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1 Introduction

Many quantum field theory models have been solved or constructed in two dimensions,
see e.g. [1-3]. For just-renormalisble bosonic models there is little success so far. The
perturbative renormalisation of the ®*-model on four-dimensional Moyal space with har-
monic propagation [4] and the proof that the S-function vanishes [5] at a self-duality point
provided some hope to construct this particular four-dimensional model which is indeed
just-renormalisable.

At a special self-duality point [6], the model reduces to a dynamical matrix model
with action

S[®] =V Tr(E®?) + %V Tr(®%) (1.1)

for self-adjoint N x A -matrices ®, where E takes the role of a Laplacian whose eigenvalues
2
Foare

E, = % + ~tere arise with multiplicity n. The parameter V' € R is the deformation pa-

rameter of the Moyal space, A € R is the coupling constant and ,ugar . the unrenormalised
mass square. The dimension of a field theory is defined by Weyl’s Theorem through the
asymptotic behavior of the Laplacian, or equivalently by the asymptotic behavior of its
corresponding spectral measure. Furthermore, the perturbative expansion of the non-
commutative ®*-model on 4-dimensional Moyal space into Feynman graphs admits the
same degrees of divergences for each graph as the ordinary (commutative) ®* model in
four dimensions.



The action S[®] is employed to define correlation functions

f do (I)albl (pa2b2 T q)anbne_s[é]>

(Payy Pasby - - - Payp,) = log ( a5
Integration by parts produces many relations between these correlation functions. Further
relations result from a Ward-Takahashi identity discovered in [5]. It was shown in [7] that
these relations can be organised into a closed non-linear equation for the planar two-point
function and a hierarchy of Dyson-Schwinger equations for all other functions. The latter
are linear in the function of interest with an inhomogeneity that only depends on finitely
many functions known by induction.

As characteristic to matrix models, the two-point function has a formal genus expansion

(Dap®ha) = > V292G
g=0

Its planar part G((I%) can be isolated in a limit V' — oo. Particularly transparent is a

combined limit where also the size N of the matrices is sent to oo, with the ratio N A2

N
2
fixed. The previously discrete eigenvalues F,, become in this limit functions F, = x + %
. 0 . . . b
of a real variable x € [0, A?], and G((lb) converges to G(z,y) with x = lim # and y = lim —=-.
It this setting the Dyson-Schwinger equation for GSZ) converges to a non-linear integral
equation [7]

— G(:U>y)

— X

( ) v RN e((X")
Nbare+$+y+)\/0 dttZG(:v,t)) ZG(aj,y):1+)\/0 dttZ : . (1.2)
It is understood that ,ugar . and Z depend on the cut-off A. According to the renormalisation
philosophy, the task is to determine the precise dependence ugare(A), Z(A) so that the
solution G(z,y) of (1.2) has a limit A — oo.

In our recent work [8] we succeeded in solving the analogue of (1.2) for general eigen-
values E, and without requiring the special limit N, V' — oo, up to the determination of
an implicitly defined measure function. In case of (1.2) this solution specifies to:

Theorem 1 ([8]). Equation (1.2) for the renormalised planar 2-point function of the ¢*
QFT-model on four-dimensional noncommutative Moyal space is solved by

_ pPexp(N(z,y))

Cloy) = w+zt+y

N(z,y) := zlm/::dt{log (- J(-& —it))%log (y — J(— +it))
_1og(—J(—%2—it))%log(—J(—%erit))
~log (¢ — (=% —it))%log (y— (-1 +it))

+log (— (4 — it))%log(— (-4 +it))}:



where J is the solution of a Fredholm integral equation of second kind:

_ > J(t)
J(m)—x—)\x2/0 dt EEIH (1.3)

Here p > 0 is a free renormalisation parameter, and G(0,0) = 1 is already implemented.

As main result of this paper we prove that (1.3) is solved by a hypergeometric function,

ay, 1 —a T arcsin(A
J(x) =21 < o /\‘ —2> , where ay = 7(”) (1.4)
2 I us
Moreover, we show that the particular choice u? = M provides the same normalisa-

tion as the expansion into renormalised ribbon graphs.

