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Abstract

We study the stationary Dirac equation:

3
—ichZakaku + mczﬂu + M(x)u = R, (x, u),
k=1

where M (x) is a matrix potential describing the external field, and R(x, u) stands
for an asymptotically quadratic nonlinearity modeling various types of interac-
tion without any periodicity assumption. For 7 fixed our discussion includes the
Coulomb potential as a special case, and for the semiclassical situation (A — 0), we
handle the scalar fields. We obtain existence and multiplicity results of stationary
solutions via critical point theory.

1. Introduction

Nonlinear Dirac equations occur in the attempt to model extended relativistic
particles in external fields (see [9,18,25]). In a general form, such equations are
given by

3
—ihd = ichZakakl// —mcBY — M) +Gy(x,¥); (L)
k=1
here x = (x1, x2, x3) € R3, 9 = %, ¢ denotes the speed of light, m > 0 the mass
of the electron, and A denotes Planck’s constant. Furthermore, a1, o3, a3 and 3 are
4 x 4 complex matrices whose standard form (in 2 x 2 blocks) is

(1 O (0 o _
b (50, wm (7). toras
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One verifies that B = B*, ax = «af, axoy + ooy = 28k and o + Bag = 0;

with

due to these relations, the linear operator J2) = —ich Zizl Ay +mcByisa
symmetric operator, such that

%2 = —*h2A +m?ct.

A solution ¥ : R x R — C* of (1.1), with ¥ (z, -) € L*(R3, C*), is a wave
function which represents the state of a relativistic electron.

The external fields are given by the real matrix potential M (x), and the nonli-
nearity G : R3 x C* — R represents a nonlinear self-coupling. We assume throu-
ghout the paper that G satisfies G (x, eiQW) =G(x, ), forall @ € [0, 27]. We are
looking for stationary solutions of (1.1) which may be regarded as “particle-like
solutions” (see [25]): they propagate without changing their shape and thus have a
soliton-like behavior.

The stationary solutions of Equation (1.1) are found by the Ansatz

it
Y(t.x) =enux);
then u : R3 — C* satisfies the equation

3
—ich Y agdu+mcBu+ Mx)u = Gy(x,u) —u . (1.2)
k=1

Dividing Equation (1.2) by h ¢, we are led to study equations of the form

3
—iZakBku+a,Bu+wu+M(x)u=Gu(x,u), (1.3)
k=1

where a > 0 and w € R. We look for weak solutions which are localized in space;
more precisely, the solutions we find satisfy u € ) 2<g<o0 wha(R3, C4).
Nonlinear problems of the form (1.3) have been studied in recent years by
several authors.
In [3,4,11,24], the so-called Soler problem was considered, in which M = 0
and G has the form

Gu) = H(u), HeC*R,R), H(0)=0;here iu:= (Bu,u)cs (1.4)

Note that G does not depend explicitly on x and that no external field is present. In
this case, using a suitable Ansatz for the solution «, Equation (1.3) can be reduced
to a system of ODE’s. In [3,4,11,24] shooting methods were used to prove the
existence of a solution provided that w € (—a, 0) and under suitable assumptions
on H.
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In [17], M. Esteban and E. Séré treated the above mentioned system of ODEs
variationally, obtaining the existence of infinitely many solutions, under the main
additional assumption that H'(s) s = 6 H(s) forsome 6 > 1, and all s € R.

In another model presented by Finkelstein et al. [19], the nonlinearity G has
the form

G(u) = Slau|* + bliou|*, dou = (Bu,au)cs, o :=ajopes  (L.5)

with b > 0. For such nonlinearities, the above mentioned Ansatz cannot be applied.
In [17], Esteban and Séré considered nonlinearities of type (1.5), however with a
weaker growth

G@) = pluu|® +blacul®, 1<, o< % w,b>0
This growth restriction is due to the variational approach, in which the natural space
for the associated functional is given by H'/2(R3, C*).

In the paper [7], Th. Bartsch and Y. Ding investigated the Dirac equation by using
some recently developed critical point theorems from [6] for strongly indefinite
functionals. They mainly treated functions G (x, #) which depend periodically on
x and which may be superquadratic or asymptotically quadratic in u as |u| — oo;
they obtained infinitely many solutions if G is even, for superquadratic G as well
as in the asymptotically quadratic case. They also considered the case where the
nonlinearity has a non-vanishing quadratic part in the origin, so that the linearized
equation has a potential.

In the present paper, we consider equations of the form (1.3) with symmetric
real matrix potentials M (x) (thatis M (x) := (mj,k(x)) is a symmetric real 4 x 4-
matrix). In the following, for convenience, any real function U (x) will be regarded
as the symmetric matrix U (x)Is where I4 denotes the 4 x 4 identity matrix. For
two given symmetric 4 x 4 real matrix functions L{(x) and L, (x), we write that
Li(x) £ Ly(x) if and only if

max (Li(x) — Lo(x))€ - 0.
£eCH,|g|=1

We are interested in

a. Vector potentials M (x) (see Thaller [29]) which either
i) are of Coulomb-type that is, tend to 0 as |x| — oo and are singular at the
origin (for example the Coulomb potential |’;—|), or
ii) have the property that for some b > 0 the measure of the sublevel set £2;,
of BM (x) is finite (i.e |25 = |{x € R3: BM(x) < b}| < o).
Vector potentials serve, for example, to take into account external electroma-
gnetic fields.

b. Scalar potentials of the form M(x) = BV (x), where V : R3 — R; such
potentials can be used as a model for quark confinement (see [29]). A Dirac
operator with this type of potential is also referred to as a Dirac operator
with supersymmetry. We will assume that V' is non-positive in some point x,
and that for some b > 0 the sublevel set £2;, of V has finite measure (that is
12| = {x € R3: V(x) < b}| < oo for some b > 0).
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To treat the nonlinear problem, it is crucial to have information about the
spectrum of the linearized operator &7 := —i 22:1 ok +aB+w—+ M in the origin.
Our assumptions on M will guarantee that &7 is selfadjoint acting in L*(R3, C*)
with 2(<7) c H'*(R3, C*) and has a spectral gap around the origin, and that
there exist a finite number (or infinitely many) eigenvalues in the spectral gap.

