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Cit a tion  for  final p u blish e d  ve r sion:

Viglialo ro,  Gius e p p e  a n d  Woolley, Tho m a s  E. 2 0 2 0.  Solvabili ty of a  Kelle r-S e g el

sys t e m  with  sign al-d e p e n d e n t  s e n si tivity a n d  e s s e n tially s u bline a r  p rod uc tion.

Applica ble  Analysis  9 9  (14) , p p.  2 5 0 7-2 5 2 5.  1 0.10 8 0/000 3 6 8 1 1.20 1 9.15 6 9 2 2 7

file 

P u blish e r s  p a g e:  h t t p s://doi.o rg/10.10 8 0/00 0 3 6 8 1 1.2 0 1 9.15 6 9 2 2 7
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Ple a s e  no t e:  

Ch a n g e s  m a d e  a s  a  r e s ul t  of p u blishing  p roc e s s e s  s uc h  a s  copy-e di ting,

for m a t ting  a n d  p a g e  n u m b e r s  m ay no t  b e  r eflec t e d  in t his  ve r sion.  For  t h e

d efini tive  ve r sion  of t his  p u blica tion,  ple a s e  r ef e r  to  t h e  p u blish e d  sou rc e.  You

a r e  a dvise d  to  cons ul t  t h e  p u blish e r’s ve r sion  if you  wish  to  ci t e  t his  p a p er.

This ve r sion  is b ein g  m a d e  av ailable  in  a cco r d a n c e  wit h  p u blish e r  policie s.

S e e  

h t t p://o rc a .cf.ac.uk/policies.h t ml for  u s a g e  policies.  Copyrigh t  a n d  m o r al  r i gh t s

for  p u blica tions  m a d e  available  in ORCA a r e  r e t ain e d  by t h e  copyrig h t

hold e r s .
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●✐✉s❡♣♣❡ ❱✐❣❧✐❛❧♦r♦1,♯ ❛♥❞ ❚❤♦♠❛s ❊✳ ❲♦♦❧❧❡②2

1❉✐♣❛rt✐♠❡♥t♦ ❞✐ ▼❛t❡♠❛t✐❝❛ ❡ ■♥❢♦r♠❛t✐❝❛
❯♥✐✈❡rs✐tà ❞✐ ❈❛❣❧✐❛r✐

❱✐❛❧❡ ▼❡r❡❧❧♦ ✾✷✱ ✵✾✶✷✸✳ ❈❛❣❧✐❛r✐ ✭■t❛❧②✮

2❈❛r❞✐✛ ❙❝❤♦♦❧ ♦❢ ▼❛t❤❡♠❛t✐❝s
❈❛r❞✐✛ ❯♥✐✈❡rs✐t②

❙❡♥❣❤❡♥♥②❞❞ ❘♦❛❞✱ ❈❛r❞✐✛✱ ❈❋✷✹ ✹❆● ✭❯♥✐t❡❞ ❑✐♥❣❞♦♠✮

❆❜str❛❝t✳ ■♥ t❤✐s ♣❛♣❡r ✇❡ ❝♦♥s✐❞❡r t❤❡ ③❡r♦✲✢✉① ❝❤❡♠♦t❛①✐s✲s②st❡♠
{

ut = ∆u−∇ · (uχ(v)∇v) ✐♥ Ω× (0,∞),

0 = ∆v − v + g(u) ✐♥ Ω× (0,∞),

✐♥ ❛ s♠♦♦t❤ ❛♥❞ ❜♦✉♥❞❡❞ ❞♦♠❛✐♥ Ω ♦❢ R
2✳ ❚❤❡ ❝❤❡♠♦t❛❝t✐❝ s❡♥s✐t✐✈✐t② χ

✐s ❛ ❣❡♥❡r❛❧ ♥♦♥♥❡❣❛t✐✈❡ ❢✉♥❝t✐♦♥ ❢r♦♠ C1((0,∞)) ✇❤✐❧st g✱ t❤❡ ♣r♦❞✉❝t✐♦♥
♦❢ t❤❡ ❝❤❡♠✐❝❛❧ s✐❣♥❛❧ v✱ ❜❡❧♦♥❣s t♦ C1([0,∞)) ❛♥❞ s❛t✐s✜❡s λ1 ≤ g(s) ≤

λ2(1 + s)β ✱ ❢♦r ❛❧❧ s ≥ 0✱ 0 ≤ β ≤ 1

2
❛♥❞ 0 < λ1 ≤ λ2. ■t ✐s ❡st❛❜❧✐s❤❡❞ t❤❛t

♥♦ ❝❤❡♠♦t❛❝t✐❝ ❝♦❧❧❛♣s❡ ❢♦r t❤❡ ❝❡❧❧ ❞✐str✐❜✉t✐♦♥ u ♦❝❝✉rs ✐♥ t❤❡ s❡♥s❡ t❤❛t ❛♥②
❛r❜✐tr❛r② ♥♦♥♥❡❣❛t✐✈❡ ❛♥❞ s✉✣❝✐❡♥t❧② r❡❣✉❧❛r ✐♥✐t✐❛❧ ❞❛t❛ u(x, 0) ❡♠❛♥❛t❡s ❛
✉♥✐q✉❡ ♣❛✐r ♦❢ ❣❧♦❜❛❧ ❛♥❞ ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞ ❢✉♥❝t✐♦♥s (u, v) ✇❤✐❝❤ ❝❧❛ss✐❝❛❧❧②
s♦❧✈❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✐♥✐t✐❛❧✲❜♦✉♥❞❛r② ✈❛❧✉❡ ♣r♦❜❧❡♠✳ ❋✐♥❛❧❧②✱ ✇❡ ✐❧❧✉str❛t❡
t❤❡ r❛♥❣❡ ♦❢ ❞②♥❛♠✐❝s ♣r❡s❡♥t ✇✐t❤✐♥ t❤❡ ❝❤❡♠♦t❛①✐s s②st❡♠ ❜② ♠❡❛♥s ♦❢
♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s✳

✶✳ ■♥tr♦❞✉❝t✐♦♥✱ ♠♦t✐✈❛t✐♦♥s ❛♥❞ ♠❛✐♥ r❡s✉❧t

✶✳✶✳ ❈❤❡♠♦t❛①✐s ♠♦❞❡❧s✿ ❣❡♥❡r❛❧ ♦✈❡r✈✐❡✇ ❛♥❞ r❡s✉❧ts✳ ■♥ t❤✐s ♣❛♣❡r ✇❡
❢♦❝✉s ♦✉r ❛tt❡♥t✐♦♥ ♦♥ ♦♥❡ ♦❢ t❤❡ ✐♥♥✉♠❡r❛❜❧❡ ✈❛r✐❛♥ts ♦❢ t❤❡ ❧❛♥❞♠❛r❦ ♠♦❞❡❧s
♣r♦♣♦s❡❞ ❜② ❑❡❧❧❡r ❛♥❞ ❙❡❣❡❧ ✭❬✶✵❪ ❛♥❞ ❬✶✶❪✮✱ ✇❤✐❝❤ ✐❞❡❛❧✐③❡ ❝❤❡♠♦t❛①✐s ♣❤❡♥♦♠❡♥❛
✭❧❛r❣❡❧② s♣r❡❛❞ ✐♥ t❤❡ ♣❤②s✐❝❛❧ ❛♥❞ ❜✐♦❧♦❣✐❝❛❧ s❝✐❡♥❝❡s✮✱ ❞❡s❝r✐❜✐♥❣ s✐t✉❛t✐♦♥s ✇❤❡r❡
t❤❡ ♠♦t✐♦♥ ♦❢ ❛ ❝❡rt❛✐♥ ✐♥❞✐✈✐❞✉❛❧ ❝❡❧❧s u = u(x, t) ✐s str♦♥❣❧② ✐♥✢✉❡♥❝❡❞ ❜② t❤❡
♣r❡s❡♥❝❡ ♦❢ ❛ ❝❤❡♠✐❝❛❧ s✐❣♥❛❧ v = v(x, t)✳ Pr❡❝✐s❡❧② ❛ ✈❡r② ❣❡♥❡r❛❧ ♠❛t❤❡♠❛t✐❝❛❧
❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡s❡ ♠♦❞❡❧s ✐♥✈♦❧✈❡s t✇♦ ❝♦✉♣❧❡❞ ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ❛♥❞
r❡❛❞s

✭✶✮















ut = ∇ · (A(u, v)∇u−B(u, v)∇v) + C(u, v) ✐♥ Ω× (0,∞),
τvt = ∆v + E(u, v) ✐♥ Ω× (0,∞),
∂u
∂ν = ∂v

∂ν = 0 ✐♥ ∂Ω, t > 0,
u(x, 0) = u0(x) ≥ 0 ❛♥❞ v(x, 0) = v0(x) ≥ 0 x ∈ Ω,

✷✵✶✵ ▼❛t❤❡♠❛t✐❝s ❙✉❜❥❡❝t ❈❧❛ss✐✜❝❛t✐♦♥✳ ✸✺❆✵✶✱ ✸✺❑✺✺✱ ✸✺◗✾✷✱ ✾✷❈✶✼✳
❑❡② ✇♦r❞s ❛♥❞ ♣❤r❛s❡s✳ ◆♦♥❧✐♥❡❛r ♣❛r❛❜♦❧✐❝ s②st❡♠s✱ ❝❤❡♠♦t❛①✐s✱ ❣❧♦❜❛❧ ❡①✐st❡♥❝❡✱ ❜♦✉♥❞❡❞✲

♥❡ss✳
♯❈♦rr❡s♣♦♥❞✐♥❣ ❛✉t❤♦r ✿ ❣✐✉s❡♣♣❡✳✈✐❣❧✐❛❧♦r♦❅✉♥✐❝❛✳✐t✳

✶
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✇❤❡r❡ Ω ⊂ R
n✱ ✇✐t❤ n ≥ 1✱ ✐s ❛ ❜♦✉♥❞❡❞ ❞♦♠❛✐♥ ✇✐t❤ s♠♦♦t❤ ❜♦✉♥❞❛r②✱ τ ∈ {0, 1}

❛♥❞ A,B,C ❛♥❞ E ❛r❡ s✉✣❝✐❡♥t❧② r❡❣✉❧❛r ❢✉♥❝t✐♦♥s ♦❢ t❤❡✐r ❛r❣✉♠❡♥ts✳ ❆❞❞✐t✐♦♥✲
❛❧❧②✱ u0(x) ❛♥❞ v0(x) ❛r❡ t❤❡ ✐♥✐t✐❛❧ ❝❡❧❧ ❛♥❞ ❝❤❡♠✐❝❛❧ ❞✐str✐❜✉t✐♦♥s✱ ∂/∂ν st❛♥❞s ❢♦r
t❤❡ ♦✉t✇❛r❞ ♥♦r♠❛❧ ❞❡r✐✈❛t✐✈❡ ♦♥ ∂Ω✱ s♦ t❤❛t t❤❡ ③❡r♦✲✢✉① ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ♦♥
❜♦t❤ u ❛♥❞ v ✐♥❞✐❝❛t❡ t❤❡ t♦t❛❧ ✐♥s✉❧❛t✐♦♥ ♦❢ t❤❡ ❞♦♠❛✐♥✳

❙tr♦♥❣ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s s✉♣♣♦rt r❡❛❧ ❡①♣❡r✐♠❡♥ts ❛♥❞ ♦❜s❡r✈❛t✐♦♥s ✐♥❞✐❝❛t✲
✐♥❣ t❤❛t t❤❡ ❛❢♦r❡♠❡♥t✐♦♥❡❞ ♠♦✈❡♠❡♥t ♠❛② ❡✈❡♥t✉❛❧❧② ❞❡❣❡♥❡r❛t❡ t♦ ❛❣❣r❡❣❛t✐♦♥
♣r♦❝❡ss❡s✱ ✇❤❡r❡ ❛♥ ✉♥❝♦♥tr♦❧❧❡❞ ❣❛t❤❡r✐♥❣ ♦❢ ❝❡❧❧s ❛t ❝❡rt❛✐♥ s♣❛t✐❛❧ ❧♦❝❛t✐♦♥s ✐s
♣❡r❝❡✐✈❡❞ ❛s t✐♠❡ ❡✈♦❧✈❡s✿ t❤❡ s♦ ❝❛❧❧❡❞ ❝❤❡♠♦t❛❝t✐❝ ❝♦❧❧❛♣s❡✳ ■♥ ♣❛rt✐❝✉❧❛r✱ s✉❝❤
❛ ❝♦❛❧❡s❝❡♥❝❡ ♣❤❡♥♦♠❡♥❛ ❝❛♥ ❜❡ ✐♥t✉✐t✐✈❡❧② ❥✉st✐✜❡❞ ✐♥ t❤✐s ✇❛②✿ ❢♦r B(u, v) > 0
t❤❡ ✜rst ❡q✉❛t✐♦♥ ✐♥ ✭✶✮ ✐♥❞✐❝❛t❡s t❤❛t ✇❤✐❧❡ t❤❡ ❝❡❧❧ ♣♦♣✉❧❛t✐♦♥ ♥❛t✉r❛❧❧② ❞✐✛✉s✐♥❣
✭t❤r♦✉❣❤ t❤❡ ❧❛✇ ♦❢ A✮ ❛♥❞ ❣r♦✇✐♥❣✴❞②✐♥❣ ✭t❤r♦✉❣❤ t❤❡ ❧❛✇ ♦❢ C✮✱ ✐t ✐s ❛❞❞✐t✐♦♥❛❧❧②
❞r✐✈❡♥ ❜② t❤❡ ❝♦♥❝❡♥tr❛t✐♦♥ ❣r❛❞✐❡♥t ♦❢ t❤❡ ❝❤❡♠✐❝❛❧ s✐❣♥❛❧ ✐♥ t❤❡ ♦♣♣♦s✐t❡ ❞✐r❡❝t✐♦♥
♦❢ t❤❡ ❞✐✛✉s✐♦♥ ✭❞✉❡ t♦ t❤❡ ♣♦s✐t✐✈✐t② ♦❢ B✮✳

