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Abstract

Theproblemof designingacomponentthatcombinedwith a
known partof a system,conformsto a givenoverall specifica-
tion arisesin severalapplicationsrangingfrom logic synthesis
to the designof discretecontrollers. We castthe problemas
solvingabstractequationsover languages.Languageequations
canbedefinedwith respecttoseverallanguagecompositionop-
eratorssuchassynchronouscomposition,� , andparallelcom-
position, � ; conformity canbe checked by languagecontain-
ment.In this paperweaddressparallellanguageequations.

Parallelcompositionarisesin thecontext of modelingdelay-
insensitiveprocessesandtheirenvironments.Theparallelcom-
positionoperatormodelsanexchangeprotocolby whichanin-
put is followedby anoutputaftera finite exchangeof internal
signals.It abstractsasystemwith two componentswith asingle
messagein transit,suchthatateachinstanceeitherthecompo-
nentsexchangemessagesor oneof themcommunicateswith
its environment,which submitsthe next external input to the
systemonly after the systemhasproducedan externaloutput
in responseto thepreviousinput.

We studythe mostgeneralsolutionsof the languageequa-
tion ���	��
� , anddefinethe languageoperatorsneededto
expressthem.Thenwe specializesuchequationsto languages
associatedwith importantclassesof automatausedfor mod-
eling systems,e.g.,regular languagesandFSM languages.In
particular, for ������
�� , wegivealgorithmsfor computing:
the largestFSM languagesolution,the largestcompletesolu-
tion, andthelargestsolutionwhosecompositionwith � yields
acompleteFSMlanguage.WesolvealsoFSMequationsunder
boundedparallelcomposition.

In this paper, we give concretealgorithmsfor computing
suchsolutions,andstateandprove their correctness.

1 Intr oduction

An importantstepin the designof complex systemsis the
decompositionof the systeminto separatecomponentswhich
interactin somewell-definedway. A typical problemis how
to designa componentthat combinedwith a known part of a
system,calledthe context, conformsto a given overall speci-
fication. This arisesin severalapplicationsrangingfrom logic
synthesisto thedesignof discretecontrollers.Therearethree
key issuesto consider:how to model the system,its compo-
nentsandspecification,how to model the compositionof the
components,and how to model the notion of a systemcon-
forming.

In general,onecandefineequationsover languagesassoci-

atedwith thecomponentsof a givensystemandcheckconfor-
mity by languagecontainment.Two compositionoperatorsfor
abstractlanguagesare: synchronous, � , andparallel, � , lead-
ing to the synchronousequation������
�� andthe parallel
equation������
�� . Thetheoryof equationsover languages
canbe specializedfurther to languagesassociatedwith inter-
estingclassesof automata,suchasfinite automata(FAs) and
finite statemachines(FSMs). Thenthegoal is to characterize
thesolutionsof theequationsover FSMs ����������
����
and ��� �!���"
#��� , where ��� modelsthe context, ���
thespecificationand ��� is anunknown FSM.

In this paperwe presenta theoryfor parallellanguageequa-
tions. In particularwe show how to computethe largestlan-
guagesolutionof ���$�%
�� , thelargestFSM language,the
largestcompletesolution,andthelargestsolutionwhosecom-
positionwith the context � yields a completeFSM language.
Wesolvealsoequationsunderboundedparallelcomposition.

For referenceson parallel equationssee [8] on “asyn-
chronousequations”.In processalgebraparallelequationshave
beensolvedfor processes,whicharedescribedby prefix-closed
regularlanguages,overvariousconformancerelations[7, 9, 6].
In thispaperwe introduceparallelequationsoverarbitrarylan-
guagesunderlanguagecontainment,andproposeeffectivepro-
ceduresfor regular languagesandlanguagesof FSMs. Some
proceduresin this paperarebasedon thoseproposedin [8] for
“asynchronousequations”.Solutionof synchronousequations
in thecontext of logic synthesisaresurveyedin [4], Chap.6.

2 Equations over Languages

2.1 Languages

Definition 2.1 An alphabetis a finite setof symbols.Theset
of all stringsover a fixedalphabet � is denotedby �'& . �'&
includestheemptystring ( . A subset)�
*�'& is calleda lan-
guageover alphabet� .

We introducesomeoperationson languages.It is usefulto
recall the notionsof substitutionand homomorphismof lan-
guages[3]. A substitution + is a mappingof an alphabet,
ontosubsetsof - & for somealphabet- . Thesubstitution+ is
extendedto stringsby setting+/.0(2143*( and +/.65879143*+/.65:1;+<.0791 .
An homomorphism = is a substitutionsuchthat =>.0791 is a sin-
gle stringfor eachsymbol 7 in thealphabet, .

1. Given a language) over alphabet��?�@ , considerthe
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2 EQUATIONS OVER LANGUAGES 2

homomorphism= definedas

=A.65:143
B 5 if 5'C'@( if 5'CD�FEG@ H

then )4IKJ�3LM=A.0NO1GPQN�CR)TS
over alphabet@ is the restriction of ) to the alphabet@ , or @ -restrictionof ) , i.e., wordsin )4IKJ areobtained
from thosein ) by deletingall thesymbolsin � thatare
notsymbolsin @ . By definitionof substitution=A.0(2143�( .

2. Given a language) over alphabet� andan alphabet@
disjoint from � , considerthemapping+ definedas

+<.65:143*NA5VU HXW 5'CD� HYW N H UZC[@ & H
then )4\KJ�3LM+/.65:1GP]5'CR)TS
overalphabet�F?R@ is theexpansionof ) over alphabet@ , or @ -expansionof ) , i.e. wordsin )4\KJ areobtained
from thosein ) by insertinganywherein themwordsfrom@	& . Noticethat + isnotasubstitutionandthat +<.0(21^3_LMN`PNZC'@a&bS .
Givena language) over alphabet� , analphabet@ dis-
joint from � andanaturalnumberc , considerthemapping+ definedas

+/.65:143�NA5VU HdW 5'CD� HeW N H U�C'@gfih H
thenthelanguage

) \9jkJml hon 3_LM+/.0NO1GPpNZCR)TS
over alphabet��?R@ is the l-bounded expansionof lan-
guage ) over alphabet@ , or .q@ H c01 -expansionof ) , i.e.
words in )4\KJ areobtainedfrom thosein ) by inserting
anywherein themwordsfrom @ fih . Noticethat + is not a
substitutionandthat +/.0(21^3_L]N`PQN�C'@ fih S .

Thefollowing straightforwardfactholdsbetweentherestric-
tion andexpansionoperators.

Proposition 2.1 Givenalphabets� and r , a language ) over
alphabet � and a string NFC�.6�s?tru1e& , then NAIv�wC!) iffN�CR)4\bx .

Weintroducesomeclassesof languagesusedlaterin thepa-
per.