The following sections present several methods which we employed to find the solu-
tion (1.4) of (1.3). In section 2 we show that a rescaling of J satisfies a hypergeometric
differential equation from which we deduce (1.4). Some steps rely on appendix A where
the spectrum of an integral operator is determined. In subsection 2.1 we determine the
spectral dimension. The treatment via a differential equation is probably the most elegant
one. We first obtained this solution via a perturbative expansion described in section 3.
We understand the pattern of the power series solution of (1.3) to O(A!?) and resum it

o (1.4). The advantage of this approach is that it identifies the renormalisation parame-
ter 2 for which our solution matches the usual perturbative renormalisation prescription.
Finally, in section 4 we directly verify (1.4) via integrals for Meijer-G functions.

2 Solution via differential equation

X
wrtx

It is convenient to symmetrise the Fredholm equation (1.3). Dividing by and defining

ox(x) = %, we have

~ 1 b ox(t) tx
= — A dt
Rty M8 e s ey

&0 0)(t
:C/\_/\/ dtLO, (2.1)
p+z 0o Mtztt

where c) = 1+ )\MQ fooo dt 5352 =1+ )\IU,Q fooo dt t(;;]Q(Jtr)t)Q' The second line results by
(not so obvious) rational fraction expansion. As proved in appendix A, there exists for
A > —1 asolution gy € L?(R;), which means lim;_, t3x(t) = 0. Another transformation

é(x) = p20(zp?) simplifies the problem to

d(z) = 129: - A/Ooodt 1fit)+x $(0) = 1. (2.2)

The aim is to find the differential operator D, acting on (2.2) which is reproduced under
the integral on ¢(t) such that all appearing inhomogeneous parts vanish, i.e.
*  Dig(t)

Dyd(a) = -\ | dt 2
#() /0 1+t+a



We compute derivatives and integrate by parts, taking the boundary values at 0 and oo
into account:

O > ¢'(t) A
ol@) = u+xP+AZ;ﬁ1+t+x+1+x‘ (23)
Also the product with 1 4 2 simplifies by integration by parts:
< (1)
1 (2) = — -2 —A/ ar 2 2.4
(1+2)¢'(z) 1+ ) o 14t+x (2:4)
We differentiate once more:
& dt d
1 " / _ C /\/ &bl (¢
()@ + 0@ = 7w+ | s a o),
20)\ & t(ﬁ”(t) A
1 "2) = —2— )\/ dt - . 2.5
(1+2)¢"() (1+ac)2+ o l+t+zx 14z (25)

We multiply by = and integrate by parts:

< dt t(14t)¢"(t) A
1+t+x 1+z°

26,\ 26,\

l’(1+$’)¢”(x) = <1+x> - (1 +$)2 - /\/0

We subtract twice (2.3) and add four times (2.4):

(14 2)¢"(x) + (2 + 42)¢' (z) =

2¢) + A {1+ 1)¢" () + (2 + A1) (¢)
_ﬂ+w)_¥4dt l+t+zx '

. . 2
Finally, we add % times (2.2) to get D, = z(1 + m)dd? + (2 + 4a) L + %, or
equivalently

0= (id + AA;)g, where (2.6)
1 / 2en + A
9(x) = z(1+z)¢"(z) + (2 + 4)¢'(z) + o o(x),
and Au is the integral operator with kernel Au(t,u) = #—Hﬂ The arguments given in

appendix A show that flu has spectrum [0, 7] for any p > 0. Therefore, equation (2.6)
has for A > —% only the trivial solution g(z) = 0, which is a standard hypergeometric
differential equation. The normalisation ¢(0) = 1 uniquely fixes the solution to

P(x) = 2F1 (

1 1— A
x 00\(

1+ay, 2—0&)\‘ )
— X




It remains to satisfy the boundary condition ¢y = 1+ X [~ dt fiz given after (2.1).