We will consider nonlinearities G, (x, #) which are asymptotically linear, that
is, G, (x,u) = Qx)u + o(|u]) for |u| — oo, where Q(x) is a continuous and
symmetric real 4 x 4-matrix-function. We assume ¢gg := ir;f Omin(x) > 0 where
Omin(x) denotes the minimal eigenvalue of Q(x). Furthermore, we assume that
Gu(x,u) = o(lul) for u near 0, that goo = limsup|y|_, oo Omax(x) lies in the
spectral gap where Qmax(x) denotes the maximal eigenvalue of Q(x), and that
between 0 and ¢ lie some eigenvalues of .o7. We recall that nonlinearities of this
type have been introduced by Amann—Zehnder [1] in other contexts (see also [28]).

Roughly speaking, the results we prove are:

Theorem A. Suppose that M is a vector potential having either the form

a.i), and goo < a, where a > 0 is the upper bound of the spectral gap; or the
form
a.ii), and goo < a + bmax, Where byax := sup{b : |£2,| < oo}.

Then (provided G satisfies some additional technical conditions) problem (1.3) has
at least one solution. If in addition G, (x, u) is odd in u, then (1.3) has at least £
pairs of solutions, where € is the number of eigenvalues of </ between O and q.

We also consider the so-called semi-classical limit, that is, when (formally)
Planck’s constant & tends to zero.

Theorem B. Suppose that M is a scalar potential satisfying the above condition
(b). If G(x, u) is as in Theorem A, and if oo < @ + bmax, then there exists a eg > 0
such that problem (1.2) has at least one solution for &2 :=h < g IfGy(x,u)is
odd in u, then for each m € N there exists €, > 0 such that Equation (1.2) has at
least m solutions for €2 < &,,.

The paper is organized as follows. In Section 2 we state the precise hypotheses
and our main results. In Section 3 we formulate the variational setting and we
discuss the required critical point theory. We prove our theorems for fixed A in
Section 4, and finally, in Section 5 for the singularly perturbed equation (semi-
classical solutions).

2. Main results

Specifically, we are interested in the Dirac equation with external fields of the
form
3
— &2 > o du + apu + M(x)u = R, (x, u) 2.1)
k=1
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where 2 = h, a = mc > 0, M(x) = (mjk(x)) is a 4 x 4 symmetric real
matrix function defined almost everywhere on R3, that is, m k) =mgj(x) € R
for j,k =1,2,3, 4 and almost every x € R3, such that

3
A= Hy+ M with Hy := —i Zaki)k + ap
k=1

is a selfadjoint operator in L?(R3, C*) with domain 2(A) c H'(R3, C*), and
R(x, u) satisfies
(R1) R(x,u) = 0and R,(x,u) = o(|u]) as u — 0 uniformly in x;
(R2) Ry(x,u) — Q(x)u = o(Ju|) uniformly in x as |u| — oo, where Q is a
continuous symmetric 4 x 4 real matrix function;
(R3) Either (i) 0 € o (A — Q), or (ii) R(x,u) = 0 and there exist 8y, vo > 0
such that R(x, u) = 8¢ if |u| = vo;
(R4) qo := inf Qmin(x) > inf o(A) N (0, 00).

Here (and below) we denote by o (B) the spectrum of an operator B, and we write
~ 1
R(x,u) = ERM(X’ u)-u— R(x,u)

(u - v or uv denotes the scalar product of C*). Set

s ( |Ru(xau)|)
oo :=limsup | sup ———— ) .

|x]—o00 u [ue]

First we consider the case that ¢ = 1:

3
—i Zakaku + aBu + M(x)u = Ry(x, u) (P)
k=1

with the Coulomb type potential

(M) M is a symmetric continuous real 4 x 4-matrix function on R3 \ {0} with

0=2Mx) = _Il;_\ where K < ‘/Tg

It is known that the corresponding operator A is selfadjoint with domain Z(A) =
H'R3,C*), 0.(A) =R\ (—a, a) and 64(A) N (0, a) # @ where o,(A) denotes
the essential spectrum and o4 (A) the eigenvalues of finite multiplicity (cf. [21,29]).
We assume, in addition to (R;) — (R4), that

(Rs5) g0 < a.

Involving (R4), let £ be the number of (0, gg) N o (A). We are going to prove the
following result:

Theorem 2.1. Assume that (M) and (R1)—(Rs) hold. Then (P) has at least one
solution. If, additionally, R, (x,u) is odd in u € C*, then (P) has ¢ pairs of
solutions.
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Next we consider again the problem (P) with the matrix potential M (x)

satisfying

(My) M e L®(R3 R**), and there is b > 0 such that |[£2,] < oo where

2, :={xeR¥: BM(x) < b)}.

Here we write |S| for the Lebesgue measure of § C R3. We define the number
bmax := sup{b : |£2p| < co}. Assume instead of (R5) that

(R5) ¢oo < a + bmax-
Note that, since M € L3 . it is known from [22] (see also [29], p. 306) that A is

loc?

selfadjoint. Under assumption (Ry4), let £ be the number of points in (0, go) No (A).

Theorem 2.2. Assume that (M>), (R1)—(R4) and (1%5) hold. Then (P) has at least
one solution. If. additionally, R, (x, u) is odd in u € C*, then (P) has € pairs of
solutions.

Finally we consider the semi-classical solutions of the Dirac equation with the
scalar potential M (x) = V (x)B (cf. [29]):
3
— &% > i + (a + V(x)Bu = Ry(x, u) (Pe)
k=1
where V is a real function satisfying

(V) V e L®(R3, R), and there are xy € R? and b > 0 such that V(x0) £ 0 and
12| < oo where 25 := {x €e R3: V(x) < b}.
This type of matrix is also referred to the Dirac operator with supersymmetry (cf.
[29]). The semiclassical point of view is important for studying Dirac operators
and semiclassical methods are employed in treating Dirac equation problems (see
[29, pp. 308] and the references therein).

Theorem 2.3. Let (V), (R1)—(R3) and (Iés) be satisfied. Assume qo > a. Then
there is &y > 0 such that (P.) has at least one solution for each ¢ € (0, &y). If,
additionally, R,(x,u) isodd inu € c, then for each m € N there is £, > 0 such
that (Pg) has m solutions for each ¢ € (0, E;).

Note that in this theorem we assume only that go > a, which is weaker than
(Ry).

Remark 2.4. The assumption M € L* in (M3) can be weakened. It is sufficient to
require that each m j (x) is measurable such that A is selfadjoint acting in L? with
P(A) C H'. We assume M e L only for simplicity. Similarly, the assumption
V € L® in (V) can be weakened. See Section 3.