Definition 2.2 Givena language ) over alphabet� , the lan-
guage of all prefixesof words in ) is Init .0)y1X3zL{5|C_�R&�P}K~ C!� & H 5 ~ C#)�S . ) over alphabet � is prefix-closedif

W N�C��R& W 5�C���� NA5�C*)#��N�C�)O� . Equivalently, ) is
prefix-closediff )�3��v�:�q��.0)y1 .
Definition 2.3 )�
�.��m��1e& over alphabet��?�� is �m� -prefix-
closedif W N�CZ.��m��1e& W �e��C��K�!� N��e��CR)��%N�CR)/� .
Definition 2.4 ) 
 .��m��1e& over alphabet �`?|� is �m� -
progressive if W N�C$.��m��1e& W ��CZ� } �dC��#� N�CZ)���N��Y�XC)O� .

Definition 2.5 )$
�.���.e��?y@�1e&Q��1e& overalphabet��?���?y@�?^�
is �b&M� -progressive if W N"C .���.e�|?`@�1e&Q��1e& W ��C#� W U"C.e�!?�@�1e& }b� C".e�|?`@�1e& } �*C��s��� N"C�)�� N$� � �*C)O�m� � NA��U�C�)��%NA��U � ��C�)O��� .
Definition 2.6 ) over alphabet��?'� is ��I -defined if )4Ib�g3�v& .
An �b&Q� -progressive languageis �m� -progressive,which in turn
is ��I -defined. The converseof the two implicationsdoesnot
hold.

Definition 2.7 ) over alphabet�"?Z� ( � and � disjoint) is� -convergent if W N�CD�'& thelanguage N>\K�D X) is finite, oth-
erwiseit is � -divergent.

Example 2.1 )�3¡L{�0¢�&p�bS where �%3¡L{� H �bS and �#3¡L{¢AS is� -divergent,aswitnessedby thestring �e��C�� whoseexpan-
sionincludestheinfiniteset L{�0¢�&Q�bS coincidingwith ) .
2.2 Composition of Languages

Considertwo systems� and £ with associatedlanguages)�.��a1 and )�.�£g1 . The systemscommunicatewith eachother
by achannel� andwith theenvironmentby channels� and � .
Weintroduceacompositionoperatorthatdescribestheexternal
behaviour of thecompositionof )�.��a1 and )�.�£g1 .
Definition 2.8 Givenalphabets� H � H � , language )T¤ over �¥?� and language )y¦ over ��?[� , theparallel compositionof
languages )T¤ and )^¦ is thelanguage ��.0)�¤�1e\b§� '.0)y¦{1e\K�¨�kIb�¨©K§ ,
denotedby )T¤>�¥)y¦ , definedover �	?�� .

Givenalphabets� H � H � , language )T¤ over ��?t� and lan-
guage )y¦ over �$?�� , the c -boundedparallel compositionof
languages )T¤ and )y¦ is thelanguage �o.0)T¤¨1e\K§d D.0)y¦{1e\b�/ D.��T?��1 &\9jk��l hon �kIb�¨©K§ , denotedby )T¤>� h )y¦ , definedover �	?�� .

When c�3�ª thedefinitionof c -boundedparallelcomposition
reducesto thedefinitionof parallelcompositionof languages,
becausethen .���?R��1e&\�jk��l h�n becomes.���?R��?[��1e& , that is the
universeover �u?Z�|?�� , andso it canbe droppedfrom the
conjunction.

In the sequelit will be useful to considerthe notion of � -
convergenceextendedto thecompositionof two languages.

Definition 2.9 Given a language � over alphabet �D?�� , a
language £ over alphabet �#?�� is � -compositionally � -
convergent if the language )"3%��\b§$ �£�\K� over alphabet�«3�.��g?���14?�� is � -convergent, i.e., W N!C!.���?t��1 & the
language NA\K�� �) is finite.

Whenclearfrom thecontext, insteadof � -compositionallywe
will write moresimplycompositionally.

2.3 Solution of Equationsover Languages

2.3.1 LanguageEquations under Parallel Composition

Givenpairwisedisjointalphabets� H � H � , languages� over �:?� and � over �¥?D� , consider

�Z���z
��a¬ (1)



3 EQUATIONS OVER FINITE AUTOMATA 3

Definition 2.10 Given pairwise disjoint alphabets� H � H � , a
language � overalphabet�^?g� anda language � overalpha-
bet �/?a� , language £ overalphabet�D?a� is calleda solution
of the equation �$�a�
#� iff £¯®3F° and �`��£�
¡� . The
largestsolution is a solutionthat containsanyothersolution.

Theorem 2.1 Thelargestsolutionof theequation�����z
��
is thelanguage ±t3 ��� � , if ±�®3*° .
Proof. Considerastring N�Ct.e��?X��1 & , then N is in thelargest
solutionof �²�>�s
�� if f �u�^L]NySa
�� andthefollowing chain
of equivalencesfollows:

�t��LMN^S�
�� ³
.���\b§' RLMN^S{\b�Q1eIb�¨©K§'  �_3�°´³
��\K§R 'LMN^S{\b��  �	\m�t3�°´³
N�®CZ.���\b§'  �	\K�^1eIK�>©m§ ³
N�C .���\b§'  �	\K�^1eIK�>©m§ ³

NZC �Z� �
Thereforethelargestsolutionof thelanguageequation������
� is givenby thelanguage

±Z3 �Z� � H (2)

if ±�®3�° . QED

Corollary 2.1 A language £®3µ° over alphabet �_?t� is a

solutionof �t����
�� iff £¡
 �Z� � .

If �t� ��3#° , thenthe language equation���	��
� hasno
solution.

Proposition 2.2 If ± is � -convergent,then ± is thelargest � -
convergentsolutionof theequation,anda language £¶®3�° is
an � -convergentsolutioniff £¡
�± .
When ± is not � -convergentthelargest � -convergentsolution
doesnotexist, andany finite subsetof ± is an � -convergentso-
lution. An analogouspropositionandremarkhold for ± com-
positionally � -convergentsolutions.

Theorem 2.2 Thelargestsolutionof theequation

�Z� h ��
��
is thelanguage

±Z3 .���\b§R  � \9j·�9l h�n 1eIK�A©K§ H
if ±�®3�° .
2.4 Equationsover Mathematical Machines

Languageequationscanbeeffectively solvedwhenthey are
definedoverlanguagesthatcanbemanipulatedalgorithmically.
Usuallysuchlanguagesarepresentedthroughtheircorrespond-
ing automata. We are going to study equationsover various
classesof automata,likeFAs andFSMs,specializingtheequa-
tions to their associatedlanguages.A key issueis the closure
of the solution set with respectto a given type of language,
e.g., when dealingwith FSM languageequationswe require
thatthesolutionsareFSMlanguagestoo. Thiscannotbetaken
for granted,sincethegeneralsolutionis expressedthroughthe
operatorsof complementationandcomposition,which do not
necessarilypreservesomeclassesof languages.

