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Abstract
In this paper, we obtain the bound state energy eigenvlaues and the corresponding
eigenfunctions of the Schrodinger equation for the pseudo-Coulomb potential plus a new
improved ring shaped like potential within the framework of cosmic string spacetime
using the generalized parametric Nikiforov-Uvarov method. Our results are in good
agreement with other works in the cosmic string spacetime and reduced to those in the
Minkowski spacetime when a =1.
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1. Introduction

The concepts of topologies play a great role in recent developments of various areas of
physics such as condensed matter physics, cosmology and gauge field theory. Examples
of these topological effects include quantum gravity, cosmic strings, domains wall,
monopoles, branes and textures [1-3]. Cosmic strings are linear topogical defects which
change the topology of the medium when viewed globally and play a significant role in
cosmology. However, it has been reported that the spacetime around a cosmic string is
locally and not globally[4] but the global properties of the spacetimes manifold play an
important role in quantum field theories[5]. A lot of studies on the effects of topological
defects on the nonrelativistc and relativistic quantum mechanical systems have been
investigated such as the non-inertial effects [6],bound states of electron and holes to a
disclination [7],Landau levels in the presence of topological effect [8], Coulomb and
quantum oscillator problems in conical space [9], hydrogen atom in curved spacetimes
[10] and others. The non-inertial effect arises from the rotating frame and gives a better
understanding of the physical phenomena of the quantum theory. For instance, in
quantum mechanics the non-inertial effects are linked to the coupling between the
angular momentum and the angular velocity [11]. The Riemann curvature tensor is one of
the tools used in the description of the topological defects in cosmic spacetimes[12] and
general theory of relativity predicts that gravitation should be manifested as the curvature
of spacetimes[13]. One other known example of quantum phenomena in the spacetime
framework is the topological Casimic effect [14]. Casimic effect is one of the
macroscopic manifestations of quantum properties of the vacuum state [15]. Recently,
Bellucci et al.[16] investigated the fermionic vacuum polarization in compactified cosmic
string spacetime.
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Wang et al.[17] studied the Schrodinger equation with non-central potential in the
cosmic string spacetime. Afshardoost and Hassanabadi [18] studied the behaviour of a
particle in the cosmic string background with noncentral potential namely Poschl-Teller
double ring shaped Coulomb potential and double ring shaped oscillator. One outstanding
achievement of the cosmic string in recent times is that cosmic string has ben widely used
to investigate some observed phenomena such as gravitational lenses[17] Non-central
potentials have been studied extensively in the literature since it provides a useful
theoretical background for describing the interaction between the ring-shaped molecules
and that between the deformed nucleus. The ring-shaped potentials have useful
applications in quantum chemistry and are also important in nuclear physics to study ro-
vibrational energy level of molecules, atoms and deformed nucleus [19].

In this paper, we shall consider the pseudo-Coulomb plus improved ring shaped
potential,

V(r,H):—§+r£2+C+2

B [ Bsin® @+ycos’ O+ A ’ M
Mr? sin @ cos @

where 4,B,C are potential parameters, and £,y and A are real constants. We have

recently proposed the ring shaped part of Eq.(1)[20]. We plot the behaviour of the
potential as a function of » and @ in fig.1

The main aim of the present paper is to attempt to investigate the behaviour of non-
relativistic particles with Pseudo-Couolmb plus new improved ring shaped potential in
the cosmic string spacetime by solving the Schrodinger equation using the Nikiforov-
Uvarov(NU) method[22-23].

The paper is organized as follows. In section 2, we review the Schrodinger equation in
the cosmic string spacetime. We solve the angular part of the Schrodinger equation in
section 3. The solution of the radial part is given in section 4. Discussion and special
cases are given in section 5. Finally, we give a brief conclusion in section 6.

