QCD with only two light flavors u and d,
with masses m, and my, but it is straightforward to include the strange quark.
In the limit of vanishing quark masses there is an SU(2) x SU(2) ~ SO(4)
symmetry which is spontaneously broken to SU(2) ~ SO(3). As a result, there
exist Goldstone bosons whose fields live in the three-sphere S® ~ SO(4)/SO(3),
of a radius that turns out to be the pion decay constant F, ~ 190MeV. Following
Weinberg [_25, 26] we use stereographic coordinates #r; their covariant derivative

is then

1 Oy _ 0,7
Di=trmmr =0 F
The baryons herej considered provide the 1/2 and 3/2 representations

(12)

of the spin and isospin SU(2) groups. A nucleon N (isobar A) is described

by a Pauli spinor (a 4-component spinor) in both spin and isospin spaces, the

respective generators being denoted 15(15/?) and ¢(¢*/?). There are also, of

course, 2 X 4 transition operators -15§ and T, satisfying

S:iSt = (25ij—iéijk0k) (13)

| = o =

TGT;' = (6a.b - ieabctc), (14)

which allow us to couple N and A in bilinears with spin and isospin 1, respec-
. tively.
The effective chiral lagrangian is now constructed out of the fields D,, N

and A and their covariant derivatives

-p,D, = 8,D,+:E,xD, (15)
DN = (3,+t-E,)N (16)
DA = (9, +t% . E)A | (17)
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where
2

E“EF

w x D,. (18)

This is done by considering all possible isoscalar terms and imposing the discrete
spacetime symmetries of QCD, parity and time-reversal.

That is not all, tough, because the quark masses break SO(4) explic-
itly. They can be written as a linear combination of the fourth component of
a chiral four-vector and the third component of another four-vector, with coef-
ficients (my 4+ mq) and 1(m, — my) respectively. We account for this explicit
breaking by including in the chiral lagrangian all the terms built out of 7w, NV
and A that transform under SO(4) in the same way. Their coefficients will then
be proportional to powers of those combinations of masses. That is the way the
pion mass arises, m2 « (m, 4 my), so each power of m, + my will count as Q.
Here we will for simplicity neglect isospin breaking; when we incorporate its ef-
fects along similar lines we get an understanding of why they are so feeble in
most nuclear phenomena [27].

(Appendix A presents more details regarding the transformation proper-
ties of the field representation we use.)

Now, when we try to write down operators that are chiral invariant or
that break chiral invariance as the quark mass term, we immediately convince
ourselves that all interaction terms have A; > 0: operators involﬁng pions only
have at least two derivatives or two powers of m, and nucleon bilinears have
at least one derivative. Chiral symmetry guarantees a natural perturbative low-
energy theory.

The index of interaction A; provides an useful ordering scheme for the



chiral lagrangian. Below we denote by £V, and call it n-th order lagrangian,
the collection of terms with indices A; = n. We show explicitly only those terms
relevant to our results: since we will be considering the two-body potential up
to one-loop, operators with more pion fields or isobars than those exhibited
below will not contribute, although they are obviously there, in many cases to
assure chiral invariance. Note also that we eliminate some redundant terms by
integrating by parts, by using the equations of motion (e.g. to eliminate nucleon
time-derivatives) and by applying Fierz reordering.
The lowest order lagrangian is |

£LO = LD () — i) — 2 D7l

+8(i8y — 2D7 F7* - (7 x ) — my] N
~2D Y FT g, N(t- - Vr)N
_%CSNNNN - %CTN&‘N . N&N

+A[i8 — 2D F7HBA L (5 x 7)) — mp]A

—2D ' F by [NT - (S - Vm)A + hec]

oo . (19)

where ¢4 is the axial vector coupling of the nucleon, A4 is the AN7 coupling
and Cs and Cr are the parameters first introduced by Weinberg [25, 26].

In.this wor'k'_'we w1ll also employ térms with more derivatives and powers
of m,. The first-order lagrangién is -

B

F2

£m D *NN[(Vr)? — #?]

B _
—Fz D"ze.-jkeachorktcNa,-wa8,-7r,,
kis
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+... (20)

where the B;’s are coefficients of order O(1/M); in particular, Bj is the (in)famous

o-term. The second-order lagrangian is

!
£ = L g %[N(t .3-Vx)VIN + VEN(t-G - Vm)N]
myn s

A= V=
~FLVN(¢ 3 Vm). UN

~C![(NVN)? +(VNN)’]—-CZ(NVN) (V_?NN)
—c;NN[N? N+ V2NN]
LiCHNTN - (FN x 3N) + (SN)N - (NG x V)|
—-zC”NN(VN 7 x VN) — iCL(N&N)- (— VN)
—(CL88 + Clbiubia; + Clfisbir) X

 [Nowd;NNoyd;N + BN NO;NoiN]
—(Clobibis + ClBubi; + Clnbis) Nowd;NO Noy N
—(%0;3(5,~k5j, + 5.-,5,:,-5 + 0;4'&1'&,) X

(G:Nowd;N +3j—N0'k61:N]NO'[N

. (21)

where the Al, C” are still other undetermmed coefﬁc1ents of order O(1/M?).
From these lagrangxans it is stralghtforward to read the rules to be used

in diagrams. Because we got rid of time derlvatw&s in all mteractlon terms

but four (those that come together with the pion and fermion kinetic terms

in £, and the By term in £(V), and all of them involve at least two pion fields,
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the interaction hamiltonian is just (—1) times the interaction lagrangian, up to
interactions with more pion fields that will not contribute to the order we will

be working.

2.4 The two-nucleon potential in momentum -
space

 We are now in position to evaluate any process we want involving soft
pions and non-relativistic/ nucleons. Equations (9), (10) and (11) guarantee that
the dominant contributions to any such process come from tree graphs with the
maximﬁm number éf connected pi‘ecesﬁand cousﬁruéted out of the lagrangian £©),
When applied to processes with at most one nucleon, this is just what is given by
current algebra. For example, one easily obtain the famous Weinberg [28] pion-
pion and Tomozawa-Weinberg [29, 28] pion-nucleon S-wave scattering lenghts.
But in the late 70’s Weinberg [30] realized that chiral lagrangians go beyond
that, and provide a framework to evaluate corrections to such dominant contri-
“butions. Chiral perturbation theory in the mesonic sector really began with the
work of Gasser and Leutwyler [31] and has been extensively studied in the case
of SU(3) x SU(3), up to L = 1 and A; = 2, and including electroweak effects (for
an introduction, see Ref. [32]). A systematic study of the SU(2) X SU(2) chiral
lagrangian for processes involving one nucleon was started by Gasser, Saino and
Svarc [33] and is continuing with the work of Bernard, Meissner and Kaiser [34]

(for a review see Ref.[35]). In principle, the coefficients g4, ha, Bi and A} can
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be determined from these processes once all contributions up to one loop are
evaluated. Unfortunately, we do not know all their values yet. In Sect.2.6 we
will fit these parameters to nucleon-nucleon data, but it should be kept in mind
that the number of parameters in our potential could be reduced when sufficient
information from the one-nucleon sector is gathered.

Here we carry out the analysis of the age-old problem of nuclear forces. As
noted in Sect.2.2, (9) applies to the nuclear potential, which can then be calcu-
lated perturbatively and later iterated to all orders when solving the Schrodinger
equation numerically. Eq. (9) tells us that, as it is well known by any nuclear
physicist, three-(and rnor;e-)body forces are smaller ‘tha,n two body forces. They
have already been considered in [36] and here we will restrict ourselves to the
two-nucleon system where data are aplenty. So onecanset A=2and C=11in
(9), | | I

v =20 24 3 ViA; o (22)
- ,

We will be working in the center of mass and denoting the initial energy
by 2my + E, initial (final) momentum by p(§'), with § = p — p’ being the
transferred momentum and E = 2(p'+ P') the other independent combination
of momenta; subscripts 1 and 2 on G and ¢ matrices refer to nucleons 1 and 2
respectively. ’ :

The leading order potential V(? (with v = —2) is obtained from the
graphs in Fig.l and interactions given by £ in (19). Note that to this order
nucleons are static, so that their energies in intermediate states are simply my,

and the A isobar does not contribute. One obtains [25]) the well-known static
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one-pion-exchange (OPE) potential supplemented by contact interactions,

g1°q0

o 3
VO = (A 14 Cs+Cré,- 5, (23)

F <ty 72+ m?

The OPE term provides the longest range force, and it is well estab-
lished [37] that it accounts for the higher partial waves in nucleon-nucleon scat-
tering and the bulk of the properties of the deuteron, like its quadrupole moment.
But it is also known that the nuclear force has other sizeable components, like a
spin-orbit force, a strong short-range repulsion and an intermediate range attrac-
tion. Clearly, the simple lowest order result (23) does not provide much room
for them. The question na/Lturally arises then, whether higher order contributions
yield such features.

(Some of the results presented below have already been published in [36].)

First corrections (v = —1) would came from the same graphs of Fig.1,
with one vertex from £(!), But there are no appropriate terms in (20) and we

conclude that there are no corrections to the leading order potential V(% that

are smaller by just one power of Q/M,

v =o. ' (24)
This is a direct conseqﬁence of parity invariance. Indeed, for these tree graphs,
we could only add a power of momentum (or subtract one and add an extra power
of m2) to V©; but this is actually a three-momentum, because we eliminated
time derivatives, so we end up with an odd number of three-momenta and no

parity conserving terms can be constructed. -

There are many corrections of second-order (v = 0), though.
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First, we could have still no loops and one factor from L (or two
from L] but we just saw that there are no suitable vertices in (20)). This
means that the graphs are still the ones in Fig.1, and either i)one vertex comes
from the interactions in (21), the nucleons still static, or ii)vertices come from

(19), but now we include recoil in the intermediate state. We get

@ _ 294 § 3y - q
V;ree - _thl tl -*z+m2

+C1§? + CoF? 4 (Ca§? + Cok)5, '52

g1+ 0
+ZC5'?‘1—2—"2' ((]X )+qu 0’1q 0’2

+Crk - 31k - 7, (25)

where the A;’s and C;’s are combinations (listed in Appendix B) of the A;’s
and C}’s of (21).

Second, there are contributions from graphs of Fig.2 with one loop and

all factors coming from (19). (Other one loop graphs only contribute to the

renormalization of parameters in the lagrangian.) Now one can have, besides

nucleons, also one or two isobars in intermediate states. Denoting

wy = (T2 +4m2, (26)

straightforward calculation gives

v@ _ L, 4 el 1 (wy—w)?
{ b

= T 3ravl L2 - :
eopinod 2F3 1P wrw ws +w_

1 =l
_'4(914 )Ztl tg/(‘ q

2rPwiw_wy —
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1 ga 4/ &3l 1 3 8t; - t, 2 2\2
(AN [ S AL B —1
4(F,,) 2rPwiw. | \w- + (4 )
3 8t - t,\ - -
+4(w++w_+ ;_ 2>al~(q>< )72 (g% )} (28)

for the diagrams of Fig.2a,b,c,d that do not include isobars in intermediate states,

8 h2 Bl 72— It
‘/loop,oneA = /:tl ‘i, / d
9 F? 7P wi +w- (Wi + 2A) (w- +24)

1 ) hA
T ??4 {(3 + 4t - £,)
dSI -—

xf(2 T (@ = )2 425, - (§x )Gz - (Tx ])] x
gy ),
w+w w++w ) \wi(w- +24)  w_(wys +24)

I 1 1
§A Wiw- (w+w- + wi(w- +24) + w-(wy +24) +

fam—

=y )
t or 7 20) (- +24)
& ‘

3 -4t t) [ S5l = ) =267 x D (7 )] x

1 1 1 1
xw.,.w.. [w,,_ +w- +2A (w.,.w._ + (wy + 2A)(w- + 2A)>

1 1
- 4+(w+w_ +w++w-+2A> %

8 ( w_ (w.1+ 2A) + w+(w_l+ 2A)>} } (29)

for diagrams of Fig.2b,c,d,e with one intermediate isobar",' and

. [ 2h4
‘/lgz)p,twoA = 81F4 {(3 2t1 t2)

/(;l:r; [(g? _P)2—5I-(é'x3“2.(q‘x')]x
1 1 1 1 1}

xw+w_w++‘2Aw_+2A Wy + w- +-2_A-
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+3 42t 1) [

1 l 1
xw+w_(w+ +w- +44) [w+ +2Aw_ + ‘2A+

w+ + (75 5% + 2A 1 1 P
oyt ((w- ToAr Ty 2A)2)]} (30

for diagrams of Fig. 2¢,d,e that have two intermediate A’s.

Finally, still at one loop level we also have corrections of third order

Again, some would come from the tree graphs of Fig.l1 with one vertex

from £®, but the same argument as for (24) quarantees that
Vi =0 (31)

Others would come from the loop graphs of Fig.2 with one vertex from
(20). Parity says the contribution from Fig.2a vanishes, and that can be con-
firmed by.expl‘icit calculation; there are no NN coupling in L1, so Fig.2¢,d,e

do not contribute; and Fig.2b gives .

®3) _ 1l/fga a’ll 1 -2 -2 7 2
+,1§B2EI (7% f)52 (g% T)tl 't2} (32)

for no A in the intermediate state, and

e __lﬂ’/aﬁl 1 1 1
looponed ™ T \ F2 (27 wiw- wi + w- (Wt 28)(w- + 24)
x {(ws +w_ +24)3(7* — I*)(~B1(7* — ) + 4m2B3)+

+4Bg(-7"1 . ((TX Z’)&‘g . ((TX f)tl . t2]

+6B1Aww_ (77 — P)} (33)
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when there is one.

Further corrections are of higher order (v > 2). They include 1) two-loop
graphs, like the ones in Fig.3, that are numerous and harder to calculate; ii)
tree graphs with a vertex from £®, which would bring many new undetermined
coefficients. We do not attempt to include them here.

It is in this momentum space form that we can more easily summarize
the structure of our potential and compare it with other approaches.

As usual, the longest range part is given by one pion exchange (OPE). It
is dominated by the classic static OPE in (23), first obtained by Yukawa [38].
Then there are correction/s. The A;, A, terms in (25) can be viewed as coming
from the first corrections to the # NN vertex in an expansion of its form factor
in powers of moménta over the form factor parameter. A dependence on ¢? is
usual (seé, e.g. [19] where mono and dipole forms are used), but k? dependence
has also been considered more recently (see, e.g. the Williamsburg model [39]).
The other correction to OPE is the energy dependent term in (25), which arises
from the recoil of the nucleon upon pion emission.