3 Equations over Finite Automata

3.1 Finite Automata and Regular Expressions

Definition 3.1 A non-deterministic finite automaton (NDFA
or more simply FA) is defined as a 5-tuple ¸4� 3¹ ± H , H - H»ºQH ¸�¼ . ± representsthe finite statespace, , repre-
sentsthefinite alphabet,and -�
�,�½[±`½[± is thenext state
relation,such that ��CZ± is a next stateof presentstate¾tC�±
on symbol �dC|, if and only if .6� H ¾ H �<1�C- . The initial or
resetstateis º C�± and ¸¿
|± is thesetof final or accepting
states.A variant of NDFAsallowstheintroductionof ( -moves,
meaningthat -�
�.q,t?�(21�½'±�½'± .

Thenext staterelationcanbeextendedto haveasargument
stringsin ,GÀ (i.e., -Á
�,GÀ/½	±X½a± ) asfollows: .6Âb� H¨ÃvH2ÃÅÄ Ä 1�CR-if andonly if there exists ÃÅÄ C�± such that .6Â H2ÃvH2ÃÅÄ 1�C�- and.6� H2ÃÅÄ0H2ÃÅÄ Ä 1�C�- .

A string 5 is said to be acceptedby the NDFA ¸O� if there
existsa sequenceof transitionscorrespondingto 5 such that-D.65 H»º 1 containsa statein ¸ . Thelanguageacceptedby ¸O� ,
designatedÆ¥.�¸4�O1 , is thesetof strings L{5RP -D.65 H»º 1> d¸F®3�°mS .If for each presentstate¾ andsymbol� there is at leastnext
state� such that .6� H ¾ H �<1yC'- theNDFA is saidto becomplete.

A NDFA is a deterministic finite automaton (DFA) if for
each presentstate¾ andsymbol� there is exactlyonenext state� such that .6� H ¾ H �<1�C�- . Therelation - can be replacedby
the next statefunction Ç , definedas Ç�ÈT,!½`±#ÉÊ± , where��CZ± is thenext stateof presentstate¾�C�± on symbol�TC�,
if andonly if �R3�Çm.6� H ¾81 .A string 5 is saidto beacceptedby theDFA ¸O� if Çm.65 H»º 1�C¸ . Thelanguageacceptedby ¸O� , designatedÆ¥.�¸O�O1 , is theset
of strings L{5RP Çm.65 H»º 1�C�¸gS .

The languagesassociatedto finite automataarethe regular
languagesand they are definedby meansof regular expres-
sions[3].

Definition 3.2 Thesetsdenotedby regular expressionsare the
regular languages.

Regularlanguagesareclosedunderunion,concatenation,com-
plementationandintersection.They areclosedalsounderre-
striction, becausethey are closedundersubstitution[3]. We
will show that they areclosedunderexpansion,by providing
analgorithmthat,giventhefinite automatonof a language,re-
turnsthefinite automatonof theexpandedlanguage.

3.2 Solution over Regular Languages

Non-deterministicfinite automataare equivalent to deter-
ministic onesand regular expressionsare equivalent to finite
automata[3]. By applying the algorithm of subsetconstruc-
tion, oneconvertsa NDFA into an equivalentcompleteDFA.
Given an NDFA ¸4�!3 ¹ ± H , H - H;ºQH ¸�¼ , the processof subset
constructionbuilds theDFA ¸4Ë�3 ¹�ÌbÍ H , H Ç H;ºQH ¸4Ë�¼ , where1)
thestatesÎÃ C

ÌbÍ
arethesubsetsof ± , 2) thetransitionrelation

is Çm.6� H ÎÃ 1²3�?4Ï2Ð�ÑÏ]L Ã�Ä PT.6� H¨ÃvH2ÃÅÄ 1�C_-dS and3) a stateis final,
i.e., ÎÃ Ct¸^Ë�


ÌbÒ
, if f ÎÃ  �¸µ®3|° . Sincemany of thestatesinÌbÍ

areunreachablefrom the initial state,they canbe deleted.
Thus,thedeterminizedautomatonusuallyhasfewerstatesthan
thepower set. To make a NDFA complete,it is not necessary
to apply the full-blown subsetconstruction;it suffices to add
a new non-acceptingstate Ã{Ó whoseincoming transitionsare
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.6� H2ÃvH¨ÃÅÓ 1 for all � H¨Ã for which therewas no transition in the
original automaton.By a closureconstruction[3], an NDFA
with ( -movescanbe convertedto an NDFA without ( -moves;
subsetconstructionmustbe appliedat the endto determinize
it.

The equivalenceof regular expressionsandfinite automata
is shown by matchingeachoperationon regular expressions
with a constructive procedurethat yields the finite automaton
of theresult,giventhefinite automataof theoperands.For the
mostcommonoperations(union, concatenation,complemen-
tation,intersection)see[3]. Herewe sketchtheproceduresfor
restrictionandexpansion:

restriction ( Ô ) Given FA ¸4� that acceptslanguage) over� ?�@ , the FA ¸ Ä� thatacceptslanguage)4IKJ over @ is
obtainedby thefollowing procedure:

1. W 5_C*�µE�@ , changeevery edge .65 H2ÃvH¨Ã�Ä 1 into the
edge .0( H¨ÃpH¨ÃÅÄ 1 , i.e., replacethesymbols5$C�� E	@
by ( .

2. Apply the closureconstructionto obtainan equiva-
lent finite automatonwithout ( -movesandthenap-
ply subsetconstructionto determinizeit (evenif the
original FA ¸O� was deterministic,the processof
adding ( -movesandthenremoving themby closure
constructionusuallyreturnsaNDFA).

expansion ( Õ ) GivenFA ¸O� thatacceptslanguage) over � ,
theFA ¸ Ä� thatacceptslanguage)4\KJ over � ?[@ ( �  @"3¿° ) is obtainedby addingfor eachstate Ã , W�Ö C�@ ,
theedge(self-loop) . ÖiH2ÃvH2Ã 1 .c -expansion ( Õ h ) Given FA ¸O� that acceptslanguage) over� , theFA ¸ Ä� thatacceptslanguage) \9jkJml h�n , c integer, over��?�@ ( �� �@3�° ) is obtainedasfollows:

1. Thesetof statesS’ of ¸ Ä� is givenby

± Ä 3*±D?�×Ï2Ð Í L Ã
¤ H ¬Å¬Å¬ H2Ã h Sb¬

2. Thenext staterelation - Ä of ¸ Ä� is givenby

- Ä 3 ×Ï<Ð ÍØ Ð¥J
LK. ÃvH2Ã ¤ H»Ö 12SZ? ×Ï/Ð Í¤ f�Ù4Ú�hØ Ð�J

Lb. Ã Ù H2Ã Ù2Û ¤ H»Ö 12S

? ×Ï2l0Ï»ÜKÐ Í¤ faÙ^f�hj�Ï2l�Ï Ü l�Ý n Ð�Þ
LK. Ã Ù H2Ã Ä H 5:12Sb¬

3. ºQÄ 3 º and ¸ Ä 3�¸ .