2 Schrodinger equation in a cosmic string spacetime
The Schrodinger equation in the cosmic string spacetime is defined as[24],

Loy (r,0, i’
4 W(at m:_2MVigw(r,9,¢)+V(f’,HW(Vﬁ’(”) @

where V7, is the Laplace-Beltrami operator,M is the mass of the particle and V' (r,0) is

the non-central potential. The covariant form of the Laplace-Beltrami operator is given

by
L0 (fmd
@ ox* (\/gg ox” j ®)

where u,v=12,3 and g = det( g ,uv) respectively. Now for an infinitely long straight and

2 _
vLB_

static string, the geometry configuration produced by the spacetime is defined by the line
element in spherical coordinate as,

ds* =—dt* +dr* + o’r* sin® 6d ¢’ 4)
where 7,60 and ¢ lie between the range,0 <7 <0,0<60 < 7,0 < ¢ <2x. The parameter
a =1-4Go in Eq.(4) lie within the interval [O, 1] and o is the linear mass density of the

cosmic string. As can be observed in Eq.(4) when the o — 1, the cosmic string spacetime

https://mc06.manuscriptcentral.com/cjp-pubs

Page 2 of 11



Page 3 of 11 Canadian Journal of Physics

reduced to the Minskoski spacetime. Thus the covariant cosmic string metric tensor

reads,
-1 0 O 0
0 1 O 42 .
8= 0 0 ,det(g)=r"a”sin" @ ®)]
0 0 0 o’r’sin’@
Substituting Eq.(5) into Eq.(3), we obtain the corresponding Laplace-Beltrami operator
as,
) 1 o ,. o0 o(ar’sin@ o o ar’sin@ 0
VLB:— —| ar Sll’lg— +— % A +— T 2 2o A ,
rtatsin? @ | or or| 060 r 00 ) Op\a'r sin” 6 op
2
:%Q(ﬁg}_ 21‘ Q(sinﬁij+ - 21‘ - 82 (6)
r- o 0) r°sinf o 00) a'r sin”" @ op

We now consider a non-relativistic particle influenced by the pseudo-Coulomb plus new
improved ring shaped-like potential given by equation (1).Substituting Eqgs.(1) and (6)
into Eq.(2) yields,

wl1of,0 1 of. ,0 1 0’
- ——|r=|+ —|sinf— |+ r,0,
oM LZ a( aj 2 sin@ a( aej o sin’ 0 6(02}//( ?)

+[ A B 7 (ﬂsin26’+7/c0526’+ﬁ,

(7

2

ror 2 M

2
__+_+C+ - l//(r909¢):EV/(ra95¢)
sin @ cos @

Taking the eigenfunction in the form,

_ 1 R(V) im¢
w(r,0,p) Ton "H(O)  (8)
and after separation of variable, we obtain the following second order differential
equations,
dZRn/(r)+|:2M [E+é—£—cj— A
ar’ ror

e } R, (r)=0 ©

)
r

dZH’”’(g)+cot0dH’”’(9)+{A— m? _(,Bsin29+ycos29+l

T j ]H,mw) =0.00)

2 2 3
a”sin” @ siné@cosé

where A and m’ are the separation constants.
3 Solution of H(6) Angular Equation for Schrédinger Equation

In order to solve Eq.(10), we used variable transformation, x =sin*@ since 0< 0 <2rx
rather than x = cos” @ whose range lies between 0 <@ < 7 and equation (10) becomes,
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3
PH) | =2 dH (x) |
dx’ x(I-x) dx

! AL B=1) o (A 20+A)F=B) (m ) _[(r+2) (mY _
m{—(z+Ty}c +(Z+ 4 4}/ +(Zj Jx_(yT+(Zj J}H(x)—o (11)

Equation is amenable to the parametric Nikforov-Uvarov method (NU)[22-23,25,26-27].
Comparing Eq.(11) with Eq.(A.1), we obtain the following,

2
alzl,azzi,a3:1,§lzﬁ+m,
2 4 4 (12)
2 2 2
f :%+2(7+/14)1(7 ﬁ)+(ﬂj £ - (r+4) +(ﬂj
2a 4 20
and other coefficients are obtained from Eq.(A.4) as,
2 2
vt AL 200 (),
4 4 4 16 4 4 2a
2 2 2 2
AT +(ﬂj = B A =h) (r+2)
4 2a 16 4 4 4

4 4 4 4

@ ——Z—Z(\/H“(ﬂ—y)z—8(7+ﬂ)(7—ﬁ)+4(7+1)2 +J4<y+z>2+4(§j2} 13

Using the eigenvalue equation of the NU method of Eq.(A.3), we obtain the relationship
between the separation constant A and the non-negative integer n=n, as,

2 2
A= 2,@4.14.2\/@4.(&)
4 2a

+4 2n’+1+2\/@+(%f \/%+(ﬂ;y)2 _(7+l)4(7_ﬂ)+(722«)2 _(7/+1)(ﬂ+1) .

