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SOLUTION OF A VECTOR VARIABLE BI-ADDITIVE
FUNCTIONAL EQUATION

WON-GIL PARK AND JAE-HYEONG BAE

ABSTRACT. We investigate the relation between the vector variable bi-

. T n m
additive functional equation f( Z i, Z yj) = Z Z f(x:,y;) and the

multi-variable quadratic functional equation

n

o(3r)+ Y alei—n) =n Y g

1=1 1<i{<3<n

Furthermore, we find out the general solution of the above two functional
equations.

1. Introduction

Throughout this paper, let n be a positive integer greater than 1 and let X
and Y be vector spaces.

Definition 1. A mapping f: X x X — Y is called bi-additive if f satisfies the
system of equations

(1) .};C(x_}_y:i):'

for all z,y,z € X.

When X =Y = R, the function f : R x R — R given by f(x,y) := czxy
is a solution of (1). In particular, letting * = y, we get a quadratic function
g : R — R in one variable given by g(z) := f(z,z) = cz*.

For a mapping f : X x X — Y, consider the bi-additive functional equation:

(2) f Zﬂfuzyj :ZZf(x-iayj)-
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For a mappiag g : X — Y, consider the quadratic functional equation:

(3) g(ixi)—l— Y g(:cz-——a:j)=n;g(a:z-).

i=1 1<i<j<n

J.-H. Bae and K.-W. Jun [2] proved the stability in Banach spaces of the
equation (3). Recently, J.-H. Bae and W.-G. Park [3] proved the stability in
Banach Modules over a C*-algebra of the same equation. There are numerous
results about various functional equations ([1, 4, 5, 6, 7]).

In this paper, we investigate the relation between (2) and (3). And we find
out the general solution of (2) and (3).

2. Results

Theorem 2.1. Let f : X x X — Y be a mapping satisfying (2) and let
g: X —Y be the mapping given by

(4) 9(z) == f(z, z)
forallx € X. If

) f(z.9) = 7lole +3) - gz — )
for all x,y € X, then g satisfies (3).

Proof. Letting 1 = --- =2, =y =+ =y, = 0 in (2) and then using (4),
we have g(0) = 0. Putting y = z in (5) and then using (4), we get

(6) 9(2z) = 4g(x)

for all z € X. Setting y; =--- =y, =0 in (2), we have

f (Zw%ao) — an(mZJO)
1==1 1=1

for all z,,...,2, € X. Taking zo = --- = z, = 0 in the above equality, we
get f(z1,0) =0 for all ; € X. Similarly, f(0,y1) =0 for all y; € X. Letting
1=, o=y, 3= =Tpo=0andy; =2z, o =w,y3=--- =y, =01in
(2), we have
(7) fle+y,z+w) = f(z,2) + f(z,w) + fy,2) + f(y,w)
for all z,y,z,w € X. By (7) and (5), we obtain
(8) get+y+z+w)—glxa+y—2z—w)

= g(z+2z)-g(z—2)+g(z+w) - g(z—w)

+9(y+2) — 9y — 2) + g{y + w) — g(y — w)

for all z,y, z,w € X. Putting z = y = 2 = 0 and then replacing w by z in (8),

we see that

9) 9(=x) = g(x)
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for all x € X. Setting z = r and w = y in (8) and then using (6) and (9), we
see that

(10) g9(z +y) + glz —~y) = 2g9(z) + 29(y)
for all z,y € X. By (2) and (5), we obtain

n 7 n n
g le-l—zyj —9g le Zyi
(11) 7 -7
= 223" [ota+ )~ ot - )]
i=1 j=1

forallzq1,...,Zn,y1,...,yn € X. Takingy; = 21,...,yn = 2, in (11) and then
using (6) and (9), we see that

29(2:61)~—2Zgrz + Z g(zi +z;) - Z glzi — ;)

1<i<j<n 1<i<3<n

for all z1,...,2.,71,...,yn € X. By (10) and the above equality, we obtain
that

QQ(Zn: -)—-229(1‘ + > [2g(x:) + 29(x;) — g(z; — ) |

1=1 [<i<y<n
- Z g(x; ""SCj)
1<i<y<n
and thus
n
o(La)+ ¥ - zgm S (g + ()]
=1 1<i<3<n [<i<3<n
for all z1,...,z, € X. Hence g satisfies (3). O

Theorem 2.2. Letg: X — Y be a mapping satisfying (3) andlet f : X x X —
Y be the mapping given by (5) for all x,y € X. Then f satisfies (2) and (4).