Tile intermediate range piece is due to two pion exchange (TPE). It is
determined in terms of few parameters: g4, ha, ma — my, By, B;, Bs (and of
course Fyr). The contributions from box and crossed box diagrams (Fig.2¢,d,e)
are standard. The one in (28) (g5 term) was first considered by Brueckner and
Watson [40], while those with A’s in (29) (g4h% term) and (30) (k% term) are

-due to Sugawara and von Hippel [41]. (As a check, our results agree with the
appropriate limit of the expressions listed in Ref. [44]). But we would like to

emphasize that there also exist TPE contributions from the “pair” diagrams
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of Fig.2a,b that are less commom. Those in (28) and the Bs—term in (32) have
also been suggested before by Sugawara and Okubo [42], but with generic coeffi-
cients. Here the terms in (28) are fixed by chiral symmetry in terms of g4 and F,
while the Bj;-term is nothing but the o-term; and, to the same order, we also
have in (32) two new terms (Bj, B;). Finally the corresponding terms with A
in (29) and (33) are also new. We would like to stress that these contributions
from the non-linear coupling of the pion to the nucleon are a consequence of
chiral syrnvmetry that is not usually included in meson exchange potentials (e.g.
[18, 19]). On the other hand, they are the only form of “correlated” pion ex-
change in our potential. The more traditional s-wave correlated TPE (Fig.3a)
1s formally of higher ordilar.

Finally, the short range part is given in terms of several contact terms
(the Ci's in (23) and (25)). They contain the effect of exchange of higher energy
modes and are not constrained by chiral symmetry: all combinations of momenta
(up to second power) that satisfy parity and time-reversal go, including spin-
orbit (Cs), tensor (Cs, Cs) and spin independent central (Cs, C}, C;) forces. In
order to compare with other approaches it will be convenient to “undo” our

previous Fierz reordering and rewrite the coefficients C; as

Ci=CO 4+t -ty ' (34)
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2.5 The two-nucleon potential in coordinate -
space

We now go to coordinate space, where it is sometimes more useful to
handle a potential.

In order to deal with our potential (23)—(33) we first have to face the
fact that the loop integrals in (28), (29), (30), (32), (33) diverge, and so require
regularization. One could use, for example, dimensional regularization, but the
evaluation gets complicated due to the non-covariant nature of our graphs. Be-
cause it is conceptually 'and mathematically simpler, and also used in other
nuclear potentials, we choose to work with a momentum space cut-off A < M.
The form of the cu‘t-oﬁ' fuﬁction and Vits value are somewhat arbitrary and pre-
sumably not very import;'mt, modiﬁ(':.atio’-ns ‘l;einé compensated to some extent by
a redefinition of the free parameters in the theory. Again for simplicity, we follow
the Nijmegen group [18] and take a gaussian cut-off exp(-——l_ﬁ /A?). Furthermore,
in our approach all momenta ’are‘ smaller thaﬁ M, so we can also cut-off the
transferred momentum ¢ with the same cut-off function exp(—g?/A?).

-Now all integrals over ¢ and I can be workea out in terms of one dimen-
sional integrals that can easily be evaluated numerically. We use the formulas
and tricks presented in [43, 44]—see Appendix C for some details. Here we
present only the final form.

We first define, as usual, the tensor operator, the total spin and the rela-
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tive angular momentum,

Sy = 301 T? - - 71 - 02
"
= 1
o= 5(31 + 2)
[ = —iFxV (35)

respectively. In terms of those and the Pauli matrices 7 in isospin space, we

consider the 20 operators
=1,...,20 __ - = = = ' T a
or = 1,7'1'7'2,01'02,01'027'1'7'2,512,5127'1‘7'2,[/'5,

- -o/
L ST] T2,L2L1'1 T2,L (4K Ug,L o1 027'1 T2,

(E . 5‘)2,(1-; . 5‘)271 T, S]zz . S", 5121-: . 51'1 *Ta, 512[-;2,
512E2T1 *Ta, S]g(z . 5")2,512(E . 5)2T1 *To (36)

Our potential in coordinate space can now be written as

.20 8 82 '
P
V= ;V "5 B 2,E)O (37)
where
0 82' 0 1 0 2 62
V,,(Y‘,-é;,-a-;;,E) V (’I’ E) + V ('I’ E) + V ( E) (38)

is an energy. dependént radial opérator determined by the radial functions
Vo(r; E), V) (r; E) and 'I/pz(r"; E). These sixty functions (some vanish) are listed
in Appendix D: each one consists of a sum of terms having parameters of the
lagrangian as coefficients and written in terms of at most one one-dimensional

integral of the functions from Appendix C; energy dependence is linear.
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The first eight operators, OP=!+8  are standard, and are accompanied in
most potentials by radial functions with no derivatives. They receive contribu-
tions from pion exchanges and contact terms. The next six operators, OP=%--14,
complete the set used in the phenomenological Urbana v14 potential [45]. Here,
as there, V! = >Vp'2 =0,p=09,...,14. What is characteristic of the structure
(36)~(38) of our potential is the presence of the first and second derivative terms
in the other terms, and of the six new operators O?=1%+2°, They all arise from
the dependence on tne momentum operator, which comes from the k? depen-

dence of the A;, C;, C4 and C; terms.

2.6 Phase shifts and deuteron properties

The next step is to solve the Schrodinger equation with the potential
(36)—(38). The procedure is standard, but some care has to be exercized with
the derivative terms.

As usuva,l,’ one works with basis functions of definite isospin I, total or-
bital angulax; mementum L, total spin S, total angular momentum J, and its
third component, m, and decomposes the wave function into a sum of products
of radial and angular functions. Upon projection on an angular function, and

angular integration, the Schrédinger equation can be written schematically as

@9, w9 _ 39
X 67‘2+X 37_+B R=0 (39)

where B = 52+, V) < 0P > —E, X® = L + 7,V < OF > and
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X0 = —-ﬂl—r + 3, Vo(1) < OF >, with p the reduced mass and <> denoting
matrix elements between angular basis functions. Spin singlet and triplet L = J
channels are uncoupled, so for them R is a single radial function. On the other
hand, the tensor operator couples triplet states of L = J+1, so in this case R has
two components, and B, X® and X are 2 x 2 matrices. In order to eliminate
the first derivative term, we redefine R = K¢, with K a matrix chosen so that ¢
satisfies an equation with no first derivative. This imposes a differential equation
on K that depends on the X’s, and the boundary condition on K is fixed by
further requiring that the two ¢ components be linearly indepegdent as r — 00;
K at finite r can then be obtained by Runge-Kutta integration. Meanwhile, the
equation for ¢ became of'/the form ¢” = —C(E)@, with C a 2 x 2 matrix function
of B, X® and X® with the usual boundary conditions: ¢ vanishes at r = 0
and -? for large r is related to the scattering phase shifts.

The ¢ equation is finally solved in a standard numerical way for several
scattering energies to obtain phase shifts, and for thé b;)und state to obtain the
binding energy and other properties. These are all funétions of the undetermined
paramefers in the lagrangian. We fix a cut-off and fit the other.parameters to
Arndt’s np phase shifts [46] (with error bars from [47]), and ‘tovk(n.own deuteron
quantifies. »

A sample of some results with a cut-off equal to the pb mass can be found,
for phase shifts, iﬁ the graphs of Fig.4. Agreement is reasonable, up to l;boratory
energies around 100MeV. We get a single bound state, with I = O‘and'properties
as listed in Table 1. The binding energy B and the asymptotic d/s ratio 7

are within 10% of the experimental results, while agreement is worse for the
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Experimental [48] | Our fit
B(MeV) 2.22457 | 2.31807
Q(fm?) 0.2859(3) | 0.2216
n 0.0271(4) | 0.0251
pq(nuclear magnetons) 0.85741 | 0.85765
Pp(%) — 3.9

Table 1: Deuteron properties: binding energy B, quadrupole moment @, asymp-
totic d/s ratio n, magnetic moment uq, D-state probability Pp.

quadrupole moment @ and much better for the magnetic moment pq. (B could
be decreased with a simultaneous increase in @, at the expense of quality in
the fitting of phase shifts7) The values of the parameters corresponding to this

fitting are listed In Table 2.

2.7 Conclusion

We derived a nucleon-nucleon potential, solved the corresponding
Schrodinger equation and fitted scattering phase shifﬁs and deuteron properties.

In spirit, our approach is similar to that of the Paris group [21]: infor-
mation on pion dynamics is used to construct the longer range pieces of the
potential, while more complicated dynamics is buried in an unconstrained, short
range part. The fundamental difference resides in our use of effective field theory,
as opposed to dispersion relations. This not only ensures that our results are
consistent with other aspects of pion phenomenology (chiral lagrangians to the

order we use generally agree with data at the 20% level), but more importantly,
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parameter(units)  value || parameter(10~°MeV~*)  value
Fr(MeV) 192 || ¢ 0.662
ga 1.33 | ¢ 0.391
hA 2.03 | (¥ 3.40
A1(10-°MeV-2)  -1.38 | ¢V 3.12

Az(107SMeV™2)y  2.44 C“” -0.331
B;(1072MeV-!)  0.342 c‘” -0.0303
By(10~2MeV-1)  0.855 C“” -0.144
B3(10-2MeV-?) 1.77 C“’ 0.431
cP(10™*MeV-2)  1.12 ‘°’ 2.10
Cc(10-4MeV—2)  0.130 ‘” -0.904
CiP(10-4MeV-2) -0.266 C“” 0.281
“)( 10-4MeV-2) -0.672 C‘” 0.112

C’(O) 0.582

C“) 1.25

Table 2: Parameters in our potential as obtained by the fitting to phase shifts

and deuteron properties.



41

explicitly incorporates the symmetries of QCD and provides a natural pertur-
bative expansion. In this way, we, like the Nijmegen group [17, 18], build on a
theoretical basis, but unlike them, can carry out a controlled expansion. Qur use
of field theory and old-fashioned perturbation theory, on the other hand, brings
our potential closer to a low-energy version of Bonn’s [19].

Our potential in momentum space shares several features with these and
other potentials. The short range part has all the necessary spin- isospin struc-
ture; pion ‘excha,nge has contributions that have been considered before, but also
exhibits some new terms related to chiral symmetry; and energy dependence
(which has implications to few-body forces) arises naturally.

We used a gaussian cut-off to transform to coordinate space, and there
some of the particularities of our approach show up as some unusual operators
and derivative terms. After some care was taken with the latter, the Schrédinger
equation was solved by standard numerical methods.

We end up with a single bound state with roughly the correct deuteron
properties and phase shifts that do not look too bad up to around 100 MeV.
This shows that our approach is also quantitatively successful to some extent
and therefore, that the gross features of the nucleon-nucleon poi:ential can be
naturally understood on the basis of the symmetries of QCD. But it also makes
clear that it is unpractical to try to compete with those other, more phenomeno-
logical approaches in providing a numerically useful fitting: both their range of
energies and quality of fitting could only be reproduced in our approach, pre-

sumably, by exploring higher orders in chiral perturbation theory.
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Figure Captions

Figure (1) :

Figure (2) :

Figure (3) :

Figure (4) :

Tree graphs contributing to the two-nucleon potential (solid‘
lines are nucleons, dashed lines pions)

One loop graphs contributing to the two-nucleon potential
(double lines represent nucleons or isobars). Only one time
ordering is shown for each type of graph. In (d) and (e) we
only consider those orderings that have at least one pion or
one isobar in intermediate states.

Examples of -/two-loog graphs that are not included in

our potential. ‘

Phase shifts for several channels. Dots are experimental

results and lines, the results of our fitting.
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3. The few-nucleon potential

3.1 Introduction

Getting the correch binding energy of light nuclei from the t}nderlying dy-
namics has been a longstanding problem in nuclear physics (for a clear introduc-
tion, see [49]). Such réfna.rkable progress has been achieved on few-nucleon cal-
culations that nowadays they undoubtedly provide important info;ma.fion about
their input, two- and sofhetirﬁes three-nucleon (NN and 3N ) potentials. What
informa.tion,'howevgr, is still debatable

The traditional view [49] is that there is already some evidence for the
existence of3N forces. The strongest indication ;:omes_from the fact that most
realistic NN potentials ﬁﬁdefBind the triton by 0.5—1.1MeV and the a-particle
by 4 —5MeV. There are alsét‘disc;'epancies betwelan da.ta. a.nd< ca.iéula.tions with
NN potentla.ls only for the 3H/3He rms charge ra.dn, the a.symptotlc normal-
ization ratio Cz / Co a.nd the nd spm doublet scattering leneth, which can all be
improved by including 3NV forc&s adjusted to reproduce 3H bmdlng.

This.interpreta.tion has been challenged fecently [50]. It has been argued

that certain 3V observables display a much larger sensitivity to some NN po-

46
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tential parameters than NN data do. As a consequence, a fine-tuning of the
NN potential is possible that is of little effect in the NN system but improves
3N results considerably. An example is the large uncertainties in the NN ¢;
mixing parameter, which allow a static, one-boson exchange version of the Bonn
potential with a particularly low deuteron D-state probability Pp to yield almost
the correct triton binding without resorting to 3V forces.

Here I want to discuss what our theoretical prejudices are, from the view-
point of chiral symmetry. I will argue that a general chiral lagrangian naturally
explains many of the features of nuclear systems, so it could be used as a guide
for what ingredients we should expect to need. In particular, it is found that
3N forces arise at the s:ﬁ,me level as some important features of the NNV force
(such as the short range tensor force and the spin-isospin independent central
attraction). Clearly this line of reasoning is no substitute for the above debate
concerning what data are actually saying, but it suggests that its best frame-
work is one in which both NN and 3N forces are included simultaneously and
consistently from the start. (From this standpoint, gei’.ting the correct binding
from N N forces alone can only be considered a success after 3NV forces calculated
with the same assumptions —e.g. same mesons exchanged, same.couplings and
cut-offs— are shown to be irrelevant.)

After first reviewing some of the consequences of chiral symmetry to nu-
clear forces [51], I consider few-body potentials in more detail, and derive the
momentum space 3V force from the chiral lagrangian (some of these points have

already been mentioned in [52] and [53]). The coordinate space 3NV force is
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presented in Appendix E.

