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Solution of Vandermonde Systems of Equations

By Ake Bjorck* and Victor Pereyra

Abstract. We obtain in this paper a considerable improvement over a method developed
earlier by Ballester and Pereyra for the solution of systems of linear equations with
Vandermonde matrices of coefficients. This is achieved by observing that a part of the
earlier algorithm is equivalent to Newton’s interpolation method. This allows also to
produce a progressive algorithm which is significantly more efficient than previous
available methods. Algol-60 programs and numerical results are included. Confluent
Vandermonde systems are also briefly discussed.

Introduction. In [1] an algorithm was derived for solving a Vandermonde system
of equations

(1 Vx = b,
where V = V(aq. o,. -+ , a,) is the Vandermonde matrix
1 1 1
2) Vi, aqy -+ * ) = |ag oy -+ |
| oy o oz:,'J

These systems, and the corresponding dual systems
A3) Via = f

appear naturally, and have to be solved, in many applications. Some important
examples are interpolation, construction of spline functions [3], approximation of
linear functionals [1], [5], etc.

In this paper a new algorithm for solving (1) will be developed which is faster,
needs less storage and, from experimental results, is more accurate than that in [1].
Also, a progressive version of the algorithm will be given, allowing the updating
of a solution x when a new value of « is added. Corresponding algorithms for the
dual system (3) will also be given. They compare very favorably with the algorithm
proposed in [4].

Only the nonconfluent case, a; # «; when i = j, will be treated in detail here,
although the generalization to the confluent case will be outlined. In a separate
paper Galimberti and Pereyra [8] consider in detail the general confluent case (of
Hermite type) with an approach similar to [1]. The original matrix is reduced to
block triangular form with diagonal blocks being nonconfluent Vandermonde systems
to which the algorithm of this paper is applied. Also Galimberti and Pereyra in [7]
use the method of this paper in the solution of multidimensional Vandermonde
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894 AKE BJORCK AND VICTOR PEREYRA

systems. In [9], Gustafson develops algorithms and computer programs for the
confluent case.

1. Algorithms for Solving Vandermonde Systems. We will first derive an
algorithm for the dual system (3). Let a be the solution to (3) and introduce the
polynomial

P2 =(1,z,---,z%a.
Then P(z) is the unique interpolating polynomial of degree at most n, such that
P(a,,)=fh, k=0,l,--°,n.

One of the most efficient ways to determine P(z) is by Newton’s method. We
introduce the polynomials

k-1
4) 0@ =1, 0@=]Jlec—a) Kk=1,2,---,n,

=6

and write P(z) in the form

©) P(z) = (Qo(2), Qi(2), - -+ , Ou(@)c,

where ¢, k = 0, 1, ---, n, are the divided differences of kth order,
¢y = flag, ay, =+, agl.

It is well known that these divided difterences can be recursively generated from
the relation

(6) fletjonory s ay] = floti—gs » -, 051 — flay_g—n, - - ,ai—nl_

A — Qj_k—)

When c is known, we can use, essentially, Horner’s scheme to evaluate P(z). We have
P(z) = qoz), where

) q.(2) = ca, q(2) = (2 — )i + ks k=n-—1,---,1,0.

If we substitute here

(k) (k) (k) _n—k
®) a2 = a” + az+ - a2,
then we get a recurrence relation for computing the unknowns a, = a®.
Now introduce, for k = 0, 1, --- , n, the vectors
*) P
c =(C09"' ’Ck)j[ala tet aak+l]1 ct 9f[an—ky vt -an])
and
(k) (k) (B)\T
a =(C0"“3ck—1:ak "",an)'

From these definitions it follows immediately that
c” = f, c™ =a" = ¢, a'” = a,
and from (6), (7) and (8) we get:
Algorithm for the Dual System.
Step (i). Put ¢® = fand, for k = 0, 1, --- , n — 1, compute
) = (C;'k) - C:('li)l)/(ai — k1), j=nn—=1,-,k+1,

c'
-_—C:‘k), j=k’...’l,0‘
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SOLUTION OF VANDERMONDE SYSTEMS OF EQUATIONS 895

Step (ii). Put a” = c and, for k = n — 1, --- | 1, 0, compute
(10) ai = ", i=01, - k=1,n
=a*" —aall”,  j=kk+1,---,n—1

Now define the lower bidiagonal matrix L,(«) of order n 4+ 1 by

[ 1 W

0 1

(an Li(@) = R
i | kth row.

kth column

)

It then follows from (9) that the vectors ¢’ are recursively generated by

¢ =1, *V=D'"Mc”, k=0,1,---,n—1,
where
M, = L,(1), D, = diag {1, -+ , 1, (@psy — a0), =+, (@ — ay_i1)}.
Also from (10) it follows that
a® = ¢, a® = NTa®+, k=n—1,---,1,0,
where
N = Li(az).