The integral can be evaluated via the Euler integral [9, eq. 9.111],
U a0\ an
/ 2 O _ T(2) / dt/ (1 — u)™
1+t T(1—a)l(l+ay) 1+utw(1+t)
1 /d/ %1-@%(1—5)A
s
F(l—a)\)F 1+ ay) — (1 —u)s)™
1 _ Q) 1
= du u= 1 —u)™ oF ’ ‘1—u
F(l—aA)F(2+aA)/o S 1<2+04>\ )
1 1 _ (1+a,\) ay, 1
= du u™ (1 —u)™ " { —— 2o F ’ )u
F(l—a,\)F(2+a,\) /0 ( ) { Q) 21 1+C¥)\

1 ay, 2
~ L (2
Oé)\2 1<2+a,\ u)}

1 {(1+a,\) L(1+ a))l(1 — a))D(1 — ay)
Pl —a)l(2+ay) [ ax ['(2 —a))I'(1)

1 P2+ )1+ an)I(
a I'(2)r(2)

1—a (1 —ay) }
(1)
L T(a)r(-a)
=— —I'(« —ay).
Oé)\(l — CM,\) A A
Here we have transformed ¢t = -, evaluated first the s-integral [9, eq. 9.111] to a hy-
pergeometric function, used its contiguous relation [9, eq. 9.137.17] so that the remaining
integrals are known from [9, eq. 7.512.4] and [9, eq. 7.512.3]. We thus conclude
A AT ! A

g 1 — g
A * ax(1—ay) sin(axm)  ax(l —ay)

with solution

arcsin(A) for A < L
sin(axm) = A, MN=N1 _argosh()wr) lﬂ (2.8)
g Ti— for X > .
T

The branch is uniquely selected by the requirement limy_,gcy = 1. For A < —% there is
no solution for which ¢y and ¢ are real. Transforming back to py and J gives the result
announced in (1.4), which provides the two-point function G(z,y) via Thm. 1.

2.1 Spectral dimension

Let oo(x)dz be the spectral measure of the operator E in the initial action (1.1). The
main discovery of [8] was that the interaction 4Tr(<1>4) effectively modifies the spectral
measure to gy (x)dx. What before, when expressed in terms of gy(z)dx, was intractable be-
came suddenly exactly solvable in terms of the deformation gy (x)dz. For four-dimensional
Moyal space one has go(x) = = and p)(z) = J(x). The explicit solution (1.4) shows
that the deformation is drastic: it changes the spectral dimension D defined by D =

inf{p : [, dt 1+t()1’)/2 < 00}




Lemma 2.1. For any |a)| < % one has

1 Qay, 1—04)\ F(l —204)\) 1
——— <af1 ‘ - < .
(14 z)> 2 (2 —a))l(1—ay) (1+z)™

Proof. We transform with [9, eq. 9.131.1] to

7 2—ay, 1l-ay| =

ay, 1—ay 1 \™» 2t 2 14z

o F ‘ —x | = 5o T .
2 l+x (1 - )Cw

1+=x

By [10, Thm. 1.10], the fraction on the r.h.s. is strictly increasing from 1 at = 0 to its

B(2,1-2a) I(1-2ay)
B-aydoay) = T@-an(i-ay) L0F & = 0. .

limit

Corollary 2.2. For |\| < %, the deformed measure oy = J of four-dimensional Moyal

space has spectral dimension D = 4 — 2%’“0‘”)'

Proof. Lemma 2.1 together with g)(x) = J(z) and (1.4) gives the assertion. O

The change of spectral dimension is important. If instead of (1.3) the function J
was given by J(z) = z — A2 Sy~ dt %, then for gg(z) = z this function J is
bounded above. Hence, J ' needed in higher topological sectors could not exist globally
on Ry, which would render the model inconsistent for any A > 0. The dimension drop

down to D =4 — 2%(”0 avoids this (triviality) problem.

3 Perturbative expansion

In this section we study two different perturbative expansions of an angle function which is
behind the solution of G(z,y). In section 3.2 we directly expand (3.2) order by order in A,
whereas in section 3.3 we expand (1.3) and compare with the other result via Corollary 3.1.
For a special choice of 2 which we determine, both expansions coincide order by order in
A (we played the game up to the 10" order with a computer algebra system).

3.1 Recalling earlier results
Equation (1.2) is a nonlinear singular integral equation. The solution theory for linear

integral equations of Carleman type is known (see e.g. [11]) and suggests the ansatz

amm:mxgmﬁ%w»%mw7 (3.1)

where HA[f(e)] := %limg_m( Oa_6+f£€)dp Z@ denotes the finite Hilbert transform.

a

Inserting (3.1) into (1.2) gives with identities established in [12] the consistency relation

1
PAT cot(7a(P)) = Higre + a + p + ATHL (o] + - / dt 7 (t). (3.2)
0



Renormalisation by Taylor subtraction at 0 suggests to choose the bare mass according to

1
Phe =1 — A% — = / dt mo(t). (3.3)
0

s

We will later see that another form of (3.3) is for the exact solution more efficient.