3.2 Generalities

Most of traditional nuclear physics concerns processes involving momenta
up to a few hundred MeV. (Approximate) chiral symmetry is the single most im-
portant ingredient in an effective theory of hadronic processes (at such low ener-
gies) that is compatible with the theory of strong interactions, QCD. The pion is
the (pseudo-)Goldstone bpson of the spontaneous breaking of SU(2)L x SU(2)r
to SU(2)v, a fact that has (literally, too) far-reaching consequences. One is the
lightness of the pion. It is essential to include it in the effective lagrangian with
the nucleon and possibly the delta isobar, while heavier mesons can be integrated
out of the theory. Not surprisingly, one finds a dominance of pion exchange in
few-nucleon systems [54]. The other consequence is that the symmetry restricts
the form of the interaction terms in the effective lagrangian, while the details of
QCD dynamics are buried in the coupling constants (not fixed by symmetry).

With the assumption of naturalness—the notion that when expressed in
the appropriate scale, these coupling constants are of O(1)—one can show that
chiral symmetry turns a simple power counting argument into a classification
scheme for the strength of interactions. An arbitrary dié.gfa.m contributing to
a given process can be obtained by sewing together irreducible diagrams, which
are those that cannot be separated in two by cutting the lines of initial or final

particles in an intermediate state. For processes where all momenta @) are of
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O(my), an irreducible diagram with E, nucleon (and any number of pion) exter-
nal lines, L loops, C separately connected pieces and V; vertices of type ¢ which
contain d; derivatives (or powers of pion mass) and f; baryon fields, is of O(Q")

where

with
n;

Bi=dit 5 —220 (41)

referred to as the index of the interaction .
Therefore, at energies small compared to some characteristic QCD scale
M (of the order of a typical hadronic energy scale, say the rho mass), the most
important interactions are those with smaller indices. Say m denotes the pion
field of mass m, and decay constant F,,(~ 190MeV), N(A) is a two-spinor (four-
component spinor) in both spin and isospin spaces that represents the nucleon
(delta) of mass my(m,), 36(t) is the generator of spin (isospin) transformations
in this representation, S (T) is the transition operator that satisfy SiSF =
%(25,3 —ieiikor) (TTy = 1(6ab — tearetc)), t(3/2) is the isospin generator in the 3
"representation, and D is a shorthand for .
o2

ﬁ’

ks

Dty

then the lagrangian to lowest order (A; =0) is

Lo = ;—%D»'éau%r Ot — %mfrD"%rz o
-1 ' n-1 .
+ R0~ 2t (e x i) —my — A 5 SN

F2

T

Fr



<rn 2D .

+A(10 - —; t®D . (7 x &) — mp)A
_2hg - S
F '[N(T-§-Vm)A + hecl

—;Z-CSNNNN - ;l):CTJVEN -NGN

~DrNtGN - (NTSA + h.c.) (42)

and the first order (A; = 1) terms are

Lay = 'F2 D2NN((Vr)* —&?)
B, = -
—},—ED‘th"N (Vm x xVn) — BFz"D‘lNNar
Dl ~1 R7 ‘ = D2 -1 - . — =
_FD NNN(t- Vw)N—F-D (NtGN x xNtGN) - -V
—lEINNNtN - NtN - l7'321\7'N1\7tc?1\r --NtéN
E23(NtaN X thaN) NtzN. | 0 (43)

Here g4, h4,Cs,Cr, Dr, B1,33, D12 and E; 33 are undetermined constants, to be
obtained either by solving QCD or by fitting data. Note that I i) only show
those terms relevant for what follows, and omit others that have more isobars,
and ii) have applied Fierz reordering to terms with four and six nucleons in order
to rewrite six other possible combinations of &, t in terms of those shown above.
For systems with at most one nucleon, (51) and (52) tell us that dominant
contributions are due to tree grav.:'};hs from (53) and (54), which just reproduce the
time-honored current algebra results. Consideration of higher order lagrangians
and loops allow a systematic a.ccountmg of correctlons (for a review see [55]).

For systems with ma.ny nucleons the same power countmg yields the main

features of traditional nuclear physics.
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The first feature is that a nucleus is basically made out of nucleons. At
the level of nuclear dynamics itself, that is because the nucleon mass is large
compared to M so that reducible diagrams have small energy denominators.
This leads to a picture where nucleons interact non-perturbatively through a nu-
clear potential, consisting of the perturbative contributions of pions and deltas
(and, indirectly, everything else). When external probes (pions and photons)
are brought into play, the leading contributions come from diagrams with the
maximum number of connected pieces: the probe interacts with each nucleon
separately—that is the impulse approximation. First corrections to such an ap-
proximation, which are of pion-exchange type, have one less connected piece, and
so are expected to be of o;der ( %“)2 ~ 5%. Meson exchange currents are actually
a little larger (10—15%) than this estimate; a systematic chiral lagragian analysis
of them is being carried out by Rho and collaborators [56]. Moreover, Weinberg
[53] has considered pion-deuteron scattering, and pion photo/electroproduction
on light nuclei is being studied [57].

The second feature is that nucleons (and isobars) are non-relativistic. This
is again because the massive nucleon is not much disturbed by the little kicks it
receives from other particles. At the level of the potential, this is .why one-pion
exchange is essentially static, corrections having A; = 2 and so being again a
few percent. I will return shortly to their energy d_ependencg? and their effect on
the iteration of the potential. |

The third aspect is that nucleons interact mainly via pairwise forces. This
is again a consequence of decreasing the number of connected pieces in diagrams

with E, = 2A, and so should also be of order (%)% Notice that this is a
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non-trivial result, since models without chiral symmetry exist (e.g. that in [58])
where two-pion exchange is large and, therefore, yield large 3N forces. I now

turn to the multi-nucleon dynamics in more detail.

3.3 Léading forces and energy dependence

For a nucleus with A nucleons, we see from (51), (52) that the smallest

possible power of the small momentum @ is
./ Vmin = 6 —4A. (44)

It corresponds to tree (L = 0) diagrams constructed out of the lowest
order lagrangian (A; = 0) with the maximum number of separated connected
pieces (C' = A —~1). To this order, then, the nuclear potential V is simply a sum
over all pairs (zj),

VOR,..., Z ViO(F; = 75) (45)
(17)

of tw0—body potent1a.]s V( (ri—r;) consisting of static one-pion excha.nge (OPE)
plus two contact terins [51].

This is Obvidusly a very: crude approxiﬁlation to the NN potential. Cor-
rections (L' = 0, Z:,V,A1 =1,2,3:L = 1,5, V;A; = 0,1) have already been
calculated [52] up to

v=9—4A= v, +3, (46)
and used to fit NN sca.tte‘rin.g and bound state data [59]. I refer the reader

to ref.[60] for the complete expfeééions. I Just mention some of the results. Of



particular importance here is that at v,,;, + 2, recoil has to be accounted for
in OPE, which leads to a dependence on the energy 2my + E of the incoming
nucleons. Denoting by pi(p:’) the cm initial (final) momentum of nucleon ¢,
Gi; =pi —pi’, k,—- =1(pi+p')and w;; = m, we get to this order (57),
in momentum space,

E (n) qu, ku, E)

n=0

ng 2 qu thzg 1 ) 1 - 2 )
(24 ¢, -t-———— — (B — — (k% + =g
( F, ) P w? bt w;j (E mN(k” T 4% )

17

+... (47)

Here 1 displayed the OPE piece with recoil but hid in the dots the most inter-
esting parts, namely, two-pion exchange (TPE) and contact terms. They are
necessary for a reasonable ﬁtting of phase shifts which we Indeed achieve up
to around 100MeV. (To go further in energy presumably requires even higher
order corrections. They can be included, but involve the more complicated cal-
culation of two-loop diagrams and the introduction of many more undetermined
parameters due to a host of new contact terms.)

Since these corrections contain such important information in the case
of the two-body system, it is just natural to consider their effects in A > 3
nuclei No calculation of the triton has been carried out with our two-body
potentlal so we cannot be quantitatlve as to how much room it leaves to three-
body forces. If the D- state admixture can serve as a guide, one might not
expect much underbinding since our Pp ~ 4% is lower than most rea-listic NN
potentials. In any case, and this is the important point, consistency of the

approach requires that we evaluate all corrections to a certain order. To the -
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order given by (57), we also encounter forces involving irreducibly three nucleons

Vi, and two pairs of nucleons V5 ,, for both of which C = A — 2. We then write
3
STVO(R, . T =
n=0
S S VIES) + X S V@)

(i5) n=0 (i7k) n=2

+ > i Vi (7 — 73 7% — ), (48)

(i3;k1) n=2
where the second sum extends over all triplets (ijk) and the third over all pairs
of pairs (zj; kl).

I now move to touch on these few-body parts.

The largest contr:l/)utlon is expected to come at v = Umin + 2, bemg due
to tree (L = O) diagrams ngen by L(o) in (53) CiviA = O) If we ignore the
1sobar for a whlle the correspondmg diagrams for the three-body potential are
given in Fig.1. One finds [51] tha,t the various ordermgs of Flg lc add to zero,
while Flgs.la.,lb yield

no 1
v A(qm Gr) = 2(%‘) 3k‘7k Gik [ti - te(Csb: + C15;) - ix+
b J

+t;- tk(CSO'j + CTO'z') * @ik]

A W; ;4 +w ik e o - - o =
—4 (i“ ) ;u—L-l_-_wJ;Z GiiGk - Gk [6i - ExGis - Gik—
—2t (t X tk)UJ (qlJ X qu) ]

+ two cychc permuta,tlons of (z]k) R (49)

The second term is just TPE (Fig.1b) and has been calculated long ago by
Brueckner et al. [61]. The first term comes in part from the contact terms in

(53), first considered by Weinberg [51]. (Note, however, that I correct here the
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corresponding result in [51].) The double-pair potential, in turn, comes from the

diagrams in Fig.2 and is
¢ 2 2 - - - b
@)~ - 294 . = 294 i+ §ij0; * Gij
Gk * qui01 - Gt
Wi

th -4 (50)

What is the effect of these leading few-body forces? The remarkable fact
is that they are canceled by the energy dependence of the two-body potential
(58) when the latter is iterated in the Lippmann-Schwinger equation.

To see this, consider the diagrams of Fig.3, which are all orderings where
nucleon j emits or a,bsorbs,, a pion (that flies to or from nucleon k), before getting
in touch with nucleon . ‘According to our power counting, Figs.3a,3b are the
most important, because they are iterations of the NN potential, which is given

by (58). They will be proportional to

1
— - — - — — X
E(p; — Qi) + E(Px + §;x) — E(7;) — E(Px)
1 1
E(px — Tk) + wjk — E(Pk)]

LE(P; — Gi) + wjx — E(P)

_ , 2
wik[E(F; — Gjt) + E(Pk + Gix) — E(p;) — E(gx)

o gleeR) e

The first term is just the iteration of the leading order potential Vz(o); it is big

because the difference in nucleon energies is small, O(-:—l:’f,-), while w is O(m,).
The second term is the iteration of the recoil correction to OPE shown in (58);

the small energy denominator is canceled by the small recoil energy. The leading
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3N force 1s expected to be of the same order; it is given by Fig.3c¢ (which is just

Fig.la), which is proportional to

1 1
wik + E(p; — Gie) — E(F;) wir + E(7) + E(F}) — E(5:) — E(p;)

w_l';?",: (1 +0 (—g)) : (52)

Here the first term is already the leading 3NV force for which nucleons are static.
The important point now is that, because the diagrams in Fig.3 differ qnly in
their energy denominators, the - terms cancel when we compute the T-matrix
or, equivalently, when we solve the Faddeev equations.

It is not difficult to show in the same way that a similar cancelation
happens also in the 3N TPE piece (Fig.4) and double-pair force (Fig.5). This
cancelation has been noted before in the case of the TPE 3N force [62], but its
model independence is particularly clear in our context. ‘As a result, in a few-
body calculation both V3 of (60) and V3, of (61) can be omitted as long as we do
the same to the recoil term 'in (58) (ThlSls mcely exéxﬂx-lﬂl‘al_iﬁt;ci [63] by comparing
the triton binding energies, one from the full Bonn potential plus the above TPE
3N forces and the other from its energy independent version obtained using the
folded diagram technique.)...More generally, it.is clear that it makes no sense
to use an energy depeﬁdént N N poten'tial in a few-body calculation without at
the same tin;e inclﬁding V3N and double-2N forces calculated in the respective

framework.



3.4 Remaining three-body forces

I now go to next order, ¥ = vy, + 3, which still comes from tree (L = 0)
diagrams, but now have one vertex from (54) (3°; ViA; = 1). In the case of the
double-pair force, the diagrams are still the same as in Fig.2, but there are no

corresponding NN« or NN NN vertices in (54), so that

Vz(,g)(‘fij, qu) = 0. (53)
¢/ .
As for the 3N force, the same remark applies to Figs.la,lb; there are

contributions though, from Figs.1c,6, that are readily ca.lcu]a.ted,

Vi@ Gx) = Erti-ty + BBy« Giti -ty + BBy - (G % Gi)t; - (B X &)
294 1
F: Gk - Gk [Dr(t; - £ + t5 - £,5;)
—thj . (t1 X tk)&.,' X 5'.1' ] . (j.jk
29,4 2 1
+2 ( ) ——0; * §;;0 Gk |t - te(B1Gij - ik + B3m )
Fr /) wiuwk [

—B2t1 (t: x tk)o'J (gij X qu)]

+ two cyclic pefmﬁtatioﬁs of (ij k) (54)

(see Appendix E for the coordinate space version). Hence, this 3V force has eight

undetermined parameters. Of course, three of them (the B;’s) can be fixed once



a systematic chiral lagrangian analysis of 7N scattering is carried out. Two
others (the D;’s) can in principle be determined by processes like 7-deuteron
scattering, or m production/absortion on NN systems, but it is unlikely that this
could be done without much more accurate data than currently available. More
importantly, the three remaining parameters (the E;’s) can only be determined
from data involving 3N systems, so we do not have great predictive power. There
are, of course, more than three measured quantities in these systems, and again
in principle the above force is testable. The problem is, it seems that all current
data can be fitted by appending to realistic NN potentials a “reasonable” 3N
force with just one parametér that is fixed by the triton binding energy [49].
The situation is Ii/ot completely hopeless, though, because I have been
ignoring the A isobar. If the A is integrated out of the theory, its contributions
appear only indirectly, in the coefficients of the gener‘al chiral lagrangian, and
are suppressed by powers of the mass difference to the nucleon. If this difference
were of order M or larger, no changes in the power counting arguments given
above would be necessary. As it happens, though, ma — my is only ~ 2m, ,
which is'closer to m, than to M. It is more convenient to keep thg A explicitly
in the lagrangian, and treat it as the nucleon field, as far as power counting goes.
That is what was done in our study of the NN potential [59, 60]; here it implies
an additional 3N f-orce of order v = v,in + 2, obtained from the graphs in Fig.7
where all vertices are frofn (83). Not surprisingly, it has the form (65), but it is

suppressed by ma — an:
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( E] — 0
__Dbr
E2 - 9(ma—mpy)
D2

———
E3 - lS(mA-—'mN)

__4D7hg
Dl - 9(ma—mn)

VoA (G Gir) = VD (Gigr @in) with § (55)

2_Dghy
D-2 - 9
B - —-i—a_

B, —» —2—a_
.‘-_Bs b d O

Again, these forces (65) and (66) have some known elements, correspond-

ing to the TPE pieces, because they aré obviously related to the 7V scattering
amplitude. The unportance of the A was recognized early [64], ahd so the TPE
piece in (66) (h?% terms, Fig. 7c) is simply the old Fupta—Mlyazawa force. Simi-
larly, the relevance of current algebra was noted in the 60’s [65]. Chiral symmetry
has been implemented in thxs oontext by the Brazil group [66] using a chlral la-
grangian involving the p and the A in conjunction thh a parametrlzatlon of the
1soscalar amplitude. The TPE in (65) is the same as theirs, but hopefully it is
clear that its derlvatlon here is as model independent as pOSS1ble (1t does not
mvolve any explicit assumptlons about QCD dynamlcs in the form of the P),
and comes from a perturbatlve‘ expansion. A similar forqe was obtalned by the
Tucson-Melbourne group [67] by extrapolating yamplitud&s off mass-shell using
dispersion relations. The connection between these two approaches was exam-
ined in [68], the main difference arising from a term present in the isoscalar

amplitude of the latter that generates a contact term similar to those in Fig.6a.
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It was also pointed out that this and other short range terms that arise from
the TPE in (65) are responsible for an extreme sensitivity of triton quantities
on the cut-off parameter, which is introduced to regularize the coordinate space
potential, but should otherwise not affect the potential much.