Proof. Letting z; = --- = r,, = 0 in (3), we have ¢g(0) = 0. Putting z; = z,
To =y and z3 = --- = z, = 0 in (3), we obtain that g satisfies (10) and so
satisfies (6) and (9). Setting y = z in (5) and then using (6), the equality (4)
holds. By (3), we see that

n

(12) g{Z(wi—l—yz}—nZg cty) = Y gll@i ) = (x5 + )]

i=1 1<i<j<n

forall xy,..., 0, Y1,-..,.yn € X. By (10), we have that
(13) glz+y) —g(z —y) =2g(z +y) — g(z) — g(y)]
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for all z,y € X. By (10), (12) and (13),

= = =1 5o
_ 9-2(33?;4—?}1) —g{i(ﬂfi—%)]
— njzl[g(xﬁyz)—g(acz Yi)]

- 1<;< (9[(% +yi) = (25 +¥5)] — gl@i — vi) — (= ya)])
— ni[g(a:i-l—yz)—g(xz yi)]

) Z (g[m + i) = (25 +45)] = 9l(@i +y5) — (35 + y”])

— o Z[g(:vi +yi) = g(x:) — 9(ys)]

- ¥ |:(29(;Ui+yi)—|—29($j+yj)"g[(xi+yi)+($j+yj)])

1<i<g<n

-~ (29(:61- + ;) + 29(x; +vi) — gl(z: +y;) + (x5 + yi)])}
= 2nY Mol +ui) — o(@:) — 9(31)

—2 Z [9(zi +ys) + 9(zj +y5) — g(@s +y5) — 9(xj + i)

1<i<g<n
for all z1,...,2n,y1,---, yn € X. Note that
(15) Y (aitay)=(n-1)> a
1<i<j<n i=1
for all a1, ..., a, €Y. By (10}, (13) and (15),

(16) 2n Z[g(af@ +1;) — 9(z:) — g(wi)]

=2 Y gz +yi) +9(z; +y5) — 9(z +y5) — 9z + )]
1<i<g<n
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——QnZ[g (i + yi) — glz:) — g(ys)]

n

+2 Z (z: +y;) + g(z; +y¢)]”2(n*—1)zg($i+yi)
= "”'Z[Q(a:i +yi) — g(zi — yi))

n

+2 Z glai + ;) + 9 +y5)] - 20 - 1) glai + )

—Z[g (zi +vi) — g(zi — )]+ (n - 1)Z[g(wi+yi)—g(wi — ;)]
+20 > lolzit ) + oz + 9] - 2n = 1) ) _g(zi +9s)

=) lo(z +y)—9(fc-e—*y)]—(nm1)z{9(9: +yi) + gz — yi))]
+2 Z lg(zi +y;) + g(z; +yi)]
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= ZZQ(% +9;) — Zzg(fﬂ

=1 j“] =1 =1
=35 [ [ 2+ ;) — 9(a —y;-)}
1=1 7=1

for all y,...,Zn,y1,.--,yn € X. By (14) and (16), we obtain that g satisfies
(11). By (5) and (11), we see that f satisfies (2). O

Next we obtain the solutions of the equations (2) and (3).

Theorem 2.3. 4 mapping f : X x X — Y satisfies (1) if and only if it satisfies
(2).

Proof. If f satisfies (1), then
Sz oy | =Yl u ] =) ) fl@iy;)
=1 j=1 i=1 j=1 i=1 j=1

for all z1,...,z, € X.

Conversely, assume that f satisfies (2). Choosing z; = - =z, = y; =
- =1Yn =01in (2), f(0,0) =0. Lettingzy =z and z9p = --- =z, = y1 =
- =1y, = 01in (2), we have f(z,0) =0 for all x € X. Putting 21 =z, 3 =y,
y1=zand 3=+ =T, =Yoo =+ =Y, = 0in (2), we get
flx+y,2)= f(z,2) + f(y, 2)
for all z,y,z € X. Settingy, =yandz; =--- =z, =y2=---=9y, =01in
(2), we obtain f(0,y) =0 for all y € X. Taking z; =z, y1 = ¥y, y2 = z and
To=-"=2Ip =y3 =" =7y, =01in (2), we see that
fla,y+2) = flz,y) + flz, 2)
for all z,y, 2z € X. ]

Theorem 2.4. A function g : X — Y satisfies (3) if and only if there exists
a symmetric bi-additive function S : X x X — Y such that g(x) = S(z,z) for
allz € X.

