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Abstract

In this article, analysis and investigation have been conducted on the peri-
odic nature as well as the type of the solutions of the subsequent schemes of
rational difference equations

1+ 2, 1+, 1+y,

x’I’L+1 - yn+1 = 7Z’I’L+1 = }
Yn—1 n—1 Tn—1

with a nonzero real numbers initial conditions.
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1 Introduction

Difference equations have normally been shown as discrete analogues as well as numer-
ical solutions of differential and delay differential equations having some important
uses in scientific areas such as, ecology, physics, economy, biology, etc. Currently,
expanding concern has obviously been conducted on the study of qualitative analysis
of rational difference equations and systems of difference equations. Even though,
in form, difference equations look like to be elementary, it is quit complicated to be
analyzed and understood thoroughly the nature of their solutions. see [1]-[23] and
the references cited therein.
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A great number of researchers have examined periodic solutions of a difference
equations , and different approaches have been provided for the existence and quali-
tative properties of the solutions.

. m _ DYn
Tpt1 =~ Yny1 = )
Yn Tn—-1Yn—1

was studied by Cinar in [5].

Elsayed [12] has got the solutions of the following systems of the difference equations
Tn-1 y _ Yn—1

*1 + xnflyn7 m :Fl + ynflxn.

Liu et al. [24] obtained the solution of particular cases of the following general system
of difference equations

Tnt1 =

— —Tn-1 — —Yn—-1 —
Tnt1 = YnTp—1—1" Yn+1 TnYn—1—1" “n+1 YnZn—1"

Ozban [25] has investigated the positive solutions of the system of rational difference
equations
a byn73
Tpt1=— Ynr1 = ——
n—3 xnfqynfq
In [29] Yalginkaya investigated the sufficient condition for the global asymptotic sta-
bility of the following system of difference equations

thn,1 +a Zntnfl +a

St = .
ZL'n + Zn-1 o Zn + tnfl

An+l =

Also, Yalginkaya [30] has obtained the sufficient conditions for the global asymptotic

stability of the system of two nonlinear difference equations

Tp + Yn—1 Yn + Tp-1

Tpyp1i1 =" Y1 = =

TnYn—1 — 1 YnZTp—-1 — 1

Zhang et al.[36] has investigated the positive solutions of the systems
Tn—k

Yn—k
sy Yn+1 = A + .
Yn Tn

Tnt+1 = A+

Similar nonlinear systems of rational difference equations were investigated see [24]-
34].
Our aim in this paper is to investigate the periodic nature and get the form of the
solutions of the following systems of rational difference equations
1+2, 1+x, 14y,

Tnt+1 = y Yn+1 = y Rn4l = .
n—1 n—1 Tn—1

with a nonzero real numbers initial conditions.
Definition (Periodicity)

A sequence {x,}>° , is said to be periodic with period p if z,4, = x, for all
n > —k.



) 1+ 2z l+x
2 First System: =z, = —nayn—l—l = —n;ZnH =
z

n—1 n—1
1+ yn
Lp—1
In this part, the solutions of the system of two difference equations have been studied

1+ 2, 1+z, 1+,
Tpy1 = y Yntl = T Rntl = J ) n = 07 1> ooy (1)

n—1 n—1 Tn—1

with nonzero real initials conditions x_1, g, y_1, Yo, Z2_1, 20

Theorem 1 Suppose that {x,, yn, z,} are solutions of system (1), then the following
statements are true:-