This problem can now be reinterpreted. First, I note that these trou-
blesome short range terms (except for the one from the parametrization of the
isoscalar amplitude) have exactly the same structure as our new contact terms
of Fig.6, and so cannot be distinguished from them in a calculation using the
complete 3N potential, (65) and (66). The mentioned sensitivity shows, there-
fore, only a dependence ;)n terms that contain bona fide parameters (the D;’s
and E;’s) of the genera,li chiral lagrangian. It is no more surprising than the
sensitivity to, say, the TNA éoupling hA.. Second, in the approach presented in
this paper, the cut-off is not an indeﬁendent parameter anyway: it is the same
parameter that was used in the N N potential, the fitting of which yielded the
values of some of the other parameters appearing in (65) and (66) (g4, s and
the B;’s). Changes of the cut-off parametef are compensated to a certain extent
by changes in all the parametexls of the complete potential.

1 stdp here. I have discussed all there is to the order given by (57). As
mentioned before, the inclusion of higher orders in the NN potenti#l. involves
two-loop dié,gra,ms and lots of new contact terms. At the level of the 3N poten-

tial, one is also ‘required to consider three-pion exchange. And then there are

4N forces.
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3.5 Conclusion

In conclusion, I hope to have argued convincingly that we should look at
two- and more-body forces consistently, and that the general chiral lagrangian
provides the appropriate framework. We see then that 3N forces appear at
the same level as some important features of the NN potential. In particular,
the leading (static) 3N force is canceled by the leading energy dependence of
the iterated NN force. The remaining 3N force has some important terms
related to 7N scattering, but also shorter range components. It is expected
to be dominated by the-/ Fujita-Miyazawa force plus a shorter range term that
depends on dnly one undetermined parameter (Dr); they should be O(;"—/I%) and
so some 5 — 10% of the NN contribution. Finally, 4N forces are expected to
be O(%{-), more like 1%, so that 4NV systems are expected to be underbound by

NN forces by roughly four times the triton underbinding.
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Figure Captions

Figure (1) :

Figure (2)

Figure (3) :

Figure (4) :

Figure (5) :

Figure (6) :

Figure (7) :

Tree graphs contributing to the 3N potential. All other
time orderings and permutations are to be considered, as
long as there is at least one pion in intermediate states.

(Solid lines are nucleons, dashed lines pions.)

:Tree graphs contributing to the double-pair potential.

All other time orderings and permutations are to be included,

as long as thg§e is at least one pion in intermediate states.
Diagrams representing part of the iteration of the NN potential
(a,b) whose energy dependence partially cancels the contribution
from part of the 3N force (¢). Same cancelation applies to

other time orderings.

Example of cancelation analogous to the one in Fig.3 for the TPE
sector. In (a), (b) recoil is considered in the pion line to the
right. The same cancelation occur in three other sets of four TPE
diagrams corresponding to different orderings.

Same cancelations as in Fig.3 and 4, but for the double-pair
potential. Analogous result holds for other orderings, and for
TPE diagrams.

Other tree diagrams contributing to the 3N potential.

Both ordering of (a) must considered, as well as permutations.

Tree graphs with isobar contributing to the 3N potential.



All other time orderings and permutations are to be considered.

(A double line represent the A isobar.)
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4. Isospin Violation

4.1 Introduction

Why is isospin sugh a good syrninetry of low-energy hadronic physics?
Since the early days of nuclear physics, strong interactions were found to be
nearly invariant under isospin transformations. Any differences betwee_n particles
of the same isospin multiplet, be them in masses or interacltions, were afItributed
to electromagnetic interactions. Hard to understand seemed only to be the fact
that the neutron is heavier than the proton.

The advent of QCD as the underlying theory of strong interactions did
not make immediately obvious the explanation for the lack of strong isospin
violation. Quarks have current masses that break explicitly both chiral and
isospin symmetries. Estimates of the masses of the lighter quarks, up a;nd down,
that are the most relevant at low energies, indicate that théy are nowhere near
equal. The favored values are essentia;,Hy those found by Weinberg long ago
[69], m, = 4MeV and my = TMeV. (There is some controversy—see, e.g.
[70]— surrounding these values, puéhed forward by the attempt to make room

for a massless u quark and the resulting explanation for the absence of strong

66
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CP violation, but that would only make isospin violation in the quark masses
larger.)

The standard answer to the opening question was presented by Weinberg
in the same paper [69]. The parameters of the explicit breaking of those global
symmetries in the QCD lagrangian, namely the current masses, are small com-
pared to the scale that governs the non-perturbative regime of the theory, which
we guess is the confinement scale Agep ~ 300M eV..

This nicely explains why chiral symmetry is a good approximate symme-
try, as discovered in the current algebra days, but cannot for exactly this reason
be the whole answer. Isospin seems to be a much better symmetry indeed than
chiral symmetry. A mea.s'/ure of isospin compared to chiral breaking in the QCD
lagrangian is the ratio of quark mass difference to sum, and using the values
given above, that is ~ 1/3, or 30%. However, the pion masses, for example, are
due to this explicit symmetry breaking plus electromagnetic effects and still, the
pion mass difference is only 3% of the average pion mass.

In this 'pa,per I want to argue that the rest of the answér is due i) generi-
cally to the constraints imposed on operators by the chiral transformation prop-
erties of the relevant fields, and ii) specifically to experimental linﬁtations. At a
scale of a few GeV, the dynamics of quarks is essentially governed by a renor-
malizablg lagrangian where quarks interact minimally with gluons and photons;
isospin‘bréaking arises fr‘omA the diﬂ"erehces in quark maSééé‘ a,'I;d charges. No
attempt of exploring the QCD dynamics is carried out; [ look only at the sym-
metry structure of the general chiral lagrangian (which is the effective theory

of hadrons at energies smaller than a typical QCD mass), and assume that its
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undetermined coefficients are natural, i.e. of order O(1) when written in the
appropriate scale. Then we find that the leading isospin violation, apart from
the pion mass difference which is mainly electromagnetic, happens to be related
to the nucleon splitting, involve a 7° and be hard to observe. As a result, we
see why the NN scattering lenghts are essentially the only dynamical quantities
really displaying isospin violation, and that the isospin violating nuclear poten-
tial is mostly due to the pion mass difference. I should note that some of these
points have been made before by Weinberg either using current algebra [69] or
looking at the pion chiral lagrangian [71], but I believe this is the first time the
subject is treated systematically with chiral lagrangians (involving nucleons).
The chapter is orgénized as follows. In Sect.2, I list the leading operators
that break isospin in the same way the quark mass difference does, and in Sect.3
those that are due to the high energy photons integrated out of the low-energy
theory. In Sect.4 I finally discuss where the effects of these operators might
be manifest. Nowhere do I explicit calculate the contributions of soft photons
remaining in the theory, but I also note that the general chiral lagrangian provides
some guidance as to which diagrams should be included to a given order in

specific problems, like the isospin violating nuclear potential.

4.2 Operators due to the quérk mass difference

QCD got to the spotlight thanks to its dimensional transvestism. Quanti-

zation of a non-abelian gauge theory with the appropriate number of minimally
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coupled fermions introduces a scale, in this case of some 300MeV, below which,
we suppose, confinement is manifest. Compared to this scale the v and d quark
masses that appear in the QCD Lagrangian may be considered small. It makes
sense to look at the limit where the masses are zero and the Lagrangian has a
global invariance under the full chiral group SU(2)p x SU(2)r ~ SO(4). The
absence of parity doublets but presence of (approximate) isospin rhultipléts in
the hadron spectrum indicates that this symmetry is broken by the vacuum
down to the isospin subgroup SU(2)y ~ SO(3). It results in the delivery of
a multiplet of isospin 1 Goldstone bosons, the pions 7, which will inhabit the
three-sphere S3 ~ —‘gg—% of radius \;ve call F, (found to coincide with the pion
decay constant ~ 190MeV). If we embed this sphere in the euclidean E* space

of coordinates ¢ = (ps) = (¢, s = 7), it is defined by

4

do¢h=Fr A (56)

a=1
Three pions 7 can be represented by any coordinates we choose to parametrize

this sphere with. Any point there can be obtained by applying a 4-rotation R(w),
R(m)RT(m) =1, (57)

to the north pole (0, F}):
@a(m) = Rou(m) Fr. (58)

It is convenient to use stereographic coordinates by taking

R R 6,'1' — 2D—1"T‘;ri 2D_1‘§': 59)
[W] = ( aﬁ[’r]) = 1. _2D—1% D1 (1 _ %:) (
where .
2
D=1+ %2- (60)
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The derivative nature of the Goldstone boson interactions is then implemented

in the effective low energy lagrangian through its covariant derivative

40,7
D,=D ‘—F“—;-. (61)

On the other hand, fermions, lacking the protection of chiral symmetry, can
now be massive. It is therefore equally convenient to use for the nucleon, too, a

non-linear realization N,

t

N=D% (142057 ) 9, (62)
where ¢ transforms linearly under the chiral group and ¢ is half the Pauli matrices

in isospin space. Its covdriant derivative is
2:
DN = (a“ Fot(m x D,,)) N. (63)

A similar construction can be carried éut for nucleon resonances, but I will, for
simplicity, restrict myself here to the nucleon.

TheA effective lagrangian is then made oﬁt of all the isoscalar, parity and
time reversal invariant operators that we can build with D, and N, and their
covariant derivatives. Note that, because we are interested in low energies, nu-
cleons are non-relativistic, so we can use Pauli spinors and also substitute their
time derivatives in interaction terms by their values given by the equations of

motion. Furthermore, we can order the operators in the lagrangian according to
their indices A defined by -

Asd+%—-2. (64)
where d(n) is the number of derivatives (nucleon fields). The larger the indices of

the interactions of a diagram, the more powers of soft momenta will be involved,
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and thus, under an assumption of naturalness—that any coupling of mass di-
mension —§ is of order M~¢, where M is a characteristic QCD mass scale (like
the rho mass)—,the smaller the contribution of that diagram to a given process.

This resembles the world we see around us, light pions and heavy nucleons,
except that the pions do have masses and the neutron is heavier than the proton.

We then turn back to the neglected mass terms in the QCD Lagrangian,

1 1
L:ma.ss = —5(7nu + md)qq - -2'(md - Tnu)(_Q(_jtSq) (65)

q=('§) (66)

is the quark doublet and m,(my) is the u(d) quark mass. Eq. (65) was written as

where

a sum of two terms with definite transformation properties under the full group

SO(4). The first is the fourth componeﬁt of an SO(4) vector S,
S = (2ivstq, 3q), (67)

and the second, the third component of another SO(4) vector P (with opposite

transformation properties under parity and time reversal),

P = (-24tq, ¢ivs9)- (68)

Because a vector does transform under the full group, both terms break chiral
symetry, but because there is an SO(3) subgroup that does not affect the
fourth component; only the secoﬁd tefm breaks isospin.

What is the effect of these symmetry breaking terms at low energies?
Clearly they produce S-matrix elements that transform under chiral symmetry

as tensor products of such vectors, what in turn demands terms with the same



72

transformation properties in the effective lagrangian. We should thus construct
all tensors T, [; D,, N} out of w, D, and N (and their covariant derivatives)
and then select third and fourth components (again paying due respect to par-
ity and time reversal invariance, because I neglect here strong CP violation).
They will appear in the chiral lagrangian with coefficients proportional to the
corresponding powers of (m, — ma) and (mq + my,).

This task is made easier if we recall (58): an SO(4) vector involving the
pion field 7 can be constructed by applying a chiral rotation on another that
does not. It follows that we just need to search for those tensors T,gs..[0; D, N]

written in terms of covariant objects only, and then rotate them,
/

Ta.ﬁ...["r; Dm N] =

Y RealmlBopln]... Tug. DN, (69)

o'p...

with R(=) given by (59).
The simplest case is the o;1e that is obtained when we do not include either
N or D,. Having only a number available we cannot construct a pseudoscalar

isoscalar nor an isovector, so we only have
51[0;0,0} = (0,1). (70) -
From (69) and (59),

. _fop-1T 4 _ --1""_2 .
Sl[vr,0,0]—<2D F,,’l 2D F,?)’ (71)

(S1)a cannot appear in the lagrangian because it is a pseudoscalar, but we can

incorporate (S;)4, -

1 .
ACS&)M = 2—D-mf,1r2 + constant, _ (72)
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which introduces another scale in the problem, and gives the pion a mass m,
whose square is proportional to (m, + my). Now, this operator generates inter-
actions with no derivatives or fermion fields, that might be relatively big when
momenta are very small. But we are tipically interested in nuclear physics pro-
cesses were particles have, as nucleons in nuclei, momenta of the order of the pion
mass itself, in which case this operator is comparable with the term responsible
for the pion kinetic energy, that has A = 0.