Proof. Define f: X x X — Y by (5) for all z,y € X. By Theorem 2.2, we
obtain that f satisfies (2) and (4). Using Theorem 2.3, we see that f also
satisfies (1). So f is bi-additive. Define §: X x X — Y by

S(z,y) = ;(wm+ﬂ%)]

for all z,y € X. Then S is symmetric and bi-additive. By (4), we obtain that
g{z) = S(z,z) forall x € X.
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Conversely, assume that there exists a symmetric bi-additive function S :
X x X — Y such that g(z) = S(z,z) for all z € X. Note that

n—1 n
Y (ai+by) = Z(n —{)a; + Z(j — 1)b;

1<i<j<n

for all ay,...,an_1,b2,...,0, € Y. Thus

Q(Zflfi) T Z 9(33;:—1‘1‘)
i—1 1<i<j<n
= S(im,iﬁz)ﬂL Z S<f'i"$ja$é—$j)
i=1 i=1 1<i<y<n
= Zn:zs LL‘;,.’L'J + Z 33; l’z QS(ZEi,CEj)‘*—S(ﬂ?j,CUj)]

1= 13 1 1<i<j<n
= ZS(:BZ,Q:? +2 ) S(ziz;)
1<i<j<n
~'n——l ]
+ [ (n—9)S(aix) -2 ) S(zi,z;) Z(J—l)s(fﬂjsi‘j)
| i=1 1<i<j<n j=2 |
n—1 n
= S(xn,xn) + Z(l +n—9)S(x;,x;) + Z(J - 1)5(z;,z;)
i=1 j=

= S(zza) + 3[40 — i)+ (- D)8 20

+'RS($1,QL’1) + (??, — l)S(ZCn,SCn.)

nZS(a:,-,azf) = nZg(:rl)
i=1 i=1

for all zy,...,z, € X. ]

I

Let Y be complete and p : X x X x X — [0,00) and ¢ : X x X x X — [0, 00)
be two functions satisfying

_ x 1 L 1 .
(17)  @lzy,2) =) [QJ-H p(27x, 27y, 2) + = o(z,y, 232)] <0

j=0 2/
and
-~ = 1 PR 1 -
(18) vz, y,2) = Z [ZJ‘*’I Wz, 20y, 272) + Egb(?x,y, z)J < 00
i=0

for all z,y,z € X.
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Theorem 2.5. Let f : X x X — Y be a mapping such that

(19) 1f(z +y,2) — f(z,2) — f(y,2)] e(z,y, 2)
(20) If(z,y+ 2) = f(=z,y) — fl=,2)|| (z,y, 2)
for all z,y,2 ¢ X, and let f(z,0) =0 and f(0,y) =0 for all z,y € X. Then
there exist two bi-additive mappings F1,Fy : X x X — Y such that
(21) If(z,y) — Fi(z, y)|| < &(z,z,y)
(22) |£(2,9) = Fa(z,9)ll < ¥(z,9,9)
for all x,y € X. The mappings F,F> : X x X =Y are given by
1

.1 - : °
Fl(may) = Jl—ggo Ef(zjl',y), FZ(may) = Jl_l_)lgo '2"5.}(.('%7 QJy)

<
<

for all x,y € X.

Proof. Letting y = z in (19), we get

1

fla2)— 2 f(2e.2)| < -

(23) < 590(:17, T, 2)

for all z,z € X. Thus
1 :
—£(97 —-
for all z,z € X and all j. Replacing z by y, we have
1 . 1 .
—f(2I _ J+1

for all z,y € X and all j. For given integers [,m (0 < [ < m), we obtain

1 : 1
— [2,2)|| <

—_ 23_}_1 (70(23‘7") 231‘? Z)

1 . .

5/ @,y) — o f272,)

(24) =

m—1
1 . .
<Y s e(@z,Va,y)
=l

for all z,y € X. By (17), the sequence {55 f(27z,y)} is a Cauchy sequence for

all z,y € X. Since Y is complete, the sequence {2 f(27z,y)} converges for all
z,y € X. Define I, : X x X — Y by

1
Fi(z,y) = lim = f(2'z,9)

for all z,y € X. Putting [ = 0 and taking m — oo in (24), one can obtain the
inequality (21). By (19) and (20), we see that

1 : , 1 . 1 . 1 . .
— J. J - 2 - J —_ J J
f@z+2y,2) = 5 f(22,2) — 5 f(2y, 2)|) < 559(22, 2y, 2)

27

and

1 :
- J

1 . 1 : 1 .
- ¥ — J — J
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for all z,y,2 € X and all 5. Letting j — o0 in the above two inequalities and
using (18), we obtain that F}j is bi-additive.
Next, setting y = z in (20), we get

1 1
for all z,y € X. By the same method as above, F5 is bi-additive which satisfies
1 .
(22), where Fy(z,y) := lim ~2—J-f(a:, 2/y) for all z,y € X. O
j—x
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