1. Tpas = Yn, Ynis = Zn, Znas = T, for n > —1.
2.Zn410 = Zny Ynt10 = Ty Zny10 = Yo for n > —1.

3o {x 1 {yn i qand {2,},:2° are periodic with period ten i.e., .15 =
Ty Ynt15 = Yn, Znt15 = 2 for m > —1.
4. We have
1+ 2 1+ Yo + T_1
Tion-1 = T-1, Tion = Lo, Lion+1 = y, Tion+2 — ————
Y- Yox -1
1 + Z_1 1 + i
Tion+3 = y Tiom+4 = Y_15 Tion+5 = Yo,  Tion+6 — )
Xo Z-1
1+Zo+y_1 14+x2_4
Tion+7 = — 5 Tion+8 = y L10n4+9 = Z_15,  TL10n+10 = <0,
20Y-1 Yo
1+ yo I+xo+ 2 14y
Tion+11 = y Tion4+12 = ———————»  Tion+13 = .
Tr_1 ToRk-1 20
and
1+ 2 1420+ Y1
Yion—1 = Y-1, Yion = Yo, Yion+1 = y Yion42 = ——————————
Z_q 20Y—-1
1+2,4 L+ o
Yion+3 = s Yion+4a = 2_15, Yion+s = 20,  Y10n+6 — )
Yo T_q
1+.’130+271 1+y,1
Yion+7r = ———————» Yion+8 = y Yion+9 = T_1,  Yion+10 = To,
Tor—-1 20
1+ZO 1+y0+$_1 1+Z_1
Yion+11 = y Yion4+12 = —————»  Yion+13 = .
Y- Yo -1 To
as well



1+y0 1+$0+2’,1

210n—-1 = Z-1, *10n = 20, <10n+1 = 73& y  R10n+2 = .
-1 07-1
o 1 + Y1 . . . 1 —+ 20
210n+3 = —z y Rlon+4 = T_y, Rion+5 — L0, R10n+6 — —y )
0 -1
I+yo+2x I+24
Z1on+7 = ————————, Rln+8 = T Z1on+9 — Y_1; Z1on+10 = Yo,
YoT-1 Zo
1+ZL’0 1—|—z0+y_1 1+I_1
Z10n+11 = —z y  R10n+12 = —Z Y ) 210n+13 = —y .
-1 0Y-1 o

Or equivalently

1420 l+yotz—1 1421 1429 14+zo+y—1
+oo o T_1,Z0, y_1 ' wyor_1i ' @0 Y_15 Yo, z_1 0 zoy—1i
{xn n=—1 1+x_1 1+yo 1+x0+2-1 14+y—1 )
vo !’ Z_15 R0, z_1° Toz_1 ’ o y L—1, L0 ---
1+z9 14204+y—1 14+x_1 1+yo 1+zo+2_1
+oo Y=1Y—1 200 Ty 0w PP T T e 0
{yn n=—1 14y 1429 Il4yot+z_1 1423 ’
20 —1» o, y—1 ' yor—1 ' =0 »Y—1, Yo, ---
14y 1+xo+2-1 14+y_1 1+zg 14+yot+z_1
+oo . Z—1, 20, 71 Toz_1 ' 20 _1>Zo, y_1 ' yor_1
{ZTI}n:—l - 1+z_1 14+x9 l1+z20+y—1 141 > P
20 Y- Y0200 20y -1 yo 1 <00
Proof: 1. From Eq.(1) we see that
o 1+ “n+4 o 1+ Tpt4 o 1+ Yn+4
Tnts5 = ) Yn+5 = ) Znt+s5 =
Yn+3 Zn+3 Tn+3
T+ Ynys 1+ zn43 1+ 23
14 (— 2 14—t 14 [ —22
Ln+2 Yn+2 Zn+2
Tpts5 = ) Yn+s5 = » Ynts =
1+ Tpyo I+ Yni2 T+ 2zn4e
Zn+1 Tn+1 Yn+1
o I+ Zn+1 o I+ Tnt1 o 1+ Yn+1
Ln+s5 = ) Yn+s = ) Antb = )
Tn+2 Yn+2 Zn+2
1tz 14z Aty
xn+5 o 1+Zn+1 ? yn+5 — 1+$n+1 ? zn+5 - 1+yn+1 :
yn Zn Tn
Therefore