Collecting these results, we find that Newton’s algorithm for solving (3) can be
written in matrix form as

12) c= U, a=L"c,
where
13) U = D’\M,_, -+ Dy'M,, L™ = NONT -+ NI,

are lower triangular and upper unit triangular, respectively. Since a = V™ 'f, we
have V' = L"U" or
vi=uL, v=L"U"\

Thus, we have found a factorization in bidiagonal factors of the unique triangular
matrices in the UL-decomposition of the inverse Vandermonde matrix V.

The factorization of V™' can obviously be used to write down an algorithm for
solving (1). From

x=V'b=(MD;" -+ M iDpi)(Naey +++ NiNodb,

we obtain the recurrence relations for computing x = x,
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896 AKE BJORCK AND VICTOR PEREYRA

d(o) - b, d(l:+1) — de(h), k=0,1,---,n— 1,

k T n—1_(k+1
x(n)=d(n), x()=M,,D,‘x(+), k=”~l'...'l’0.

Writing down these relations in component form we get:
Algorithm for the Primal System.
Step (i). Put d” = b and, fork = 0,1, --- , n — 1, compute

(14) df*’ = d® —oad®, j=nn—1,-- k+1,
=dP, j=k, -+ ,1,0.
Step (ii). Put x™ = d“ and, for k = n — 1, --- , 1, 0, compute
x$k+l/2) —_ x$k+l)’ j=0,1, -,k
(15) =x§‘k+l)/(ai—ai—k—l)» i=k+1,---,n—1,n,
X = X, j=0,1,--- k—1,n,
= xRy i=k,---,n—1.

2. Progressive Algorithms. We now consider the problem of updating the
solution when a new value « is added. We write the systems (1) and (3)

V.x,=b,, Vi, =f,
where

Vn = V(aO) Ay, ", an)-

From well-known properties of the LU-decomposition and triangular matrices it
follows that the decomposition V;' = U,L, can be written in partitioned form as

n n l n J
Qo °* " Qp-y «a,

(n)

-
|
|

| | |

i k Up-y

L 0 | uy mg” - m

In Step (i) of the algorithm for the dual problem we have

()
m,"

<™ = U,
and thus, when «, is added, the first n — | components in ¢ are unchanged and
only ¢ has to be computed. If the quantities ¢,*), k = 0, 1, --- , n — 1, have been
saved, then (9) with j = n can be used to compute c{¥, k = 0, 1, --- , n. In part (ii)
we have
(
a, = Lz',c('” — lan-x _I_c'(‘n)(m(n))’l"
0
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SOLUTION OF VANDERMONDE SYSTEMS OF EQUATIONS 897

where m™ is the last row in L,. Thus all components in a™ will change and Step (ii)
requires greater modification. From (4) and (12) it follows that

Qn(z) (ﬂ) + m(n)z + + m(n) n.

From this it is easy to derive a recursion formula to compute m™, and we get:

Progressive AIgortthm Sfor the Dual System. Put a{® = c¢{” = f,. m{® = 1 and,
for n = 1, 2, 3, --- , compute
Cr(.O) = frn UH.]) (c(k) cfl,i)l)/(an - an—k—])y k = Ol l' I (a 1’
(16) m” =1, a” =", m&V =0,
m’tn) — mi?—:l) — 1m](¢" l), a;n) — (n—l) + (n) (n)
k=n—1,---,1,0.
For the primal system we have in Step (i) of the algorithm
d™ = Lb,.
Again, the first n — | components are unchanged. Provided d*), k = 0,1, --- .n — 1,
have been saved, di¥, k = 0, 1, --- , n, can be computed by taking j = n in (14).
In Step (ii) we have
x, = U,,d(") — |Zs + d’('n)u(n)’
0
where u™ is the last column in U,. Thus all components in x, change, and we must
find a way to generate u”, n = 0, 1, 2, - - - . Taking the last component of the rela-
tion ¢ = U, we get
f[a0> Qy, t 9an] Zu(")

k=0

Thus u™ are coefficients which express the divided difference of nth order in terms
of function values. It is a well-known result that these coefficients are