We then can and should incorporate this and other chiral symmetry break-
ing terms in the classification provided by the index (64), by extending the def-
inition of d; to the number of derivatives and powers of pion mass. An operator
that breaks chiral symm'/etry (but not isospin) like a tensor of rank k, and has
therefore a coefficient proportional to (m, 4+ mq)¥, has index 2k + 2 — 2, if it has
no derivatives. An operator that further breaks isospin symmetry like a tensor
of rank [ has an index 2(k+1) + % — 2 and an additional suppression of I powers
of the parameter

My — My,

g= 4 Tu (73)

T omgtmy
In the following I will book isospin breaking operators according to their (gen-
eralized) index (64), but will keep track of factors of ¢.

I will now go on to list the most important isospin violating operators;
the procedure I follow is exdétly the same as above. I use a superscript in the
lagrangian to denote the index of the interactions, and will go only up to index
2, because they already become numerous at this point.

First, let us continue to look at operators involving no nucleon fields.

There is no way to increase the index by only 1: Lorentz invariance requires two
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derivatives, and one power more of the chiral breaking parameters means two

extra powers of the pion mass. The first case arise from a vector like (70),
S»{0; D,,,0] = D, - D* 5:[0;0,0], (74)

and again contributes only an isospin symmetric term. The second case comes

from the tensors

Tia=(@aan00= (0 1) (% 0) (75)

which give rise to the same operators: after the rotation (69) the T34’s are pseu-
doscalar and so disregarded, while the Ty4's are allowed but isospin conserving;

/
I exhibit only the isospin violating piece from the T33’s,

[,S;‘:‘)m = ﬁ&mﬁﬁ + constant, (76)

where §m2 is a contribution to the pion mass splitting of order 0(627"%). Other
isospin breaking operators involving just pions come only with A = 4.
I consider now operators involving a pair of nucleon fields. Here we can

have A = 1 if we build a vector with no derivatives. Again there is a vector
S3[0a07N] =NN Sl[Oa()vO] ‘ (77)
that’contributes only an isospin symmetric term

2 _
L = 5 NN (78)
‘2 .

with o of order O(5Z). But there is another,

P,[0;0, N] = (NtN,0), ’ (79)



that after the rotation (69) generates

LY = 6mn(-Nt;N +2D7 ' 8. NtN), (80)

F2
where émy is a contribution to the nucleon mass splitting of order 0(5%}). A
can be increased by one if we add one derivative. Once more, there is a couple
of vectors

S45[0;0, N] = (0, Nt&N - -D), (Nt& - DN + h.c.,0) (81)
that does not contribute to isospin violation, and another

P,3]0;0,N] = (N&N - D,0),(0, NG - DN +h.c.) (82)

which does, leading (after integration by parts) to just one term
/ -1

' 2D L
g)qm = ﬂ]( Fz 7r31r.D) ’NUN, (83)

where f; is of order O(E%’Z‘). Other operators with a pair of nucleon fields have
A = 3 or higher.

Next are four-nucleon terms. The only ones to order A = 2 have no
derivatives and only one power of quark masses. There are two vectors of the
type

SL[0;0, N]= NT'N NT'N 5;[0;0,0] : (84)
where I' = 1, &, and two more with ¢’s inserted, but they will contribute only

isospin conserving terms. And there are two others;
" PT[0;0, N] = (N(TNNTN,0) (85)

that will lead to isospin viola.ti_oh,

1737
F?
+7,[Nt;6N — 2D 1 —

LiNgm = WB[NtaN —2D7' 2= NENJNN

7T31l'

7 . NtéN]-N&N, = (86)
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where v, and 4, are of order O(s%’—f’%-).

Finally, operators with more nucleon fields have A > 3.
In summary, the leading terms in the chiral lagrangian that violate isospin

and originate from the quark mass difference are given by (80), followed by those

in (76), (83) and (86).

4.3 Operators due to electromagnetic interac-
tions

/
The quark mass difference is not the only source of isospin violation in
the renormalizable QCD Lagrangian: u and d have also different charges. The
quark doublet (66) couples to the photon field A,

Lem = ZeéQAq (87)
via its charge matrix e@,
1
Q= 5 + i3, ' (88)

whose t; piece evidently destroys isospin invariance. Exchange of photons be-
tween quarks will generate two classes of interactions in the effective low-energy
theory. Soft photons (those with momenta< M) remain and couple to pions and
nucleons in the most general way that respects gauge invariance; their contribu-
tions are evaluated calculating Feynman diagreﬁns as usual. Hard photons, on
the other hand, can be integrated out and produce operatofs that do not involve

the electromagnetic field explicitly. It is to these that I now turn my attention
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to.
Integrating out photons in (87) will produce four-quark “effective” inter-

actions. It is useful to introduce three quantities

. = Qg (89)
B, = qivdg (90)
J, = @Evuvste. (91)

It is easy to verify that c, is invariant under both axial and vector transforma-
tions, while 2, and j, transform as vectors under isospin, but go into each other
under an axial transformation. In other words, 1, 1sa sum, and j , a difference,
of two isovectors, one wh/ich changes only under SU(2)L, the other only under
SU(2)g: they form an (1,0) + (0,1) representation of SU(2); x SU(2)r. As in
the case of electric and ma;gnetic fields with respect to the Lorentz group, it is
convenient to put ¢, and j* together in an SO(4) é.ntisymmetric tensor

F* = (Fly) = (5_’_’;?/‘: i ) . (92)
The “effective” four-fermion interaction (from which we can read off the way
electromagnetic interactions break isospin) can now be written scﬁematically as

. :

D + Yop, i+ ig‘Du,i;} , (93)

where D, stands for the photon propagator. The first term is chiral, isospin in-
variant and of no further conseciﬁence. The second and third, however, transform
under S 0(4) as F3, and ‘T[34][34] ~ F34F34, respectively.

In order to construct objects that break isospin in the same way in the

chiral lé.gra.ngia.n, I follow the same strategy as in the previous section: I start
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with antisymmetric rank-two tensors (and their products) built out of covariant
quantities (D,, N, and their covariant derivatives), apply (69) and then select
34-components. This will produce operators that do not vanish in the chiral
limit (my,q0 — 0).

Once again, the simplest case is when we consider no nucleon fields. With
no covariant derivative, there is no antisymmetric rank-two tensor, and two rank-

four tensors with pairs of antisymmetric indices,

(TI,Z)[aﬂ]['yﬁ][O; Oa 0] = Eapys 6&7656 - a665‘71 (94)

have trivial {34][34] components after the rotation (69). The only interesting

/
object is :

. _ ) bkmbin — bknbim fora =k, =1, 7 =m, 6 =n;
(Ts)teeiine)[0; 0, 0] = { 0 if any index = 4, (95)

from which (69) aﬁd (59) give

4D,
(Ts)pagisa 773 0, 0] = —p5— (" — 703) (96)

There is then a term in the effective theory of the form

- 1 = o
L6, = —5sbmi(n? — wd) (97)

which contributes dm? to the pion mass splitting. This-term has index —2
according to (64), but has of course also a suppression compared to a hyp_o‘tllletica,l
A = —2 strong interaction due to the feeble electromagnetic coupling constant.
In the following I will keep labeling lagrangian terms by their index (64) a,l;d will
relegate to the next section a discussion of h‘ovlv these terms compare to the ones

obtained from the quark mass difference. Because they soon become numerous
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(and thus uninteresting) as the index and the power of charge increase, and also
in antecipation of the forecoming discussion, I will list here only interactions up
to A =0 and to e* (for A = -2 only).

Still without nucleon fields there is a term proportional to e*, which comes

from the tensor product of two of the tensors (95) and leads to

LD = @ D™ (x? — n2)? (98)

T,em

with @; proportional to e*. Two rank-two tensors can be introduced using D,

.. I
F{‘[O;D,,,O]=<€”'6D’° g) (99)
and /
0 D*
FE[0;D,,0 =< i ) 100
#0000 = (e & (100)

They cannot be used directly because they are four-vectors, but then three rank-

four tensors exist: one comes from the obvious
(To)(esnel [0 Dy 0) = Dy - D*(T5)(agine) 105 0, 0] (101)
and the others from t;he; more interesting
(T5)tesiire] (05 Dus 0] = (FY')apl0; Dy, 01 (Fiu)rsl03 D, 0] (102)
and
(T6)teatre)[0; Doy 0] = (F2)e [0 D, O)(Fap )s[0; D, 0] (103)

(the other combination FFy, leads to a term of {wrong parity). They give us

n?) 2 2
-ﬁ) D“3 + —1337('311’ . D“

+&3D-2 11’2 - 7r2 D D* + 614D“2(1r x D )3(1? X Du)3 (104)
3 K ©n

£® = &D F? [(1 -

em



with &, and &4 all of order O(%&i).
When a couple of nucleon fields are brought into play we get a new build-
ing block, the isospin generator ¢. Begin with no derivatives. Now rank-two

tensors can be constructed. One,

F3F[0; 0, N] _ ( E,‘jthkFN 0 )

A 0 (105)

with ' = 1, leads nowhere since the 34-component of its rotated version is a

pseudoscalar, while the other,

(106)

Ff[O;O,N]=( 0 'Nt‘FN)

—Nt;TN 0
/
with I' = 1, is more interesting. As for rank-four tensors, nothing really new

appears, only one that;.is simply NN times (95),
(T)op10ve)[0; 0, N] = NN (Ts)ape1[0; 0, 0] (107)

(106) and (107) give

_ , _ - 9p-t
LG = Fmy|-NtsN + =

+B F2 D} (w? — 12)NN : (108)

N(m*t3 — mam - t)N

with §my and 5, of order O(s—’]‘-"}). With one derivative we get to A =0 and a
large number of terms. First there are four rank-two tensors: one that is similar

to F3,

s,-j‘k(]Vtk.&‘ . ﬁN + hC) 0 ) (109)

two that are obtained by multiplying Fj, F; with nucleon bilinears,

(Fe)ap[0;0, N] = N N(F7)ap[0; 0, N] (110)
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and

(F)al0;0, N] = NEN - (Fy)asl0;0, V], (111)

and one with a new structure,

(112)

(Fa)asl0; D,,, N] = < 0 e D; - Nt,GN ) |

—Eijkﬁj - Nt &N 0
Then, there are five rank-four tensors: one that is just 73 times an invariant

bilinear,

(T8)(apitze)[0; Dy, N] = Nt&N - D (T3)pagpe1[0; 0, 0] (113)

and the four combinations of F; and F; with F; and Fy:

/ - -
(T9)[aﬂ]['76][0; DmN] = (Fl)aﬂ[oi Du’O] : (Fg)'vﬁ[o; 0, N]’ (114)

(TIO)[aﬂ]['Yﬂ[O;Dm N] = (Flc)aﬁ[O;DwO] (F4])'76[0; 0, N], (115)
(T1)aglo) 05 Dy NI = (F2)apl0; D,y 0] (F3)s[0; 0, N] (116)

and
(T12){agra)[0; Dy N1 = (F2)agl0; Dy, 0]« (Ff)s[05 0, N]. (117)

Putting all together (and integrating by pairs when convenient),

-1

(11' X DO)NN

‘Cs\(/),)cm = IB'Z F
3,0 | (1% B, 4 -2 D|.N&N
+ﬂ3i -F—,E 3+'F',E7737" ‘N
2D-1

- T - 2 <
+/35D—1 [(1 ) (D; x Nto;N)3; + —F-,Eﬂ';;‘lr - (D; x Nto;N)
7l —75)D - -Nt&éN + 3, 72

m n

(e x D)3 - (7 x NtGN);
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-2

+5s

72 2 :
(11’ X D0)3 F2 thN + F‘ﬂ'gﬂ’ NtN

Fr 2
D~ 72 2 _
+Bo 7 [(1 F,,) D3o + F27r37r Do] (m x NtN)s
= 2
+p0 [(1 ) Ds + —F—-2-7r31r D}
7 2
A1 - Fl Nt30N+—F—1-r-7r31r Nt&ZN (118)

where the 3;’s are all of order 0(5’" )-
We finally arrive at two pairs of nucleon fields, which with no derivatives
have A = 0 already. As for rank-two tensors, there are the ones corresponding

o (105) and (106) times another nucleon bilinear; only the latter,
{
(F3)agl0; 0, N] = NTN(F{)ap[0;0, N] (119)

will contribute. A few more possibilities arise from rank-four tensors. There is
(95) times the four spin-isospin combinations of NNN N; by Fierz reordering we

can eliminate two of them, so we take only
(T13)tegvs1[0; 0, N] = NTNNT N (T3){og)r)[0; 0, 0] (120)
And then there are the products of (105) and (106):

(Tasl00, M = (Fagl;0, MEDel00,N],  (121)

(Tus)ostoa 050, N1 = (FE)asl0;0, N](FF)yel030, V] (122)

while the crossed F3F; will again have parity problems. Putting the resulting

four-nucleon terms together,

-1 2

(mam - NtN — w2 Nt;N

o[- 2D
Lg\?}\lem = s Nt3N+ F2

m
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-1 2
7 (m37 - NtGN — w2 Nt3GN)

m

R 2
+;710 Nt3‘7N+
-2

2 (71'2 —-7T§)[’723NNNN+’720N5"N . N&’N]

-2

+

+34 72 (71' X NtN)g(ﬂ' X NtN);;
D-? - -
+"_)’3,,F(7f X NtEN)g . (71' X Nt&N):_; (123)

™
3111.2 )

where the 3’s are of order O(57F).

These are all the operators up to A = 0 and proportional to e? (and
including the leading e* term (98)) that do not vanish when the quark masses
go to zero.

Further, “mixed”/ operators arise when we look at tensor products of
SO(4) four-vectors and rank-two antisymmetric tensors. Again to A = 0 and

e?, there is just one such operator, obtained by the product of (70) and (95),

2
L), = & D™ Zo(x — 13) )
T

with &s proportional to e*m?.

In summary, the most important isospin breaking operator arising from
hard photon exchange is given in (97), followed by those in (108), (104), (98),
(124), (118) and (123).