2

Equation (14) is the contribution of the angle-dependent part of pseudo-Coulomb plus
new improved ring shaped like potential. . However, when the ring-shaped term potential
vanishes, that is ¥ = f = A4 =0, then the constant of separation becomes A =/(/+1),
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m

where / =2n, +1+|—|,m=0,1,2... As can be observed in Eq.(14) the separation constant

a
depends on the parameter & and when the parameter « =1, then the curved space time
changes to the Minkowski space and so is the energy spectrum. The corresponding wave
function is given as,

H,(@)=N,, (sin2 0)(7;1) (0052 e)ii(\/1+4(7+ﬂ)2+4(ﬂy)28(y+4)(yﬂ)J

(r02 Lot saf s 2 saon) >
PHA) 24, =+ (y+2) H(B=y) =2(y+A)(r-
x P !

4 Exact Solution of Radial Part
To solve Eq.(9), we follow the same procedure as before and obtain the energy
eigenvalues as,

MA? 1 2MB
E, =- | nt—+ 1
2h 2 /]

Substituting Eq.(14) into Eq.(16), we obtain the complete total energy eigenvalues for the

pseudo-Coulomb plus new improved ring shaped like potential as,
2

- M e an

nlm 2h2

Where,

(1 —2sin? 6’)

+A] +C  (16)

2

2 2 2 2
2MB+ 2nr+1+2\/(7/+ﬁ') +(ﬂj +4 2nr+1+2\/—(}/:/1) +(mj

e 2a

1
o=—+

X\/%Jr(ﬂj) _(7+/1)Af7—/5’)+(74;/1) () (4 2) .

The corresponding wave function for the radial part is obtain as follows,

2 %4—/\ — M,Z 2 ¥+A—l _
Rnl(r):anr\/"z e\/ " LE ' ](2 /—2M(hC2 E)rzj (19)

The total wave function for the system is obtain using Eqgs.(8),(15) and (19) as,

2 [PMB  [PMCE) 2/%+A—1 _
0.0y LT P ](2,/—2]”(; E)rzj
r

(7+4) 11

x(sinzﬁ) 2 (cos2 6’)Z 4

(Vs 24 P st 20)

L AP (B2 =2(r+2) (7~
Xp[wxz s trea o2t

n

. 1
(1 2sin 6’) e e
When f=y=A4=B=C, then the pseudo-Coulomb ring shape potential reduces to the
Coulomb potential in the cosmic string background. Substituting these parameters into
Egs.(17) and (20), we obtain the energy eigenvalues and the corresponding wave
functions in the cosmic spacetime as,
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MA?
E, =- ~ (21

2
2 2
2| ne s 2n, +1+2 (mj +| 2n, +1+2 (mj
2 2a 2a

| 2\/[2n,.+1+2 (;ZJZJ2+[271,+1+2 (z’fxﬂ ’\/ﬁrz
hZ

l//nl(r):an;r e

(22)

XLH( o U]] [2 Wr}
: =

5 Discussion and few Special Cases

Let us now discuss the results and some special cases of our proposed ring shaped like
potential. Now rescaling the potential parameter of our ring shaped like parameter as
follows:a — B>,b = y*,c > 2>, p > 28y,2BA — q,2yA — f , then the Pseudo-
Coulomb plus ring shaped like potential becomes,

s 2 2
72 2((asm 6’+q+c)+(bcos 6’+f+c)

A B
V(r,@):—7+r—2+C+2

Mr cos’ 0 sin’ @

+ p} (23)

5.1 Coulomb Double Ring shaped potential
Choosing B=C=c=b=a= p=0 and setting ¢ - —q and f — —f ,the potential (23)
turns to the Coulomb ring shaped potential reported by Wang et al.[17],

A4 n q f j
Vr,0)=—2 n 24
r,6) ro2Mr? (cos2 6 sin’é @9

Now making the corresponding parameter replacements in Eqs.(17) and (20), we obtain
the energy spectra and the corresponding wave function for the Coulomb Ring shaped
potential in the cosmic string spacetime as,

__a (n+6)° (25)

nlm - 2h2
ZME)rZ

A\ NS 1y
V(- 0.9) = N,y e L(M_l)(2 —%E)rzj(sinz 0) 2 (cos® o)+
r

X P((\/_f),24\/ijq]

n

(1-2sin® 9)Lel’m¢ (26)