UE") = [l — ap) -+ (i — ap- e — agy) 0 (@ — a,.)]"'-

Using this expression we easily derive:
Progressive Algorithm for the Primal System. Put x* = d® = by, u{® = 1 and,
forn =1, 2,3, --- , compute

) _ (k+1) _ (k) (k) _
dn - bnv dn - dn - akdn—ls k= 09 1’ trt,n— 1)
(n) __ -1 (n) __  (n) (n)
(17) Uy - [(an - aO)(an - al) et (an - an—l)] ’ Xn = dn U, ,
() __  (n—1) (n) __ (n—1) (n) (n) _
Uy = U (ak _an)y Xk = Xk +dn U, k=n— ly Tt 17 0.

3. Efficiency. In the nonprogressive algorithms for the primal and dual system
we transform the right-hand side, by a sequence of simple transformations, into
the solution vector. If the components are modified in a suitable order, then each
new quantity can over-write an old one, and no extra storage is needed. The number
of operations required by the nonprogressive primal and dual algorithms is by
construction exactly the same. It is easily verified that this number is

3n(n + 1)-34 + 2M),
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898 AKE BJORCK AND VICTOR PEREYRA

where A stands for one addition or one subtraction and M for one multiplication
or one division.

In the progressive versions, the storage of two extra (n + 1)-vectors is needed.
The required number of operations, when the points ao, @, - , o, are introduced
one at a time, is for the

primal algorithm: sn(n + DA + 4M),
dual algorithm: in(n + 1)(44 4 3M).
This is only slightly more than for the nonprogressive versions and compares fairly
well with the number of operations required in [4] (see [1, p. 300]).
If the points «; are symmetrically situated around zero, then the amount of

work can be halved by first applying the preliminary transformation given in [4].
This transforms by simple row and column operations the Vandermonde matrix

V=W-a, -, —a, a, -~ ,a,) toa2 X 2 block-diagonal form
!
V = .o , V' = Vi, - ,ad).
0 |14

This means that two problems, each with only half the number of points, have to
be solved.

We note that it is possible to compute ¥~ by applying the primal or dual algorithm
to the unit matrix. This will, however, be an n’-process. Since in [5] Traub has given
an algorithm which computes ¥ in (1/2)n(7n — 9)M and (5/2)n(n — 1)4, this
is clearly inefficient.

Note also that even when V' is explicitly known it takes n*(M + A) to compute
x = V7'b in the ordinary way. This is only slightly fewer operations than for our
nonprogressive algorithms. Since also n* memory locations are needed to store V™,
it may often be better not to handle it explicitly.

4. Confluent Vandermonde Systems. Let us replace, in the Vandermonde
matrix V(ao, ap + € as, - - , a,), the second column by the difference of the second
and first column, divided by e Ia the limit, when ¢ — 0, we obtain the confluent
Vandermonde matrix

ag 1 a, a, |
V(aO’ 2; Qg, * 9an) = 2 2 2
| ay 2wy oy
| n n—1 n n
Lao hag (273 MR A4
In the same way, in the Vandermonde matrix V(ao, * - , @p-1, oy =+ , @,), Where

o, = ap+ je, j=0,1, .-+, p — 1, we can replace column (j + 1) by ¢ ' times the
Jjth order difference of the first (j 4+ 1) columns. In the limit when ¢ — 0 we get the
Vandermonde matrix V(ao, p; @, - , a,), where the order of confluency at aq
is( — . .