Tn+5 = Yn, Yn+5 = Zn, Zn+s5 = Tp-
2. Also, we get

Tn+10 = Yn+5 = Zn,

Yn+10 = Zn+5 = Tn,
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An+10 = Tn+5 = Yn-
3. Ditto,
Tp+15 = Yn+10 = Rn+5 — Tn,
Yn+15 = Zn4+10 = Tn45 = Yn,
Zn+10 = Lp+10 = Ynt5 = Zn-

3. For n = 0 the result holds. Now suppose that n > 0 and that our assumption
holds for n — 1. That is;

- - _1+Zo _1+y0+l’_1
Ti5n—-16 = T-1, TLisn—15 = Lo, Lisn—14 — —  Li5pn—13 — —
Y-1 Yo -1
1 + Z_1 1 + i
Tisn—12 = —— 5 Lisn—11 — Y_15, Tisn—10 — Yo, Tis5pn—-9 — —
Xo Z-1
I+2z0+y 1+2_4
Tisn—8 = ————  Tisn—7= — Tisn—6 — Z_;, Ti5n—5 = 20,
20Y-1 Yo
1+ yo I+ao+ 2 14y
Tisn—4 — ———» Tisp-3=—=—_  _ Lisn—2— —_ -
Tr_1 Toz—-1 20
and
1+ 2 1+ 20+ Y1
Yisn—16 = Y-1, Yisn—15 = Yo, Yisn-14 = — Yi5p—13 = —
2.1 20Y-1
l+a4 1+ yo
Yisn—12 = ——— Yisn-11 = 24, Yi5n—-10 = 20, Yi5n—-9 — —
Yo T_1
1+l‘0+271 1+y,1
Y15m-8 — —————— Yisn—7= —— Yisn-6 — T_;, Yi15n—5 = 20,
Toz—-1 20
1+ZO 1+y0—|—l’_1 1+Z_1
Ysn—4 = ——— Yspn-3=— > Yspn—2= — .
Y-1 Yo -1 Lo
and the result of Z
1+ Yo 1+ To+ 21
215n—16 — Z—1, Z15p—15 — 20, Rlsn—14 — — 5 Rl5pn—13 — —
Tr_1 Toz—-1
1+ Y- 1+ 20
Z15n—12 — ———_ , Z15pn—11 — T_;, 2Z15m—10 — L0, R15pn—9 — T,
) Y-1
l+yo+x4 1424
f15n—-8 — T 5 Rlsn—7 — 5 *l5n—6 — Y_1, R15n—5 = Yo,
YoT -1 To
1+(L‘0 1+20+y71 14+24
Z1n—4 = — 5 Rl5p-3— — _ _ , Rlsp—2— — -
Z1 20Y-1 Yo



Now, it follows from Eq.(1) that

1+x_1
. B 1+Zl5n—2_1+( Yo >_(1+yo+x_1)x_1:g:
tonmt Y15n—3 (M) I+yo+x4 -
Yor—1
(1+y 1>
_ L4 wsn e (1+20+y1)ya _
Y15n-1 215n_3 <1+zo+y 1) 1+ 20+y_1 -
20Y—1
1+Z Itz
1+ Y15n—2 1 + 2o + 271) Z_1
Z15n—-1 = = = Z-1,
T15n—3 <1+$0+Z 1) 1+20+ 24
roz_—1
- _ 1+Z15n—1_1+2—1_x
o Y15n—2 B (ﬁ) e
o
. 1+.T15n,1 . 1+£C,1 .
Yion = Zsn_o (1) v,
Yo
L+ yisn1  1+ya
Yisn = = = 20.
T15n—2 Ity
20
14+ 2150, 142 14+x5, 1+ I+ yisn
Tisn4+1 = = y  Yisn+1l = = yy  Rlbn+l = =
Y15n—1 Y- Z15n—1 Z-1 T15n—1
also
1tvo
I+ 215041 1+ ( ff—10> IL+yo+x
T15n4+2 = = = )
Y15n Yo Yo -1
142
1+ Zispg1 1+ (y_—F> I+20+y-1
Yi5n+2 = = = )
Z15n 20 20Y-1
1+x
1 + Y15n+1 1+ ( z710> 1+x0+2
215042 = =
T15n Zo Toz-1
1+xzo+2-1
- 1+ 215n4-2 L+ ( TozZ_1 ) i (2’,1 + 1) + (1 + 271) 1+ Z_1
15n+3 = = p = =
" Y15n+1 lzt_lt) T (1 + xo)
1+yo+z_1
. I+ 215042 o 1+ ( Yor_1 ) . yo(xfl—l—l) + (1—1-1771) _ 1+24
Y15n+3 Zi5mt1 1;%;) Yo (1 + o)
1+20+y-1
; _ 1+y15n+2:1+< 20Y—1 ):zO(y_1+1)+(1+y_1):1+y_1
1ons T15n4+1 1;%211 20 (1 + 2p) '