Theprocedurefor restrictionguaranteesthesubstitutionprop-
erty +<.0(21^3�( .
Theorem 3.1 There is aneffectivewayto solveequationsover
regular languages.

Proof. Sinceall the operatorsusedto expressthe solutionof
regular languageequationshave constructive counterpartson
automata,thenthereis aconstuctivemethodfor computingthe

solution.QED

The largestsolution of parallel equationsfor prefix-closed
regular languageswas known alreadyin the processalgebra
literature[7, 9, 6].

4 Finite StateMachines
Definition 4.1 A non-deterministic FSM (NDFSM),or sim-
ply an FSM or a machine, is definedas a 5-tuple � 3¹ ± H � H � H»ß�H»º ¼ where ± representsthefinite statespace, � rep-
resentsthe finite input space, � representsthe finite output
spaceand ß 
���½�±!½�±!½�� is the transition relation.
On input � , the NDFSMat state ¾ may transit to � and out-
put � if and only if .6� H ¾ H � H �p1DC ß . State º C�± represents
the initial or resetstate. We denotethe restriction of ß to��½�±!½�± (next state relation) by ßià 
¯��½�±!½�± , i.e.,.6� H2ÃvH¨Ã�Ä 1¥C ßià ³ } ��.6� H2ÃvH¨Ã�Ä0H �p1¥C ß ; similarly, wedenotethe
restrictionof ß to �O½�±�½�� (outputrelation)by ß>á 
$�/½�±�½�� ,
i.e., .6� H¨ÃvH �p1�C ß>á ³ } Ã�Ä .6� H¨ÃvH2ÃÅÄ�H �p1�C ß . If at leastonetransi-
tion is specifiedfor each presentstateandinput pair, theFSM
is said to be complete. If no transition is specifiedfor some
presentstateandinput pair, theFSMis saidto bepartial . An
FSMis saidto betri vial whenß 3�° .
It is convenientto think of therelationsßià and ß:á asfunctions

ßià Èv�X½'±ZÉ
ÌbÍ

and ß:á Èv�X½'±ZÉ
Ì § .

Definition 4.2 An NDFSM is a pseudo non-deterministic
FSM (PNDFSM)[1, 11], or observableFSM [10], if for each
triple .6� H ¾ H �p1�C`��½Z±�½t� , there is exactlyonestate � such
that .6� H ¾ H � H �p1�C ß .

The qualification “non-deterministic” is becausefor a given
input andpresentstate,theremay be more thanonepossible
output;however, edges(i.e., transitions)carryingdifferentout-
putsmustgo to differentnext states.The furtherqualification
“pseudo”non-deterministicis becauseits underlyingfinite au-
tomatonis deterministic. In a PNDFSM the next state � is
uniquefor a givencombinationof input,presentstateandout-
put, soit canbegivenby a next statefunction �t3 ßià .6� H ¾ H �p1 .Since the output is non-deterministicin general,it is repre-
sentedby a relation ß:á 
$�X½R±�½R� .

Definition 4.3 A deterministic FSM (DFSM) is an NDFSM
where for each pair .6� H ¾:1gC��R½�± , there is at mostonenext
state � andoneoutput � such that .6� H ¾ H � H �p1�C ß , i.e., there is
at mostonetransitionfrom ¾ under � .
In a DFSM thenext state� andtheoutput � canbegiven,re-
spectively, by a next statefunction �t3 ßià .6� H ¾:1 andanoutput
function �a3 ß:á .6� H ¾:1 .The transitionrelation ß of a NDFSM canbe extendedin
the usual way to a relation on �b&�½_±�½±Á½_��& : given
a presentstate ¾ and an input sequence�â¤A¬Å¬{¬»�eãäCå�v& ,.6�;¤A¬{¬Å¬»�Yã H ¾ H � H �b¤A¬Å¬{¬â�Qãv1�C ß if f thereis asequenceÃ ¤A¬Å¬{¬ Ã ã Û ¤suchthat Ã ¤g3�¾ H ¬{¬Å¬ H2Ã ã Û ¤�3¡� andfor eachæ[3 ç H ¬{¬Å¬ H2è it
holds that .6� Ù H¨Ã Ù H2Ã Ù2Û ¤ H � Ù 1�C ß . A similar extensioncanbe
definedfor ßVé and ßià .In this paper FSMs are assumedto be pseudo non-
deterministic,unlessotherwisestated.Notice that it is always
possibleto convert a generalNDFSM into a PNDFSMby sub-
setconstruction.
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4.1 Languagesof FSMs

We now introducethenotionof languageassociatedwith an
FSM.This is achievedby looking at theautomatonunderlying
a given FSM. For our purposes,we definean associatedlan-
guageover thealphabet�¥?D� .

For a languageover ��?[� , theautomatonis obtainedfrom
theoriginal FSM, by replacingeachedgelabelledby �Yêp� with
anedgelabelledby � , followedby a new node(non-accepting
state),followedby anedgelabelledby � . All originalstatesare
madeaccepting.

Definition 4.4 Givenan FSM � 3 ¹ ± H � H � H»ß�H»º ¼ , consider
the finite automatoņ².0�|1�3 ¹ ±t?�.q±�½t�91 H ��?[� H - H»ºQH ±^¼ ,where .6� H2ÃvH . ÃvH �»1;1>?t.0� H . ÃvH �Y1 H¨Ã Ä 1�CZ- iff .6� H¨ÃpH¨Ã Ä H �p1�C ß . The
language acceptedby ¸².0�1 is denoted) ©ë .0�|1 , and by def-
inition is the ? -languageof � at state º . Similarly ) ©Ï .0�|1
denotesthelanguage acceptedby ¸².0�1 whenstartedat state

Ã , and by definition is the ? -language of � at state Ã . By
construction, )^ÏQ.0�1
ì.��m��1e& , where �m� denotesthe setL{�e�uPM�yC�� H ��C'�gS .(�C�) ë .0�1 becausethe initial stateis accepting.An FSM �
is tri vial if f ) ë .0�143�( .
Definition 4.5 A language ) is an FSM languageif there is
an FSM � such that theassociatedautomatoņ².0�1 accepts) . Thelanguage associatedwith a DFSMis sometimescalled
a behaviour 1.

Remark Whenconvenient,we saythatFSM ��� hasproperty� if its associatedFSM languagehasproperty� .