❇② t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ♣♦✐♥t ♦❢ ✈✐❡✇✱ t❤❡ ❝❤❡♠♦t❛❝t✐❝ ❝♦❧❧❛♣s❡ ✐♠♣❧✐❡s t❤❛t ♣♦ss✐✲
❜❧② u✱ ✐♥ ❛ ♣❛rt✐❝✉❧❛r ✐♥st❛♥t ✭❜❧♦✇✲✉♣ t✐♠❡✮✱ ❜❡❝♦♠❡s ✉♥❜♦✉♥❞❡❞ ✐♥ ♦♥❡ ♦r ♠♦r❡
♣♦✐♥ts ♦❢ ✐ts ❞♦♠❛✐♥✳ ❚❤❡ ❛♣♣❡❛r❛♥❝❡ ♦❢ t❤✐s ✐♥st❛❜✐❧✐t② ♠❛② ❜❡ t✐❡❞ t♦ t❤❡ s✐③❡ ♦❢
t❤❡ ✐♥✐t✐❛❧ ❞❛t❛ (u0, v0)✱ t❤❡ ❣r♦✇t❤ r❛t❡ ♦❢ t❤❡ ❝❡❧❧ ❞✐str✐❜✉t✐♦♥ u ✐♥❞✉❝❡❞ ❜② t❤❡
s♦✉r❝❡ t❡r♠ C(u, v)✱ t❤❡ ♠✉t✉❛❧ ✐♥t❡r♣❧❛② ❜❡t✇❡❡♥ t❤❡ ❞✐✛✉s✐♦♥ A(u, v) ❛♥❞ t❤❡
❝❤❡♠♦t❛❝t✐❝ s❡♥s✐t✐✈✐t② B(u, v) ✭❛❧s♦ ✐♥ t❡r♠s ♦❢ t❤❡ s♣❛❝❡ ❞✐♠❡♥s✐♦♥✮ ❛s ✇❡❧❧ ❛s t❤❡
♣r♦❞✉❝t✐♦♥✴❞❡❣r❛❞❛t✐♦♥ r❛t❡ ♦❢ t❤❡ ❝❤❡♠✐❝❛❧ s✐❣♥❛❧ v ❣✐✈❡♥ ❜② E(u, v)✳

❋♦r t❤❡ ❧✐♥❡❛r ❞✐✛✉s✐♦♥ ❝❛s❡ A(u, v) ≡ 1✱ ❛♥❞ B(u, v) = χu✱ χ > 0✱ ✐♥ ❛❜s❡♥❝❡ ♦❢
s♦✉r❝❡ C(u, v) ❛♥❞ ✇✐t❤ ♣r♦❞✉❝t✐♦♥ E(u, v) = −v+u✱ ❢♦r τ = 1 ✭♣❛r❛❜♦❧✐❝✲♣❛r❛❜♦❧✐❝
❝❛s❡✮✱ ✐♥ ❬✶✽❪ ✐t ✐s s❤♦✇♥ t❤❛t ✐♥ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ❞♦♠❛✐♥s✱ ❛❧❧ t❤❡ s♦❧✉t✐♦♥s ♦❢ ✭✶✮
❛r❡ ❣❧♦❜❛❧ ❛♥❞ ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞ ✐♥ t✐♠❡✱ ✇❤✐❧❡ ✐♥ t❤❡ n✲❞✐♠❡♥s✐♦♥❛❧ ❝♦♥t❡①t✱ ✇✐t❤
n ≥ 2✱ ✉♥❜♦✉♥❞❡❞ s♦❧✉t✐♦♥s t♦ t❤❡ s❛♠❡ ♣r♦❜❧❡♠ ❤❛✈❡ ❜❡❡♥ ❞✐s❝♦✈❡r❡❞ ✭s❡❡✱ ❢♦r
✐♥st❛♥❝❡✱ ❬✽❪ ❛♥❞ ❬✷✽❪✮✳ ❙✐♠✐❧❛r❧②✱ ❢♦r t❤❡ ♣❛r❛❜♦❧✐❝✲❡❧❧✐♣t✐❝ ❝❛s❡ ✭τ = 0✮✱ ✐♥ ❬✾❪ ❢♦r
r❛❞✐❛❧ s♦❧✉t✐♦♥s ❛♥❞ ✐♥ ❬✶✺❪ ❢♦r ♥♦♥✲r❛❞✐❛❧✱ t❤❡ ❛✉t❤♦rs ♣r♦✈❡ t❤❛t ❢♦r n = 2 ❛ ❝❡rt❛✐♥
t❤r❡s❤♦❧❞ ✈❛❧✉❡ ❣✐✈❡♥ ❜② t❤❡ ♣r♦❞✉❝t ❜❡t✇❡❡♥ t❤❡ ❝❤❡♠♦s❡♥s✐t✐✈✐t② χ ❛♥❞ t❤❡ ✐♥✐t✐❛❧
♠❛ss

∫

Ω
u0 ❞❡❝✐❞❡s ✇❤❡t❤❡r t❤❡ s♦❧✉t✐♦♥ ❝❛♥ ❜❧♦✇ ✉♣ ✐♥ ✜♥✐t❡ t✐♠❡ ♦r ❡①✐sts ❢♦r ❛❧❧

t✐♠❡ t > 0✳
❇② ✈✐rt✉❡ ♦❢ t❤✐s✱ ❧❡t ✉s ♦❜s❡r✈❡ t❤❛t ❢♦r ♣♦s✐t✐✈❡ ❝❤❡♠✐❝❛❧ ❛♥❞ ❝❡❧❧ ❞✐str✐❜✉t✐♦♥s✱

t❤❡ ❡①♣r❡ss✐♦♥ E(u, v) = −v+ u ✐♥ ✭✶✮ s❤♦✇s ❤♦✇ ❛♥ ✐♥❝r❡❛s✐♥❣ ♦❢ t❤❡ ❝❡❧❧s ❢❛✈♦✉rs
❛ s❡❝r❡t✐♦♥ ♦❢ t❤❡ s✐❣♥❛❧✱ ✇❤✐❝❤ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❡①♣r❡ss✐♦♥ ♦❢ t❤❡ ❝❤❡♠♦s❡♥s✐t✐✈✲
✐t② B(u, v) ♠✐❣❤t str♦♥❣❧② ❝♦♥tr❛st t❤❡ s♠♦♦t❤✐♥❣ ❛♥❞ ❡q✉✐❧✐❜r❛t✐♥❣ ❡✛❡❝t ♦❢ t❤❡
❞✐✛✉s✐♦♥ A(u, v)✳ ■♥ t❤✐s s❡♥s❡ ❛♥ ❛❜✉♥❞❛♥t ❧✐t❡r❛t✉r❡ ❝♦♥❝❡r♥✐♥❣ ❡①✐st❡♥❝❡ ❛♥❞
♣r♦♣❡rt✐❡s ♦❢ ❣❧♦❜❛❧✱ ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞ ♦r ❜❧♦✇✲✉♣ s♦❧✉t✐♦♥s✱ ✐s ❛✈❛✐❧❛❜❧❡❀ ❢♦r ❛
❝♦♠♣❧❡t❡ ♣✐❝t✉r❡✱ ✇❡ s✉❣❣❡st t❤❡ ❧❛r❣❡❧② ❝✐t❡❞ ❝♦♥tr✐❜✉t✐♦♥s ❬✷❪ ❛♥❞ ❬✼❪ ✇❤❡r❡✱ ✐♥t❡r
❛❧✐❛✱ r❡✈✐❡✇s ♦❢ ✈❛r✐♦✉s ♠♦❞❡❧s ❛❜♦✉t ❑❡❧❧❡r✲❙❡❣❡❧✲t②♣❡ s②st❡♠s ❛r❡ ♣r❡s❡♥t❡❞ ❛♥❞
❛♥❛❧②s❡❞✳

❋✐♥❛❧❧②✱ ❡①❛❝t❧② ✐♥ ♦r❞❡r t♦ ♣r♦✈✐❞❡ ❛ ♠♦r❡ ❝♦♠♣r❡❤❡♥s✐✈❡ ♣✐❝t✉r❡ ♦❢ t❤❡ ❣❡♥❡r❛❧
s✐t✉❛t✐♦♥ t✐❡❞ t♦ t❤✐s ❜❛❧❛♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❞❡st❛❜✐❧✐③✐♥❣ ❛♥❞ st❛❜✐❧✐③✐♥❣ ❡✛❡❝ts ✭A
✈❡rs✉s B✮✱ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❛♥ ❛❜s♦r♣t✐✈❡ ❧♦❣✐st✐❝✲t②♣❡ s♦✉r❝❡ ♦❢ t❤❡ t②♣❡ C(u, v) ≃
ku−µuδ✱ ❢♦r k ∈ R✱ µ > 0 ❛♥❞ δ > 1 ✐♥ ✭✶✮ ♠❛②✱ ♦r ♠❛② ♥♦t✱ ❤❛✈❡ ❛ ❝❡rt❛✐♥ r❡❧❡✈❛♥❝❡
♦♥ t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ s②st❡♠✳ ❲❡ ♠❡♥t✐♦♥ t❤❡ ♣❛♣❡rs ❬✶✸✱ ✷✶✱ ✷✸✱ ✷✹✱ ✷✺✱ ✷✼❪ ❛♥❞
❬✷✾❪ ✭❛♥❞ r❡❢❡r❡♥❝❡s t❤❡r❡✐♥✮✱ ✇❤✐❝❤ ❞❡❛❧ ✇✐t❤ ❡①✐st❡♥❝❡✱ ❜❧♦✇✲✉♣ ❛♥❞ ♣r♦♣❡rt✐❡s
♦❢ s♦❧✉t✐♦♥s t♦ ✭✶✮✱ ❢♦r ❜♦t❤ ❢✉❧❧② ♣❛r❛❜♦❧✐❝ ❛♥❞ ♣❛r❛❜♦❧✐❝✲❡❧❧✐♣t✐❝ ✈❡rs✐♦♥s✱ ❛♥❞ ❛s
❛❜♦✈❡ ❢♦r t❤❡ ❧✐♥❡❛r ❞✐✛✉s✐♦♥ ❝❛s❡ A(u, v) ≡ 1✱ ❛♥❞ B(u, v) = χu✱ χ > 0✳
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✶✳✷✳ ❙♦♠❡ ✐♥s♣✐r✐♥❣ r❡s✉❧ts r❡❧❛t❡❞ t♦ ♦✉r r❡s❡❛r❝❤✿ ♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡

♠❛✐♥ t❤❡♦r❡♠✳ ■♥ t❤✐s ✐♥✈❡st✐❣❛t✐♦♥ t❤❡ s♦✉r❝❡ C(u, v) ✐s t❛❦❡♥ ♥✐❧✱ ✇❤❡r❡❛s t❤❡
s❡♥s✐t✐✈✐t② B(u, v) = uχ(v) ✐s s✉❝❤ t❤❛t χ ❜❡❧♦♥❣s t♦ ❛ ❣❡♥❡r❛❧ ❢❛♠✐❧② ♦❢ ♣♦s✐t✐✈❡
❢✉♥❝t✐♦♥s✳ ■♥ ♣❛rt✐❝✉❧❛r✱