Identically, other relations may easily be proven. The proof is done.

The following theorem can be proves similarly.

l—x,

n—1

n=0,1,..

Y

O

(2)

1 - Zn
3 Second System: z, 1 = — y,.1 =
n—1
1 — Yn
LTn—1

In this part, the solutions of the system of two difference equations have been exam-
ined

1—2, 1—2x, 11—y,

Tn+1 = y Yn+1 = ) Ant+l = )
Yn—1 Zn—1 Tn—1

with a nonzero real numbers initial conditions.

Theorem 2 Suppose that {x,,yn 2z} are solutions of system (2). Then

L. Tn+5 = Yny Ynt+b5 = Zny Znt5 = Tn for n > —1
2.T0410 = Zns Ynt10 = T, Zny10 = Yo for n > —1.

3. {z, 2, and {y,, },:>° , and {z,},>° | are periodic with period ten. i.e., T, 15 =

n=-— n=-— n=-—

Ty Ynt15 = Yn, Zna1s = 2n for n > —1 and the solutions takes the form

1— 2z —1+y0+x,1
Tion—-1 = T-1, Tion = To, Tion+1 = y  Tion42 =
Y- YoT-1

1-— Z_1 1-— To

Tion+3 = y Lion+4 = Y_15 Tion+5 = Yo, Tion+6 = )
Zo Z_1

—1+z20+ya -z,

Tion+7 = — 5 Tiom+8 = — > T1on4+9 = Z_15,  T1on+10 = <o,
20Y-1 Yo

l—yo —1+l’0+2_1 1—y_1

Tion+11 — y  Lion412 = y  Tion+13 = .
Tr_1 Tor—-1 20
1—x¢ —1+Zo+y71
Yion—1 = Y-1, Yion = Yo, Yion+1 = y Yot = —————————,
Z-1 20Y-1