Here are some examples where the assumptions apply.

Example 2.5. (a) R(x,u) = 10()u - u (1 _ m)

(b) R(x,u) = Q(x)¢(%ul?) where ¢ : [0, 00) — [0, 00) is of class C? with
©(0) = ¢'(0) =0, and ¢'(s) — lass — 00, ¢”(s) = 0.

(¢) Ry(x,u) = f(x,|u])u, where f(x,s)isevenins; f(x,s) - Oass — 0
uniformly in x; f(x, s) is non-decreasing for s € [0, 00); and f(x,s) — g(x)
as s — 00.
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3. Variational arguments

In what follows, by |-|, we denote the usual L9-norm, and by (-, -)> the usual
L>-inner product. Throughout the section we always assume that the matrix M (x)
is such that A = Hy + M is a selfadjoint operator on L>(R?, C*) with domain
2(A) ¢ HY(R? C*), and consider the equation (P) with R(x,u) satisfying
(R1)-(R4).

Let

g = sup (0e(A) N (—00,0)), unt :=inf (0.(A) N (0, 0)),
and we := min{—u,, u}}. We assume
(Ao) py <0< ufs
(Ro) goo < Me-
We are going to prove the following result:
Theorem 3.1. Assume that (R1)—(Ry), (Ag) and (Rg) hold. Then (P) has at least

one solution. If, additionally, R, (x, u) is odd in u € C*, then (P) has € pairs of
solutions.

3.1. A variational setting

Observe that, since we have assumed M is such that A is a selfadjoint operator
with Z(A) ¢ H'(R3,C*), 2(A) is a Hilbert space with the graph inner product

(u,v)4 := (Au, Av)z + (u, v)2

and the induced norm |u|4 = (u, u)i‘/ % Let {F). : A € R} denote the spectral

family and | A| the absolute value of A. A has the polar decomposition A = U|A|
with U = 1 — Fy — F_q (see [16]). The assumption (Ag) induces an orthogonal
decomposition of L?(R3, C*):

L2=L_GBLOEBL+, u:u_+u0+u+
so that A is negative definite (resp. positive definite) in L™ (resp. L™) and
L% =kerA.Infact, L* = {u € L? : Uu =4u}and L® = {u € L? : Uu = 0}
(see [16, Theorem IV, 3.3]). Let P : L? — L9 denote the projector. Then P°
commutes with A and |A|. Note that (Ag) implies also dim(L") < co. On Z(A)
we introduce the inner product
(u, v)a :=(Au, Av)s + (P%u, POv),
=(|AJu, |A]v)2 + (P%u, v)
whose induced norm will be denoted by ||u]| 4. Since (Ag) implies that O is at most

an isolated eigenvalue of finite multiplicity of A, itis clear that |- |4 and || - || 4 are
equivalent norms on Z(A): d |ula < |lulla < da |ula for all u € Z(A). Define

A:=|Al+ P°.
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Then 2(A) = 2(A). Noting that P°|A| = |A|P° = 0 we have for u and
ve YDA,

(Au, Av)y = (|Alu, |Alv)2 + (|Alu, POv)2 + (POu, |Alv)2 4+ (POu, POv),
= (|Alu, |Alv)2 + (P%u, POv)y = (u, v) 4,

hence,
dilula < llulla = |Aulr < dolula forallu € Z(A). (3.D

Let E := 2(|A|'/?) be the domain of the selfadjoint operator |A|'/2, which is
a Hilbert space equipped with the inner product

(u, v) = (1A', |A]v)2 + (Pu, POv),
and the induced norm |Ju|| = (u, u)'/?. E possesses the following decomposition
E=E ®E’°®E" with EX=EnL*and E = L°,

orthogonal with respect to both (-, -)> and (-, -) inner products. In fact, the (-, -)>
orthogonality follows from the decomposition of L2. To show the (-, -) orthogona-
lity, observe that, for uT e L¥ N 2(4),

@b, um) = (A 2ut JAIY P um )y = (At um ) = (AU, u™),
= (Abt+, u7)2 = (u+9 Au*)Z = (I/t+, |A|Uu7)2 = _(M+, |A|M7)2
= —(AI"2ut, 1A Uy,

=—u",u),

hence (u™,u~) = 0. Since Z(A) is dense in E, one sees that E* and E~ are
orthogonal in (-, -). Similarly, one checks that E* are orthogonal to EY in G, ).
Observe that for all u € Z(A) and v € Z(]A|'/?)

(AV2u, A'%v)y = (Au, v)2 = ((JA] + PO)u, v)2 = (|Alu, v)2 + (POu, v)s
= (|A"u, |A)" 202 + (POu, POv)s = (u, v).

Consequently, since Z(A) = (A) is a core of A'/2, we have
(u,v) = (A"%u, A?v), forallu,v e Z(|A|Y?)
which induces in particular that
lul| = |AY?uly forallu € E. (3.2)
In order to study certain embedding properties of E we set

3
Hy = —i Z(xkak +8
k=1



Solutions of a Nonlinear Dirac Equation with External Fields

(selfadjoint with Z(Hp) = H'(R?, C*)). Then A} = —A + 1 and, letting | Ho|
denote the absolute value of I:Io,

||Holul5 = |Houl3 = (Hou, Hou)y = (H3u, u)2
= ((=A+ Du,u)y = |Vul3 + |ul3
which implies that
lull 1 = 11 Holul (3.3)

forall u € @(HZ) = H?*(R3, C*), hence for all u € H'(R3, C*) because of the
density of H? in H'.

Lemma 3.2. The assumption 2(A) C H'(R3, C*) implies that
lull g1 = |Holuly < d3|Auly forallu € P(A). (3.4)

Proof. Let Hy be the restriction of Hy to Z(A). Hy is a linear map from Z(A)

to L2. We claim that HA is closed. Indeed, let u, L u and HAu,, l> v. Then

u € Z(A), and since Ho is closed, HAun = Hou, — Hou = HAu hence
the claim. Now the Closed-Graph theorem implies that Hy € B(Z(A), L?) (the
Banach space of bounded linear maps), so |Hou|» = |Hauly < daluls for all
u € 9(A). This, together with (3.1) and (3.3), implies (3.4). O

By interpolation theory we have that H? = [LZ, H1]1/2 (see [30, Theo-
rem 2.4.1]). Since 2(|Ho|®) = L? and ||u| ;1 = ||Ho|u|, one has

H'? = [92(H|%). 2(Ho) 2
with equivalent norms. It then follows from [30, Theorem 1.18.10] that
H'? = [2(H|%). 2(Hol)]j2 = Z(1Hol'?).