The key step in [8] to solve (3.2) (actually in larger generality) was to define a A-
deformation gy(z) of a spectral measure function gp. This deformed measure then gives
rise to a function J(z) which in four dimensions reads

> ox(t)
J(z) =2 — \2? / dt : 3.4
R A KT &)
The system of functions (go, 0y, J) is closed by the final condition go(J(x)) = ox(x).
In general this is a complicated system of equations. Here, the integral equation (1.2)
encodes the spectral measure go(z) = = so that J(z) = px(x) and (3.4) is reduced to (1.3).
We now have the following corollary of [8, Thm. 2.7]:

Corollary 3.1. Adjusting the bare mass to

7 (1) W e
2 (A)=p2- 1—)\/ dt A —2)\/ dt 2L 3.5
Hhare () = 1 < 0 (t+ p2)? 0 (t+ p?) (35)

then the consistency relation (3.2) is solved by
Ameo(p) cot(7a(p)) = lim Re(a + I(p +ie)), (3.6)
where I(2) = — J(—p?® — T L(2)).
(

Note that (3.5) fixes the renormalisation different than (3.3). It is actually a family of
renormalisations which depend on a free parameter p?()). Setting G(0,0) = 1 does not
mean p? = 1, nevertheless both approaches coincide in the limit A? — co. We will later
identify this unique function p?(\) that gives (3.3).

3.2 Direct expansion

Expanding equation (3.2) with renormalisation (3.3) and finite cut-off gives

™

2 _ A?
pAT cot(7,(p)) =1+ a+p+ Aplog (A ) p> + 1/0 dt (1p(t) — 10(t)) - (3.7)

The first order is extracted directly

PAT

=+ 0\,
l1+a+p ()

pArcot(ta(p)) =1+a+p+ 0N = 7(p)

which gives after inserting back at the next order

pArcot(ra(p) = 1+ a+p+ A((l T p)log(1 + p) — plog(p)

A% —p 1+ A2 9
+plog (1+p+A2> +log (1+p+A2> ) + O



The limit A2 — oo gives finite results for cot(7,(p)) as well as for 7,(p) order by order,

however the limit has to be taken with caution. Integral and limit do mot commute.

[eS)
n=1

Namely, for and expansion 74(p) = > Anr{m (p) we have

AZ? )
i [ (Tg )(t) — 7 (t)) v /O dt Jim (Tg (1) — 7 (t)) . n>1
As an example we will look at the next order of both integrals. They give
1N
; - (2) e

A%lgloo - /0 dt (Tp (t) — 7 (t)>

= (1+p)log(1+p)* + (1 + 2p)Liz(~p) — pCa,
1 oo
1 / dt i (2 (0) ~ 7 (1))

0

T A2—o00

Y tlog(t) — (1+t)log(1+¢t) tlog(t) — (1 +¢t)log(l+1t)
- [ e (PEEE (1+9) )

= (1+p)log(1 +p)*+ (1 + 2p)Liz(—p) + 2pCa,

[\

respectively, where Li,(z) is the n'' polylogarithm and ¢, = ((n) is the Riemann zeta

[4

value at integer n. The last term makes the difference. Taking the “wrong” second result
and plugging it back into (3.7) would lead to divergences at the next order. Consequently,
we have to treat the perturbative expansion of (3.7) with a finite cut-off A2 at all orders,
where each order has a finite limit.

The integration theory of the appearing integrals is completely understood in form of
iterated integrals [13]. They form a shuffle algebra, which is symbolically implemented in
the Maple package HYPERINT [14].