In the general case, the order of confluency is (y; — 1) at the (m + 1) points
B, j=0,1, --- , m, and we denote the corresponding Vandermonde matrix by

(18) Va = V(ﬂo, Yo Bl’ Y1y o ;Bma 7m)
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SOLUTION OF VANDERMONDE SYSTEMS OF EQUATIONS 899

This matrix has (n 4+ 1) columns, where

(o)

i=0

and the elements in the v; columns corresponding to 3; are given by

k/ot i—1

19 ona=(28) | =T k=0
ap” /g-s; =0

We now want to find out rules on how to modify our algorithms for solving (1)

and (3) in the confluent case. To do this we again start from the dual system (3),

where ¥ now is the matrix (18). The polynomial P(z) defined by (4) now solves the

interpolation problem

PPB) =" k=0,1,- v, =1, j=0,1,-,m,
where the right-hand side of (3) has been denoted by

(7o-1) (y:1—1) ( —1)\T
f=(f0)""f07° ’ fl»"')l‘y‘ y"'sfm)”"m.'m )'

It is well known that Newton’s method of interpolation can be generalized to the
confluent case. An excellent survey is given in an appendix in [6]. If we let «, R =
Bik=0,1,---,4,—1,j=0,1, - - -, m, then the fundamental polynomials Q,(z) in
(4) are unchanged and only the divided differences have to be generalized. Aslong
as a divided difference has at least two different arguments, (6) can be used to reduce
the order. When a divided difference with all arguments equal is reached this is
defined by
f8;, k + 11 = fiB;, -+, B;] = fi"/kt.

(k + 1 times)

From this we deduce the important rule: if the maximum order of confluency is
g = max y; — 1,

Osjism
then in the dual algorithm only Step (i) for k = 0, 1, --- , g — 1, (in the primal
algorithm only Step (ii) for k = ¢ — 1, --- , 1, 0) is modified. To simplify the dis-
cussion we restrict ourselves in the following to the case when only one point g; is
confluent ie., yv; = 1if j % i, v; = g + 1. We then have ¥ 7 = L"U”, where the
factorization of L” is given by (13) but that of U” is modified to

U' = DLMay -+ D'M(D)-) "My + -+ (D5 Mj.

Here the matrix M} is equal to M, except in the rows i + k, --- , i + g. These
(@ — k + 1) rows are now of the form
’—0 ) | P 0 l—1i + k
| o
| } ) )
!_0 e —1 3 ..... 0 1 cee 0——i+gq.
i+ k
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900 AKE BJORCK AND VICTOR PEREYRA

The matrix D} is changed in the rows i + k, --- , i + g — 1, where the diagonal
entries now should be (k + 1). Thus, in the dual algorithm, (9) is modified for k =
0,1,:.--,g — 1so that

Y=o — P/ —aknn), =i+ g+ 1
eP/k+ 1), j=idqitqg—1,-,i+k+ 1.

For all other values of j the formula (9) can still be applied. The changes in the
primal algorithm can easily be deduced from this.

The general case can be treated by superposing changes from single points of
confluency. The corresponding formulas are, however, rather awkward to write
down, and there seems to be no point in doing this. Many important special cases can,
however, easily be treated, e.g., that with only the two endpoints of confluency
greater than one, or that with all points of the same order of confluency. For some
more results on this subject, see [9].

5. Test Results. To test the accuracy of the given algorithms, a few test ex-
amples have been run on an IBM 360/50. The programs used were FORTRAN-
versions of the Algol-procedures ‘pvand’ and ‘dvand’ given in the appendix. They
were run in double precision, which corresponds to 14 hexadecimal digits in the
mantissa, or a unit of precision equal to u = 16™° = 2.22 X 107'°,

For the primal algorithm, test systems were chosen with o; = 1/(i + 3), b, =
1/2°,i = 0,1, --- , n. The exact solution can be shown to be

SRR UV (e

Let r; be the computed solution and take as a measure of the relative error

e, = max |x; — X%;|/|x:].
0sisn

The results from runs with n 4+ 1 = 5(5)30 are summarized in the following table:
n+1'5 10 15 20 25 30

e./u 14 5 10 54 81 280

The same systems were also solved with the algorithm described in [1]. The solution
then deteriorated completely after n = 15. In fact, considering the ill-conditioned
nature of the test systems, the observed errors for the new algorithm are surprisingly
small.

It seems as if at least some problems connected with Vandermonde systems, which
traditionally have been considered too ill-conditioned to be attacked, actually can be
solved with good precision.