Definition 4.6 State � of FSM ��Ë is said to be a reduction
of state Ã of FSM ��� ( ��� and ��Ë are supposedto havethe
sameinput set),written �¥í Ã , iff )Oî�.0��Ë�1�
_)^ÏQ.0���O1 . States� and Ã are equivalent states, written ��ï3 Ã , iff ��í Ã and

Ã ís� , i.e., when )4î�.0��Ë�1R3�)yÏM.0���41 . Statesthat are not
equivalentare called distinguishable. An FSM whosestates
areall pairwisedistinguishableis a reducedFSM.

Similarly, ��Ë is a reduction of ��� , ��Ë|í!��� , iff ºQð	ñ ,the initial stateof ��Ë , is a reductionof ºQð	ò , the initial state
of ��� . When��Ë*í��� and ����í��Ë then ��� and ��Ë
are equivalent machines, i.e., ��� ï3 ��Ë . Machinesthat are
not equivalentaredistinguishable.

For completeDFSMsreductionandequivalenceof statescoin-
cide. Given an FSM language,thereis a family of equivalent
FSMs associatedto it; for simplicity we will usually talk of
theFSM associatedwith a givenFSM language.In this paper
FSMsareassumedto bereduced,unlessotherwisestated.

An FSM languageis regular, whereasthe converseis not
true.

Theorem 4.1 A regular language over alphabet �g?�� is the
language of a completeFSM over input alphabet � and out-
put alphabet� iff )*
#.��m��1 & , ) is �K� -prefix-closedand �m� -
progressive. A regular language )�
!.��K��1e& that is �K� -prefix-
closed,but not �K� -progressive, is the language of a partial
FSM.

Givenaregularlanguage) overalphabet��?�� , thefollow-
ing algorithmbuilds ) Ò Í ð , the largestsubsetof ) that is the
languageof anFSM over input alphabet� andoutputalphabet� .

1Thelanguageassociatedwith aNDFSM includesa setof behaviours.

Procedure 4.1 Input: Regular language ) over �>?�� ; Output:
LargestFSMlanguage ) Ò Í ð over �	?�� .

1. Build adeterministicautomaton� accepting)' [.��m��1 & .
2. Deletetheinitial stateif it is anonfinalstate.

3. Deleteall nonfinalstateshaving incomingedgeslabelled
with symbolsfrom alphabet� , togetherwith their incom-
ing edges.

4. If theinitial statehasbeendeleted,then ) Ò Í ð 3*° . Oth-
erwise,let ó� betheautomatonproducedby theprocedure
and ) Ò Í ð thelanguagethat ó� accepts.If thereis noout-
goingedgefrom the initial stateof ó� , then ó� acceptsthe
trivial language) Ò Í ð 3_LM(�S , otherwiseit acceptsa non-
trivial FSM language) Ò Í ð . Any FSM languagein )
mustbeasubsetof ) Ò Í ð .

To obtain the largestsubsetof ) which is the languageof a
completeFSMwe mustapplyonemorepruningalgorithm.

Procedure 4.2 Input: FSM Language ) Ò Í ð over ��?�� ;
Output: Largest �K� -progressiveFSMlanguage ô º �{õ8.0) Ò

Í ð 1
over �	?�� .

1. Build adeterministicautomaton� accepting) Ò Í ð .

2. Iterativelydeleteall statesthatarefinal andfor which
} �yC� with nooutgoingedgecarryingthelabel � , togetherwith

their incomingedges,until theinitial stateis deletedor no
morestatecanbedeleted.Deletetheinitial stateif

} �yC��
with no outgoingedgecarryingthelabel � .

3. If theinitial statehasbeendeleted,then ô º �{õ8.0) Ò
Í ð 1�3° . Otherwise,let ó� be the automatonproducedby the

procedureand ô º �{õ8.0) Ò
Í ð 1 thelanguagethat ó� accepts.

Any � -progressiveFSMlanguagein ) Ò Í ð mustbeasub-
setof ô º �{õ8.0) Ò

Í ð 1 .
Proposition 4.1 An FSM whose language is ) Ò Í ð orô º �{õ8.0) Ò

Í ð 1 can be trivially deducedfrom ó� by replacing
pairsof consecutiveedgeslabelledrespectivelywith � and � by
a uniqueedge labelled �Yêp� .
Proposition 4.2 Givena regular language ) overalphabet�>?� , let � beanFSMover inputalphabet� andoutputalphabet� . Thelanguage )G.0�|1 of � is containedin ) if andonly if)�.0�1�
�) Ò Í ð .

Proof. Show that )�.0�1�
«)¯� )�.0�1�
«) Ò Í ð . In-
deed )�.0�1 is an FSM languagecontainedin ) and ) Ò Í ð
is by constructionthelargestFSMlanguagecontainedin ) . So)�.0�1�
�) Ò Í ð .)�.0�|1Á
ö) Ò Í ð � )�.0�1�
Ê) , since by definition) Ò Í ð 
�) . QED
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4.2 Parallel Composition of FSMs

Differenttypesof compositionbetweenpairsof FSMsmay
bedefined,accordingto theprotocolby which signalsareex-
changed.For a given compositionoperatorandpair of FSMs
we mustestablishwhetherthat compositionis defined,mean-
ing thatit yieldsasetof behavioursthatcanbedescribedby an-
otherFSM. In general,thecompositionof FSMsis a partially
specifiedfunctionfrom pairsof FSMsto anFSM.In thispaper
we focuson thecompositionof FSMsby meansof theparallel
compositionoperatorover languagesintroducedin Sec.2. So
theFSM yieldedby thecompositionof FSMs ��� and ��Ë is
theonewhoselanguageis obtainedby thecompositionof the
FSM languagesassociatedwith ��� and ��Ë .

Considerthepair of FSMs2

1. FSM ��� hasinput alphabet�Q¤O?�@ , outputalphabet�$?��¤ andtransitionrelation ß � ;
2. FSM ��Ë hasinputalphabet�Å¦y?�� , outputalphabet@�?�	¦ andtransitionrelation ß Ë .

Wedefineaparallelcompositionoperator� thatassociateswith
apairof FSMs ��� and ��Ë anotherFSM ���	�^��Ë suchthat:

1. thealphabetof theexternalinputsis �Q¤O?d�{¦�3�� ;
2. thealphabetof theexternaloutputsis ��¤O?��	¦�3�� .

Recallthat,by definitionof parallelcompositionof languages,

N�C�)�.0��Ëy1��¥)�.0���O1 if f
NZC�� )�.0��Ëy1e\b�»÷»©K§<÷O �)�.0���41e\b�qøâ©K§>ø2�kIb�¨©K§G¬

Notice that the expansions)�.0��Ëy1e\b�»÷»©K§<÷ and )G.0���41e\b�qøâ©m§:ø
areneededto have the languagesof ��Ë and ��� definedon
thesamealphabet.