1/2

hence ||u|| g1/2 and ||I:Io| u|, are equivalent norms in H'/?:

dsllull g2 < |1Hol"?uly < dellull i forallu € H'2(R3,CYH. (3.5

Lemma 3.3. E embeds continuously into H'/*(R3, (C4) hence, E embeds conti-
nuously into LP for all p € [2, 3] and compactly into L' _forall p € [1, 3).

loc
Proof. By (3.4),
||Holul> < ds|Auly = |(d3A)ul>

for all u € 2(A). Thus (|I:Iolu, w)r < (dzAu,u), for all u € Z(A) (see [16,
Proposition IIT 8.11]). This implies

|Hol?ul3 = (|Holu, u)2 < (d3Au, u)s = d3|AV?u|3
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forall u € Z(A) (see, [16, Proposition III 8.12]). Since Z(A) is a core of AV2 we
obtain that || Ho|'/?u|3 < d3|A'/?u|3 for all u € E. This, jointly with (3.2), shows
that
[|Hol"?ul3 < ds||u|*> forallu € E
which, together with (3.5), implies that
lull iz < dqllull forallu € E
ending the proof. O
For further requirements, we arbitrarily fix a positive number y with
oo <V < Me- (3.6)

Let n be the number of eigenvalues in the interval [—y, y]. We write ; and f; (1 <
i < n) for the eigenvalues and eigenfunctions. Setting

LY := span{fi, -+ . fu).
we have another orthogonal decomposition
L>’=L'® L’ u=u+u.
Correspondingly, E has the decomposition
E=E'®E® with E =L%and E* = ENL¢,

orthogonal with respect to both the inner products (-, -)» and (-, -).
We define on E the following functional

1
o) =5 (||u+||2 — ||u*||2) — W) with W) = /R3 R(x, ).

Note that by assumptions (R1)-(R2) and (Ry), given p € (2, 3], for any ¢ > 0,
there is C; > 0 such that

|Ru(x, u)| < elu| + CelulP™! 3.7)
and
R(x,u) < elul® + Celul? (3.8)

for all (x,u). Thus @ € C'(E,R) and a standard argument shows that critical
points of @ are weak solutions of (P). Moreover, by [17], such solutions are in
WSR3, C*) forall s = 2 (see also [7]).

In order to find critical points of @ we will use the following abstract theorems.
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3.2. Critical point theorems

The following two critical point theorems are quoted from [6] (see also [5] and
[23] for earlier versions of Theorem 3.4).

Let E be a Banach space with direct sum decomposition £ = X @Y and corres-
ponding projections Px, Py onto X,Y, respectively. For a functional
@ e CY(E,R) we write &, = {u € E : ®(u) = a). Recall that a sequence
(un) C E is said to be a (C).-sequence if @ (u,) — c and (1 + ||u, )P’ (u,) — 0.
@ is said to satisfy the (C).-condition if any (C).-sequence has a convergent sub-
sequence.

Fromnow on, we assume that X is separable and reflexive, and we fix a countable
dense subset S C X*. For each s € S there is a semi-norm on E defined by

ps E—>R, psu)=|sx)|+ Iyl foru=x+yeXaY.

We denote by 7g the induced topology. Let w* denote the weak*-topology on E*.
Suppose:

(Pg) For any ¢ € R, &, is Tg-closed, and @' : (&, T5) — (E*, w*) is conti-
nuous.

(@1) For any ¢ > 0, there exists { > 0 such that ||u|| < ¢||Pyu]| forallu € @..

(@2) There exists p > 0 with v := inf @(S,Y) > 0 where S,Y = {u € Y :
lull = p}.

The following theorem is a special case of the Theorem 3.4 of [6]; see also [23].

Theorem 3.4. Let (Py)— (D7) be satisfied and suppose there are R > p > 0 and
e € Y with |le|| = 1 such that sup ®(3Q) < v where Q ={u =x +te: x € X,
t 20, |lull < R}. Then @ has a (C)q-sequence with v < ¢ < sup @(Q).

For our next result on multiple critical points we assume:

(®3) Thereis a finite-dimensional subspace Yy C Y and R > p such that we have
for Eg ;= X®Ypand By :={u € Eo: |lul| £ R}: b :=sup ®(Ep) < 00
and sup @ (Eg \ Bp) < inf @(B, NY).

A special case of Theorem 4.6 of [6] is
Theorem 3.5. If @ is even, satisfies (®@g), (P2), (D3) and the (C). condition for

all ¢ € [k, b], then it has at least n := dim Yy pairs of critical points.

3.3. Weakly sequential continuity and linking structure

Lemma 3.6. Lef (R1)—(R»), (Ag) and (Ry) be satisfied. Then W is weakly sequen-
tially lower semicontinuous and @' is weakly sequentially continuous. Moreover,
there is ¢ > 0 such that for any ¢ > 0:

lull < cllu™|l forall ue @.. 3.9)
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Proof. The first conclusion follows easily because E — H/2(R3, C%), so E
embeds continuously into L¢(R3,C* for ¢ € [2,3] and compactly into
L;’UC(R3, C*) for q € [1, 3). For showing (3.9) we adopt an argument of [14].
Arguing indirectly, assume by contradiction that for some ¢ > 0, there is a
sequence u, € ®. and ||u, I> = n|lu™||?. This, jointly with the form of @, yields
that

iy +upl* 2 = D)2 2 = 1) (2c + g |2 + 2/RS R(x, un)) :
or

101% = (n — 1)2¢ + (n — 2)||u || + 2(n — 1)/3 R(x, ).
R

Since ¢ > 0 and R(x, u) = 0, it follows that ||u2|| — 00, hence ||lu,|| — o0. Set
Wy = uy/||u,ll. We have ||w,‘1"||2 <1/n— 0.By

(n—1)2c
llun |12

R(x, uy,)

12 wl)? = —=r A
HE

= n

=2 P 20— 1) [

R3
we also have ||u),j||2 < 1/(n — 2) — 0. Therefore, w, — w = w in E and
|wP| = 1. By (R2) we set

r(x,u) := R(x,u) — %Q(x)u - u. (3.10)

Then |r(x, u)|/|u]* — 0 as [u| — oo uniformly in x. In particular |r(x, u)| <
c1|ul?. Observe that |u, (x)| — oo for w(x) # 0. Therefore,

r(x,up) r(x, uy) r(x, uy)
/ ; =/ 3wl + e wy — wl?
R3 x| wx)£0  Unl wx)=0 |Unl

r(x,u
§2/ M|w|2+2c1|wn—w|g—>0.
w)£0  |Unl

This implies

1 R(x,u,) 1 r(x, uy,)
> — _ . 7
2<n—1>:/Rs HE 2/Rs QC0n w”/Rs HE

q0
> 7|wn|%+o<1),

consequently, w? = 0, a contradiction. O

Lemma 3.7. Under the assumptions of Lemma (3.6), there is p > 0 such that
v:=inf @(@B, NET) > 0.