4.4 Discussion

In order to learn something from the multitude of terms considered in the

previous sections, I have to resort (due to my incompetence in better dealing
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with strong interactions) to dimensional analysis. Of course, this is only good
insofar as we look for an order-of-magnitude understanding bf things. One cannot
keep track of factors like 2, since one does not even know for sure which QCD
scale really sets the suppression of higher-derivative operators. (The pion decay
constant F; =~ 190MeV, the confinement scale Agcp ~ 300MeV, the p mass
m, =~ T70MeV and the chiral symmetry breaking scale A,sg ~ 1.2GeV are
all supposedly related but differ by almost an order of magnitude.) I will take
M ~ m, as a measure of higher energy effects, so the expansion parameter in
the chiral lagrangian is ~ Tx 0.2

The above point can be illustrated with the pion masses. We might guess
that the square of the bul/k of the pion mass, (72), is O(M(m, + mgq)). With M
in the GeV range, the sum of quark masses have indeed to be of the order of
tens of MeV to give the correct pion mass; but using m, as an estimate for M
and the Weinberg values for m,, ma, we are off by a factor 2.

Despite this, we can have an idea of how electromagnetic and quark mass

difference effects compare by looking at the pion mass difference. Eqs. (76) and

(97) add to

Lr,amass = —%gmiD'z‘n‘z + %Amf,D'zwg (125)
where
Am? = miy — mk = ém? 4 §ml (126)

is the pion mass difference, experimentally ~ (35MeV)?. The important fact
is, the contribution from the quark mass difference ém2 comes only at index
A = 2, being thus suppressed compared to the pion mass squared by factors

of both (22)? and 2. It will contribute only some (TMeV)? to (126). The



electromagnetic contribution ém?2 is typically bigger. It is proportional to e?,

so one could guess that it is of order am? ~ (66MeV)?; even if an extra -

an
appears, we get more than the quark mass share. We can thus conclude that
the pion mass difference is mainly electromagnetic, a result that is supported
when more input is added: for example, using the Weinberg spectral sum rules
in a p and Al dominance model where the KSFR relation holds, one finds {72]
Am? = 32am? ~ (38MeV)2.

In order to further estimate the size of the electromagnetic terms, I will
neglect ém?2 in (126). Now, numerically, Am? is approximately sﬁgmf,, so (97)
would correspond to a hypothetical quark mass term in ,CS},‘))m with one factor
of the quark mass differexllce. One could then expect that for (97), (104), (108),
(118) and (123), LM ~ L. For (98) and (123), there is at least one extra
factor of «, so they would correspond to Cg‘},)l. All this is to justify the following

bookeeping: £{=2) of (97) should be paired to £y of (80) as the leading isospin

Tem N.gm

violating operators at low-energy, followed by £§;:,)n of (108) lumped with L&) |
of (76), ACﬁ)qm of (83) and Lg}v,qm of (86), as the more important corrections. The
other eléctroma.gnetic terms of (104), (118), (123), (98) and(123) are probably
smaller and I will neglect them. (They can be easily included i;l case | have
subestimated their importance.)

I now discuss the implications of this dimensional analysis to various pro-
cess.

Start with pion-pion scattering. The scattering amplitude Mgpcq for pi-

ons of isospin indices a,b (and momenta p,,p;) going into ¢,d (p.,ps) can be
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expressed, assuming isospin symmelry, as
Mab,cd = A(S,t, u)6ab6cd + A(t,s, u)éacébd + A(u, t, 3)6ad6bc, (127)
in terms of a single function A(s,t,u) of the Mandelstam variables

s = ~(Pa+po)’st = —(pa — pe)’su = —(Pa — Pa)*. (128)

A(s,t,u) was obtained in lowest order in the chiral expansion long ago by Wein-

berg [73]: it comes from the pion kinetic term plus (72) and is

A(s,t,u) = s — m2. (129)

T

It is trivial to use (I 125) (which includes (97)) to calculate the leading, tree-
level isospin violation. It is interesting that it does not change the result (127)
plus (129). That is, at fixed s, t and u, there is no isospin violation ? of order
O(%’};}) ~ 5%, contrary to what one might have expected. This happens because
of a cancelation between mass differences coming from the kinetic term expressed
in Mandelstam variables, and from the mass term; this cancelation arises in this
case because the isospin breaking interactions come from the expansion of D~2
around 1, as opposed to D~ as in the case of the isospin symmet‘ric mass term.

As a consequence, isospin violation from high-energy effects will arise at
two orders higher in the perturbative expansion, which includes one loop. This
means that an extra suppression of ('7;:':)2 will render the amount of breaking
to a hopelessly small A—’;"ff- ~ 0.2%. On the other hand, soft photon exchange

among the pion legs can be expected to be O(am?2); they have been calculated in

2Except for a “kinematic” breaking hidden in s, t and u, that appears, for example, in the
scattering lengths, due to different thresholds; but this is a trivial effect from the pion masses.
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a chiral lagrangian approach [74] and found to contribute indeed at the percent
level, after Coulomb corrections have been subtracted. I am forced to conclude
that purely pionic reactions are not a good place to see isospin violation other
than from photon exchange.

I then search for a signal of isospin breaking when nucleons are present.
The leading term involving a nucleon is, according to the above discussion, given
by (80). What effects does it have?

First, there is a nucleon mass splitting
Amy = m,—m, =émy+ Sdmp.

Experimentally, it is —1.8MeV. That is of a magnitude that could be explained
on basis of dimensional analysis for the electromagnetic contribution émy from
(108), which is of order %—%i ~-1.5MeV. However, the electromagnetic O(a)
correction has the wrong sign, making the proton heavier than the neutron, and
this was in pre-QCD years a great puzzle. Now the same dimensional analysis
gives for the contribution from (80) 61:;% ~ m, — my ~ —(a few MeV), with
the sign given by the flavor content of proton and neutron. That is, naive
dimensional analysis suggests a nucleon mass difference mainly due to a quark
mass difference of the same order of magnitute. And it is not that small; it just
looks tiny compared to the nucleon mass because the latter is mainly due to the
spontaneous breaking of chiral symmetry and, therefore, big.

Then, there are the interactions of an even number of pions with a nucleon,
proportional to dmy. To ilustrate its effects, I concentrate on pion-nucleon
scattering close to threshold, neglecting the fact that the thresholds themselves

depend on the mass differences. In the isospin symmetric limit, the various
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scattering lengths a(m, N — mN) can be written as

a(m®N — 7°N) = aq
a(rtn — 1%) = a(r"p — 7°n) = V2aq
a(rEN — 1EN) = ao % 2a1th) (130)

in terms of the scattering lengths ao and a; corresponding to isospin zero and
one exchanged in the ¢ channel. The chiral lagrangian to lowest order yields the

famous Tomozawa-Weinberg relations [75, 73],

a = 0, (131)
1 My
1+ 2z 27 F2’

(132)

because the pseudo-vector coupling of the pion vanishes (for non-relativistic
nucleons) at threshold, and the two-pion coupling (seagull) is isovector. The
isospin zero amplitude is therefore sensitive to corrections, and so is the 7N —
7°N scattering length. They can be calculated from the first order lagrangian;
it contain two terms that do not vanish at threshold: the sigma term (77)
that comes from explicit chiral breaking, plus another, chirally symmetric term
-,—;l.z:D"zirZN N. They contribute to ao,

1 o
1+-,'7"—l:7rF,3_

Ay =

(133)

where & is O(ﬁ%), and found to be around 60MeV.

In the same fashion we can use the isospin breaking interaction (80) to

- obtain extra contributions to (130),

Aa(m®N — °N) = 3 +1!m:. Tr}" 6m1\;th),

mpy 1\’
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1 V2

0 - 0
Ala(rtn — %) —a(r"p — °n)) = g 7rF7§’5mN’
Aa(rEN — 7 N) = 0. (134)

For processes that involve only one 7°, the contribution is 0(5%:) ~ 5% of
the isosymmetric result, but for 7°N — 7N it should be O(e) ~ 30% which
reveals the full breaking in the QCD lagrangian and is huge! (This result was
first pointed out using current algebra by Weinberg [69].)

Unfortunately, this one case of large iéospin violation cannot be measured
easily due to the lack of 7° beams. So we are led to consider the possibility of
at least one virtual 7° which brings us to systems with several nucleons, i.e.
nuclear physics.

The basic quantity in nﬁclear pHysics is the nuclear potential, and I first
ask myself what the leading contributions are to two-body forces.

From (97) there is  somewhat trivial breaking effect, which is simply due
to the pion mass difference in the leading, static one pion exchange (OPE).

It is easy to see that the effect of the other leading term, (80), is small.
Indeed, the nucleon interacts with two pions, which then require a loop, and thus
an extra suppression of (-’”%:)2 As for the dependence on the nucleon mass differ-
ence, that comes from an expansion of the energy denominador, it is quadratic
(since the linear term has to vanish due to charge conservation) and is therefore
of ox'der"(%fﬂ)2 ~ 52(%:)2 compared to the leading, static one-pion exchange. It
is then formally of second order, but small.

These mass splitting terms are there, but are somewhat trivial, so I look

further in second order. My grouping of terms according to dimensional analysis
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tells that [ should take terms with one pion coupling to a nucleon, and with
a nucleon contact interaction, and use them at tree level. Eq. (108) does not
contribute, while (83) amounts to a coupling constant breaking in OPE, and (86)
brings two contact interactions.

Putting all these first and second order contributions together, we arrive

at the leading isospin violating potential
V = Vit -t @) 4 v ) + 287, (135)

where the superscripts label the two nucleons and, in momentum space, ¢ being

the momentum exchanged and g4 the axial vector coupling of the nucleon,

244\ 2 7-30§. 5
Vit = — ( ) . - Am? + Amd 136
1= T T @ i) W 139
and |
Vi = — (v + 4, - 73). 137
W= ey (1s + 72 c‘f_) | (137)

(To write the pion mass splitting contribution as in (136), I took the mass ap-
pearing in static OPE as the 70 mass.) o

To this potential we should add the potential coming from one photon and
one photon-one pion exchange. Unfortunatgly, while the former has been well
studied and its effects can be removed from moét observa_bl_es,_phe f:,opt{ibutions
of the latter have not ’béep calculated reliably [76]. But}(135)—(1327_) allow us to
~understand some of the evidence for isospin violation in two-nucleon systems. It
contains a larger piece (V;;) dominated by the pion mass difference, that breaks
isospin but still respects charge symmetry, which is deﬁned as an ispspin rotation
of = around the 2-axis. Charge symmetry is broken more slightly by the other

piece (Vir1). 1t is natural, then, to follow the classification found in the literature
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[77], where nuclear forces are divided in class I (isosymmetric), 1T (x tgl)tgz)),'lll
(o< (£ + tP)) and IV (o (8 = @) or (V) x 2)),).

What are the signals of isospin violation here? Well, after purely electro-
magnetic effects are removed, there are large differences between the 1Sy nn, np

and pp scattering lengths 78],

A(ch = %(ann + app) - anp = (5-7 + 0.3)f77l, (138)
Aacsg = Qpp — App = (1.5 + 05)fm (139)

(for comparison, an, = (—23.748 £0.009) fm). These differences are big because
a difference between pote/ntials corresponds to a difference between the inverses
of the respective scattering lengths [79]. In the 1S, state, and in coordinate

space, (135)-(137) give

1 . - gA 2 e—-rﬁ,ro'r 2 2 —(mpx—m_o)r
S (Vhp + (Vo) = (Vhap = = () S {ml + m2zemmes e
+6my(=2+m.r)}  (140)
. _ 4945 g €™ 3 B 5
(V) — (V)m} = T2 my, dnr §(M)| + s — 37516°(7) (141)

Here we see that, indeed, the dominant pion mass difference term contributes
only to charge dependence (138). This agrees with the result of [80], obtained
with pseudoscalar pion coupling. (The pseudo—vec_to; coupling was once thought
to scale as —":—”—not as ;,1-; as in the chiral lagrangian—and therefore to imply a
different contribution than in (140)). It was found to éccount for half of (138), the
rest being attributed to pion-photon exchange and multi-pion exchange. Charge

symmetry breaking, on the other hand, is naturally smaller. It is thought to

be due mainly to p — w mixing, and, to a smaller extent, to 7 — n — n’ mixing
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and, again, pion-photon exchange. Here the mixings do not appear explicitly,
but are buried in the coefficients 8, and 7,, 7,. It can easily be shown from the
explicit expression of the 7 — n — ' mixing potential that it reduces to my 3,
term in the limit of momenta much smaller than the n mass; using the values
for couplings and mixing element in [81], we find 8; =~ 1073, which is the same
as my estimate s(%:f. Similarly, the p — w mixing potential reduces, to the
lowest order in momenta much smaller than m, ~ m,, to the v, (and no v,)
term; one then finds [81] a much larger value for ~,(~ m;?) than my estimate
s(%:)2, but recently it has been argued by several authors [82] that the value of
the p —w mixing element in the spacelike region is much smaller, and of different
sign, than the previous véilue, obtained at the w mass shell.

There is evidence of isospin violation in other quantities, but it is either
not definite or needs pion-photon exchange. An exception is the measurements
of some observables in n — p scattering that seem to indicate the presence of class
IV forces [78]. Here, they would appear only at higher order.

One could now ask whether new effects would arise in systems of more
than two nucleons. P;>wer counti-ng suggests tixa.t three-body forces, including
one from (80), will be of higher order. Indeed, one finds [78] tﬁat all isospin
violation that is not due to one-photon exchange (Nolen-Schiffer anomaly) is
compatible with the information from the scattering lengths (138) and (139).

One can finally consider processes involving nuclei and external pions.
The problem here is, generically, the same as with three-nucleon forces. Power
counting in the chiral lagrangian tells us that the impulse approximation (in

which external pions interact with each nucleon separately) is dominant, correc-
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tions due to two-nucleon terms being (:—:‘j:)z smaller. These are already hard to
see when they do not involve isospin violation (see e.g. [83] for pion-deuteron
scattering at threshold), so it is very unlikely that one can find anything new
here.

I can think of just one possible exception: pp — ppm® at threshold. This
is a very special process 3, for reasons that surfaced in the discussion of 7V
scattering: i) the leading one-nucleon term (in which the pion is emitted by
one of the nucleons via the g4 term in the lowest order lagrangian) vanishes at |
threshold; ii) the leading two-nucleon term (in which the pion is emitted by one
nucleon, and then interacts with the other nucleon via the seagull term in the
lowest order lagrangian, before flying away) also vanishes, because the virtual
pion is also neutral. The cross section has been calculated [84] using the first
relativistic correction to the g4 term (in the one-nucleon graph), and data from s-
wave TN scattering (in the two-nucleon case). A recent measurement at Indiana
[85] found a cross-section five times bigger than the theoretical prediction. A
full chiral lagrangian calculation is not trivial, because to the same order as the
contributions considered in [84] there are other 7 NNV vertices and one-nucleon
loop graphs also have to be considered. Here I just want to point Qu£ the relevance
of the isospin violating interaction (80). In [84] isospin relations (that reduce to
(130) at threshold) are employed, together with charged pion-nucleon scattering
data, to obtain the amplitude for 7°N scattering, which is then used in the

calculation of the two-nucleon graph. This amounts to taking & of (133) into

3A note of warning: absortion or production of pions involve a change in the energy of
the nuclear system of order my, which is shared between nucleons by exchanged momenta of
order v/2mpym, ~ 500MeV ~ 4m,; this might be a little too heavy for chiral perturbation to
handle, so what follows is even more qualitative than what preceeded it.
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account, but neglecting the isospin violating contribution from (80), which, as

we saw, is relatively large in this case.