B(u, v) =
χ0

v
u, v > 0, ✇✐t❤ s♦♠❡ χ0 > 0,

❡♠♣❧♦②❡❞ ✐♥ t❤❡ s♦✲❝❛❧❧❡❞ ❲❡❜❡r✲❋❡❝❤♥❡r ❧❛✇ ❡①♣r❡ss✐♥❣ t❤❡ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡
❛❝t✉❛❧ ❝❤❛♥❣❡ ✐♥ t❤❡ st✐♠✉❧✉s ❛♥❞ t❤❡ ♣❡r❝❡✐✈❡❞ ❝❤❛♥❣❡ ✭❬✶✾✱ ✷✵❪✮✱ ✐s ❛ ♣r♦t♦t②♣❡
♦❢ s✉❝❤ ❢✉♥❝t✐♦♥s✱ ❛♥❞ ✐t ♣r❡s❡♥ts ❛ s✐♥❣✉❧❛r✐t② ❛t v = 0 ✇❤✐❝❤ ✐s t❤❡ ♠❛✐♥ s♦✉r❝❡
♦❢ ❜♦t❤ t❡❝❤♥✐❝❛❧ ❛♥❞ ♥✉♠❡r✐❝❛❧ ❞✐✣❝✉❧t✐❡s✳ ▼♦r❡♦✈❡r✱ ❛♥❞ ❛s ❢❛r ❛s ✇❡ ❦♥♦✇ t❤✐s
✐s t❤❡ ♥♦✈❡❧t② ♦❢ ♦✉r ❝♦♥tr✐❜✉t✐♦♥ ✭❛t ❧❡❛st ✐♥ t❤✐s ❝♦♥t❡①t✮✱ ✇❡ t❛❦❡ t❤❡ ❢✉♥❝t✐♦♥
E(u, v) ✐♥ s✉❝❤ ❛ ✇❛② t❤❛t✱ ❜❛s✐❝❛❧❧②✱ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ r❡♣r♦❞✉❝t✐♦♥ r❛t❡ ✐♠♣❧✐❡s ❛
❧♦✇❡r ✐♥❝r❡❛s✐♥❣ ♦❢ t❤❡ s✐❣♥❛❧ t❤❛♥ t❤❛t s✉♣♣❧✐❡❞ ❜② t❤❡ ❧✐♥❡❛r ♦♥❡ E(u, v) = −v+u✳
❆s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤✐s✱ ✐t ❝♦✉❧❞ ❜❡ ❡①♣❡❝t❡❞ t❤❛t ❧❡ss❡♥✐♥❣ t❤❡ ✐♠♣❛❝t ♦❢ ❤✐❣❤
✈❛❧✉❡s ♦❢ t❤❡ ❝❡❧❧ ❞✐str✐❜✉t✐♦♥ ♦♥ t❤❡ ♣r♦❞✉❝t✐♦♥ ♦❢ t❤❡ ❝❤❡♠✐❝❛❧ s✐❣♥❛❧ ♠❛② ❡♥❢♦r❝❡
❣❧♦❜❛❧ ❡①✐st❡♥❝❡ ♦❢ s♦❧✉t✐♦♥s✳ ❚♦ ❜❡ ♣r❡❝✐s❡✱ ✇❤❛t ❝♦✉❧❞ ✇❡ ❡①♣❡❝t✱ ❢♦r ✐♥st❛♥❝❡✱ ✐❢
t❤❡ ❝❤❡♠✐❝❛❧ ✇❡r❡ s❡❝r❡t❡❞ ✇✐t❤ ❛ s✉❜❧✐♥❡❛r r❛t❡ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❜❛❝t❡r✐❛❧ ❞❡♥s✐t②❄

❇❡❢♦r❡ ❣✐✈✐♥❣ ❛ ✜rst ❛♥s✇❡r t♦ t❤✐s q✉❡st✐♦♥✱ ✇❡ ✇❛♥t t♦ ♠♦t✐✈❛t❡ t❤✐s ✇♦r❦ st❛rt✲
✐♥❣ ✇✐t❤ ❛♥ ♦✈❡r✈✐❡✇ ♦❢ ♣r❡✈✐♦✉s ❛❝❤✐❡✈❡♠❡♥ts r❡❣❛r❞✐♥❣ s♦♠❡ ✈❛r✐❛♥ts ♦❢ s②st❡♠s
❧✐❦❡ ✭✶✮✱ ❞❡✜♥❡❞ ✐♥ n✲❞✐♠❡♥s✐♦♥❛❧ ❞♦♠❛✐♥s✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ❜❡❧✐❡✈❡ t❤❛t t❤❡ ❝♦♠✲
✐♥❣ ❝♦♥tr✐❜✉t✐♦♥s✱ ❛❧❧ ❝❤❛r❛❝t❡r✐s❡❞ ❜② t❤❡ ♣r❡s❡♥❝❡ ♦❢ s✐♥❣✉❧❛r ❝❤❡♠♦✲s❡♥s✐t✐✈✐t②
❛♥❞ ❡①♣r❡ss✐♦♥ ❢♦r E ❣✐✈❡♥ ❜② E(u, v) = −v+ u✱ ❞❡s❡r✈❡ t♦ ❜❡ ❞✐s❝✉ss❡❞ s✐♥❝❡ t❤❡②
♣✉t ✐♥t♦ ♣❡rs♣❡❝t✐✈❡ ❛♥❞ ❛❧s♦ ✐♥s♣✐r❡ ♦✉r ❝✉rr❡♥t ✐♥✈❡st✐❣❛t✐♦♥✿
• ❢♦r τ = 1✱ A(u, v) = 1✱ B(u, v) = uχ(v)✱ ✇✐t❤ χ(v) = χ0

v ✱ ❛♥❞ C(u, v) = 0✱ ❣❧♦❜❛❧
❡①✐st❡♥❝❡ ♦❢ ✇❡❛❦ s♦❧✉t✐♦♥s ✉♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥ 0 < χ0 <

n
2 ✐s ♣r♦✈❡❞ ✭❬✸❪✮❀

• ❢♦r τ = 0✱ A(u, v) = 1✱ B(u, v) = uχ(v)✱ ✇✐t❤ χ(v) = χ0

v ✱ ❛♥❞ C(u, v) = 0✱
✉♥✐❢♦r♠ ❜♦✉♥❞❡❞♥❡ss ❛♥❞ ❜❧♦✇✲✉♣ ♦❢ r❛❞✐❛❧ s♦❧✉t✐♦♥s ❛r❡ ♣♦s✐t✐✈❡ ❛❞❞r❡ss❡❞ ✐♥
❬✶✻❪❀ ♠♦r❡ ❡①❛❝t❧②✱ s♦❧✉t✐♦♥s ❛r❡ ❣❧♦❜❛❧ ❛♥❞ r❡♠❛✐♥ ❜♦✉♥❞❡❞ ✇❤❡♥ ❡✐t❤❡r n ≥ 3
❛♥❞ 0 < χ0 <

n
n−2 ♦r n = 2 ❛♥❞ χ0 > 0 ✐s ❛r❜✐tr❛r②✱ ✇❤✐❧st ❢♦r n ≥ 3✱ 0 < χ0 <

n
n−2 ❛♥❞

∫

Ω
u0|x| ✐s s✉✣❝✐❡♥t❧② s♠❛❧❧✱ t❤❡ s♦❧✉t✐♦♥ ❜❧♦✇s ✉♣ ✐♥ ✜♥✐t❡ t✐♠❡❀

• ❢♦r τ = 0✱ A(u, v) = 1✱ B(u, v) = uχ(v)✱ ❢♦r 0 < χ(v) ≤ χ0

vk ✱ ✇✐t❤ k ≥ 1 ❛♥❞ v > 0✱
❛♥❞ C(u, v) = 0✱ ❣❧♦❜❛❧ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐❢♦r♠ ❜♦✉♥❞❡❞♥❡ss ♦❢ ❝❧❛ss✐❝❛❧ ♥♦♥✲
r❛❞✐❛❧ s♦❧✉t✐♦♥s ❛r❡ ❞✐s❝✉ss❡❞ ✐♥ ❬✻❪✱ ✇❤❡r❡ ✐t ✐s s❤♦✇♥ t❤❛t t❤❡ s②st❡♠ ♣♦ss❡ss❡s
❛ ✉♥✐q✉❡ ❣❧♦❜❛❧ ❝❧❛ss✐❝❛❧ s♦❧✉t✐♦♥✱ ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞ ✐❢ 0 < χ0 <

2
n (k = 1) ❛♥❞

0 < χ0 <
2
n

kk

(k−1)k−1 γ
k−1 (k > 1)✱ γ > 0 ❜❡✐♥❣ ❛ ❝♦♥st❛♥t ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❞❛t❛✳

• ❢♦r τ = 0✱ A(u, v) = 1✱ B(u, v) = uχ(v)✱ ✇✐t❤ χ(v) = χ
v ✱ ❛♥❞ C(u, v) = ru− µu2✱

r ∈ R✱ χ, µ > 0✱ ✐t ✐s ♣r♦✈❡❞ t❤❛t ✐♥ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ❞♦♠❛✐♥s t❤❡ ❧♦❣✐st✐❝ ❦✐♥❡t✐❝s
❡♥s✉r❡s ❣❧♦❜❛❧ ❡①✐st❡♥❝❡ ♦❢ ❝❧❛ss✐❝❛❧ s♦❧✉t✐♦♥s ❡✈❡♥ ❢♦r ❛r❜✐tr❛r② ❧❛r❣❡ χ ❛♥❞ ❛♥②
µ > 0✳ ❆❞❞✐t✐♦♥❛❧❧②✱ ✐t ✐s s❤♦✇♥ t❤❛t ✐❢ r ✐s ❧❛r❣❡r ✇✐t❤ r❡s♣❡❝t t♦ s♦♠❡ ❡①♣r❡ss✐♦♥
♦❢ χ s✉❝❤ s♦❧✉t✐♦♥s ❛r❡ ❛❧s♦ ❜♦✉♥❞❡❞ ✭❬✺❪✮❀

• ❢♦r τ = 1✱ A(u, v) = 1✱ B(u, v) = uχ(v)✱ ✇✐t❤ χ(v) = χ
v ✱ ❛♥❞ C(u, v) = 0✱ ✐♥ ❬✶✹❪

✉♥✐❢♦r♠ ❜♦✉♥❞❡❞♥❡ss ♦❢ ❣❧♦❜❛❧ ❝❧❛ss✐❝❛❧ s♦❧✉t✐♦♥s ✐s s❤♦✇♥ ✐♥ t❤❡ t✇♦✲❞✐♠❡♥s✐♦♥❛❧
s❡tt✐♥❣ ❛♥❞ ❢♦r χ ∈ (0, χ0)✱ ❢♦r s♦♠❡ χ0 > 1✳

• ❢♦r τ = 0✱ A(u, v) = (u+1)m−1✱ B(u, v) = u(u+1)α−1χ(v)✱ ✇✐t❤ 0 < χ(v) ≤ χ0

vk ✱

k ≥ 1 ❛♥❞ v > 0✱ ❛♥❞ C(u, v) = 0✱ ❢♦r m,α ∈ R s✉❝❤ t❤❛t α ≤ max{m, m+1
2 }✱

❣❧♦❜❛❧ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐❢♦r♠ ❜♦✉♥❞❡❞♥❡ss ♦❢ ❝❧❛ss✐❝❛❧ s♦❧✉t✐♦♥s ❛r❡ ♣r♦✈❡❞✱ ♣r♦✲
✈✐❞❡❞ s♦♠❡ s♠❛❧❧♥❡ss ❛ss✉♠♣t✐♦♥s ♦♥ χ0 ❛r❡ s❛t✐s✜❡❞ ✭❬✷✷❪✮✳
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■♥ ❛❝❝♦r❞❛♥❝❡ ✇✐t❤ t❤❡s❡ ♣r❡♠✐s❡s✱ ✇❡ ✐♥t❡♥❞ t♦ ❡♥❤❛♥❝❡ t❤❡ ❦♥♦✇❧❡❞❣❡ ♦❢ t❤❡
♠❛t❤❡♠❛t✐❝❛❧ ❛♥❛❧②s✐s ♦❢ ❣❡♥❡r❛❧ ❝❤❡♠♦t❛①✐s✲s②st❡♠s✱ ❜② st✉❞②✐♥❣ t❤✐s ♣r♦❜❧❡♠

✭✷✮



















ut = ∆u−∇ · (uχ(v)∇v) ✐♥ Ω× (0,∞),

0 = ∆v − v + g(u) ✐♥ Ω× (0,∞),
∂u
∂ν = ∂v

∂ν = 0 ♦♥ ∂Ω× (0,∞),

u(x, 0) = u0(x) ≥ 0 x ∈ Ω,

✇❤❡r❡ Ω ✐s ❛ s♠♦♦t❤ ❛♥❞ ❜♦✉♥❞❡❞ ❞♦♠❛✐♥ ♦❢ R2 ❛♥❞ u0(x) = u(x, 0) ✐s ❛ ♥♦♥♥❡❣❛t✐✈❡
❢✉♥❝t✐♦♥ s✉❝❤ t❤❛t 0 6≡ u0 ∈ C0(Ω̄)✳ ❆❞❞✐t✐♦♥❛❧❧②✱ 0 < χ ∈ C1((0,∞)) ❛♥❞ g ∈
C1([0,∞)) s❛t✐s✜❡s t❤✐s ❡ss❡♥t✐❛❧❧② s✉❜❧✐♥❡❛r ❣r♦✇t❤ ✭s❡❡ ❘❡♠❛r❦ ✶ ❜❡❧♦✇✮✿

✭✸✮ 0 < λ1 ≤ g(s) ≤ λ2(1 + s)β ❢♦r s ≥ 0, 0 ≤ β ≤ 1

2
❛♥❞ 0 < λ1 ≤ λ2.