Proof. Choosing p € (2, 3), it follows from (3.8),
W(u) < elul3 + Celulh) < Clellull* + Cellull?)

for all u € E. The desired conclusion now follows easily. O



Solutions of a Nonlinear Dirac Equation with External Fields

In the following, we arrange all the eigenvalues (counted in multiplicity) of A
in (0,g0) by 0 < 1 = 2 < ... = py < go and let e; denote the corresponding
eigenfunctions: Ae; = uje; for j =1, ..., £. Set Yy := span{ey, ..., e¢}. Note that

uilwl < lwl* £ pelwly forall w € Yo (3.11)
For any subspace F of Yoset Ep = E- ® E' @ F.

Lemma 3.8. Let (R)), (R2), (Rs), (Ag) and (Rg) be satisfied. Then for any sub-
space F of Yy, sup @ (Ef) < oo, and thereis Rr > 0 such that ® (u) < inf @ (B))
forallu € Ep with ||ul| 2 Rp.

Proof. See [14]. For the reader’s convenience, we repeat here with apparent modi-
fications. Clearly, it is sufficient to check that @ (1) — —oocasu € EFf, ||u|]| — oo.
Arguing indirectly, one can assume that for some sequence u; € Ep with |lu;|| —
0o, there is ¢ > 0 such that @ (u;) = —c for all j. Then, setting w; = u;/llull,

we have |w;|l =1, w; — w, w; -~ w, w? — wb, w}' — wt eYand
c D(ui) 1 1 _ R(x,u;)
- —— < —L = wf I’ - 5llw; ||2—/ . (312
flue llua 2 2 30 flugll

Note that wT # 0. Indeed, if not, then it follows from (3.12) that
1 _ R(x,uj) 1 2 c
05 ghuy P+ [ S S St P+ o 0,
277 r3 llujl? 277 flue j 117

in particular, ||wj_|| — 0,hencew; — w = w?. Since r (x, u)/|u|> — Ouniformly
in x as [u] — oo and |u;(x)| — oo if w(x) # 0, we have

r(x,uj) r(x,u;) o
= 5w
R3 lujll R |ujl
[r(x, 1)l [7(x,u ;)]
§2/-——7Lm5—wﬁ+2 —— = |w|?
R |ujl RS |ujl

zmn+2/ 15&%Mmﬁzdn
wx£0 Ul

and
1 OX)u;-u;j 1 OX)u;-u;j q0
— %:_ %Wﬂzz—hﬂ;l%
2 rs gl 2Jrs ugl 2
It then follows from f]R3 % — O that Jw;|2 — 0, consequently 1 = ||w;| —
J

0, a contradiction. Now since
2 -2 2 -2 2
lw*)* = Jlw™| —/W 0w - w = [whI” = Jw™|I* — golwl3

< = ((qo = molw™ B + w12 + golu®3) <0,
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there is d > 0 such that

lw (1 — lw™1? - ’ O)w-w < 0. (3.13)
d

Since |r(x, u)| < c1|u|? it follows from the fact lwj — wlp2p,) —> 0 that

. r(x,u;) . rx,ui)|wil?
lim / —2= = lim / # =0.
j=oo ), lujll j—=o ), lu

Thus (3.12) and (3.13) imply that

. 1 1 _ R(x,u;)
0= lim (—nw;nz——nw,- ||2—/ —2’)
j—oo \ 2 2 B, llujll

< % (||w+||2— ||w—||2—/ Q(x)w-w) <0,
By

a contradiction. O
As a special case we have

Lemma 3.9. Under the conditions of Lemma (3.8), letting e € Yy with |le| = 1,
there is ro > 0 such that sup®(dQ) = 0 where Q = {u = u~ + u® + se :
u+u’ e E-@E s 20, lull < rol.

3.4. The Cerami condition

We now discuss the Cerami condition. We adapt an argument of [14] (see also
[13,15]). Observe that by (Rp) and (3.10), given yy € (g0, V), there exists o > 0
large so that

R
[Ru(x, w) <y if x| = to. (3.14)
u [ue|
Set
Ip:=1{x eR: |x| <10} and I§ :=R>\ I.

Lemma 3.10. Let (R1)—(Ra4), (Ro) and (Ao) be satisfied. Then any (C).-sequence
is bounded.

Proof. Let (#;) C E be such that
@ (uj) — ¢ and (1 + [lu;[DP'(u;) — 0. (3.15)
Then

1 ~
CoZ ®(uj) — 5 ') = /R3 Rix,uj). (3.16)

Arguing indirectly we assume that, up to a subsequence, ||u ;|| — oo and set
vj =uj/lluj|.Then |lvj|| =1, |vjly < Csllvj|| = Csforalls € [2, 3], and passing
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to a subsequence if necessary, v; — vin E, v; — v in Lfoc for all s € [1, 3),
v;j(x) — v(x) for almost every x € RR3. Since, by (R»), |R,(x,u)| < c1|u| and

luj(x)] — ooif v(x) # 0, itis easy to see that

Ry (x, uj(x))vjpx) /
As ;)] = Jp 2O

for all ¢ € C{°(R?, C*), hence

Av = Q(x)v. (3.17)

We claim that v # 0. Arguing by contradiction, one can assume v = 0. Then
d

vi — 0in E andv; — 0in Lj, . Observe that

+ -
Plup@y —uy) 0 [ Ruleup)
= 1S . (v

— )i, (3.18)
112 oyl

It follows from (3.18) and (3.14) that

R (x u )
2 u sy + —
J A J

lu J

+/ R, uj) (vj+ — vl +o(1)

g lujl

q/ﬁwm?—ﬁw+m/ﬁwm?—ﬁw+mn
Iy Ic
o(1) + yolvél3
Yo
§mn+7wm2

[IA

A

hence (1 - %) 0117 — 0, which implies that 1 = [|v; > = [[v/|> +[|v$]]* — 0,
a contradiction.