Lemma 4.1 If )�.0���O1 and )G.0��Ëy1 are FSM ? -languages,
then )G.0���41V�¥)�.0��Ëy1> �.��K��1e& is an FSM ? -language.

Proof. )G.0���O1O�u)�.0��Ë�1� .��K��1 & is prefix-closed,because
prefix-closed? -languagesareclosedunder � composition.In-
deed,a stateof thefinite automatoncorrespondingto anFSM? -languageis acceptingiff it is theinitial stateor all its ingoing
edgesarelabelledby symbolsin � . Thepropertyis preserved
by intersectionandrestrictionover �<?�� . Theintersectionwith.��K��1 & makessurethat in the stringsof the resultingFSM ? -
languageaninput is alwaysfollowedby exactlyoneoutput,so
thata correspondingFSM (with edgeslabelledby pairs .6�Yêp�p1;1
canbe reconstructed.Notice that )G.0���41>��)�.0��Ë�1/ w.��m��1e&
doesnot needto be progressive, becausepartial FSMsareal-
lowed.QED

Thereforewe canstatethefollowing definition.

Definition 4.7 The parallel composition of FSMs ��Ë and��� yieldstheFSM ���²�¥��Ë with language

)�.0���²�¥��Ëy1^3�)�.0���41��¥)�.0��Ë�1> ¿.��m��1 & ¬
If thelanguage )�.0���O1q�9)�.0��Ë�1; �.��m��1e&¥3LM(�S , then ���A�9��Ë
is a trivial FSM.

2Forsakeof simplicity thealphabets� ÷ lq� ø lq§ ÷ l0§ ø lq��leJ areassumedtobedisjoint.

Thepreviousdefinitionis soundbecausethelanguage)�.0���41â�)�.0��Ë�1^ �.��m��1e& by Lemma4.1 is an FSM language,which
may correspondto a completeor partial FSM accordingto
whether the language )G.0���41a�Z)�.0��Ë^1g  .��K��1e& is �m� -
progressive or not. Then by subsetconstructionand reduc-
tion we producea reducedobservableFSM. In summary, we
convert from the FSMs ��Ë and ��� to the automataaccept-
ing theirFSM languages,operateon themandthenwe convert
backfrom theresultingautomatonto anFSM;thenweproduce
a reducedPNDFSM(we assumethat ��Ë and ��� arePNDF-
SMs).

4.3 Solutionsof Equationsover FSMs

Considera generalinterconnectionof two FSMs ��� and��Ë , whereFSM ��� hasinput signals �Q¤ and @ andoutput
signals � and ��¤ , andFSM ��Ë hasinput signals �{¦ and �
andoutputsignals@ and �	¦ . Thenetwork implementsaspeci-
fication ��� with inputsignals�Q¤ H �{¦ andoutputsignals��¤ H �	¦ .Supposingthat ��� and ��� areknown and ��Ë is unknown,
we wantto defineanequationof thetype ���Áù����|í���� ,
to capturethe FSMs ��Ë that in placeof �Z� let the network
of ��� and ��Ë matchthespecification��� . ThroughDefini-
tion 4.4 we have seena way to associatean FSM languageto
a givenFSM, andtherelatedcompositionoperator� hasbeen
introducedin Sec.4.2; thereforewe introducethe following
equationoverFSMs:

���²�¥���í����
and solve it by building first the related languageequation)�.0���41'�|)�.0�Z��1�
�)�.0���^1O? .��K��1 & 3, where )G.0���41 and)�.0���y1 aretheFSMlanguagesassociatedwith FSMs ��� and��� . Thenwe derive the FSM � Í associatedwith ± . When
thereis noambiguity �X�A��
��'? .��m��1 & denotesthelanguage
equation)�.0���O1��¥)�.0�Z��1�
�)G.0���y1>? .��m��1 & .

Given alphabets�Q¤ H �{¦ H � H @ H ��¤ H �	¦ , an FSM ��� over in-
puts �Q¤4?�@ andoutputs��?���¤ , andanFSM ��� over inputs�Q¤O?d�{¦ andoutputs��¤/?D�	¦ , considertheFSM equation

���²�¥���|í���� H (3)

whoseunknown is anFSM ��� over inputs �{¦>?g� andoutputs@_?'�	¦ . We will usethe shortenednotation �'3¡�Q¤�?'�{¦ and�3���¤/?D�	¦ .
Definition 4.8 FSM ��Ë is a solution of the equation ���'��Z�|í���� , where ��� and ��� areFSMs,if andonly if ���¥���Ë$í���� .

Converting to the relatedFSM languages,we constructthe
associatedlanguageequation

)�.0���41V�¥)�.0���a1�
�)�.0���y1>? .��K��1 & H (4)

where)�.0���41 is over �Q¤K?a��?	@R?	��¤ , )�.0���y1 is over �Q¤K?��{¦�?��¤Å?y�	¦ andtheunknownFSMlanguageis over �{¦M?���?�@�?^�	¦ .
Thepreviousequationcanberewritten for simplicity as

�����s
���? .��K��1 & ¬ (5)
3 ð ò�ú ð	û#ü�ð	ý if f þ j ð ò�ú ð	û n�ÿ þ j ð	ý n if f þ j ð ò�ú ð	û n��þ j ð ò�n�ú þ j ð	û n � j��2§ n � ÿ j ð	ý n if f þ j ð ò�n�ú þ j ð	û n�ÿ þ j ð	ý n © j��2§ n � .
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We wantto characterizesolutionsthatareFSM languages.We
know from Theorem2.1 that the largestsolutionof �$�a�

��? .��K��1 & is thelanguage±Z3 �Z��. �� [.��m��1 & 1 , if ±�®3�° .

In general± is notanFSMlanguage.To computethelargest
FSM languagecontainedin ± , ± Ò Í ð , we mustcomputethe
largestprefix-closedlanguagecontainedin ±� '.;.��{¦O?D�a1�.q@�?�	¦]1;1e& .
Theorem 4.2 Let � and � be FSM languages. The largest
FSM language solutionof the equation �$�a��
Á��? .��m��1 &
is denotedby ± Ò Í ð , where ±�3 �Z��. �� �.��K��1 & 1 . If ±*3¡°
then ± FSM 3¶° ; if ±z®3¶° , ± Ò Í ð is obtainedby applying
Procedure 4.1 to ± . If ± Ò Í ð 3�° then the FSM language
equation�Z�G��
���? .��m��1 & hasnosolution.