❲❡ ♣r♦✈❡ t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ ❛ ❣❧♦❜❛❧ ❛♥❞ ❜♦✉♥❞❡❞ ❝❧❛ss✐❝❛❧ s♦❧✉t✐♦♥ t♦
♣r♦❜❧❡♠ ✭✷✮✱ ❛♥❞ ♣r❡❝✐s❡❧② ✇❡ s❤♦✇ t❤❛t t❤❡ ❤✐❣❤ s✉❜❧✐♥❡❛r ❛❝t✐♦♥ ✐♥❞✉❝❡❞ ♦♥ v ❜②
g ❡①❡rts ❛ ❝❡rt❛✐♥ s♠♦♦t❤✐♥❣ ❡✛❡❝t ♦♥ u ❛♥❞ ✐t ✐s s✉✣❝✐❡♥t t♦ ♣r❡✈❡♥t δ✲s✐♥❣✉❧❛r✐t✐❡s
❢♦r♠❛t✐♦♥ ❢♦r t❤❡ ❝❡❧❧ ❞✐str✐❜✉t✐♦♥ u✱ ❡✈❡♥ ❢♦r ✇✐❞❡❧② ❧❛r❣❡ ✐♥✐t✐❛❧ ❝❡❧❧s✬ ❞❡♥s✐t② u0(x)
♦r str♦♥❣ s❡♥s✐t✐✈✐t② ❡✛❡❝ts✳

❚❤✐s ❝♦♥❝❧✉s✐♦♥ ✐s ♠❛t❤❡♠❛t✐❝❛❧❧② ❢♦r♠✉❧❛t❡❞ ✐♥ ♦✉r ♠❛✐♥ t❤❡♦r❡♠✿

❚❤❡♦r❡♠ ✶✳✶✳ ▲❡t Ω ❜❡ ❛ s♠♦♦t❤ ❛♥❞ ❜♦✉♥❞❡❞ ❞♦♠❛✐♥ ♦❢ R2✱ 0 < χ ∈ C1((0,∞))
❛♥❞ g ∈ C1([0,∞)) ❛ ❢✉♥❝t✐♦♥ s❛t✐s❢②✐♥❣ ✭✸✮✳ ❚❤❡♥ ❢♦r ❛♥② ♥♦♥♥❡❣❛t✐✈❡ ✐♥✐t✐❛❧
❞❛t❛ 0 6≡ u0 ∈ C0(Ω̄)✱ ♣r♦❜❧❡♠ ✭✷✮ ❛❞♠✐ts ❛ ✉♥✐q✉❡ ❣❧♦❜❛❧ ❝❧❛ss✐❝❛❧ s♦❧✉t✐♦♥ (u, v)✳
▼♦r❡♦✈❡r✱ ❜♦t❤ u ❛♥❞ v ❛r❡ ❜♦✉♥❞❡❞ ✐♥ Ω× (0,∞).

❘❡♠❛r❦ ✶✳ ❋♦r t❤❡ ❝❤❡♠♦t❛①✐s ♠♦❞❡❧ ✭✷✮ ✇✐t❤ ❧✐♥❡❛r ♣r♦❞✉❝t✐♦♥✱ ✐✳❡✳ g(u) =
u✱ ✐t ✐s s❡❡♥ ❢r♦♠ t❤❡ ❝♦♥s❡r✈❛t✐♦♥ ♦❢ t❤❡ t♦t❛❧ ❝❡❧❧ ♠❛ss ✭s❡❡ ▲❡♠♠❛ ✸✳✶✮✱ t❤❛t
✐s
∫

Ω
u =

∫

Ω
u0✱ t❤❛t ❛❧s♦ t❤❡ s❛♠❡ ♣r♦♣❡rt② ❢♦r t❤❡ ❝❤❡♠✐❝❛❧ v ❤♦❧❞s❀ ✐♥❞❡❡❞✱

❜② ✐♥t❡❣r❛t✐♥❣ ♦✈❡r Ω t❤❡ s❡❝♦♥❞ ❡q✉❛t✐♦♥ ✇❡ ❤❛✈❡ ‖v‖L1(Ω) =
∫

Ω
g(u) =

∫

Ω
u =

∫

Ω
u0 > 0 t❤r♦✉❣❤♦✉t t❤❡ t✐♠❡✳ ❈♦♥✈❡rs❡❧②✱ ❢♦r ❝❤❡♠♦t❛①✐s ♠♦❞❡❧s ✇✐t❤ s✉❜❧✐♥❡❛r

♣r♦❞✉❝t✐♦♥✱ g(u) = uϑ ✇✐t❤ 0 < ϑ < 1✱ t❤✐s ✐s ♥♦ ❧♦♥❣❡r tr✉❡✳ ■♥ ❢❛❝t✱ ❍ö❧❞❡r✬s
✐♥❡q✉❛❧✐t② ✐♠♣❧✐❡s ‖v‖L1(Ω) =

∫

Ω
g(u) =

∫

Ω
uϑ ≤ (

∫

Ω
u0)

ϑ|Ω|1−ϑ✱ ✇❤✐❝❤ ❞♦❡s ♥♦t

❡①❝❧✉❞❡ t❤❡ ♣♦ss✐❜✐❧✐t② ♦❢ ✈❛♥✐s❤✐♥❣ ❢♦r
∫

Ω
v ❛t s♦♠❡ t✐♠❡✳ ❙✐♥❝❡ ✐♥ ♦r❞❡r t♦ s❛✈❡

t❤❡ ❝❤❡♠♦s❡♥s✐t✐✈✐t② χ = χ(v) ❢r♦♠ s✐♥❣✉❧❛r✐t✐❡s ✇❡ ❤❛✈❡ t♦ ❛✈♦✐❞ t❤✐s ❧❛st s❝❡♥❛r✐♦
✭s❡❡ ▲❡♠♠❛ ✷✳✸✮✱ ✇❡ ❛ss✉♠❡ g(s) ≥ λ1 > 0✱ ❢♦r s > 0✳ ❙✉❜s❡q✉❡♥t❧②✱ ❢♦r t❤❡
♣r♦❞✉❝t✐♦♥ s♦✉r❝❡ g r❡str✐❝t❡❞ t♦ ❣r♦✇ ♥♦ ❢❛st❡r t❤❛♥ uβ ❛t ✐♥✜♥✐t② ✭❡ss❡♥t✐❛❧❧②
s✉❜❧✐♥❡❛r ❣r♦✇t❤✮✱ ✐✳❡✳ g(s) ≤ λ2(1 + s)β ❢♦r ❛❧❧ s > 0 ❛♥❞ s♦♠❡ λ2 > 0✱ t❤❡
❛ss✉♠♣t✐♦♥ λ2 ≥ λ1 > 0 ♠❛❦❡s ❝♦♥s✐st❡♥t t❤❡ ❧♦✇❡r ❛♥❞ ✉♣♣❡r ❜♦✉♥❞s ✐♥ ✭✸✮✳

❚❤❡ r❡st ♦❢ t❤❡ ♣❛♣❡r ✐s str✉❝t✉r❡❞ ❛s ❢♦❧❧♦✇s✳ ❋✐rst✱ ✐♥ §✷✱ ✇❡ ❝♦❧❧❡❝t s♦♠❡
♥❡❝❡ss❛r② ❛♥❞ ♣r❡♣❛r❛t♦r② ♠❛t❡r✐❛❧✱ t❤❡♥✱ ✐♥ §✸✱ ✇❡ ♣r♦✈❡ t❤❡ ❧♦❝❛❧ ❡①✐st❡♥❝❡ ❛♥❞
✉♥✐q✉❡♥❡ss ♦❢ ❛ ❝❧❛ss✐❝❛❧ s♦❧✉t✐♦♥ t♦ ✭✷✮ ❛♥❞ s♦♠❡ ♦❢ ✐ts ♣r♦♣❡rt✐❡s✳ ❙✉❝❝❡ss✐✈❡❧②✱
✐♥ §✹✱ ✇❡ ❡st❛❜❧✐s❤ ❤♦✇ t♦ ❡♥s✉r❡ ❣❧♦❜❛❜✐❧✐t② ❛♥❞ ❜♦✉♥❞❡❞♥❡ss ♦❢ ❧♦❝❛❧ s♦❧✉t✐♦♥s
✉s✐♥❣ t❤❡✐r Lp✲❜♦✉♥❞❡❞♥❡ss✳ ❙✉❝❤ ❛ ❜♦✉♥❞ ✐s ❞❡r✐✈❡❞ ✐♥ §✺✱ ✇❤✐❝❤ r❡♣r❡s❡♥ts t❤❡
♠❛✐♥ ♣❛rt ♦❢ t❤✐s r❡♣♦rt ❛♥❞ t❤❛t ❝♦♥❝❧✉❞❡s ✇✐t❤ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✳✶✳ ❋✐♥❛❧❧②✱
t❤❡ t❤❡♦r❡t✐❝❛❧ r❡s✉❧ts ♣r❡s❡♥t❡❞ ❤❡r❡ ❛r❡ ✐♥✈❡st✐❣❛t❡❞ ♥✉♠❡r✐❝❛❧❧② ✐♥ §✻✱ ✇❤❡r❡
s✐♠✉❧❛t✐♦♥s ❛r❡ ✉s❡❞ t♦ ❞❡t❡❝t ❝r✐t✐❝❛❧ ❡①♣♦♥❡♥ts ❢♦r β ✇❤✐❝❤ ❞❡❧✐♥❡❛t❡ r❡❣✐♦♥s ✇❤❡r❡
❞✐✛❡r❡♥t ❛s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦✉rs ♦❢ s♦❧✉t✐♦♥s t♦ t❤❡ s❛♠❡ s②st❡♠ ✭✷✮ ♠❛② ♠❛♥✐❢❡st✳
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✷✳ Pr❡❧✐♠✐♥❛r✐❡s ❛♥❞ ❛✉①✐❧✐❛r② t♦♦❧s

❚❤❡ ❝♦♠✐♥❣ r❡s✉❧ts ❛r❡ s✉♣♣♦rt✐✈❡ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ♠❛✐♥ t❤❡♦r❡♠ ♦❢ t❤✐s ♣❛♣❡r✳
❚♦ ❜❡ ♣r❡❝✐s❡✱ ✇❡ ♠❛✐♥❧② s✉♠♠❛r✐③❡ ❛♥❞ ❞❡r✐✈❡ s♦♠❡ ❣❡♥❡r❛❧ ❢✉♥❝t✐♦♥❛❧ ✐♥❡q✉❛❧✐t✐❡s✱
❛❧s♦ t✐❡❞ t♦ ❡❧❧✐♣t✐❝ r❡❣✉❧❛r✐t② t❤❡♦r②✳

▲❡t ✉s ✜rst r❡❝❛❧❧ ❛ s♣❡❝✐❛❧ ❝❛s❡ ♦❢ t❤❡ ✇❡❧❧✲❦♥♦✇♥ ●❛❣❧✐❛r❞♦✲◆✐r❡♥❜❡r❣ ✐♥❡q✉❛❧✐t②
✇❤✐❝❤ ✇✐❧❧ ❜❡ ✉s❡❞ t❤r♦✉❣❤ t❤❡ ♣❛♣❡r t♦ ♣r♦✈❡ t❤❡ ♠❛✐♥ t❤❡♦r❡♠✳

▲❡♠♠❛ ✷✳✶✳ ✭●❛❣❧✐❛r❞♦✲◆✐r❡♥❜❡r❣ ✐♥❡q✉❛❧✐t②✮ ▲❡t Ω ❜❡ ❛ s♠♦♦t❤ ❛♥❞ ❜♦✉♥❞❡❞ ❞♦✲
♠❛✐♥ ♦❢ R2✳ ❚❤❡♥ t❤❡r❡ ✐s ❛ ❝♦♥st❛♥t CGN > 0 s✉❝❤ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥❡q✉❛❧✐t②
❤♦❧❞s✿ ❲✐t❤ q, s ∈ [1, 2]✱ p ∈ [2, 4] ❛♥❞ θ = 1− q

p
∈ [0, 1)✱

✭✹✮ ‖f‖Lp(Ω) ≤ CGN (‖∇f‖θL2(Ω)‖f‖1−θ
Lq(Ω) + ‖f‖Ls(Ω))

✐s s❛t✐s✜❡❞ ❢♦r ❛❧❧ f ∈ Lq(Ω) ✇✐t❤ ∇f ∈ L2(Ω)✱

Pr♦♦❢✳ ❙❡❡ ❬✶✼✱ ♣✳ ✶✷✻❪✳ �

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ ✐s ❢✉♥❞❛♠❡♥t❛❧ ✐♥ ♦✉r ❝♦♠♣✉t❛t✐♦♥s ❛♥❞ ✐ts ✈❛❧✐❞✐t② ✐s
r❡str✐❝t❡❞ t♦ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ s❡tt✐♥❣s✱ ✇❤✐❝❤ ❛r❡ t❤♦s❡ ✇❤❡r❡ ♦✉r ♠❛✐♥ ♣r♦❜❧❡♠ ✐s
st✉❞✐❡❞✳ ■ts ♣r♦♦❢ ✐s✱ ❢✉♥❞❛♠❡♥t❛❧❧②✱ ❛ r❡❢♦r♠✉❧❛t✐♦♥ ♦❢ ❬✺✱ ▲❡♠♠❛s ✹✳✸✳ ❛♥❞ ✹✳✹✳❪
✇❤✐❝❤ ✇❡ ❛❞❛♣t❡❞ t♦ ♦✉r ♣r❡s❡♥t❛t✐♦♥ ✐♥ ♦r❞❡r t♦ ♠❛❦❡ t❤❡ ♣r❡s❡♥t ❛rt✐❝❧❡ ♠♦r❡
s❡❧❢✲❝♦♥t❛✐♥❡❞✳

▲❡♠♠❛ ✷✳✷✳ ▲❡t Ω ❜❡ ❛ s♠♦♦t❤ ❛♥❞ ❜♦✉♥❞❡❞ ❞♦♠❛✐♥ ♦❢ R2✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛

♣♦s✐t✐✈❡ ❝♦♥st❛♥t Ĉ s✉❝❤ t❤❛t ❢♦r ❛❧❧ p ∈ (1, 2) ❛♥❞ f ∈ C2(Ω̄)✱ ✇✐t❤ ∂f
∂ν = 0 ♦♥ ∂Ω✱

❤♦❧❞s t❤❛t

‖∇f‖L2p+2(Ω) ≤ Ĉ‖−∆f + f‖
1
2

Lp+1(Ω)‖f‖
1
2

L2(Ω).