Therefore, v # 0. This is a contradiction if (i) of (R4) is satisfied.

Assume (ii) of (Ry4) is satisfied. Motivated by [15], set £2;(r, 00) := {x €
R3 . luj(x)| = r} for r 2 0. By assumption R(x,u) = 8 if lu| = vo, hence,
[£2 (v, 00)] < Co/8¢ by (3.16). Note that v is a solution of (3.17). Set £2 := {x :
v(x) # 0}. By the weak unique continuation property for Dirac operators one has
|£2| = oo (cf. [8,10]). There exist ¢ > 0 and @ C $£2 such that |v(x)| = 2¢ for
x € wand2Cy/8y < |w| < 0o. By Egoroff’s theorem we can find a set o’ C o with
lo'| > Co/8p such that v; — v uniformly on «’. So for almost all j, [vj(x)| = ¢
and |uj(x)| 2 vo in @’. Then

Co Co
— < || £ [82;(vg, 00)| £ —,
Vo Vo

a contradiction. The proof hereby is completed. O
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In the following lemma we discuss further the (C).-sequence (u;) C E. By
Lemma 3.9 it is bounded, hence, we may assume without loss of generality that

uj ~uinE,uj — uin quoc forg € [1,3) and u(x) — u(x) almost everywhere

in x. Plainly u is a critical point of @.
Choose p € (2, 3) such that |R, (f, u)| < |u| + C) |u|f’_l for all (x, u), and let
q stand for either 2 or p. Set I := {x € R3: |x| £d} ford > 0.

Lemma 3.11. Let 2 < g < 3. Under the conditions of Lemma (3.10), along a
subsequence, for any ¢ > 0, there exists ro > 0 such that

lim sup/ lu, |7 = e (3.19)
L\l

n—>oo
forallr Z r,.

Proof. Note that, for eachn € N, [, |uj|? — [, |u|? as j — oco. There exists
in € N such that

1
/ (|uj|‘1 — |u|q) < - forall j =i, +m, m=1,2,3, ...

n

Without loss of generality, we can assume i, 1 = i,. In particular, for j, =i, +n
we have

1
/ (|ujn|q - |u|q) < -

Iy

Observe that there is r, satisfying

/ ul? < e (3.20)
R3\I,

for all r 2 r,. Since

/ |ujn|q=/ (|ujn|q—|u|4)+/ |u|4+/ (Il — Juj, 1)
I\, I, I\l I

1
—+/ |u|q+/ (lul? = fuj,19).
n R3\ I, I

the lemma now follows easily. O

A

Let 5 : [0, 00) — [0, 1] be a smooth function satisfying n(s) = 1 if s < 1,
n(s) = 0if s = 2. Define i1,,(x) = n(2|x|/n)u(x) and set h, := u — ii,,. Since u
solves (P), we have, by definition, that 1, € H and

lhnll — 0 and |hylp, — 0 asn — o0 3.21)

for p € [2, 3].
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Lemma 3.12. Under the conditions of Lemma (3.10), we have

lim ‘,/R3 (Ru(ta uj,,) — R, (t, uj, _ﬂn) — Ry (t, ﬂn))w‘ =0

n— 00
uniformly in ¢ € E with |l¢|| < 1.

Proof. Note that (3.19), (3.21) and the compactness of Sobolev embeddings imply
that, for any r > 0,

lim ‘/ (Ru(t,u},) — Ry(t, u), —iin) — Ru(t, iin)) g)' -0
I,

n— oo

uniformly in ||¢|| £ 1. For any ¢ > 0 let r. > 0 so large that (3.19) and (3.20)
hold. Then

nmsup/ Wg/ ulf < e
n—oo JI,\I, :EVA

for all r = r,. Using (3.19) for ¢ = 2, p we have

lim sup / (Ru(x,uj,) — Ry(x,uj, — ity) — Ry(x, itp)) 20‘
n—oo |JR3
= limsup / (Ru(x,uj,) = Ru(x,uj, —itn) — Ry(x, iin)) 90‘
n—00 I\
< ¢ limsup/ (luj, | + lin]) ol
n—>00 JI\Iy

4+ limsup/ (|I/ljn|p71 + |L~tn|p71) o]
I\Iy

n—oo

< cerlimsup (|uj, [22,00,) + nlz2,00) 1912
n—0oo

. -1 ~p—1
+ ¢ lim sup <|”jn|il'(1,,\1,) + Iunlip(ln\h)) lplp

n—oo

< 38'/% 4 cqeP /P
which implies the conclusion as required. O

Lemma 3.13. Under the conditions of Lemma (3.10), one has along a subsequence:

D) @(uj, —iiy) — ¢ — P(u);
2) @'(uj, —itn) — 0.

Proof. One has
D(uj, —in) = D(uj,) — P(ity)

+ /}R3 (R(x,uj,) — R(x,uj, —iin) — R(x,iiy)) .
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Using (3.20), one can easily check that
[ (R = Rk, = ) = Rex, i) = 0
R3

This, together with the facts @ (u,) — c and @ (i1,) — @ (u), gives 1).
To verify 2), observe that, for any ¢ € E,

D (uj, —in)p = D' (uj,)p — ' (iin)p

+ ~/R3 (R“(x’ u./n) - RM(X’ uj, — ﬁn) - Ru(-xv ﬁn)) ©.
By Lemma 3.12 we get

lim 3(Ru(xv uj,) — Ry(x,uj, —in) — Ry (x, ﬁn))(pZO

n—0o0 R
uniformly in |l¢|| < 1, proving 2). O

Lemma 3.14. Under the conditions of Lemma (3.10), @ satisfies the (C). condi-
tion.