Proof. The first stepof Procedure4.1 computesthe intersec-
tion of ± with .;.��{¦i?���1�.q@'?��	¦{1;1e& to enforcethatthesolution,
if it exists,is anFSM languagewith inputalphabet�{¦^?R� and
outputalphabet@�?��	¦ . Since � and � areregularlanguages,±[ �.;.��{¦�?���1�.q@*?'�	¦{1;1e& is regular too and,by construction,
Procedure4.1 extractsthe largestFSM languagecontainedin
it. QED

By Proposition4.1, it is easyto derive anFSM � Í������ asso-
ciatedwith ± Ò Í ð . This allows usto talk aboutFSMsthatare
solutionsof FSMequations,meaningany reductionof theFSM� Í������ , asguaranteedby Prop.4.2.

For logic synthesisapplications,we assumethat ��� and��� arecompleteFSMsandwe requirethat the solution is a
completeFSMtoo. This is obtainedby applyingProcedure4.2
to ± Ò Í ð , yielding ô º �{õ8.q± Ò

Í ð 1 , thelargest .��{¦p?���1�.q@u?y�	¦]1 -
progressiveFSM language
�.;.��{¦^?R��1�.q@�?��a¦{1;1e& .
Proposition 4.3 FSM ��Ë is a solutionof theequation������Z�|í���� , where ��� and ��� areFSMs,if andonlyif ��Ë is
a reductionof theFSM � Í������ associatedwith ± Ò Í ð , where± Ò Í ð is obtainedby applyingProcedure4.1 to ± , where ±�3
�Z��. �� [.��m��1 & 1 . If ± Ò Í ð 3�° thenno FSM is a solution.
ThelargestcompleteFSM solution �
	 ë á � j Í������ n is found,if
it exists, by Procedure 4.2. A completeFSM is a solution if
and only if it is a reductionof the largest completesolution� 	 ë á � j Í ���� n .

Furthermore,werestricttheattentionto thesolutions£ such
that ��\b� ø ©m§ ø  '£¥\b� ÷ ©m§ ÷  �.��m��1e&\K�>©9J is an �b&M� -progressive
FSM language
�.��i.e��?'@�1 & ��1 & andsothecompositionis a
completeFSMover inputs �Q¤<?X�{¦ andoutputs��¤<?d�	¦ . Since��\b�qøâ©m§:ø8 �£�\K�Y÷»©K§<÷� u.��m��1e&\K�A©mJ is �m� -prefix-closed,it corre-
spondsto a partialFSM.We have to restrictit sothat it is also�v&p� -progressive,whichcorrespondsto acompleteFSM.

To now discussthe issueof progressivenessand livelocks
(endlesscyclesof internalactions).

Definition 4.9 A solution £ of Eq. 5 is � -compositionally�v&p� -progressive if

��\K� ø ©m§ ø  �£¥\b� ÷ ©K§ ÷  ¿.��m��1 &\K�>©9J
is �v&Q� -progressive.

If £ is compositionally�b&Q� -progressive, therestrictionto �a?� of thecompositionis an �m� -progressive language,meaning
thatits correspondingFSM is complete.

Definition 4.10 A solution £ of Eq. 5 is � -compositionally
prefix �b&M� -progressive if

Init .��a1e\b� ø ©m§ ø   Init .�£u1e\b� ÷ ©m§ ÷   Init .;.��m��1 & 1e\m�>©mJ
is �v&Q� -progressive.

A compositionallyprefix � & � -progressive solution yields a
compositionthat hasno .6¢�? Ö 1 & cycleswithout exit. Sucha
solutionis alsocompositionally�b&Q� -progressive, but thecon-
versedoesnothold.
Definition 4.11 A solution £ of Eq. 5 is � -compositionally
prefix .e��?�@�1 -convergent(abbreviatedas � -compositionally.e�$?D@�1 -convergent) if

Init .��a1e\b� ø ©m§ ø   Init .�£u1e\b� ÷ ©m§ ÷   Init .;.��m��1 & 1e\m�>©mJ
is .e�`?�@�1 -convergent.

A compositionally.e��?R@�1 -convergentsolutionyieldsa com-
position that hasno .6¢�? Ö 1e& cycles, i.e., it is livelock-free.
A compositionally� & � -progressive or compositionallyprefix�v&p� -progressive solutiondoesnot needto becompositionally.e�$?D@�1 -convergent.

Theorem 4.3 Let £ bean .��{¦�?���1�.q@*?'�	¦]1 -progressiveso-
lution of �t�T��
��$? .��K��1 & andlet � be .��Q¤<?�@�1�.e��?d��¤¨1 -
progressive. If £ is compositionallyprefix .e��?	@�1 -convergent,
then £ is compositionallyprefix �b&M� -progressive.

Proof. Since the components � and £ are progressive
their composition Init .��a1e\K� ø ©m§ ø   Init .�£u1e\b� ÷ ©K§ ÷  
Init .;.��m��1e&Q1e\K�>©mJ is deadlock-free,i.e., it never stops be-
causea componentdoesnot have a transitionundera given
input. If thecompositionis also .e�Z?u@�1 -convergent,therecan
be no livelocks,i.e., thereareno cycles labeledwith actions
from theset ��?[@ . Thereforeanexternalinput, aftera finite
path labelled with internal actions,must be followed by an
externaloutput.QED

If ± Ò Í ð is compositionallyprefix �b&Q� -progressive, then
it is the largest compositionally prefix �b&M� -progressive
solution of the equation. However, not every non-
empty subset of ± Ò Í ð inherits this feature. If ± Ò Í ð
is not compositionally prefix �b&M� -progressive, then de-
note the largestcompositionallyprefix �b&Q� -progressive sub-
set of ± Ò Í ð by �¨�b&M��ô º �{õm�b�:�0��.q± Ò

Í ð 1 . Conceptually
�¨�b&Q��ô º �{õm�b�:�0��.q± Ò

Í ð 1 is obtainedfrom ± Ò Í ð by deleting
eachstring N�C�.���.e�?�@�1e&Q��1e& suchthat, for some �DC� ,
thereis no .6¢�? Ö 1e&�C!.e�*?t@�1e& andno �tC�� for which it
holds N��2.6¢d? Ö 1e&p�RC Init .��a1e\b� ø ©K§ ø   Init .q± Ò Í ð 1e\b� ÷ ©m§ ÷  
Init .;.��m��1e&Q1e\K�>©mJ . Wedesignedaprocedure(notreportedhere)
to computethelargestcompositionallyprefix �b&M� -progressive
solution.

Moreover we may require that the solutionsare composi-
tionally .e�?�@�1 -convergent (seeDefinition 2.7), to rule out
all livelocks from the composition. However, when ± Ò Í ð
is not compositionally .e��?�@�1 -convergent, then the largest.e�t?g@�1 -convergentsolutiondoesnotexist andeachfinite �m� -
prefix-closedsubsetof ± Ò Í ð is a compositionally .e�_?t@�1 -
convergentsolution;thusnosuchsequencecanbedeletedfrom
thelargestsolutionwithoutmissingacompositionally.e�²?�@�1 -
convergentsolution.
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4.4 BoundedParallel Compositionof FSMs

Herewe discussthe solutionswhosecompositionwith the
context producesanexternaloutputafterat most c internalac-
tions andprovide the key stepsto solve FSM equationsunder
boundedparallelcomposition.