We computed the first 6 orders via HYPERINT for finite A2, Sending A2 — oo is

well-defined at any order as expected. The first orders read explicitly
A%im pAmcot(ra(p)) =14+a+p+ A((1+p)log(l+p) —plog(p))
—00

+ A (=pC2 + (14 p)log(1 + p)* + (1 + 2p)Lis(—p))

+ A3 <Cz log(1+p) — L log(1 +p)? + (1 + p) log(1 + p)?
+ 2pC3 — 2pLisz(—p) — (1 + 2p)Hlog(p, [-1,0, —1])
—2(2 + 3p)Hlog(p, [0, -1, —1})) + 0\, (3.8)

The hyperlogarithms Hlog are defined by the iterated integrals

¢ dxy 1 dxe /x”—l dxy,
Hl ki,....ky]) := e ,
Og(a?[ 1, ) ]) /O T — kl /O To — kg 0 Ty — kn

where the k; are called letters. An alternative notation is Hlog(a, [k1,...,k,]) =
1 ay\n
Ly, .. k,(a). Important special cases are Hlog(a, [—k,...,—k]) = Og(lnifk) for k € N*|
N——— :

Hlog(a, [0, ...,0]) := log7(17¢!1)” and Hlog(a, [0,...,0,—1]) = —Lij1,(—a).

n n



The perturbative expansion shows that the branch point at p = —1 plays an important

role. Its boundary value is found to be limy2_, _ cot(ro(—1+ig)) = —i+O(\7). It is natural
e\0
to conjecture that it holds at any order,

lim cot(rp(—1+1ie)) = —i. (3.9)
A2 =00
e\0
The perturbative expansion with a finite cut-off A? is quite inefficient. The boundary
value (3.9) admits a more efficient strategy. We take the derivative of (3.7) with respect

to p:

A2—p A2 1 N dn(b) 0
1 1 - - —L = a a.- a :
+ Alog ( p > )\A2—p + - /0 dt dp AT cot(74(p)) +p)\7rap cot(14(p))

Multiplying this equation by p and subtracting it from (3.7) again leads to

0 pA? 1 dry(t)
2\ - el B _ _ p
P )\7r6p cot(te(p)) =1+a+ )\AZ—p + - /0 dt (Tp(t) (t) —p dp > . (3.10)

where the limit A? — oo is now safe from the beginning and commutes with the integral.
We divide (3.10) by —p? and integrate it for all orders higher than A! over p from —1
(here (3.9) is assumed) up to some g to get limp2_, . Awcot(74(q)) on the Lh.s. On the
r.h.s. the order of integrals ffl dp fooo dt can be exchanged. The integral over p is

/_ql dppl2 (Tp(t) — 10(t) — pd:?;t)> , (3.11)

assuming Hélder continuity of 7,(¢) so that the integral splits after taking principal values.
The last term is computed for small € and all O(A>1)-contributions via integration by parts

arplt) q —€
/ dp dp (1) + 7p(t) +/ dep(Qt)
[_l’q]\[_euﬁ] p p p:—l [_luq]\[_eve] p

pe D
L +/ a2l _ T FTelt) g
2
q La\led P ¢

The first term in (3.11) cancels. The second term in (3.11) integrates to a boundary term

drp (t)

+2TOT(t), which is also canceled by the last term of (3.12). Multiplying by ¢ and including
the special O(\)-contribution we arrive in the limit A2 — oo where (3.9) is (conjecturally)
available at

9w cot(ra()) = 1+ 0 +q — Aglog(a) + /0 Tt (1) — (14 Qmolt) + ara®) . (313)

This equation is much more appropriate for the perturbation theory because the number
of terms is reduced tremendously order by order. Obviously, the first six order coincide
with the earlier but much harder perturbative expansion of (3.7).

Using (3.13) the perturbative expansion is increased up to A\? with HYPERINT. As
consistency check of assumption (3.9) we inserted the next orders Tén) (p) into (3.1) to get
the expansion G(a,b) = 2% A\"G((a,b). This confirmed the symmetry G (a,b) =
G(”)(b, a) which would easily be lost by wrong assumptions. We are thus convinced to

have the correct expressions for 7 (p) for 6 < n < 10.