Proof. In the following we will utilize the decomposition E = E? @ E¢. Recall
that dim(E?) < oo. Write

Yn = Uj, — Uy ZJ’Z"')’Z-

Then y,‘,i = (u‘ji.n —u?y + w? - IZZ) — 0 and, by Lemma 3.13, @ (y,) —
c— @), @' (y,) = 0.Set y¢ = yot — y¢~. Observe that

o(l) = @' (s = llysll* — /R3 Ru(x, yn) ¥y (3.22)

It follows from (3.22) that

IR, y)l | IRy, y)l |
||y;||2§o<1>+/ — I+ | a1
Iy [Vnl I¢ [ynl

0
§o<1>+c1/ |yn||&;|+yo/ A
Iy [8

Yo
<o)+ nlyil3 < o(1) + 7||y;||2,

hence (1 — yo/y)lIynll £ o(1) that is, y, — 0, finishing the proof. O
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3.5. Proof of Theorem 3.1

In order to prove Theorem 3.1 we set X = E~ @ E” and Y = E™ with
u=x~+y,x=u +u y=ut foru € E. Then X is separable and reflexive
and so is X*. We may assume S is countable and dense in X*. Therefore, 7g is
metrizable so its convergence is equivalent to sequential convergence.

Proof of Theorem 3.1 (Existence). Observe that if ¢ > 0 and u, € @, with
Up = Xp +y, — u = x + y in 7g then y, — y in norm. (3.9) then implies
|lun || is bounded, consequently, u;, — u. Thus by Lemma 3.6

. 1 1
¢ < lm @(uy) < Zllyl* — Sl 1> — ¥ (u) = @ (u)
n— 00 2 2

which proves that @, is 7 closed. Lemma 3.6 implies also that @' (u,,)v — @' (u)v
for all v € E thatis, @' : (D, Ts) — (E*, w*) is continuous. Thus & verifies
(@0). Remark that (3.4) is nothing but the condition (&1). Lemma 3.7 implies (P>).
Lemma 3.9 shows that @ possesses the linking structure of Theorem 3.4. Finally,
@ satisfies the (C).-condition by virtue of Lemma 3.14. Therefore, @ has at least
one critical point u with @ (u) = v > 0.

(Multiplicity). Assume, moreover, that R(x, u) is even in u. Then @ is even.
Lemma 3.8 says that @ satisfies (@3) with dim Y = £. Therefore, @ has at least ¢
pairs of nontrivial critical points by Theorem 3.5. O

4. Proofs of Theorems 2.1 and 2.2

Proof of Theorem 2.1. Assume (M) holds. Thenone has u, = —aand u,;” = a.
Now Theorem 3.1 applies. O

Remark 4.1. Similarly, one can get existence and multiplicity results of solutions
to (P) if the Coulomb potential is replaced by the electrostatic potential M (x) =
yde1 14, where y is a positive constant and ¢,; is a real function satisfying, for
example,

(M) ¢t € LY R) N LR, gu(x) <0
(see [29]). Another typical example is

Y
H=Hy+ ———
O T )2

2

which has finitely many eigenvalues in (—mc?, mc?) if y < 1/8m, and infinitely

many eigenvalues for y > 1/8m.

For proving Theorem 2.2, we recall that the operator A is selfadjoint in L?
([12]). Additionally, we have the following result:

Lemma 4.2. Assume that (M>) is satisfied. Then 2(A) C H' and
0.(A) CR\ (=(@ + bmax), (@ + bmax)),
that is, ., < —(a + bmax) and M:— 2 (a + bmax)-
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Proof. Note that |Hou|3 = [ps(|Vu|? +a*|u|?), hence the norms [[ul| 1, || Holul2
and |Hou|, are equivalent on H'. Since M € L,
|Houlz = [Au — Mulz = |Aulz + [M|oolulz = (1 + [M|oo)|ula,  (4.1)

one sees |lull g1 < cplula forall u € 2(A), hence 2(A) C H'.
Let b > 0 be such that |£2;| < o0. Set

BM(x) —b if BM(x)—b =0

_ + .
BMG) —8)" = {o if BM(x) —b <0

and (BM(x) — b))~ = (BM(x) — b) — (BM(x) — b)*. We have A = A +
B(BM(x) — b)~ where

3
Al =—i ) adk+ (@+b)B+BBMx) —b)*.
k=1
Since %2 = I and paj = —a;f, we have, foru € Z(A),
(Aru, Aju)r

- ‘(—i > adi + BBM —b)* + (a+ b)ﬂ) "
=|

2
2

(=i D i+ BBM — b)) uE + (a + b)*|ul3

+ (—i > awihu, (a+ b)ﬂu)z + ((a 4 b)Bu, —i Zakaku)z
+ (BBM =) u, (a+ b),Bu)2 + ((a + b)Bu, B(BM — b)+u)2

2
= (=i D et + BBM — b)*) u‘z + (a + b)*|ul2
+2(a+b) ((BM —b)*u, u),
> (a+b)*ul3.

Thus 0 (A1) C R\ (—(a + b), (a + b)).

We claim that 0,(A) N (—(a + b), (a + b)) = . Assume by contradiction
that there is u € o0.(A) with |u| < a + b. Let u, € 2(A) with |u,|, = 1,
up, — 0in L? and [(A — wu,|n — 0. It follows from (4.1) that [u, |1 <
cilunla = c1(Aupl3 + lun|)'? £ 2(I(A = wunls + p* + DV < c3. Thus
|B(BM — b)" u,l» — 0. We get

o(1) = (A — wuylz = |A1uy — puy + B(BM — b) " uyl2
2 [Arupla — |l —o(1)
2 (a+b) — |u] —o(l)
which implies that 0 < (a + b) — || < 0, a contradiction.

Since the claim holds true for any b > 0 with |2 < o0, one sees that
0e(A) C R\ (—=(a@ + bmax), (@ + bmax)). O
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Remark 4.3. From the proof of Lemma 4.2, one sees that if (M>) is replaced by
the stronger one

(M>) 82| < oo forany b > 0,

then o0 (A) = o4(A), that is, the Dirac operator A has only eigenvalues of finite
multiplicity.

Proof of Theorem 2.2. Lemma 4.2 implies (Ag), hence Theorem 3.1 applies and
yields the desired conclusions. O

5. Semi-classical solutions

Observe that by dividing by &2 and setting A = 1/&2 in the equation (P;), we
have the following equivalent problem:

3
— i > apdu + Aa + V(x)Bu = AR, (x, u). (Py)
k=1

We are led to study the existence and multiplicity of solutions of (P,) for A — oo.
For distinguishability we will write Ay = —i Zi:l ok Ok + X(a + V)B instead of
A, |||, instead of |||, Eit instead of ET, etc. Note that the assumption (V)
implies that the matrix A8V satisfies (M3). Therefore Z(A,) C H I and we have
the following result by Lemma 4.2.