Pr♦♦❢✳ ●✐✈❡♥ ψ ∈ C2(Ω̄)✱ ✇❡ ❛♣♣❧② ✭✹✮ ✇✐t❤ p = 4 ❛♥❞ q = 2 t♦ ♦❜t❛✐♥

✭✺✮ ‖ψ‖4L4(Ω) ≤ c1‖∇ψ‖2L2(Ω)‖ψ‖2L2(Ω) + c1‖ψ‖4L2(Ω),

✇❤❡r❡ c1 = (2CGN )4✱ ❤❛✈✐♥❣ ❛❧s♦ ♠❛❞❡ ✉s❡ ♦❢

✭✻✮ (a+ b)α ≤ 2α(aα + bα) ❢♦r ❛♥② a, b ≥ 0, α > 0.

■♥ ❛❞❞✐t✐♦♥✱ ❢♦r ❛♥② ϕ ∈ C1(Ω̄) ✇❡ ❤❛✈❡ t❤❛t ❢♦r ❛❧❧ p ∈ (1, 2) t❤❡ ❢✉♥❝t✐♦♥ ψ =

|ϕ| p+1
2 ❜❡❧♦♥❣s t♦ W 1,2(Ω) ❛♥❞ ✐s s✉❝❤ t❤❛t |∇ψ| = p+1

2 |ϕ| p−1
2 |∇ϕ|; ❝♦♥s❡q✉❡♥t❧②✱

✐♥❡q✉❛❧✐t② ✭✺✮ ❡①♣❧✐❝✐t❧② r❡❛❞s

✭✼✮

∫

Ω

|ϕ|2(p+1) ≤ c1
(p+ 1)2

4

(
∫

Ω

|ϕ|p−1|∇ϕ|2
)(

∫

Ω

|ϕ|p+1

)

+ c1

(
∫

Ω

|ϕ|p+1

)2

.

◆♦✇✱ t❤❡ ❍ö❧❞❡r ✐♥❡q✉❛❧✐t② ❡♥❛❜❧❡s ✉s t♦ ❣❡t

∫

Ω

|ϕ|p−1|∇ϕ|2 ≤
(
∫

Ω

|∇ϕ|p+1

)
2

p+1
(
∫

Ω

|ϕ|p+1

)

p−1
p+1

,

❛♥❞

(
∫

Ω

|ϕ|p+1

)

2p
p+1

=

(
∫

Ω

|ϕ|
p2−1

p |ϕ|
p+1
p

)

2p
p+1

≤
(
∫

Ω

|ϕ|2(p+1)

)

p−1
p+1
∫

Ω

|ϕ|2.
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❋✉rt❤❡r✱ ❜② ✐♥s❡rt✐♥❣ t❤❡s❡ ❧❛st t✇♦ r❡❧❛t✐♦♥s ✐♥t♦ ✭✼✮✱ ❛ ♣r♦♣❡r ❞❡❝♦♠♣♦s✐t✐♦♥ ❛♥❞
t❤❡ ✐♥❡q✉❛❧✐t② (p+ 1)2 > 4✱ ✈❛❧✐❞ ❢♦r ❛❧❧ 1 < p < 2✱ ✐♥❢❡r

∫

Ω

|ϕ|2(p+1) ≤ c1
(p+ 1)2

4

[(
∫

Ω

|∇ϕ|p+1

)
2

p+1

+

(
∫

Ω

|ϕ|p+1

)
2

p+1
]

×
(
∫

Ω

|ϕ|p+1

)

2p
p+1

,

s♦ t❤❛t ❛❧❣❡❜r❛✐❝ ♠❛♥✐♣✉❧❛t✐♦♥s ②✐❡❧❞

‖ϕ‖4L2(p+1)(Ω) =

(
∫

Ω

|ϕ|2(p+1)

)
2

p+1

=

(
∫

Ω

|ϕ|2(p+1)

)1− p−1
p+1

≤ c1
(p+ 1)2

4

[(
∫

Ω

|ϕ|p+1

)
2

p+1

+

(
∫

Ω

|∇ϕ|p+1

)
2

p+1
]
∫

Ω

|ϕ|2

≤ c2

[(
∫

Ω

|ϕ|p+1 +

∫

Ω

|∇ϕ|p+1

)]
2

p+1
∫

Ω

|ϕ|2

= c2‖ϕ‖2W 1,p+1(Ω)‖ϕ‖2L2(Ω),

✭✽✮

✇❤❡r❡ ✇❡ ✉s❡❞✱ ✐♥ t❤❡ ❧❛st st❡♣✱ aγ+bγ ≤ 21−γ(a+b)γ ✱ ❢♦r ❛❧❧ a, b ≥ 0 ❛♥❞ 0 < γ ≤ 1

❛♥❞ s❡t c2 = c1
(p+1)2

4 2
p−1
p+1 ✳

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❧❡t C > 0 t❤❡ ❝♦♥st❛♥t ❢r♦♠ ❬✺✱ ✭✹✳✻✮ ♦❢ ▲❡♠♠❛s ✹✳✸✳❪❀ ❢♦r f
❛s ✐♥ ♦✉r ❤②♣♦t❤❡s✐s ❛♥❞ p ∈ (1, 2) ✇❡ ❝❛♥ r❡❧② ♦♥ s✉❝❤ ✐♥❡q✉❛❧✐t② ❛♥❞ ♦❜t❛✐♥

✭✾✮ ‖f‖W 2,p+1(Ω) ≤ C‖−∆f + f‖Lp+1(Ω).

■♥ ❛❞❞✐t✐♦♥✱ t❤❡ s❛♠❡ ♣r♦♣❡rt✐❡s ♦❢ f ❛❧s♦ ❛❧❧♦✇ ✉s t♦ s❡t ϕ = |∇f | ✐♥ ✭✽✮ s♦ t♦ ❤❛✈❡

❢♦r c3 = c
1
4
2

✭✶✵✮ ‖∇f‖L2(p+1)(Ω) ≤ c3‖f‖
1
2

W 2,p+1(Ω)‖∇f‖
1
2

L2(Ω),

✇❤❡r❡ ✇❡ ❝♦♥s✐❞❡r❡❞ ✭✻✮ ❛♥❞ t❤❡ ❢❛❝t t❤❛t

‖∇f‖p+1
W 1,p+1(Ω) =

∫

Ω

|∇f |p+1 +

∫

Ω

|∇|∇f ||p+1

≤
∫

Ω

|f |+
∫

Ω

|∇f |p+1 +

∫

Ω

|∇|∇f ||p+1 ≤ ‖f‖p+1
W 2,p+1(Ω).

❲❡ ❝♦♥❝❧✉❞❡ t❤❡ ♣r♦♦❢ ❜② ❝♦♠❜✐♥✐♥❣ ✭✾✮ ❛♥❞ ✭✶✵✮✱ ❜❡✐♥❣ Ĉ = c3
√
C. �

❈♦♥❢♦r♠✐♥❣ t♦ t❤❡ ❝♦♠♠❡♥ts ✐♥ ❘❡♠❛r❦ ✶✱ ✐♥ t❤❡ ♥❡①t r❡s✉❧t ✇❡ ✇✐❧❧ ❡st❛❜❧✐s❤ ❛
❧♦✇❡r ❜♦✉♥❞ ❢♦r t❤❡ s❡❝♦♥❞ ❝♦♠♣♦♥❡♥t ♦❢ s♦❧✉t✐♦♥s t♦ t❤❡ ♣❛r❛❜♦❧✐❝✲❡❧❧✐♣t✐❝ ❑❡❧❧❡r✲
❙❡❣❡❧ s②st❡♠ ✭✷✮✳ ■♥ ♣❛rt✐❝✉❧❛r ✇❡ ❞❡r✐✈❡ ❛ q✉❛♥t✐t❛t✐✈❡ ❡st✐♠❛t❡ ♦♥ ♣♦s✐t✐✈✐t② ♦❢
s♦❧✉t✐♦♥s t♦ t❤❡ ◆❡✉♠❛♥♥ ♣r♦❜❧❡♠ ❢♦r t❤❡ ❍❡❧♠❤♦❧t③ ❡q✉❛t✐♦♥ ✇✐t❤ ♥♦♥♥❡❣❛t✐✈❡
✐♥❤♦♠♦❣❡♥❡✐t② ❤❛✈✐♥❣ ❣✐✈❡♥ ♥♦r♠ ✐♥ L1(Ω)✳

▲❡♠♠❛ ✷✳✸✳ ❋♦r ❛♥② n ∈ N✱ ❧❡t Ω ❜❡ ❛ s♠♦♦t❤ ❛♥❞ ❜♦✉♥❞❡❞ ❞♦♠❛✐♥ ♦❢ Rn ❛♥❞
0 6≡ w ∈ C0(Ω̄) ❛ ♥♦♥♥❡❣❛t✐✈❡ ❢✉♥❝t✐♦♥✳ ■❢ f ∈ C2(Ω̄) ✐s ❛ s♦❧✉t✐♦♥ ♦❢

{

−∆f + f = w ✐♥ Ω,
∂f
∂ν = 0 ♦♥ ∂Ω,
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t❤❡♥ t❤❡r❡ ❡①✐sts s♦♠❡ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t η s✉❝❤ t❤❛t

f ≥ η

∫

Ω

w > 0 ✐♥ Ω.

Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ t❤❡ ♣♦s✐t✐✈✐t② ♦❢ t❤❡ ●r❡❡♥ ❢✉♥❝t✐♦♥ t♦ t❤❡
❍❡❧♠❤♦❧t③ ❡q✉❛t✐♦♥✳ �

❲❡ ✇✐❧❧ ❛❧s♦ ♠❛❦❡ ✉s❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡❧❡♠❡♥t❛r② ♣r♦♦❢✿

▲❡♠♠❛ ✷✳✹✳ ▲❡t y ❜❡ ❛ ♣♦s✐t✐✈❡ r❡❛❧ ♥✉♠❜❡r ✈❡r✐❢②✐♥❣ y ≤ k(yl+1) ❢♦r s♦♠❡ k > 0

❛♥❞ 0 < l < 1✳ ❚❤❡♥ y ≤ max{1, (2k) 1
1−l }.

Pr♦♦❢✳ ❙✐♥❝❡ ❢♦r y ≤ 1 t❤❡r❡ ✐s ♥♦t❤✐♥❣ ❧❡❢t t♦ s❤♦✇✱ ✇❡ s✉♣♣♦s❡ y ≥ 1✳ ❚❤❡♥ yl ≥ 1

s♦ t❤❛t y ≤ k(yl + 1) ≤ 2kyl ❛♥❞ ❤❡♥❝❡ y ≤ (2k)
1

1−l ✳ �

✸✳ ❊①✐st❡♥❝❡ ♦❢ ❧♦❝❛❧✲✐♥✲t✐♠❡ s♦❧✉t✐♦♥s ❛♥❞ ♠❛✐♥ ♣r♦♣❡rt✐❡s

❲❡ ♦♣❡♥ t❤✐s s❡❝t✐♦♥ ✇✐t❤ ❛ ❧❡♠♠❛ ❝♦♥❝❡r♥✐♥❣ t❤❡ ❧♦❝❛❧✲✐♥✲t✐♠❡ ❡①✐st❡♥❝❡ ♦❢
❝❧❛ss✐❝❛❧ s♦❧✉t✐♦♥s (u, v) t♦ s②st❡♠ ✭✷✮✳ ❚❤❡ ♣r♦♦❢ ✐s ❞❡✈❡❧♦♣❡❞ ❜② ❛❞❛♣t✐♥❣ ✇❡❧❧✲
❡st❛❜❧✐s❤❡❞ ♠❡t❤♦❞s ✐♥✈♦❧✈✐♥❣ ❛♥ ❛♣♣r♦♣r✐❛t❡ ✜①❡❞ ♣♦✐♥t ❢r❛♠❡✇♦r❦ ❛♥❞ st❛♥❞❛r❞
♣❛r❛❜♦❧✐❝ ❛♥❞ ❡❧❧✐♣t✐❝ r❡❣✉❧❛r✐t② r❡s✉❧ts✳ ❚❤r♦✉❣❤ t❤❡ s❛♠❡ ❧❡♠♠❛ ✇❡ ❛❧s♦ ❛r❡ ❛❜❧❡
t♦ ❛❝❤✐❡✈❡ ❛♥ ✐♠♣♦rt❛♥t ❝♦♥s❡r✈❛t✐♦♥ ♦❢ ♠❛ss ♣r♦♣❡rt② ❛♥❞✱ r❡❧②✐♥❣ ♦♥ ▲❡♠♠❛
✷✳✸✱ ❛ ❝r✉❝✐❛❧ ✉♥✐❢♦r♠✲✐♥✲t✐♠❡ ❡st✐♠❛t❡ ❢♦r t❤❡ ❝♦♠♣♦♥❡♥t v ♦❢ t❤❡ s♦❧✉t✐♦♥✱ ✇❤✐❝❤
❡♥s✉r❡s t❤❡ ✉♥✐❢♦r♠ ❜♦✉♥❞ ♦❢ ❛♥② s✐❣♥❛❧✲❞❡♣❡♥❞❡♥t s❡♥s✐t✐✈✐t② χ = χ(v) t❛❦❡♥ ❢r♦♠
C1((0,∞)).