For the dual algorithm, test systems were solved for n + 1 = 5(5)30 with o;=
1/G+ 2), i = Tya)), i = 0,1, n,where T,(x) is the Chebyshev polynomial of
order n. Thus, the problem is to retrieve the coefficients of T',(x) from function values
at the points «,. Here, however, the solutions from the dual algorithm deteriorated
completely after n = 10. The systems were also solved with a dual version of the
algorithm in [1]. The errors now showed the same behaviour, and were only slightly
larger than for the new algorithm.
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Appendix. Below we give Algol procedures for the derived algorithms. The
direct versions are named “pvand” and “dvand”, the progressive versions “pvandprg”
and ‘“‘dvandprg”.

procedure pvand(n,alpha,x,b);

value n; integer n; erray alpha,x,b;

comment The procedure pvand solves the system of equations Vx =b,
vhere V is the non-confluent Vendermonde matrix V(alpha[0],...,
alpha[n]). The right hend side b is left unchanged, unless the
formal parameters x end b correspond to the same actual parameter;
begin integer j,k;

for k:= 0 step 1 wntil n do x[k] := b[k];

for k:

0 step 1 until n=1 do
for j:=n step -1 until k+1 do
[i]= <[] - axsmal x <[5-1);
for k:= n-1 step -1 until 0 do
begin for j:= k+! step 1 until n do
x[i] := x[j]/(alpha (3] - alphalj~k-1]);

for j:= k step 1 until n=-1 do
x[5] += x[3] - x[3+1]
end

end

procedure dvend(n,alphe,e,f);

veluc n; integer n; array alphe,a,f;

comment The procedurc dvand solves the system of equations VTa =f,
where V is the non-confluent Vandermonde metrix V(alpha [0] se e
alpha[n]). The right hand side f is left unchanged, unless the
formal parameters a and f correspcnd to the same actual parameter;

begin integer Jj,k;

for k:= 0 step 1 uatil n do afk] := £[k];

for k:= O step 1 until n-1 do

for j:=n step -1 until k+1 do

a[j] :=(a[3] - e[3~1])/(alphal[j] ~ alpha[j-k-1]);
for k:= n-1 step -1 until 0 do

for j:

a [JJ :

end;

k step 1 until n~1 do
ali] - alphafkx] x a[j+1]
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902 AKE BJORCK AND VICTOR PEREYRA

procedure pvandprg(n,alpha,d,u,x,b);
velue n; integer n; array elpha,d,u,x,b;

comment The procedure pvandprg updates the solution to the system
of equations Vx = b, where V is the non-confluent Verdermonde matrix
V(alpha.[oj PN ,a.lpha.[n—-ﬂ ), when the value a.lpha[n] is added. The
procedure must be called successively with n = 0,1,2,... The content
of the arrays d,u[O:nma..\a , which are used as working storage, must
not be changed betiween calls;
vegin integer j; real delta,dn;

d[n] :=v[n);

for ji= n=1 step -1 until 0 do

af3]:= af5+1] ~ alphe[n-j=1] x d[j];

dn :=4a[0]; u a) := 13

for j:= 0 step 1 until n-1 do

begin delta := alpha[n] - elpha[j];
uli] := u[i] x dertasun] := uln] x delta;
xG] = ] * w/al]

end; x[n] := dn/ufn]

end;

procedure dvandprg(n,alpha,c,nm,s,f);
value n; integer n; array alpha,c,m,a,f;

comment The procedure dvandprg updates the solution to the system
of equations VTa = f, where V is the non-confluent Vandermonde metrix
V(elpha [0],. .. ,a.lpha.[n-l}), when the value alpha [n] is added. The
procedure must be called successively with n = 0,1,2,... The content
of the arrays c,m[O:nma.x] , which are used as working storage, must
not be changed between calls;
begin integer j; real cn;

c[m] := £[a];

for ji= n-1 step ~1 until 0 do

e[5] :=(c[5*+1] - c[5])/(elpheln] - aipha[5]);

n[n] := if n=0 then 1 else 0; cn := al[n] := c[0];

for j:= n step -1 untii 1 do

begin mfj] :=mn[j] - alphafn-1] x n[i-1);

afn-j] := a[p-3] + m[i] x en
end

end;
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