Lemma 5.1. Assume that (V') holds. Then
0e(Ay) C R\ (=A@ + bmax), M@+ bmax)) -
Next, we prove

Lemma 5.2. Assume that (V) holds. Then for any m € N there is A,, > 0 such
that Ay has at least m eigenvalues (counted with multiplicity) lying in (0, Aqo) for
each A € [A,,, 00).

We will establish this lemma constructively. Observe that since o,(A;) C R\
(—A(a 4 bmax), Ala + bmax)), it is sufficient to show that there are m linearly
independent elements ¢ € E;‘ with |¢]> = 1 and ||¢]l» < Ago. By assumption,
qo > a. Given

— 1
0<6 <min[u, —}

2q0 2

set
) 3. 9490 o
Dy :={x e R’ - S V(x) £0qo} and $§2p := int Dy.

For each m € N, we choose m real functions w’/ € C(C)’O(Qg, R),j=1,....,m,
satisfying

lw/l» =1 and supp Wl N supp ok =@if j #k.
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Set
9j = (@,0,0,0) € C°(£29,C*) forj=1,....,m.
Clearly ¢1, ..., ¢ are linearly independent,
Arpj = (0,0, —ids’, —id10’ + Bro’) + (Ma + V)o’,0,0,0)
= a+ V)o', 0, —idzo!, —idj0! + o),
3
(—i > kg, (Pj) =0,
k=1 2
and
90 < iR <
Mat o) = g 02 =2 R3(a + W)@’ |7 = A (a+0q0) ,
0 = Wupen = Vol B+22 [ @t VRIF
SO

. 0 2 .
Ve |3 4 22 (a + %) < 1Awpj3 S IV’ |3+ 2% (a + 0g0)* .

Foreach A > 0 we have the representation ¢; = <p;j+<pgj+<p:’j G=1...

Set
N . + +
Zy = span{@1, ..., Om},  Zum = span{@;, ..., ¢, }.
Lemma 5.3. For each A > 0 and m € N, dim(Zy,,) = m.
Proof. See [7, Lemma 4.7]. O
In the following, we set

a::max{wwf'@: j=1,...,m]

which depends on m and the choice of w/, but is independent of A. Denote

m m
hoe— D — .ot
u.—chgpj e Z, for u_zc,%.ezm.
j=1 j=1

It is clear that

m
it =u and |4} = Zcf

j=1

,m).
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Lemma 5.4. We have:

(i) for each . = 1, Cluly < |ulp < il for all u € Zj,,, where ¢ > 0 is
independent of A;
(ii) for each A 2 1 and all u € Z,,,,

O0qo\ . o /2
x(a+7) i} < i} £ 2 (55 + @+ 0g0%) * lilalulz:
(iii) there is A,, > 0 such that for each > 2 A, and all u € Z;,,,

p 2 .
lully — Agoluls = —Aiqo&olitl2|ula
where

: 2a (g0 — a — 20q0) + (1 — 20)0q3
9 =
4q0(a + 6q0)

Proof. Letu € Z,,,. Observe that

m
lully = 1@~ 1F = (Anit. )2 = D lej1*(Arg). )2
j=1

0
> A (a+ %) a3,

m m
Axil = 1ej Pl B £ Y lej 2 (IVe! § + 22 (@ + 640)?)
j=1 j=1

< (o +2% @+ 690%) 1al3,
2 ~ ~ 2 2 1z .
ll = (Axit, w2 < | Asiloluly < (@422 (@ +0g0)?)  lilalula.

Hence
090\ o vz .
A (a + T) i} < e} <2 (55 +@+0g0%) " lilaluly G

which proves ii).
Obviously, |u|, < |i|z. In order to check the first inequality of (i), we note that
by (5.1)
A(2a + 09qp)
2 (32(a +640)? +a)'?

luly = f(W)lil2 where f(A):= (5.2)

It is clear that f(A) is strictly increasing and

2a + 6qo

= S
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Hence

2 (% 2 %
a—+60qo 1/z§f()‘)< a+60qo
2 (o + (a +6q0)?) 2

———— forallx =1
(a +6q0)

and (i) follows.
Using (5.1) and (5.2) one sees

lull3 — Agolul3
= (Apit, u)2 — Aqolul3
< (IAxiilo — Agolul) lul>

A

2 (A%(a + 090) +«
= —Agoh(X)it]2|ul>

where
o 2\ !/?
24+ 6g0 (& +(@+6907)
h(p) = e
2 (& + @+690?) 90
)LZ 0
Note that
2a +6 0
lim h(n) = — 1040 4+ 040
A—00 2(a + 0q0) q0

2a (qo —a —20q0) + (1 — 20)043
2qo(a + 6qo)

=2&.
Now (iii) follows from (5.3) and (5.4). O

Proof of Lemma 5.2. From (iii) of Lemma 5.4 we obtain for A = A,,

o (Aalp) = inf o sup (Aagen
g FCES  geE oF
dim(F)=m lplh=1
< sup (Aju,u)
UEZym
[ur2=1

< sup Ago (1 — &slitl)
uEZAm
[ulp=1

< Aqo

as required. O

12 A(2a + 6qo) .
((O{+)\.2(a+9q0)2) —)\.q() 1 )1/2)|M|2|M|2

(5.3)

5.4)
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Proof of Theorem 2.3. By Lemma 5.1, we see that (Ay) is satisfied, and we have,
additionally, i, = A(a + bmax) Which, jointly with (1§5), implies Agoo < U, that
is, (Rp) holds. By Lemma 5.2, for any m € N, there is A,, > 0 such that the
number #[(0, Ago) N o (A;)] = m for all A = A,,. This implies, in particular, that
(R4) holds, therefore, Theorem 3.1 applies. O

Remark 5.5. Let y > 0 be a parameter and consider the supersymmetric Dirac
operator H, := Hy+y VB, where Hy is the free Dirac operator and the scalar field
y V(x)p satisfies the condition (V). Checking the proof of Lemma 5.2, we have,
as a by-product, the following asymptotic estimate on the number of eigenvalues
of Hy.

Lemma 5.6. Let (V) be satisfied. Then
o.(Hy,) C R\ (=(a + ¥bmax), a + Ybmax)

and the number N'(y) := #[(0, a + ybmax) N 04(Hy,)] = ooasy — oo.
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