▲❡♠♠❛ ✸✳✶✳ ❋♦r ❛♥② n ∈ N✱ ❧❡t Ω ❜❡ ❛ s♠♦♦t❤ ❛♥❞ ❜♦✉♥❞❡❞ ❞♦♠❛✐♥ ♦❢ R
n✱

0 < χ ∈ C1((0,∞)) ❛♥❞ ❛♥❞ g ∈ C1([0,∞)) ❛ ❢✉♥❝t✐♦♥ s❛t✐s❢②✐♥❣ ✭✸✮✳ ❚❤❡♥ ❢♦r
❛♥② ♥♦♥♥❡❣❛t✐✈❡ ✐♥✐t✐❛❧ ❞❛t❛ 0 6≡ u0 ∈ C0(Ω̄)✱ ♣r♦❜❧❡♠ ✭✷✮ ❛❞♠✐ts ❛ ✉♥✐q✉❡ ❧♦❝❛❧✲✐♥✲
t✐♠❡ ❝❧❛ss✐❝❛❧ s♦❧✉t✐♦♥

(u, v) ∈ (C0([0, Tmax);C
0(Ω)) ∩ C2,1(Ω̄× (0, Tmax)))

2,

✇❤❡r❡ Tmax ∈ (0,∞]✱ ❞❡♥♦t✐♥❣ t❤❡ ♠❛①✐♠❛❧ ❡①✐st❡♥❝❡ t✐♠❡✱ ✐s s✉❝❤ t❤❛t ✐❢ Tmax <∞
♥❡❝❡ss❛r✐❧②

✭✶✶✮ lim sup
tրTmax

‖u(·, t)‖L∞(Ω) = ∞.

▼♦r❡♦✈❡r✱ ❢♦r s♦♠❡ γ,Γ > 0 ✇❡ ❤❛✈❡ ❢♦r ❛❧❧ (x, t) ✐♥ Ω× (0, Tmax)

✭✶✷✮ u ≥ 0, γ ≤ v ≤ Γ ❛♥❞ ‖χ(v)‖L∞(Ω×(0,Tmax)) ≤ ‖χ‖L∞([γ,Γ]),

❛♥❞ ❛❧s♦

✭✶✸✮

∫

Ω

u(·, t) = m =

∫

Ω

u0 > 0 ❢♦r ❛❧❧ t ∈ (0, Tmax).

Pr♦♦❢✳ ❊①✐st❡♥❝❡✳ ❋♦r ❛♥② T ∈ (0, 1)✱ 0 6≡ u0 ∈ C0(Ω̄) ♥♦♥♥❡❣❛t✐✈❡✱ ❛♥❞ R :=
‖u0‖L∞(Ω) +1✱ ❧❡t ✉s ❝♦♥s✐❞❡r t❤❡ ❇❛♥❛❝❤ s♣❛❝❡ X := C0(Ω̄× [0, T ]) ❛♥❞ ✐ts ❝❧♦s❡❞
s✉❜s❡t

S :=

{

0 ≤ u ∈ X

∣

∣

∣

∣

‖u(·, t)‖L∞(Ω) ≤ R ❢♦r ❛❧❧ t ∈ [0, T ]

}

.

❋♦r û ∈ S✱ ❧❡t v ❜❡ t❤❡ s♦❧✉t✐♦♥ ♦❢

✭✶✹✮

{

−∆v + v = g(û) ✐♥ Ω× (0, T ),
∂v
∂ν = 0 ♦♥ ∂Ω× (0, T ),
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❛♥❞✱ ✐♥ t✉r♥✱ ❧❡t u ❜❡ t❤❡ s♦❧✉t✐♦♥ ♦❢

✭✶✺✮











ut −∆u = ∇ · (uχ(v)∇v) ✐♥ Ω× (0, T ),
∂u
∂ν = 0 ✐♥ ∂Ω× (0, T ),

u(x, 0) = u0(x) ≥ 0 x ∈ Ω.

■♥ ❛❣r❡❡♠❡♥t ✇✐t❤ t❤❡s❡ st❛t❡♠❡♥ts✱ ✇❡ s❤❛❧❧ s❤♦✇ t❤❛t ❢♦r ❛♣♣r♦♣r✐❛t❡ s♠❛❧❧ T ✱
Φ : S → S ❞❡✜♥❡❞ ❜② Φ(û) = u ✐s ❛ ❝♦♠♣❛❝t ♠❛♣ s✉❝❤ t❤❛t Φ(S) ⊂ S❀ s✉❜s❡q✉❡♥t❧②✱
❞✉❡ t♦ t❤❡ ❝♦♥✈❡①✐t② ♦❢ S✱ t❤❡ ❙❝❤❛✉❞❡r ✜①❡❞ ♣♦✐♥t t❤❡♦r❡♠ ❡♥s✉r❡s t❤❡ ❡①✐st❡♥❝❡
♦❢ u ∈ S s✉❝❤ t❤❛t Φ(u) = u✳

❋✐rst✱ ✇❡ ♦❜s❡r✈❡ t❤❛t ❢♦r ❛ ❝❡rt❛✐♥ ✜①❡❞ û ∈ S ✇❡❧❧ ❦♥♦✇♥ ❡❧❧✐♣t✐❝ r❡❣✉❧❛r✐t②
r❡s✉❧ts✱ ✐♥ ❝♦♥❥✉♥❝t✐♦♥ ✇✐t❤ ▼♦rr❡②✬s t❤❡♦r❡♠ ✭❬✹❪✮✱ ✐♥❢❡r ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ v(·, t) t♦
♣r♦❜❧❡♠ ✭✶✹✮ ✐♥ t❤❡ s♣❛❝❡ C1,δ(Ω)✱ ❢♦r ❛❧❧ δ ∈ (0, 1)❀ t❤✐s✱ ✐♥ ♣❛rt✐❝✉❧❛r✱ ✐♠♣❧✐❡s t❤❛t
∇v ∈ L∞(Ω) ❢♦r ❛❧❧ t ∈ (0, T )✳ ❆❣❛✐♥ ❝♦♥t✐♥✉✐♥❣ ♦♥ t❤❡ ♣r♦♣❡rt② ♦❢ t❤❡ s♦❧✉t✐♦♥ v✱
❜❡❝❛✉s❡ û ∈ S✱ û ✐s ♥♦♥♥❡❣❛t✐✈❡ s♦ t❤❛t ❢r♦♠ ✭✸✮ ✇❡ ❤❛✈❡ t❤❛t g(û) ✐s ✇❡❧❧ ❞❡✜♥❡❞
❛♥❞ ♠♦r❡♦✈❡r g(û) ≥ λ1 > 0✳ ■♥ t❤✐s ✇❛②✱ ❛♥ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ▲❡♠♠❛ ✷✳✸ t♦ ♣r♦❜❧❡♠
✭✶✹✮✱ t♦❣❡t❤❡r ✇✐t❤ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ S✱ ❧❡❛❞s t♦

✭✶✻✮ v(x, t) ≥ η ·
∫

Ω

g(û) = γ := ηλ1|Ω| > 0 (x, t) ∈ Ω× (0, T ).

▼♦r❡♦✈❡r✱ ❜❡s✐❞❡s v(x, t) ≥ γ✱ t❤❡ ❡❧❧✐♣t✐❝ ♠❛①✐♠✉♠ ♣r✐♥❝✐♣❧❡✱ ❛♥❞ ❛❣❛✐♥ ✭✸✮ ❛♥❞
t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ S✱ ♣r♦✈✐❞❡

✭✶✼✮ v(x, t) ≤ sup
Ω
g(û) ≤ Γ := λ2(1 +R)β (x, t) ∈ Ω× (0, T ),

s♦ t❤❛t ♦♥ ❛❝❝♦✉♥t ♦❢ χ ∈ C1((0,∞)) ❛♥❞ γ ≤ s := v(x, t) ≤ Γ✱ ✇✐t❤ (x, t) ∈
Ω× (0, T )✱ χ(s) ✐s ❛❧s♦ ❢r♦♠ L∞([γ,Γ]) ❛♥❞ ✐♥ t❤❡ s♣❡❝✐✜❝ ✇❡ ❤❛✈❡

✭✶✽✮ ‖χ(v)‖L∞(Ω×(0,T )) ≤ ‖χ‖L∞([γ,Γ]).

❙✉❜s❡q✉❡♥t❧②✱ ❢♦r s♦♠❡ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t c ✭✇❤✐❝❤ ✉♥t✐❧ t❤❡ ❡♥❞ ♦❢ t❤✐s ♣r♦♦❢ ♠✐❣❤t
❝❤❛♥❣❡ ❧✐♥❡ ❜② ❧✐♥❡✮✱ ✉s✐♥❣ û ∈ S ❛♥❞ t❤❡ ❣❛✐♥❡❞ ❜♦✉♥❞s ❢♦r ∇v ❛♥❞ χ(v)✱ ❬✶✷✱

❚❤❡♦r❡♠ ❱ ✶✳✶✳❪ ❛♣♣❧✐❡❞ t♦ ♣r♦❜❧❡♠ ✭✶✺✮ ✐♠♣❧✐❡s t❤❛t u ∈ Cδ1,
δ1
2 (Ω × (0, T ))✱ ❢♦r

s♦♠❡ δ1 ∈ (0, 1)✳ ❍❡♥❝❡✱

|u(x1, t1)−u(x2, t2)| ≤ c(|x1−x2|δ1+|t1−t2|
δ1
2 ) ❢♦r ❛❧❧ x1, x2 ∈ Ω, t1, t2 ∈ (0, T ),

t❤❛t ✐s

u(·, t) ≤ u0(·) + ct
δ1
2 ❢♦r ❛❧❧ t ∈ (0, T ).

❚❤❡r❡❛❢t❡r

max
t∈[0,T ]

‖u(·, t)‖L∞(Ω) ≤ ‖u0‖L∞(Ω) + cT
δ1
2 ,

❛♥❞ s✉❜s❡q✉❡♥t❧② ❢♦r T < c
−δ1
2 ✇❡ ❛❧s♦ ❞❡❞✉❝❡ t❤❛t

‖u(·, t)‖L∞(Ω) ≤ ‖u0‖L∞(Ω) + 1 = R ❢♦r ❛❧❧ t ∈ (0, T ).