3.3 Expansion of the Fredhom equation

To access the angle function 7,(p) through Corollary 3.1 we first have to determine the
expansion of the deformed measure g)(z) = J(x) through the Fredholm equation (1.3).
The constant p2()\) is not yet fixed and needs a further expansion

oo
pr= Al
n=0
First orders of the deformed measure are given iteratively through (1.3)
ox(@) =z — M(x + pp) Hlog(t, [-115]) — x)

A
p (—pdxHlog(z, [0, —pd]) + pd(uf + pd + x)Hlog(z, [—pd]) — z(1d + 1d))

2
— 3

0
+0(\3).

oo dtox(t) )71
0 (t+u?)? :

If o)(z) had the same asymptotics as go(z) = = then J~! could not be defined globally

Recall that the inverse of J(x) = g)(x) = p exists for all p € R, in case A < (

for A > 0. We proved in section 2.1 that the asymptotics of py(x) is altered in such a way
that J~! is defined. Anyway, in each order of perturbative expansion the inverse J~! is
globally defined on R, . At this point it suffices to assume that J~!(p) is a formal power
series in A, which is achieved by (3.4)

dt ox(t)
(t+p? +J7Yp))

JHp) =p+A(J ' (p)? /
(p)=p+AJ " (p) G ae
Expanding o) (t) and 2, the first orders are

J7Hp) =p— Mp — (i + p)Hlog(p, [~ 13]))
2
- %(pungog(p, [0, —u2]) — 243 (p + p2)Hlog(p, [~ 12, —pi2])

— p5(uf + pg)Hlog(p, [—p3]) + p(pf + 15)) + O(N).

The last step is to determine lim._,o Rel(p + ic) = pAx cot(ro(p)) for A? — oo via

1e) = i+ 570+ 02+ @R [T e

as a formal series. The first few orders are
lim [ (p-+ic) = pg+p+ X (imp+ i+ + (1 +p) Hlog (p, [—3]) +plog (15) — plog(p))
A2 (M%(l —Co) + 13 415 —pGa+ (ug+ i) Hlog (p, [—415))
+2(723+p)Hlog(p, [ 113, —11F]) — (3 +2p) Hlog (p, [0, ~45]) ) + O(AY).
Comparing it with (3.8) through equation (3.6) fixes every u? uniquely and confirms

liH(l) I(p +ie) = Awpcot(mo(p)) + iAmp.
e—

~10 -



Furthermore, the first 10 orders are identical with the expansion of (3.13), provided that
the p?’s are fixed to

IR 3 a8 D6 A e
pE =1t (e0)? e SN+ () = AL (TN + = (1) = A (7))
35 128 s 63 0 "
(T = AT () S ()10 + O, (3.14)

The conjectured behavior of cot(7y(p)) at p = —1 + ic in the previous subsection (3.9) is
now equivalent to

mI(—14+i) =0 = J1(=1)=—p>

e—0

We find that the expansion (3.14) of u? obeys an unexpected boundary condition

/O N (itfi(f))g = 5 +O00). (3.15)

For further study we pass as in section 2 to the rescaled measure ¢(x) = p?oy(u’z) =
ox(p*z)
wrr(l+z)
between even an odd powers in A\. The even powers A\*" are given by the formula

The pattern of coefficients of the pu2-expansion in (3.14) suggests to distinguish

(2n—-1" (2n)!
2n)!(2n +1)  47n!2(2n + 1)’

and the odd powers A>"*1 by

(2n)!! 4nn)?
Cn+DI2n+2) ~@n+2)

Both series are convergent for [A| < 2 with the result (up to order A!°)

o _ arcsin(Am) \ <arcsin()\7r))2

- AT AT

arcsm()nr)

This result suggests that is a better expansion parameter than A itself. The factors

7%" are produced by (2, in the iterated integrals. We thus reorganise the perturbative

solution of (2.2) into a series in M The power of %I;(’\W) depends on the number
of letters of the hyperpolylogarithm, which alternate between —1 and 0. The expansion

which holds up to order A'? is given by

. 2n
b(z) = arcsm (A7) ZHlog 1,...,0,—1]) (W) (3.16)

e arcsin(Ar)? ZH]O (2,[~1,0, 1 0,-1)) arcsin(Ar)\ "
A .Z'(Aﬂ')2 — g\, ING) yree Yy T ’

where the underbrace with n means that we have n times the letters 0 and —1 in an
alternating way.
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In the limit  — 0 only the terms with n = 0 in both sums survive,

arcsin( ) lim Hlog(z,[]) N arcsin(\m)? lim Hlog(x, [—1])