4.5 Conclusion

A procedure was presented to derive the isospin violating lagrangian gov-
erning pions and nucleons at low energies. Using dimensional analysis the inter-
actions were ordered and shown to reproduce most of the empirical observations.
The structure (matter coptent plus synﬁnetries) of the chiral lagrangian—which
is a consequence of the p.attern of symmetry breaking in the QCD lagrangian is
such that:

i) there is no lowest order violation;

i1) a first correction is due to the quark mass difference, gives rise to the
nucleon mass splitting and would be relatively big for a process that is hard to
measure (1°N — 7°N);~

iil) the other first correction is mainly electrorhagnetic, gives rise to the
pion mass splitting, cancels in leading order in 7 — 7 séattei’ing, and dominates
‘the observed breaking in the two-nucleon scattering lengths; "

iv) other corrections ‘afe smaller, although there is some evidence for them
in the two-nucleon system.

As a result of this conspiration' of symmetries and experimental limita-
tions, isospin yiolation in nuclear and pioﬁ ~”}.)hys‘it:s is essentlaily dﬁe to trivial

* mass splitting effects, and is relatively much smaller than it ai)pears from the



looks of the QCD lagrangian.



5. The axial vector coupling and
magnetic moment of the quark

5.1 Introduction

Some time ago Weinberg [86] argued that in the leading order in 1/N,
where N is the number of colors, the axial vector coupling of the constituent
quark is equal to one and its anomalous magnetic moment is zero. This justifies
the usual treatments of the constituent quark and bag models, where the quark
is treated as a bare Dirac particle, provided the corrections in 1/N are shown
to be small, especially for the magnetic moments. More recently Weinberg [87]
(see also ref. [88]) has given an estimate of the corrections of order 1/N to the
axial vector coupling of the constituent quark. His calculation was done using
the chiral quark model Lagrangian [89] in the chiral limit and the limit of large
number of colors. The essential input was the analogue of the famous Adler-
Weisberger sum rule for pion-quark scattering. First order corrections in 1/N
to the leading result were shown to come from tree-level pion-quark scattering
and quark-antiquark pair production diagrams. The latter contribution turned

out to be logarithmically divergent but relatively small even for the values of a
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cutoff as large as 5 GeV.

[t is our aim in this chapter to elaborate on this last result, already quoted
in [87]. Following the same pattern of reasoning we also analyze the magnetic
moment of the constituent quark using the same chiral Lagrangian and the ana-
logue of the Drell-Hearn-Gerasimov sum rule for photon-quark scattering. Our
results seem to indicate that the chiral quark model with coefficients obtained

by sum rules works well. (These results have been published in [90].)

5.2 The axial vector coupling

The lowest order terms in the chiral Lagrangian density in which the rel-
evant degrees of freedom are the constituent u- and d-quarks, treated as massive
particles subject to color force only at large separations, and pions treated as

pseudo-Goldstone bosons, have the following form*:

1

L = —o 0,7 OF — ——
20+5r T T A B
20 1 - L ..
_¢[¢+m+F2 +%t (% x %)
2 1 - '
o —r el (142)

where 7 denotes the pion field, ¥ is the quark field, m, (= 135 MeV) is the pion

mass, m staﬁds for the mé,és of the constituent quark (= 360 MeV), F is the

“Here we neglect isospin breaking due either to a quark mass difference in the QCD La-
grangian or to electromagnetic interactions. Accordingly, we do not include purely electromag-
netic contributions to the sum rules.
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pion decay constant (= 190 MeV), g4 is the axial vector coupling in the leading
order in 1/N, hence is set to one, and { = g— where & are the usual Pauli matrices
in isospin space.

In order to estimate corrections to g4 to first order in 1/N we use the
Adler-Weisberger [91] sum rule for pion-quark scattering in the form used by
Weinberg {87] in the chiral limit (m, = 0):

dw

A= 1-3= [T Ll () - 0yw) (143)

where o, and o_ stand for the total cross-sections for scattering of 7+ and 7~
respectively on a constituent u-quark at rest. The incoming energy of the pion is
denoted by w. In the Iargé N limit F, goes as v/N. Taking this fact into account
it is easy to conclude that the only relevant processes making contributions of
order 1/N? in the total cross-sections, or equivalently of order 1/N in g4 are
tree-level pion-quark elastic scattering (Figure (1)) and the quark-antiquark pair
production (Figure (2)) [87]. (In the latter case the extra 1/+/N in the amplitude,
coming from the coupling to the produced pairs, is canceled in the expression
for the total rate, by the sum over the colors of the produced pair). Using the
Lagrangian density given by (153) one ﬁﬁds that the only relevant contribution
for pion-quark scattering comes from 7~u — #°d (contributions coming from
7ty — xtu and 7"u — 7 u cancel). The corresponding differential cross

section is [87] :

do m?  u?(1 — cosf)?
<E) r=u—sn0d B 27T2F; [l + 'u,(l — COSs 0)]3 ) (144)

where 6 is the angle between p/, and p, (see Figure (l)) and u = “, |

The situation is a bit more involved for quark-antiquark pair production.
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Three processes contribute: 7~u — ddd, 7tu — uud and 7~u — du@i. The
last process can be broken into two non-interfering parts (to leading order in
1/N). The first comes from diagrams of Figure (2) where the produced pair with
momenta p; and p, consists of a d-quark and a #-quark. The contribution from
these diagrams to the sum rule (154) is exactly canceled by the corresponding
contribution from the process 7*u — wuud. The second part of the process
7~u — dut comes from diagrams of Figure (2) where the produced pair is ua.
The corresponding contribution to g3 is exactly equal to that of 7~u — ddd.
Because of the complication coming from the three particle phase space we only

quote the expression for the amplitude squared for 7~u — ddd:

/
H 6 - /)_ ]2 m4(P1+P2)2
M 2 — 29 m [(P p pﬂ' 29 145
| ,l F8(p1 +p2)%(p-pe)(p - pr) - FE(p/ — p)? (145)

Doing the three particle phase space integrals and making use of the Adler-
Weisberger sum rule (154) we find a logarithmically divergent contribution to

94- The final expression for g5 up to first order in 1/N is:
o 2 2 \?
2 _ o __m m 146
94 = 1=g5m —2N (ng) z (146)

The second term in (157) comes from pion-quark elastic scattering and the last

term comes from quark-antiquark pair production. Z denotes a numerical inte-
gral evaluated from 4m to a cutoff A.
In the following table we summarize the dependence of 7 on different

values of the cutoff A:

AMeV) | 2
2000 | 0.022
2800 0.135
5000 0.634
10000 1.76
20000 3.42
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As pointed out by Weinberg [87], the validity of the described estimate
of the axial vector coupling of the constituent quark is based on the assumption
that the integral over w in (154) is dominated by energies less than or of the
order of a typical N-independent QCD energy scale, such as the mass of the p-
meson (m, = 770 MeV). This condition is satisfied for the tree-level pion-quark
scattering. On the other hand the contribution for the pair production process
is logarithmically divergent and it obviously does not meet the above condition®.
In particular the threshold for the pair production process is at 4m =~ 1400 MeV
which is not small compared to the above scale. Thus, although this process is
formally of the same order in 1/N as the tree-level pion-quark elastic scattering,
one could think that its mclus1on would be problematlc even if it did not diverge.
In any case its contribution turns out to be small for any reasonable cutoff.

We have also checked how the second term in (157) changes if the mass
of the pion is taken into account. Numerical calculation shows that the change
in the final result is only three percent even if the mass of the pion is taken to be
half of the constituent quark mass. Also, because the energy threshold is large

the pion mass can be neglected in calculating Z.

®Because we work only to leading order in 1/N certain interference terms have been ne-
glected in (157). An example is the diagrams of Figure (2) for 7~u — ddd multiplied by those
with the identical d-quarks interchanged. To check the numerical validity of the 1/N approx-
imation, and to check that the neglect of these terms was not the cause of the divergence of
the sum rule integral, we have calculated them for 7~u — ddd. They change the values of 7
given in the previous table by only about ten percent and do not improve the convergence of
the integral.
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5.3 The anomalous magnetic moment

Following the same logic we calculate the corrections of order 1/N to
the magnetic moment of the constituent quark. Here we have to take into ac-
count the lowest order terms in the chiral Lagrangian density describing the

electromagnetic interaction of quarks and pions. They are given by the following

expression:
AL = ———1-+(eA“(ﬁ x 0,7)3 + sz A#(7? - 72))
(1 + %)2 [0 2 I3 3
. T m (zu +zd) 2 —2 T -
+ie Ay ((F——" + (2o — 22)t3) + —; — (7%t — t - T73)
Fo2 FRl+i
294 1 -
- vs(t x T)al (147)

CR1+%
where A, denotes the photon field, —e stands for the charge of the electron and
z,e and zgze stand for the cha,rgeé of the up and down quark respectively. Again
we set g4 = 1 in the leading order in 1/N.
In order to estimate the anomalous magnetic moment of the constituent
quark, we use the analogue of the Drell-Hearn- Gerasimov s{xm_rule [92] for

photon-quark interaction, given by the following formula:
. o . , ‘
2 M o dw
K= o) o lopW@) —oalw)] (148)
where op and o4 represent the cross-sections for parallel and antiparallel photon
and quark spins and w denotes the incoming energy of the photon in the frame

where the target quark.is at rest. Also, ze denotes the charge of the target,

a= :—jr, t is the threshold for the relevant process and « stands for the anomalous

magnetic moment of the constituent quark.
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Counting the powers of N is done as before. Only two types of processes
make contributions of order 1/N to the cross-sections op and o4 and correspond-
ingly of the same order to 2. These are: pion-photoproduction (Figure (3)) and
quark-antiquark pair photoproduction (Figure (4)). The relevant calculations
have to be performed while keeping the pion mass finite and then letting it
to zero. Taking this fact into account,we obtain the following expression for the

cross-sections coming from pion-photoproduction diagrams (with Ao = op—04):

‘ mo m2 m2 1. Ay
Ao = —zew{(z%—zd)[ (—r: —-m— w)+zd(—;1— —3m — w)]— ln— e
22mi AL -—mP4m?l 2 m2
+ mw ln A_ /— m?+m2  mw B[m + 2wzd(zm +z(2m m )
2
, ,(m+w)(m? + mw — =2)
- 149
+(z 4+ 24)° + za(z + z4) | 24 m(m + 207 1} (149)
where z = 1(z = 0) for the case where the charged(neutral) pion is in the

final state (the up qua.rk charge has been eliminated by 2, = z + 24). Also
Ay = m(m 4+ w) — 2= £ B with B = [(mw — 1"3?‘)2 — m2m?]"/2. The pion

mass is important only in the second term which contributes to the sum rule as

2ou. foo dw 111 2w

Mo w

as m, goes to zero. This term, which is lost if one naively
sets m, to zero before ca.lculatmg Ao, glves a large contribution to 2 but is
exactly canceled by the other terms N,lilmencal evaluation of the mtegral in
(159) gives x2 = 0 for both the cha.rgedw;ﬁd“ neutral pion, independent of the
value of zy.

Again, the contribution coming from quark-antiquark pair photoproduc-
tion is slightly more complicated, but in this case the sum rule integral is finite.

The corresponding expressions for the magnetic' moments of the constituent u

5We thank S. Drell for suggesting this to us.
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and d quarks are:

5 2 m? \?

Ky, = ;1‘—2-N (__Q’R'ZF}) I](Zu,zd) (150)
2 2 2 :

Ky = —_N<27I‘ZFZ) Iz(Zu,Zd) (151)

where 7, Z, stand for numerical integrals whose values 7 are less than 0.001. Be-
cause the energy threshold is large the pion mass can be neglected in calculating
Z; and Z,. Of course the same objections as before can be raised to contribu-
tions from the pair production processes which obviously do not come from low
energies but again, their;contributions turn out to be numerically ‘negligibleg.
Thus the 1/N cofrections to k2 are essentially éero. Just ‘by dimensional
analysis we expect contributions to k% of O(1/N?) to be of the following form:

1 m? \?
2 ~ = e
Kud 212,,4 (27‘_214_2) . (152)

5.4 Discussion

In order to discuss the meaning of the equations (157),(161) and (162) we
argue that for consisténcy of our calculation the N = 3 limit should be taken

after the axial vector coupling and the magnetic moments are obtained for the

7In fact as the number of sampling points in our Monte Carlo routine is mcreased the values
of the above numerical integrals seem to converge to zero. ‘

8The same comment would also apply to diagrams with p0551b1e four-quark vertices[94]
which we have not considered.
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nucleons in the framework of the large N constituent quark model®.(In the large
N limit of the naive quark model[93] the proton is built from k£ + 1 up and
k down quarks and analogously the neutron consists of ¥ up and k¥ + 1 down
quarks, where N = 2k + 1). We also note that an extension of the usual power
counting argument [94] indicates that the dominant contribution to both pion-
nucleon and photon-nucleon interactions is the impulse approximation, in which
the pion or photon interacts independently with each quark in the nucleon. All
other procésses are of higher order in the chiral expansion. On the other hand,
all these i)rocesses are of the same order, N, in the 1/N expansion.

In the case of the axial vector coupling of the nucleon, we find in the

{
nonrelativistic limit: ‘

N+2
(gA)nuclcon = 3 gA

- %W.* 2+ N(ga — 1)) + O(1/N). (153)

Taking A = 3500 MeV for definiteness, which corresponds to the momenta of the

incoming particles taken as m, in the center of mass, g4 = 0.87 and

(94)nucteon = 1.54, which should be compared to the experimental value 1.25.
Analogously, we find the following expressions for the magnetic moments

of the proton and neutron:
. _
pp = g(pu(N +5) = pa(N = 1) - (159)

v = 5 (a(N +5) = (N = 1)) - (159)

SIf this limit is taken first the values for the magnetic moments of the nucleons are identical

to the ones that follow.The value of the axial vector coupling, on the other hand, decreases a
bit.
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where py g = (1 4 Ky,q) 225 are the magnetic moments of the constituent up and

down quarks. Using the usual quark charges in (165) and (166) we obtain:

,uP=m——i—m(N+:3+'j]';—/'(2f€u+f€d))+0(l/\/N) (156)
N = -E%uw1+%(2~u+~d))+0(1/\/ﬁ). (157)

Since &, and k4 are consistent with being zero the values for the magnetic mo-

€
2mpy

e
2mpy

ments are pup = 2.6 and py = —1.75%~, where my is the nucleon mass.