❆❞❞✐t✐♦♥❛❧❧②✱ u ≡ 0 ✐s ❛ s✉❜s♦❧✉t✐♦♥ ♦❢ t❤❡ ✜rst ❡q✉❛t✐♦♥ ✐♥ ✭✶✺✮ s♦ t❤❛t t❤❡ ♣❛r❛✲
❜♦❧✐❝ ❝♦♠♣❛r✐s♦♥ ♣r✐♥❝✐♣❧❡ ✇❛rr❛♥ts t❤❡ ♥♦♥♥❡❣❛t✐✈✐t② ♦❢ u❀ ❤❡♥❝❡ Φ ♠❛♣s S ✐♥t♦

✐ts❡❧❢✱ ❝♦♠♣❛❝t❧② s✐♥❝❡ Cδ1,
δ1
2 (Ω × (0, T )) →֒ X✳ ▲❡t u ❜❡ ❛ ✜①❡❞ ♣♦✐♥t ♦❢ Φ❀

❜② ❡♠♣❧♦②✐♥❣ t❤❡ ❡❧❧✐♣t✐❝ ❛♥❞ ♣❛r❛❜♦❧✐❝ r❡❣✉❧❛r✐t② t❤❡♦r② t♦ ♣r♦❜❧❡♠s ✭✶✹✮ ❛♥❞
✭✶✺✮ ✭❡①♣❧✐❝✐t❧② ❬✹✱ ❚❤❡♦r❡♠ ✾✳✸✸❪ ❛♥❞ ❬✶✷✱ ❚❤❡♦r❡♠ ❱ ✻✳✶✳❪✱ r❡s♣❡❝t✐✈❡❧②✮✱ ✇❡ ❤❛✈❡

v ∈ C2+δ1,
δ1
2 (Ω̄, [τ, T ]) ❛♥❞ ❤❡♥❝❡ u ∈ C2+δ1,1+

δ1
2 (Ω̄ × [τ, T ])✱ ❢♦r ❛♥② τ ∈ (0, T )✳

▼♦r❡♦✈❡r✱ ❜② st❛♥❞❛r❞ ❜♦♦tstr❛♣ ❛r❣✉♠❡♥ts t❤❡ s♦❧✉t✐♦♥ ♠❛② ❜❡ ♣r♦❧♦♥❣❡❞ ✐♥ t❤❡
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✐♥t❡r✈❛❧ [0, Tmax)✱ ✇✐t❤ Tmax ≤ ∞✱ Tmax ❜❡✐♥❣ ✜♥✐t❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✭✶✶✮ ❤♦❧❞s✳ ■♥
t❤✐s ✇❛②✱ t❤❡ ❣❛✐♥❡❞ ♥♦♥♥❡❣❛t✐✈✐t② ♦❢ u(·, t) ✐♥ [0, T ]✱ ❧♦✇❡r ❛♥❞ ✉♣♣❡r ❡st✐♠❛t❡s ❢♦r
v(·, t) ✐♥ [0, T ] ✭s❡❡ ✭✶✻✮ ❛♥❞ ✭✶✼✮✮ ❛♥❞ ❜♦✉♥❞ ❢♦r χ(v(·, t)) ✐♥ [0, T ] ✭s❡❡ ✭✶✽✮✮ r❡♠❛✐♥
♣r❡s❡r✈❡❞ ✉♣ t♦ Tmax✱ ❡①❛❝t❧② ❛s ❝❧❛✐♠❡❞ ✐♥ ✭✶✷✮✳ ❋✐♥❛❧❧②✱ ❛♥ ✐♥t❡❣r❛t✐♦♥ ♦✈❡r Ω ✐♥
t❤❡ ✜rst ❡q✉❛t✐♦♥ ♦❢ ✭✶✺✮ ❛♥❞ t❤❡ ♥♦✲✢✉① ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ♦♥ ❜♦t❤ u ❛♥❞ v ❣✐✈❡
∫

Ω
u(·, t) =

∫

Ω
u0 ❢♦r ❛❧❧ t ∈ (0, Tmax)✱ ❛♥❞ ✭✶✸✮ ✐s ❛❧s♦ ❥✉st✐✜❡❞✳

❯♥✐q✉❡♥❡ss✳ ❇② ❛❜s✉r❞✐t② ❧❡t (u1, v1) ❛♥❞ (u2, v2) ❜❡ t✇♦ ♥♦♥♥❡❣❛t✐✈❡ ❞✐✛❡r❡♥t
❝❧❛ss✐❝❛❧ s♦❧✉t✐♦♥s ♦❢ ✭✷✮ ✐♥ Ω×(0, Tmax) ✇✐t❤ t❤❡ s❛♠❡ ✐♥✐t✐❛❧ ❞❛t❛ u1(·, 0) = u2(·, 0)✳
■♥ s✉❝❤ ❝✐r❝✉♠st❛♥❝❡s✱ ✉s✐♥❣ t❤❡ ❡q✉❛t✐♦♥ ❢♦r u ✐♥ ✭✷✮✱ ✇❡ ❤❛✈❡

1

2

d

dt

∫

Ω

(u1 − u2)
2 +

∫

Ω

|∇(u1 − u2)|2

=

∫

Ω

(u1χ(v1)∇v1 − u2χ(v2)∇v2) · ∇(u1 − u2)

≤ 1

2

∫

Ω

|(u1χ(v1)∇v1 − u2χ(v2)∇v2)|2

+
1

2

∫

Ω

|∇(u1 − u2)|2 ❢♦r ❛❧❧ t ∈ (0, Tmax),

✭✶✾✮

❛♥❞ ♦❢ ❝♦✉rs❡

✭✷✵✮

∫

Ω

(u1(·, 0)− u2(·, 0))2 = 0.

◆♦✇✱ ❢♦r ❛❧❧ t ∈ (0, T0) ✇✐t❤ T0 < Tmax ✇❡ s❡t

s1 = s1(T0) := min{‖u1‖L∞(Ω×(0,T0)), ‖u2‖L∞(Ω×(0,T0))},
s2 = s2(T0) := max{‖u1‖L∞(Ω×(0,T0)), ‖u2‖L∞(Ω×(0,T0))},

❛♥❞ t❤❡ ▼❡❛♥ ❱❛❧✉❡ ❚❤❡♦r❡♠ ❛♣♣❧✐❡❞ t♦ t❤❡ ❢✉♥❝t✐♦♥ s 7→ g(s) ✐♥ t❤❡ ✐♥t❡r✈❛❧
[s1, s2] ✐♥❢❡rs g(s1) − g(s2) = g′(s̄)(s1 − s2) ❢♦r s♦♠❡ s̄ ∈ (s1, s2)✳ ■♥ ❧✐❣❤t ♦❢ t❤✐s✱
t❤r♦✉❣❤ ❨♦✉♥❣✬s ✐♥❡q✉❛❧✐t②✱ t❤❡ s❡❝♦♥❞ ❡q✉❛t✐♦♥ ♦❢ ✭✷✮ ♣r♦✈✐❞❡s s♦♠❡ ♣♦s✐t✐✈❡ C1

❞❡♣❡♥❞✐♥❣ ♦♥ T0 s✉❝❤ t❤❛t ♦♥ (0, T0)

∫

Ω

|∇(v1 − v2)|2 = −
∫

Ω

(v1 − v2)
2 +

∫

Ω

(g(u1)− g(u2))(v1 − v2)

= −
∫

Ω

(v1 − v2)
2 + C1

∫

Ω

(u1 − u2)(v1 − v2)

≤ C2
1

2

∫

Ω

(u1 − u2)
2 − 1

2

∫

Ω

(v1 − v2)
2.

✭✷✶✮

❆❞❞✐t✐♦♥❛❧❧②✱ t❤❡ s❛♠❡ ❡❧❧✐♣t✐❝ ❛♥❞ ♣❛r❛❜♦❧✐❝ r❡❣✉❧❛r✐t② r❡s✉❧ts ♣r❡✈✐♦✉s❧② ✉s❡❞ ❛❧❧♦✇
✉s t♦ ✜♥❞ s♦♠❡ C2 = C2(T0) > 0 s✉❝❤ t❤❛t |∇v1| ≤ C2✱ |∇v2| ≤ C2 ❛♥❞ u2 ≤ C2

♦♥ Ω× (0, T0)❀ s✉❜s❡q✉❡♥t❧②✱ ❜② ✈✐rt✉❡ ♦❢ t❤❡ ❜♦✉♥❞❡❞♥❡ss ♦❢ χ ✐♥ ✭✶✷✮ ❛♥❞ ❍ö❧❞❡r✬s
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✐♥❡q✉❛❧✐t②✱ s♦♠❡ ♠❛♥✐♣✉❧❛t✐♦♥s ❧❡❛❞ t♦

1

2

∫

Ω

|u1χ(v1)∇v1 − u2χ(v2)∇v2|2 ≤ 3

2

∫

Ω

|(u1 − u2)
2χ(v1)

2|∇v1|2

+
3

2

∫

Ω

u22χ(v2)
2|∇(v1 − v2)|2 +

3

2

∫

Ω

u22(χ(v1)− χ(v2))
2(v1 − v2)

2|∇(v2)|2

≤ 3

2
‖χ‖2L∞([γ,R])C

2
2

∫

Ω

(u1 − u2)
2 +

3

2
‖χ‖2L∞([γ,R])C

2
2

∫

Ω

|∇(v1 − v2)|2

+
3

2
C4

2‖χ′‖2L∞([γ,R])

∫

Ω

(v1 − v2)
2 ❢♦r ❛❧❧ t ∈ (0, T0),

✇❤❡r❡ ✇❡ ❛❧s♦ ❛♣♣❧✐❡❞ t❤❡ ▼❡❛♥ ❱❛❧✉❡ t❤❡♦r❡♠ t♦ t❤❡ ❢✉♥❝t✐♦♥ s 7→ χ(s)✱ ✇✐t❤
s ∈ [s1, s2]✱ ❛♥❞ ✉s❡❞ t❤❡ ✐♥❡q✉❛❧✐t② (a + b + c)2 ≤ 3(a2 + b2 + c2)✱ ✈❛❧✐❞ ❢♦r ❛❧❧
a, b, c ∈ R. ❍❡♥❝❡✱ ✇❡ ❝❛♥ ✇r✐t❡ ❢♦r ❛❧❧ t ∈ (0, Tmax)

1

2

∫

Ω

|(u1χ(v1)∇v1 − u2χ(v2)∇v2)|2 ≤

C3

(

1

2

∫

Ω

(u1 − u2)
2 +

∫

Ω

|∇(v1 − v2)|2 +
1

2

∫

Ω

(v1 − v2)
2

)

,

✭✷✷✮

✇❤❡r❡ C3 = C3(T0) = 3C2
2 max{‖χ‖2L∞([γ,R]), ‖χ′‖2L∞([γ,R])C

2
2}✳

❋✐♥❛❧❧②✱ ❝♦♠✐♥❣ ❜❛❝❦ t♦ ✭✶✾✮✱ ❛♥❞ ♣❧✉❣❣✐♥❣ ✐♥ ✐t ✭✷✷✮ ❛♥❞ ✭✷✶✮ ✇❡ ❛rr✐✈❡ ❛t t❤✐s
✐♥✐t✐❛❧ ♣r♦❜❧❡♠

✭✷✸✮
d

dt
F ≤ (C3 + C3C

2
1 )F t ∈ (0, T0), F(0) = 0,

✇❤❡r❡ F(t) :=
∫

Ω
(u1 − u2)

2 ❛♥❞ ✇❤❡r❡ ✭✷✵✮ ❤❛s ❜❡❡♥ ❛❧s♦ ❝♦♥s✐❞❡r❡❞✳ ❙✐♥❝❡ ✭✷✸✮
❛❞♠✐ts t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ F ≡ 0 ♦♥ (0, T0)✱ ❞✉❡ t♦ t❤❡ ❛r❜✐tr❛r② ♦❢ T0✱ ✇❡ ❛tt❛✐♥
u1 = u2 ♦♥ (0, Tmax) ❛♥❞ ❤❡♥❝❡✱ ❜② ✉s✐♥❣ ❛❣❛✐♥ ✭✷✶✮✱ ❛❧s♦ v1 = v2 ♦♥ (0, Tmax)✳ �

✹✳ ❋r♦♠ ❧♦❝❛❧ t♦ ❣❧♦❜❛❧✲✐♥✲t✐♠❡ ❛♥❞ ❜♦✉♥❞❡❞ s♦❧✉t✐♦♥s

❚❤❡ ❢♦rt❤❝♦♠✐♥❣ ✐♠♣♦rt❛♥t r❡s✉❧t s❤♦✇s ❤♦✇ t♦ ❛❝❤✐❡✈❡ ✉♥✐❢♦r♠✲✐♥✲t✐♠❡ ❜♦✉♥❞✲
❡❞♥❡ss ♦❢ s♦❧✉t✐♦♥s ❢r♦♠ t❤❡✐r Lp✲❜♦✉♥❞❡❞♥❡ss✱ ❢♦r s♦♠❡ s✉✐t❛❜❧❡ p > 1✳ ❆s ❛ ❝♦♥✲
s❡q✉❡♥❝❡✱ ✐♥ ♦r❞❡r t♦ ❡st❛❜❧✐s❤ ♦✉r ♠❛✐♥ t❤❡♦r❡♠✱ ✐t ✇✐❧❧ ❜❡ s✉❝❝❡ss✐✈❡❧② s✉✣❝✐❡♥t
t❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ s✉❝❤ ❛ Lp ❜♦✉♥❞✳

▲❡♠♠❛ ✹✳✶✳ ❯♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥s ♦❢ ▲❡♠♠❛ ✸✳✶✱ ❧❡t (u, v) ❜❡ t❤❡ ❧♦❝❛❧✲✐♥✲t✐♠❡
❝❧❛ss✐❝❛❧ s♦❧✉t✐♦♥ ♦❢ ♣r♦❜❧❡♠ ✭✷✮✳ ■❢ ❢♦r s♦♠❡ n

2 < p < n t❤❡ u✲❝♦♠♣♦♥❡♥t ❜❡❧♦♥❣s t♦
L∞((0, Tmax);L

p(Ω))✱ t❤❡♥ (u, v) ✐s ❣❧♦❜❛❧ ✐♥ t✐♠❡✱ ✐✳❡✳ Tmax = ∞✱ ❛♥❞ ♠♦r❡♦✈❡r
❜♦t❤ u ❛♥❞ v ❛r❡ ❜♦✉♥❞❡❞ ✐♥ Ω× (0,∞)✳