1—2_4 L —yo

Yion+3 = ——5 Yion+4a = 2_15, Yion+s = 20,  Yi0n+6 — )
Yo Tr_1

—1+.’130+271 ].—y,l

Yion+7 = y  Yion+8 = y Yton+9 = T_;y  Yion+10 = Do,
ToRk-1 20

1—2’0 —1+yo+l'_1 1—2_1

Yion+11 = y  Yion+12 = y  Yion+13 = .
Y- Yo -1 Zo

and



1 —yo —1+mzo+ 2
Z10n—-1 = Z-1, ~10n — 20, <10n+1 — y  Rlon42 = )
— Toz-1
l—y 1—2
Z1m+3 = T Rlon+4 = T_y, 21045 = Lo,  Rlon4+6 — T
20 Y-1
—1+y0—l—x,1 1—271
Z10n+7 = y  Rlon+8 = T 210n+9 — Y_15;  210n+10 = Yo,
Yol -1 Zo
l—ZL’O —1+Zo+y_1 1—2,
210n+11 = —_ Rlon+12= ——_ , Rlon413 = — -
Z-1 20Y-1 Yo
Or equivalently
1—2p —l+yotz—1 1-21 1—2¢9 —14+z0ty—1
{ }+oo . L—1,T0, y_1’ yoz_1 xp Y_15Y0, 1 200—1 )
Tn n=—1 - 1—-z_1 1—yo —1+4+zo+2z-1 1—y_1 )
7o y Z_15 R0, T_1 Zoz—1_ o y L—1, LQs -+-
1—29 —l+z0+y—1 1-x l1—yo —1+z0+z-1
{ +oo . Y-1,Y-1, 21’ Z0Y—1 T Z_15 R0, T_1 20Z—1 ’
Ynfn=—1 =— 1—y_1 1—29 —l+yo+x_1 1—2_1 )
20 » L_q5 L0, y—1 '  yoz—1 ' w0 »Y-1, Y05 ---
1l—yp —14zo4+2_1 1—y_1 1—29 —14+yotz_1
{ +o00 . Z—1, R0, T_1 2021 T 20 y L _y, Lo, PR YoT_1 )
Znfp=—1 — 1—2_1 1—2zg —1+z0+y—11-7_1
zo v Y_15 Yo, 21 Z0y_1 o y 1520y -

4 Numerical Examples

Significant numerical examples have been considered in this part in order to show the
results obtained earlier, and also to enhance our theoretical discussion.

Example 1. Consider the difference system equation (1) with the initial conditions
x1=0220=06,y1=3,y="7,2.1=—5and zg = —1.6. (See Fig. 1).



plot of xn+1—(1+z W 4 yn+1 (1+4x )/zn 12 =4y
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Figure 1. This figure shows the solutions of the system
1+ 2, 1+z, 1+vy,
y Ynt+1 = ) Antl = ’
n—1 Zn—1 Tn—1
where v _1 =02, 20 =06,y 1 =3,y =7, 2.1 = =band zy = —1.6.

Tnt1 =

Example 2. For the initial conditions z_1 = 9, 2o = —0.2, y_1 = 2, yo = 0.7,
z_1 = 6 and zy = 1.6. when we take the system (1). (See Fig. 2).



plot of x . =(1 +zn)/yn_1,yn+1=(1+xn)/zn_1 iz, =1 +yn)/xn_1;

15

WA
TV VYT

10 -

x(n),y(n),Z(n)

_15}F |

Figure 2. This figure shows the periodicity of system (1)
where x_1 =9, 20 =—-0.2,y_1 =2, 40 =0.7, 2.y =6 and 2y = 1.6.

Example 3. Take the initial conditions as follows z_1 = 9, xg = —0.2, y_1 = 2,
yo = 0.7, z2_1 = 6 and zy = 1.6 for the difference system equation (2). See Fig. 3.
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plot of Xn+1 =(1 _Zn)/yn—1 ’yn+1=(1 _xn)/zn—1 ;Zn+1=(1 _yn)/xn—1;
30 T T T T

25 — Y, Ll

20

151

x(n),y(n),Z(n)

-10f

_15 ! ! ! ! ! ! !
0

Figure 3. This figure shows the periodicity of the solutions of the system
1—2, 1—=z, 11—y,
y Ynt1 = y Antl = )
n—1 Zn—1 x

n—1
where x_1 =9, xg = —-0.2, y_1 =2, 4= 0.7, z_1 = 6 and zy = 1.6.

Tnt1 =

Example 4. Put the initial conditions 1 = 9, 2o = 2, y_1 = 0.2, yo = —3,
z_1 = —1.4 and z) = 4 in the system (2). (See Fig. 4).
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plotof x =(1-z )y, v, =(1-x)z, ;2 . =(1-y)/x
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Figure 4. This figure shows the solutions of the system (2),
where x 1 =9, 20 =2,y 1 =02, y9= -3, 2.1 = —1.4 and z, = 4.
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