2z

Where
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G=1y (b@+“2 1+(£?jj+4(by+H2 IQ(lﬂjle—Fiigliﬁiig (27)
2 4 2a 4 2a 16 16 4 2

A—(znr+1+2 —i+(ﬂj J +4[2nr+1+2 —i+(ﬂj J\/i+ﬂi+M (28)
4\ 2a 4 \2) N16° 4 4 2

This result is consistent with that reported by Wang et al.[17].
5.2 A New Coulomb Ring shaped potential

Berkedemir [27] proposed a novel angle-dependent (NAD) potential of the form,

B ([ y+xsin®@+nsin* 6
Vi(r,0)=——+ 29
1(26) r sin® @ cos” 29)
and Zhang and Hung-Fu[27] introduced a new form of NAD as,
+xcos’ @+ncos' @
(o)=L [ 13K O (30)
r sin” @cos” @

where y,x and 7 are real constants. If B=C = p =0, our ring shaped potential in
Eq.(24) can be rewritten as,

.4 .2 4 ’ 2
V(r’g):_£+a51n @+7rsin“@+bcos" @+7'cos” @+v
,

31
sin® @ cos’ 6 1)
where 7= f +c,7'=q+c,0= f+qg+2c.One can observed that NAD and its new

counterpart is incorporated in our proposed ring shaped like potential .If we choose
b=1"=0, the improved ring shaped potential turns in to NAD as,

A . 4 . 2
V(r.0)=—2+ asin '492+fsmz o+ f
r sin” @cos” @
Making the corresponding parameter substitutions in Eqgs.(17) and (20), we obtain the
energy spectra and the corresponding wave function for the NAD as,

(32)

M4 NAD \ 2
En,m——z—hz(n+a ) (33)
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\b—‘

l//nlm (l" 9 (0) N nlm

ZME 72 NAD _
2 A'MDe e L2 A ( 2];14E j

><(sin2 9)7 (cos2 49)‘1‘+‘1‘(m)

.y

(34)

A=

) Pn((y-*—/l),%—

+a ] 1 m
J(l—2sm2 6’)&6 ¢
Where,

2

2 2
o =Ly 2n, +1+2 i+(ﬂj +4| 2n, +1+2 i+(ﬂj ‘/L+£—i (35)
2 4 2a 4 2« 16 4 2

This result to the best of our knowledge has not been reported before in the cosmic string
spacetime. However, whena =1, we recover the energy spectrum and the wave function
for the NAD reported in Ref.[27]. Similarly, if choosea =7 =0, our proposed ring
shaped potential turns into the new NAD of Eq.(30). If we substitute these parameter into
the energy equation and the wave function, then we obtain the result reported in ref.[28]
when o =1.

6 Conclusions

We have investigated the Schrodinger equation with pseudo-Coulomb potential plus new
improved ring shaped potential within the cosmic string spacetime. We employed the NU
technique to obtain the discrete energy spectrum of the bound state and the corresponding
wavefunctions expressed in terms of the Jacobi polynomials. As noted in ref.[17], the
energy levels of the quantum system with pseudo-Coulomb plus new improved ring
shaped potential in the cosmic string spacetime depend explicitly on the angular deficit
a and characterized the global structure of the metric in the cosmic string spacetime
background. Therefore, the present of the angular deficit parameter defines the curvature
of the spacetime [18] and thus leads to the shift of the energy levels. The topological
effect may cause changes in the gravitational field which invariably causes a change in
the corresponding wave functions and energy levels .Finally, our result may find many
applications in different fields of physics [29-31]

Appendix A

The NU method solves many linear second order differential equations by reducing
them to a generalized equation of hypergeometric type. Here, instead of the original
formulation, we use the parametric version which enables us to solve a second-order
differential equation of the form [22-23,25,26]

d’ L —as d 1

e sy & a5 HeemEly =0 (41)

According to the NU method, the eigenfunctions is
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13 a1
—a— (ap—1,—=—a-1)

w(s)=s(l-as) *P (1-2a,s) (4.2)

and the energy of the system satisfies

a,n—Q2n+1)ag +Q2n+1)(Ja, +afag)+n(n—ae, +a, +2a,0, + 2 oz, =0, (4.3)
where

a, =%(1—al), a; :%(0{2 —2a,), aq,=ai+é, a,=2aa,-&, ag=a;+&

Ay = Q0L + a0, + 0, =, +2a, +2.]a,
o, =, =20, +2(a, + o), @, =a,++Jog (4.4)
a, =05 — (o + a5 ay)

Pn(a,ﬂ)(x): 'F(Ot+l’l+1) i(”jr(a+ﬂ+n+m+l) x—l)m
n'l'(a+p+n+l) i\ m INa+m+1) 2

and P'*”is Jacobi polynomial.