Definition 4.12 The c -bounded parallel composition of
FSMs ��Ë , over input alphabet �Å¦	?�� and outputalphabet�	¦¥?Z@ , and of ��� , over input alphabet �Q¤G?Z@ and output
alphabet��¤/?R� , yieldstheFSM ���²� h ��Ë with language

)�.0���²� h ��Ëy1 3 )G.0���41V� h )�.0��Ë�1> ¿.��m��1 &3 � )�.0���O1e\K� ø ©m§ ø  D)�.0��Ëy1e\b� ÷ ©K§ ÷
 �.��¥?D��1 &\�jk�>©mJml h�n �kIb�¨©K§[ ¿.��m��1 & ¬

When c>3�ª , this reducesto parallelcompositionof FSMs.

Proposition 4.4 FSM ��Ë is a solutionof theequation���²� h�Z�|í���� , where ��� and ��� areFSMs,if andonlyif ��Ë is
a reductionof theFSM � Í������ associatedwith ± Ò Í ð , where± Ò Í ð is obtainedby applyingProcedure4.1 to ± , where ±�3
.���\b� ø ©m§ ø  �. �� �.��K��1 & 1 \�jk�>©mJml h�n 1eIb� ø ©9�>©mJO©m§ ø . If ± Ò Í ð 3�°
thennoFSMis a solution. ± Ò Í ð is thelargestcompositionally.e�'?�@�1 -convergentsolutionof ���¥� h ��� � ��� . Thelargest
completeFSM solution �
	 ë á � j Í������ n is found,if it exists,by
Procedure4.2.

Theorem 4.4 A solution ��Ë of ����� h ���µí¡��� is also a
compositionally.e��?R@�1 -convergentsolutionof ���d�	�Z�¡í��� .

If ��� and ��Ë are also complete, then ��Ë is a com-
positionallyprefix � & � -progressiveandcompositionally� & � -
progressivesolutionof ���²�¥�Z�|í���� .
Proof. By construction,asolution ��Ë of ���	� h ���|í���� is
compositionally.e�R?�@�1 -convergent.A solution ��Ë of ���¥� h�Z��í���� is alsoa solutionof ���R������í���� , because
when c>3*ª theoperator� h becomestheoperator� .

By Theorem4.3, the fact that ��Ë is compositionally.e��?@�1 -convergent, togetherwith the completenessof ��� and��Ë , imply that ��Ë is compositionallyprefix � & � -progressive
andthereforecompositionally� & � -progressive. QED

However, �����D��� í���� may be solvable even though���[� h ���¶í ��� hasno solution. This may happenwhen���g���Z�í���� hasnocompositionally� & � -progressiveso-
lution. If ����� h ���í���� hasnocompletesolution,it is open
whetherthereis a compositionally�b&Q� -progressivesolution.

5 Conclusions
Weaddressedtheproblemof findinganunknowncomponent

in a network in order to satisfya global systemspecification.
In this paperwe addressedonly theparallellanguageequation�����s
�� andprovidedsolutionsandalgorithmsfor classesof
automataandconstrainedversionsof theproblem.In particular
we showedhow to computethelargestFSM languagethat is a
solution of the languageequation � ���Ê
s� , the largest
completesolution,andthelargestsolutionwhosecomposition
with thecontext � yieldsacompleteFSM language.

We appliedthesetechniquesto a classicalsynthesis’prob-
lem of a converterbetweena givenmismatchedpair of proto-
cols,usingtheirspecifications.andthoseof thechannelandthe

userservices.Theproblemwasaddressedin [5, 2] with super-
visory control techniques.We wereableto derive the largest
solution,andthe largestcompositionallyprogressive solution,
which werenot previously reportedin theliterature.

6 Acknowledgments

The first authorwaspartly supportedby the RussianFund
of Basic Research(Grant 99-01-00337). Both the first and
thethird authorgratefullyacknowledgethesupportof aNATO
travel grant(NATO LinkageGrantNo. 971217). The second
authorgratefullyacknoweledgesthesupportof theMADESSII
Project (Italian National ResearchCouncil). The fourth au-
thor gratefully acknowledgesthe supportof NSERC (Grant
OGP0194381).

References
[1] E. Cerny. Verificationof I/O tracesetinclusionfor aclass

of non-deterministicfinite statemachines. In The Pro-
ceedingsof the International Conferenceon Computer
Design, pages526–530,October1992.

[2] H. Hallal, R. Negulescu, and A. Petrenko. Design
of divergence-freeprotocolconvertersusingsupervisory
controltechniques.In 7th IEEEInternationalConference
on Electronics,Circuits and Systems,ICECS2000, vol-
ume2, pages705–708,December2000.

[3] J.E.HopcroftandJ.D.Ullman. Introductionto Automata
Theory, Languages,and Computation. Addison-Wesley
PublishingCompany, 1979.

[4] T. Kam, T. Villa, R. Brayton, and A. Sangiovanni-
Vincentelli. Synthesisof FSMs: functionaloptimization.
Kluwer AcademicPublishers,1997.

[5] R. Kumar, S.Nelvagal, andS.I. Marcus.A discreteevent
systemsapproachfor protocolconversion.DiscreteEvent
DynamicSystems:Theory& Applications, 7(3):295–315,
June1997.

[6] W.C.Mallon, J.T. Tijmen,andT. Werhoeff. Analysisand
applicationsof the XDI model. In InternationalSympo-
siumonAdvancedResearch in AsynchronousCircuitsand
Systems, pages231–242,1999.

[7] P. Merlin and G.V. Bochmann. On the constructionof
submodulespecificationsand communicationprotocols.
ACM Transactionson ProgrammingLanguagesandSys-
tems, 5(1):1–25,January1983.

[8] A. Petrenko andN. Yevtushenko. Solvingasynchronous
equations.In S.Budkowski, A. Cavalli, andE. Najm,ed-
itors, Formal DescriptionTechniquesandProtocolSpec-
ification, Testing and Verification - FORTE XI/PSTV
XVIII ’98, pages231–247.Kluwer AcademicPublishers,
November1998.

[9] H. Qin andP. Lewis. Factorisationof finite statemachines
understrongandobservationalequivalences.Formal As-
pectsof Computing, 3:284–307,Jul.-Sept.1991.

[10] P. H. Starke. AbstractAutomata. North-HollandPub. Co.;
AmericanElsevier Pub. Co.,1972.

[11] Y. Watanabeand R.K. Brayton. The maximum set of
permissiblebehaviors for FSM networks. In IEEE Inter-
national Conferenceon Computer-Aided Design, pages
316–320,November1993.