1=0¢(0) =
¢(0) = ex At 20 14z o (Am)2 20 x
¢y arcsin( ) arcsin( )
==—(1—-—"].
A s AT
This value was found in section 2 by another method. We also remark that ¢y = ﬁ for

the special renormalisation.
Next define the functions

f(z) = Hlog(z, [0, —1,...,0,—1]) a3"
2 Hiog(z, 0,120, - )}

n

[e.9]
g(x) := ZHlog(x, [-1,0,—1,...,0,—1]) 3",
n=0

n

where o), = aresinAm) - Both together obey the differential equations
2
/ _ oy / o 1
flla)=—"g(@)  g@) = f),

or equivalently

" f'(=@) f(z)
f (IL‘)—|— z _ai(l—i-l‘)l‘

g”(l’)—l— gl(x) —052 g(m)

=0
’ 142 *(1+az)z

)

with the boundary conditions f(0) = 1, f’(0) = a3, g(0) = 0 and ¢’(0) = 1. The solution
is given by hypergeometric functions o F}

por=ar (NN 0) g = S @ man (T, ),

In summary, the solution of equation (2.2) is conjectured to be

2
Qe ), —a) aze 1+ay, 1—04)\’
=22 L F ‘ B RO S 2 _
o) = Y05 02 1( 1 x) A 1( 2 v

4y, 2—
=R < +O‘A’2 O‘A‘ —x> (3.17)

or equivalently for (1.3)

J(z) = oa(x) = (1 + lfg)f(/j;) = 2oF <‘“’ ;_O‘A] - ""2) , (3.18)

where we have used the Gauss recursion formula [9, eq. 9.137.7] for hypergeometric func-
tions. Finally, we note that

/°° dt ox(t) i £ ox(z) _ ax(l—ay) _ 1
o (t+wp?)3 250 Aa? 22 2eap?
Thus choosing u? = m we confirm (3.15) exactly.
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4 Stieltjes transform of the measure function

We find it interesting to directly check that the hypergeometric function gy (x) = ﬁgb( %),
see (2.7), solves the integral equation (2.1). The hypergeometric function can be expressed
through the more general Meijer-G function. A Meijer-G function is defined by

-1 T (1 —a;+s
G;n{,]n( at, ) > / )Hg 1 ( J ) sts, (4'1)
’ b17"'7 H] m+1 b +S) H] n+1 F( _S)

with m,n,p,q € N, with m < ¢ and n < p, and poles of I'(b; — s) different from poles

of I'(1 — aj + s). The infinite contour L separates between the poles of I'(b; — s) and
I'(1 — aj + s), and its behavior to infinity depends on m,n,p,q (see [9, section 9.3]).
The Meijer-G function has by definition the property

a (o) =2 Gl ) =
It obeys the convolution formula [9, eq. 7.811.1]
o o Aty .oy Qp \ oyl ay,...,al,
/0 vy (O‘x bl,...,bq>GP@5/ (B:v bﬁ,...,bf,)

—G"+m " (5‘—171,...,—bm,a’l,...,a;,,—bm+1,...,—bq> | 43)

q+p' p+d / /
al,...,—an,bl,...,bq,,—an+1,...7—ap

which is the source of numerous impressive integrals over R of products of special func-
tions. If no two b; differ by an integer, either p < q or p = ¢ with |z| < 1, then a Meijer-G
function can be expressed by hypergeometric functions

GTI’LTL

P (4.4)

< al,...,ap) :in: H;m F(b—bk)l_[n ( +bk_aj) Zbk
bly-"abq =1 ?=m+1 (1+bk_b>H] n+1F( _bk)

1+ b, — o 14+ b —
><Fq1< +by—ai,...,1+by—ap

—1)yp—n—m
1+bk—b1,...,*,...,1—i—bk—bq( ) z),

where primed product and the x means that the term with j = k is omitted.
We need another identity which is derived directly from the definition

0,0,1\ 1 [T(by—s)(ba—s)[(—s)[(1+5)% |
G < ) 2/L ! 2 z%ds

b1, b2,0 mi I'(l1—ys)
1
=—— [ T'(by — s)['(bag — s)I'(s)['(1 + s)2°ds
2mi L

= T (by)T(by) — 2% / by — 8)T(by — $)T(s)T(1 + 5)="ds

0,1
=T(by)I'(ba) — G55 (z by b2> : (4.5)

where the contour is changed L — L’ such that it is moved through s = 0 and picked up
the residue. The contour L’ fulfills the definition (4.1) for G%:g <z b%g)'
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From (4.4) one can establish