References

1 E M Hu, J.Astrophys.360 L7 (1990)

2 A Vilenkin,Phys.Rept.121 263 (1985)

3 H Kleinert,Gauge Field a Condensed matter (Singapore,World Scientific ,1989)

4 H.Hassanabadi and M.Hosseinpour, Eur.Phys.J.Plus 130,236 (2015)

5 V M Mostapanenko and N N Trunov,The Casimir Efects and its Applications
(Clarendon,Oxford, 1997)

6 J.J.Sakurai,Phys.Rev.D 21,2993 (1980)

7 C Furtado and F.Moraes, Phys.Lett.A 188,394 (1994)

8 C Furtado and F.Moraes, Phys.Lett.A 195 90 (1994)

9 J.Lacoelho and R L P Amaral, J.Phys.A:Math.Gen. 35,5255 (2002)

10 L.Parker,Phys.Rev.Lett.44 1599 (1980)

11 B Mashhoon, Phys.Rev.Lett.61, 2639(1988)

12 T W B Kibble, J.Phys.A: Math.Gen.9,1387 (1976), L.A.Page,Phys.Rev.Lett.35

543(1975)
13 E J Post,Rev.Mod.Phys.39,475 (1967)
14 K.A.Milton, The Casimir effect:Physical Manifestation of zero point Energy ( World
Scientific, Singapore,2002)

15 E Elizade, Phys.Lett.B 516,143 (2001)

16 S. Bellucci,E.R.Bezerra de Mello,A.de Padua and A.A.Saharian, Eur.Phys.C 74,2688
(2014)

17 Z.Wang,Z.W.Long,C.Y.Long and J.Teng, Phys.Scr.90,055201 (2015)

https://mc06.manuscriptcentral.com/cjp-pubs



Canadian Journal of Physics

18 A.Afshardoost and H.Hassanabadi, Can.J.Phys.93,1 (2015)
19 C.Y.Chen, Y.You, X.H.Wang and S.H.Dong,Phys.Lett.A ,377,1521 (2013)
20 A.N.Ikot,I.O.Akpan,T.M.Abbey and H.Hassanabadi (Accepted, for publication in
Communication in Theoretical Physics)
21 A F Nikiforov and V B Uvarov,Special Functions of Mathematical
Physics (Birkhauser:Basel) (1988)
22 C Tezcan and R .Sever, Int. J. Theor. Phys. 48 337 (2009)
23 H Hassanabadi, A N Ikot and S Zarrinkamar, Acta Phys.Polo.A 126 647 (2014)
24 G.de A Marques and V.B.Bezerra, Classical Quantum Grav.19 985 (2002)
25 A.N.Ikot,H. Hassanabadi,B.Y.Yazarloo,M.l.Umo and S.Zarrinkamar, Acta
Phy.Polo.A 126,656 (2014)
26 Z.Wang,Z.W .Long,C.Y.Long and L.Z.Wang,Ind.J.Phys. 89 (2015) 1059
27 C Berkdemir,J.Math.Phys.46(2009)139
28 M C Zhang,G H Sun and S H Dong,Phys.Letts.A 374(2010)704
29 M.A.Seridi and Belaloui,Int.J.Mod.Phys.A 30(2015) 1550175
30 H.Hassanabadi, A.Afshardoost and S.Zarrinkamar,Ann.Phys.356 (2015)346
31 H.Hassanabadi and M.Kamali,Chin.Phys.B 22 (2013) 100304

https://mc06.manuscriptcentral.com/cjp-pubs

Page 10 of 11



Page 11 of 11 Canadian Journal of Physics

G000
51]]1]}:
41}[31}1}—_
Vi) 3{H3{H}-:

20000

2 .2 2 2
Fig.1: The plot of an expression V(r,9)=—£+£2+c+ f Z[ﬂsm 0+ ycos 0+2J
ror

2Mr sin & cos @
as a function r and @ for € =(-2x,2x),r =[0,5],A=-1,B=2,C=4,=0.3,y=5 and
A=-T7.
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