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It is interesting to study how the pro-
perties of thermodynamic quantities near
the transition point depend on the type of
interaction in cooperative systems. In spin
systems, Onsager’s exact solution of the
two-dimensional Ising model is well known.
Here, the solution of another model with a
little different type-of interaction.is given
exactly in the same two-dimensional square
lattice. In this model, the energy of in-
teraction between two neighbouring units
is proportional to the scalar product of the
vectors representing them, and each unit is
capable of four configurations, represented
by four directions at right angles, as shown

Fig. 1.

in Fig. 1. Originally, using a duality trans-
formation, Potts has found the transition
point of this model,” together with the
other ones which have three directions at
120°, or r configurations with only two
different energies of interaction. P~

The Hamiltonian of this model is given
by

H=—JTZ (Ui 1t5), @»

where 4; and #; assume e;, e:, es or ey,
respectively.

Now, the transfer matrix of the i-th row,
as shown in Fig. 2, is
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Fig. 2.
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and K=J/kT.

Notice that the matrix V; can be expressed
in the following direct product,

=ViXV! (€)
where
ezr/z e—zr/z
Vi =[ eK/2 gE/2 ]=elm +e G
=2sinh K exp <—12i C.‘),' @
! — 3 K /4
V!=2sinh K exp (T C.), ®)

and ' K*=log coth( L2<—>=2tanh'1 ™). (6)

~The operator which describes the addition
of a new tier is

"71= ’171}.("72"'}.(‘7%:1:‘[1"7‘:‘ . ' (7)

" The state function of the - added tier can
be represented as follows:

Yr=r(eors g, 105 )5 pa, p=%1, (8)

and the operators {C;} and {C/} have the
following effect:

Cfr(eees pg, 05 +#%)
To=Ar ey —us, 405 ), ete. 1C))

Moreover, the operator which introduces .a
similar- interaction J between adjacent units
in a tier is represented as follows:

V= exp (Lg—z: SJSJ+1)X

X exp(——Z S! S,+1) 10)

using the diagonal operators {S;} and {S%:
S Cees o, 15+
=urCes pgs m; ), ete.  (11)

Therefore, the addition of one tier of units
with interactions J and J’ is represented

by
V=V.V. 12)

Consequently, we obtain the partition func-
tion of the system as follows:.

Znym(J, J)=Tr Vm= (2 sinh K)»™

X Tr [exp(%iECOexp(%,-Z S;S jﬂ)]'m

x X[exp( K* z:c,)exp(——z: 8ita)["

SERERS))

where ZZ,, indicates the solution for the
Ising model. The partition function per
unit, 4 1s given as follows, using Onsager’s
solution,” in the limit of an infinitely large
crystal:

log —fI— = —;—S S log(cosh K cosh K’
—sinh K cos w—sinh K’ cos a/)da) do'.

(14

Near the transition point, the specific heat
is, in the case J'=J,

Cy/Nk~—0.9880 log| T'— T/ ;
(—0.4945 log| T— T%|
for the Ising model). (15)

After we have known the final results,
we easily find the following one-to-one cor-
respondence between the vector #; and a
pair of Ising spins (6i1,0:s):

e (1,1), ex(1, —1), eso(—1,1).,
e (-1, —-1). (16)
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The following relation holds owing to the
above correspondence (16):

(Ui 185) =—§—‘ (0410514020 52). an

This is equivalent to the representation of
the matrix V; as the direct product (3).
Therefore, in general, the following relation
can be obtained, irrespective of both di-
mensions and the range of interaction:

Zy{Jis} =Trexp X Kis(Mi- Hy)
=Try, 2 exp [%E ki (01105 +5i2512)]

= [Z&{J.5/2}]% (18)

This means that the Potts model is equiva-
lent to uncoupled double Ising models with
interaction of ‘half strength. The correla-
tion function is given by

<> (D) = <d08,>1(-1),

19

Consequently, the long range order R(J)
is given by
. J \1?
2 — . = Il _Y
R <lim< (459> D =[R(-2-)]
(20)
These relations seems to be intuitively ob-
vious from the above equivalence. In parti-
cular, in the two-dimensional square lattice
(J’=J), the long range order near the transi-
tion point is
R=(1-1/sinh* K)V®
~1.0945(1—T/To)V8, @D

and the final expression 1n the above equa-
tion (21) 1s quite the same as that of the
Ising model.”
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