55 (1) = i 1 G2 L‘OO\ —1,—ay
AT ETE a1 +an) 22\ w2l 0,1 ’

and

1 _ 1 1) ¢t _ 1 1,1 t |0 :
TR e 1F0(7‘ m—i—,uz) = 2 Gy (x—i—;ﬂ ‘0). The convolution theorem (4.3)

of Meijer-G functions thus allows to evaluate the integral

)\/OO dt ox(?)

0 THt+ p?

(@) A G2,3 x+lu’2‘a>\ - 17_05)\70
T2 a1 4 ay) B\ p? 0,0, —1
(4.2) A

3,2 1% ana 1
(x+p)T(2 - a)T(1+an) > \z+p2 11— ax,ay,0

(4.5) A 00 [ K2 0,1
= T(1— ay)D(ay) — G22 [
(@ +p*)l(2 = o)1+ o) ( (= onlen) = G2 (33 + 12 ‘ 1 —ay, aA))

44 A 1
(z+p2) | aa(l —ay)
['(2ay — DI(1 — o) < u? >1‘0‘A <2—a>\, I—ay| p? >
- oy ‘

I'(1+ay) x+ p? 2—2ay x4 p?
['(1 —2a))(ay) p? I 1+ay, aA’ u?
T(2—ay) c+p2) T\ 20y o+ p?
1 A AT

(x + p?) ax(l —ay)  sin(aym) () (4.6)
We have used the expansion of a Meijer-G function into hypergeometric functions and

applied in the last step [9, eq. 9.132.1]. The result is precisely (2.1) provided that c) =
A (see (2.7)) and sin(aym) = A7 (see (2.8)).

ax(1-ay)

5 Outlook

With the identification of J we have completed the solution of the planar 2-point function
of the ®*-QFT model on four-dimensional Moyal space at the self-duality point. From
the 2-point function one directly builds all planar correlation functions [7, 15]. In our
earlier work [16] on the much simpler cubic Kontsevich-like model we gave an algorithm
to compute also all non-planar correlation functions from the planar sector. It remains to
be seen whether a similar endeavour can succeed for the ®*-model, too.

We expect that non-planar functions are expressed in terms of the inverse function
J~ L. Inverses of hypergeometric functions do not seem to be studied. There is now strong
motivation to try it. Of course one can approximate J ! perturbatively via the expansion
of J into hyperlogarithms which we established. A non-perturbative characterisation of
J~! could provide useful identities between these number-theoretic functions.

— 14 —



Acknowledgments

This work was supported by the Erwin Schrodinger Institute (Vienna) through a “Research
in Team” grant and by the Deutsche Forschungsgemeinschaft via the Cluster of Excellence!
“Mathematics Miinster” and the RTG 2149.

A On the spectrum of the integral operator (by Robert Seiringer)

Abstractly, the integral equation (2.1) is of the form

w = fu - )\A/.va
where ¥(t) = ox(t), fu(t) = (t+ p*)~! and A, is the operator with integral kernel

ut

Al W) = N D )

(A1)

Note that A, is symmetric and positive. The equation can thus be solved for ¢ if A > A\, =
—[[Aul~
By scaling, the spectrum of A, is independent of u for u > 0. We claim that

[Aull = [ Aoll = = (A.2)

In particular, A\, = —1/m.

Since A, has a positive kernel which is monotone in p, one readily obtains ||A,| <
|Agl|. On the other hand, Ag is the weak limit of A, as u — 0, hence [Al|
liminf,,_,0||A.l|, which proves that ||A,| = [|Ao||. Now Ag(t,u) = (u +t)~!. Introducing
logarithmic coordinates, we have

/ /m¢u+t dudt = //¢*e”+¢e(58) e""*dvds

B ¢*( v) v/2¢( ) s/2 s
_/R R 2cosh(3(v—s)) dvd (A-3)

which can be diagonalised via Fourier transforms. Since

1
S
/R 2 cosh(v/2) v
this shows that the spectrum of Ay equals [0, 7], and indeed ||Ag|| = || Al = 7.
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