[4
2mpy

These values should be compared with the exi)erimental results, up = 2.79

(4
2mpy

and py = —1.91 . Alternatively one could use the values of the quark charges

obtained from the quark,model under the requirement that the nucleons have
their usual charges for aﬁy N. Explicitly, z, = ﬂzi‘]\,—l and 2y = 'l'z_Tv]y' which in the
large N limit goes to z, = 1 and 2z = —%'. Then the corresponding values would
be up = 2.2-5;—N and pyy = —pup.

The value obtained for the axial vector coupling agrees within 20% with
the experimental value. Perhaps the agreement could be improved by taking
into account relativistic corrections [95]. Concerning the anomalous magnetic
moment, we have shown explicitly that the potentially dangerous O(1/v/N) cor-
rections are negligible. We consider these results to be evidence that the con-
stituent quark model can be understood in the large N limit in terms of chiral

symmetry (in the form of the chiral quark model) and reasonable assumptions

on the high-energy behavior of amplitudes (embodied in sum rules).
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Figure Captions

Figure (1) : Feynman diagrams for pion-quark scattering that contribute
to the Adler-Weisberger sum rule.

Figure (2) : Quark-antiquark pair production diagrams that contribute to
the Adler-Weisberger sum rule to the same order in 1/N as
those of Figure (1).

Figure (3) : Feynman diagrams for pion photoproduction that contribute to
the Drell-Hearn-Gerasimov sum rule.

Figure (4) : Quark-antiq/uark pair photoproduction diagrams that
contribute tio the Drell-Hearn-Gerasimov sum rule to the

same order in 1/N as those of Figure (3).
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Appendices

Appendix A

Pions are (pseudo)Goldstone bosons of the spontaneous breaking
SO(4) — SO(3). They are associate with the broken generators of SO(4) and
therefore live in the sphere SO(4)/SO(3) ~ S%. If we embed it in the euclidean
E* space, SO(4) transformations can be viewed as rotations of S° in E* planes.
For example, SU(2)v of isospin consists of rotations in planes orthogonal to the
fourth axis, while axial SU(2)4 are rotations through planes that contain the
fourth axis.

The sphere can be parametrized any way you want, say with four cartesian

coordinates {¢, 4 = 0} subject to the constraint,
o?+¢?=FL (158)
It is more convenient, however, to work with three unconstrained coordinates.

We use stereographic coordinates

® ‘
T . 159
T+Z (159)

Under an SU(2)y transformation with parameter ¢, they just rotate
bwm=exm, - (160)
but they transform non-linearly under SU(2)4 with parameter &

w2\ & 1.
b =F, (1—}:3>-2'+E€-1T1T (161)

109
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A covariant derivative (12) can be constructed, which is an isospin 1 object,
6D, =ex D,, (162)

and transforms under axial rotations as if under SU(2)y with a field-dependent

‘parameter,
§D, = (¢ x ?’;—) x D,. (163)

Fermions also transform linearly under the unbroken subgroup

§N = ie-tN (164)

A = ie-tB/AA, (165)

In this case, too, it is sin’llplest to work with fields that realize the whole group
non-linearly, i.e., that transform under axial transformations as if under isospin

with the same field-dependent parameter as in (163),

§N = i(éx-;-f-)-tN ‘ (166)

§A = i(Ex -;-f-).t(?'/?)A (167)

-One can-easily verify that the covariant derivatives of the pion (15), nucleon (16)
and isobar (17) are indeed covariant, that is, transform under SU(2) x SU(2) in
the same way the fields D,, N_and A do ((162)—(167)).

As a consequence, an isoscalar built out of D, N, A and their covariant
derivatives will automatically be invariant under whole SU (2) x SU (2) On the
other hand, objects that transform under the full group as tensors involve also
the field 7 itself. For example, an 5O(4) vector can be constructed as

9 _r2
( Fr Fz ) , (168)

w2 2
1+_F—3_ 1+1FT-3-
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and its fourth component gives rise to the pion mass term in (19).

Appendix B

Here we list the relations between the A;’s, Ci’s of (25) and the Al’,
and C}’s of (21):

A= (4 -3 4

A = —(A+ 34

¢ = ~Cl+ G4 - 34

i = A-Ci+Ci+50))

Ca = =Ci-5(Clr+Cl)

Ci = 4=(—(J;,+%(C{2 + C14))

Cs = —(26,+C}—CY)

Co = —~(Ci+Ch+3Cho— Ciy — C)
Cr = ~4(Cy+Ch—3Clo+Ciy +Cla).

Appendix C

In order to obtain a potential in coordinate space we take Fourier trans-
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forms with a gaussian cut-off of parameter A (see [43, 44] for details). With
2 oo
erfc(z) = ﬁ/z.: dte=?

denoting the error function, we need the following functions

1

I(r) = A3e~ (3
87'('\/-71T
1 (mzy Ar m Ar  m
. _ (5=) —Mpr ot Ty _ mner i
L(r,mg,) = reC [e erfc( 5 +—A ) e™r"erfc (——-2 + 5 )]
1 mz 2 1 Ar m
= () - - 2) p—Mar —_ "
L(r,my) 53c Kl + mLr + 3(m,,r) ) e erfc( 5 + A )

Ar m,

l 2\ mar (__ _)
—(1 m,,r+3(m,,r))e erfc 5 + A ]

-3 (1) 0

L(r,mz) = mihL(r,mg)— L(r)
2
Is(r,m,) = m,2,14(7',mn)+1\2 (g - (%:> ) Io(r)
1., (Ar\? ‘
lo(ryme) = mils(r,me) =30 (5) ho(r)

Ga(Mr) = eI (r,/m2 + A7)

Fo(\ 1) = L(r,mg) —Gu(\T)

plus the integrals

)y — 2 [P AT
agmgy = = f Do e/

B(r) = AARY(G)

Ctr) = (k) - Br)

where f is any function of A, and A = ma — mp.
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Appendix D

Here we give the explicit forms of the 60 functions V;(r), p = 1,...,20;
¢ =0,1,2, that appear in the coordinate space version of the potential.
In order not to clutter the formulas too much, we define the following

combinations of functions and their derivatives:

an) = Loy

o) = L(r-27)

alf) = f+2f

erlf) = f'—%f

(F.9) = F'd"+ 55

g = %(f”g’+ffg")+%f’g’
(o) = Zre-tue+ )

4
<fg> = (=27 -2"+2mif L) g

where f = f(r) and g = g(r) are any of the functions defined in Appendix C,
and a prime denotes differentiation with respect to r.

We then have:

1 -
W = {30448 (R, F2)) + 664 Bu(I2, I2) + Bom2 1Y)

2¢4h% ‘ 1
+2224[A(0,0) - 4(8,C) - 5 (T + Bi, I + B)
16 ., ‘ : N
—5hAA AR (G, Go)) |

8 y 1
+3RAABI(ARV (G2, G2)) + ARV (GF)) + Bom? AR (GD)]



‘/11

V20

114

+CP I — (¢ + icg"’)el(zg,)}
02 el( 0)
"Céo)]o |
71;3 {20448V (G, ) = APV(< G, G >) + 495477 (G %)

‘2 ; 4
59484 [ ~3A(C,0) +4(13,C) + S (B, B) ~ 448V (G2, Go)

A
3
—--A—(]-z + B, + B) |
8 8
+o7 AR ALY (62, Ga) — GHAARV(G ) }

47080~ 2(C0) + 10 (1)

1
~1 él)el(lo) /

1
—ZCz(])lo

1 |
i {244 48°U(G2, F))

. o 4
+293h3 (=3Adi(C) + 41k, C] + T (B) — 4ALV((Ga)

--i-d](f2 +B))
+— 881 RAASD(di(G)) }
+of) - (C“” + 200 4200 + 00 ea(1)
~(C + 301 |
-+ —0‘“’)1
;4 { 3 ghAY" 0)([12,F2]) - "gABzdl(Iz)
--gf,h2 [Adl(C) — 4D, C] = -i—dl(lg + B)]

9243 b, ATAL (4 (Cn))



— WA B AAL Y (dy(G))}

ga 1 A A, '
3F? {gAI4 2m? b 8m "' ei(ly)

1
+=‘1’1A0"°’ (48EF4 + ———(12F5 + e,(F’))) }

#7001 - 7 (0 + 3
94 Az

6F7

— (O + 20)er (1)

ga A; 294 ,1,0)
g4 ) _ 22 294 40.0)
6F2{ m3r14+mN (£2)

(C(l) C(l))

1 i
Fal- AN (G, B2}

ks

100 43080 + =) ea(1y)

1)+ -f,‘j—;AS"”(e,(&))}

’ﬂ‘

2 4
+545(=30dx(G) +2{12, C} + 1 d2(B) — 4457 (:(Gy))
1
—‘A—dz(fz + B))
+881 1AV (d3(Ga)) }

——(G‘°’ ‘°’)e (Is)

1
3 go)ez(Io)

_Leow
3 lo .
1
ﬁ{ 3 AA(l 0)({G2, F2})+ §giBzd2(12}
9 o 1
ek (8:(C) - 21, C} = (2 + B))
B _-?T3h4 A2A(2 0)( (Gz)) _ _h2 Bzé_A(l 0)(d ( ))}

1 A Az 6 N
+F3 {9als — 55— Is - Sl (61(13) - '7313) _
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+24400 (16E63 (st (GY) - -73)) }

1 1
~5(C8" + 76 ea( k)

g A :
F—’; {-53;13 +2g4 A °’(G3)}
1
“'1'50'9)]0
L [—C(O’I’ + 10061 )]
27' 5 0 3 7 2\ {0
1
§C;O)Io
0
1
8r
1 ()
7 b

1
-1+ 508 ea(1)

0
(0) 1o
C, =

V2=0

1 (1) Io
1% =

A 2
& (G- 2are)

Vz=0

o R

A: 2 2 2
‘gA, {——j (er(ls) +=13) + ga Agx,o)(el(Gs) + —_Gs)}
my 7 my 7
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Appendix E

Here I present the potential (65) in coordinate space. Denoting

Ty = 7_‘}—7:},7“‘;,'=fﬁ
Tij
cosl; = f-TFi
Sam(F1,72) = 30n - T10m -T2 — Fy - FoFn - Op
we find
VIO ) = it { Vsl on) + 3 - G0V (o )
+Sua(Fija 7i3) VE (7o, Fik) + Sit (s Pin) Va (7 75)
+Sik(Fij, 73%) Vas (i Fix) }
it - (b xcte) {15 (% G0V (7, 75)
+[S5 (735, 35), 5 - SRV (Fiz, Tik)
~[Sik(Fiks Fi8), Gi - Ti1VE (Fks 735)
+[855(Fi5, 745)s SinlFis F31) Vs (Fij Tik) }
with

Vs(Fijy T5k) = ErF_o(ri;)F-3( k)

- 2 (294\°
Vo (7 Tie) = 5(‘}%) { B (m4 Fo(ri;) Fo(rs)
T

+(3 cos® 0; — 1) Fy(ri;)Fa(rie) )

—3Bsm?2 cos 0; Fy(r;;) Fi(rix) }

118



V(7 Tik)

V.sls( OF Jk)

V2 (7, k)

V3 (s Tk

Vszs(Fijv '-';k)

Here
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3%: D; m;zr(Fo(Tij)F_-z(lec) + F_a(rij) Fo(rje)

+EF_a(rij) Foa(rjk)

2 (25;)2 By Fa(ri;)(m2 Fo(rie) — Fy(ris))

9
294
3

1
(i

31:'2 5 Dam2(Fo(rij) F_a(rjx) + F-a(rij) Fo(rix))
_E,F— (T,J)F_ ("Jk)

Dy Fy(ri;) F_a(rjx)

2{],4

) {31 cos 0; Fy(ri;) Fa(rje) — Bs?ﬂf,ﬂ("ij)ﬂ("jk)}

294
F?

[J=3 B NCRERICH B )

) Bym? Fo(ri;) Fo(rik)

2 2
5 (gf) Bzm,er(Tij)Fo(rjkv)
294
;;;D Fz("ij)F—2("J'k)
2 (294\°
5(%) BaFy(ri;) Fa(rjx)
_ 4948
Dy = Di- T
_ 494 B;
Dy = Dyt i
_ 494 2g4B;
E, = Ez-g‘p—;(.Dl 3 F2
_ 4ga (1 , 2945
Ej = Es-gﬁ;i(D”E F,z)
hA 4gAhA
ma —mpy (DT_-3 F? )
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b — It (p,-tua)

ma — mpy 3 F?
1 ,  16gaha 32 (gaha\’
E; —— | D3 4 — 2
: 9(mA—mN)(T+3 F? 9<F3)
1 16 gaha 32 [gaha\’
E; - 24—t
s 18(ma — mn) (DT+ 3 F? 9 < F? ) )

and the F’s are Fourier-transforms with a cut-off function F(g%; A) of parameter

A< M:

Fo(r) = [&5exp(if-7) F(§%A)
Bq exp (i3-F)F(3%;
F) = Sy emigangs
Fy(r) = Fg(r) -
Fy(r) = F(r)—1F(r)
If we define /
.ao("') = 1
al("') = 1+m11'
ag("') = 1+m€r+(mfr)2

then when the cut-off is removed

Foa(r) =3 &(r)
Fruso(r) Ay i:7"1—”):<3XP (=mx)an(r)

4rr

The cut-off function is the same used in the NN potential [59, 60],
F(@%A) = exp(=q%/A?%)

in which case

Falr) = (£) $2a(r)
Frzo(®) = B [an(r)f(r) = (=1)\an(-r)f(=r) = Bu(r)g()]

where

g(r) = Hrexp(-LF)
f(r) = exp(—mqr+ 3F)erfc (-—-%5 + ’-n;\")
erfc(z) = 72; [ dtexp (—t?)
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and
bo(r) = 0
1
7.) MeT

bi(r) = gty (14 3A%7).

I
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