Pr♦♦❢✳ ❋♦r u ∈ L∞((0, Tmax);L
p(Ω))✱ t❛❦✐♥❣ ✐♥t♦ ❝♦♥s✐❞❡r❛t✐♦♥ ❛ss✉♠♣t✐♦♥ ✭✸✮ ♦♥

g✱ ✇❡ ❤❛✈❡ t❤❛t
∫

Ω

g(u)p ≤ λp2

∫

Ω

(1 + u)βp ≤ λp2

∫

Ω

(1 + u)p ❢♦r ❛❧❧ t ∈ (0, Tmax),

s♦ t❤❛t ❛❧s♦ g(u) ∈ L∞((0, Tmax);L
p(Ω))✳ ❈♦♥s❡q✉❡♥t❧②✱ st❛♥❞❛r❞ ❡❧❧✐♣t✐❝ r❡❣✉❧❛r✐t②

r❡s✉❧ts ❛♣♣❧✐❡❞ t♦ t❤❡ s❡❝♦♥❞ ❡q✉❛t✐♦♥ ♦❢ ✭✷✮ ✇❛rr❛♥t v ∈ L∞((0, Tmax);W
2,p(Ω))

❛♥❞ ❤❡♥❝❡ ∇v ∈ L∞((0, Tmax);W
1,p(Ω))✱ ❛♥❞ ✜♥❛❧❧② ❙♦❜♦❧❡✈ ❡♠❜❡❞❞✐♥❣ t❤❡♦r❡♠s
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❣✐✈❡ v ∈ L∞((0, Tmax);C
[2−(n/p)](Ω̄)) ❛♥❞ ∇v ∈ L∞((0, Tmax);L

q(Ω)) ❢♦r ❛❧❧ n <
q < p∗ := np

n−p ✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❢♦r s♦♠❡ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t Cq ✇❡ ❤❛✈❡ t❤❛t

✭✷✹✮ ‖v(·, t)‖Lq(Ω)+‖∇v(·, t)‖Lq(Ω)≤ Cq ❢♦r ❛❧❧ t ∈ (0, Tmax),

❛♥❞ ✐♥ ❛❞❞✐t✐♦♥✱ ❜❡❝❛✉s❡ q > n ✐♠♣❧✐❡s W 1,q(Ω) −֒→ L∞(Ω)✱ ✇❡ ❛❧s♦ ❛tt❛✐♥ v ∈
L∞(Ω× (0, Tmax))✳

❆s ❢❛r ❛s u ✐s ❝♦♥❝❡r♥❡❞✱ ❢♦r ❛♥② x ∈ Ω ❛♥❞ t ∈ (0, Tmax) ✇❡ s❡t t0 := max{0, t−1}
s♦ t❤❛t t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ❢♦r♠✉❧❛ ❢♦r u ②✐❡❧❞s

u(·, t) ≤ e(t−t0)∆u(·, t0)−
∫ t

t0

e(t−s)∆∇ · (u(·, s)χ(·, s)∇v(·, s))ds

=: u1(·, t) + u2(·, t).
✭✷✺✮

❍❡r❡✱ ✇❡ ✐♥✈♦❦❡ ❦♥♦✇♥ s♠♦♦t❤✐♥❣ ❡st✐♠❛t❡s ❢♦r t❤❡ ◆❡✉♠❛♥♥ ❤❡❛t s❡♠✐❣r♦✉♣ ✭s❡❡

❬✷✻✱ ▲❡♠♠❛ ✶✳✸❪✮ ✇❤✐❝❤ ✇❛rr❛♥t t❤❡ ❡①✐st❡♥❝❡ ♦❢ ♣♦s✐t✐✈❡ ❝♦♥st❛♥ts Cs ❛♥❞ ĈS s✉❝❤
t❤❛t ❢♦r ❛❧❧ t > 0 ❛♥❞ f ∈ L1(Ω)

✭✷✻✮ ‖et∆f‖L∞(Ω)≤ CS(1 + t−
n
2 )‖f‖L1(Ω),

❛♥❞ ❢♦r ❛❧❧ t > 0✱ r > 1 ❛♥❞ f ∈ C1(Ω̄) ✇✐t❤ ∂f
∂ν = 0 ♦♥ ∂Ω

✭✷✼✮ ‖et∆∇ · ∇f‖L∞(Ω)≤ ĈS(1 + t−
1
2−

n
2r )e−λ1t‖∇f‖Lr(Ω),

λ1 > 0 ❞❡♥♦t✐♥❣ t❤❡ ✜rst ♥♦♥③❡r♦ ❡✐❣❡♥✈❛❧✉❡ ♦❢ −∆ ✐♥ Ω ✉♥❞❡r ◆❡✉♠❛♥♥ ❜♦✉♥❞❛r②
❝♦♥❞✐t✐♦♥s✳

❙✉❜s❡q✉❡♥t❧②✱ ✐❢ t ≤ 1 ❛♥❞ ❤❡♥❝❡ t0 = 0 ✇❡ ❛❝❤✐❡✈❡ ❢r♦♠ t❤❡ ♣❛r❛❜♦❧✐❝ ♠❛①✐♠✉♠
♣r✐♥❝✐♣❧❡

✭✷✽✮ ‖u1(·, t)‖L∞(Ω)≤ ‖u0‖L∞(Ω) ❢♦r ❛❧❧ t ≤ 1.

❈♦♥✈❡rs❡❧②✱ ❢♦r ❛❧❧ t > 1 ❛♥❞ ❤❡♥❝❡ t−t0 = 1✱ ❛♥ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ✭✷✻✮ ✇✐t❤ f = u(·, t0)
❛♥❞ ❜♦✉♥❞ ✭✶✸✮ ✐♥❢❡r ❢♦r ❛❧❧ 1 < t < Tmax t❤✐s ❡st✐♠❛t❡

✭✷✾✮ ‖u1(·, t)‖L∞(Ω)≤ CS(1 + (t− t0)
−n
2 )‖u(·, t0)‖L1(Ω)≤ 2mCS .

❋✉rt❤❡r♠♦r❡✱ ❢♦r ❛♥② n < r < q ✇❡ ❛♣♣❧② ✭✷✼✮ ✇✐t❤ ∇f = u(·, t)χ(·, t)∇v(·, t) ❛♥❞
❛rr✐✈❡ ❢♦r t ∈ (0, Tmax) ❛t

‖u2(·, t)‖L∞(Ω)≤
∫ t

t0

‖e(t−s)∆∇ · (u(·, s)χ(·, s)∇v(·, s))‖L∞(Ω)ds

≤ ‖χ‖L∞([γ,Γ])ĈS

∫ t

t0

(1 + (t− s))−
1
2−

n
2r ‖u(·, s)∇v(·, s)‖Lr(Ω)ds,

✭✸✵✮

✇❤❡r❡ ♦♥❝❡ ✇❡ ✐♥✈♦❦❡❞ t❤❡ ❜♦✉♥❞❡❞♥❡ss ♦❢ χ ❣✐✈❡♥ ✐♥ ✭✶✷✮✳
◆♦✇✱ ❢♦r ❛♥② ❣✐✈❡♥ t′ ∈ (0, Tmax) ✇❡ ❝♦♥s✐❞❡r t❤❡ ❢✉♥❝t✐♦♥ ❞❡✜♥❡❞ ❜②

✭✸✶✮ A(t′) := sup
t∈(0,t′)

‖u(·, t)‖L∞(Ω),

✇❤✐❝❤ ✐s ❜♦✉♥❞❡❞ ✐♥ ✈✐❡✇ ♦❢ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ u✳ ❍❡♥❝❡✱ ❛♥ ✐♥t❡r♣♦❧❛t✐♦♥ ✐♥❡q✉❛❧✐t②✱
t❤❡ ❛ss✉♠♣t✐♦♥ u ∈ L∞((0, Tmax);L

p(Ω)) ✭✐✳❡✳
∫

Ω
up ≤ Cp ❢♦r s♦♠❡ Cp > 0 ❛♥❞ ❛❧❧
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t ∈ (0, Tmax)✮ ❛♥❞ ✭✷✹✮ ❡♥t❛✐❧ ❢♦r ❛❧❧ s ∈ (0, t′)

‖u(·, s)∇v(·, s)‖Lr(Ω) ≤ ‖u(·, s)‖
L

rq
q−r (Ω)

‖∇v(·, s)‖Lq(Ω)

≤ ‖u(·, s)‖1−
p(q−r)

rq

L∞(Ω) ‖u(·, s)‖
p(q−r)

rq

Lp(Ω) ‖∇v(·, s)‖Lq(Ω)

≤ A1−
p(q−r)

rq (t′)C
q−r
rq

p Cq = c4A
l(t′),

✇✐t❤ c4 = C
q−r
rq

p Cq ❛♥❞ 0 < l = 1− p(q−r)
rq < 1✳ ❙✉❜s❡q✉❡♥t❧②✱ ✐♥ ❧✐❣❤t ♦❢ t❤❡ ❡st✐♠❛t❡

♥♦✇ ❣❛✐♥❡❞ ❢♦r u(·, s)∇v(·, s) ❛♥❞ t❤❡ r❡❧❛t✐♦♥ t− t0 ≤ 1✱ ❜♦✉♥❞ ✭✸✵✮ r❡❛❞s

‖u2(·, t)‖L∞(Ω) ≤
2r

r − n
‖χ‖L∞([γ,Γ])ĈSc4(2

1
2−

n
2r − 1)Al(t′) =: c5A

l(t′).✭✸✷✮

❋r♦♠ ❡①♣r❡ss✐♦♥ ✭✷✺✮✱ ❜② ❝♦❧❧❡❝t✐♥❣ ✭✷✽✮✲✭✸✵✮ ❛♥❞ ✭✸✷✮ ✇❡ ✐♥❢❡r

‖u(·, t)‖L∞(Ω)≤ c6(A
l(t′) + 1) ❢♦r ❛❧❧ t ∈ (0, t′),

✇❤❡r❡ c6 = max{max{||u0||L∞(Ω), 2mCS}, c5}✳ ❚❤❡r❡❢♦r❡ r❡❝❛❧❧✐♥❣ ✭✸✶✮

sup
t∈(0,t′)

‖u(·, t)‖L∞(Ω)=: A(t′) ≤ c6(A
l(t′) + 1) ❢♦r ❛❧❧ t′ ∈ (0, Tmax),

✇❤✐❝❤ t❤r♦✉❣❤ ▲❡♠♠❛ ✷✳✹ ②✐❡❧❞s t❤✐s ❜♦✉♥❞ ❢♦r u✿

‖u(·, t)‖L∞(Ω)≤ max{1, (2c6)
1

1−l } =: ĉ ❢♦r ❛❧❧ t ∈ (0, t′).

❙✐♥❝❡ ĉ > 0 ✐s t✐♠❡✲✐♥❞❡♣❡♥❞❡♥t ❛♥❞ t′ ∈ (0, Tmax) ✐s ❛r❜✐tr❛r②✱ t❤❡ ❛❜♦✈❡ ✉♥✐❢♦r♠
❜♦✉♥❞ ❢♦r u ❤♦❧❞s ✉♣ Tmax✳ ❍❡♥❝❡ t❤❡ ❡①t❡♥s✐❜✐❧✐t② ❝r✐t❡r✐♦♥ ✭✶✶✮ ♦❢ ▲❡♠♠❛ ✸✳✶
s❤♦✇s t❤❛t Tmax = ∞ ❛♥❞ t❤❛t ❜♦t❤ u ❛♥❞ v ❛r❡ ❜♦✉♥❞❡❞ ✐♥ Ω× (0,∞)✳ �

✺✳ ❆ ♣r✐♦r✐ ❡st✐♠❛t❡s ❛♥❞ ♣r♦♦❢ ♦❢ t❤❡ ♠❛✐♥ r❡s✉❧t

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ s❤❛❧❧ ❣❛✐♥ s♦♠❡ ✉♥✐❢♦r♠ ❜♦✉♥❞ ❢♦r u✱ ❜② ❞❡r✐✈✐♥❣ ❛♥ ✉♣♣❡r
❜♦✉♥❞ ❢♦r ‖u‖Lp(Ω)✱ ✇✐t❤ p s✉✣❝✐❡♥t❧② ❧❛r❣❡ ❛♥❞ ♦♥ t❤❡ ✇❤♦❧❡ ✐♥t❡r✈❛❧ (0, Tmax)✱
✇❤✐❝❤ ✐s ❣✐✈❡♥ ❜② ❛ ♣♦s✐t✐✈❡ ❛♥❞ t✐♠❡ ✐♥❞❡♣❡♥❞❡♥t ❝♦♥st❛♥t✳ ❚❤✐s ✐s ❛tt❛✐♥❡❞ ❜② ❝♦♥✲
str✉❝t✐♥❣ ❛♥ ❛❜s♦r♣t✐✈❡ ❞✐✛❡r❡♥t✐❛❧ ✐♥❡q✉❛❧✐t② ❢♦r t 7→

∫

Ω
up ❛♥❞ ✉s✐♥❣ ❝♦♠♣❛r✐s♦♥

♣r✐♥❝✐♣❧❡s✱ ❡①❛❝t❧② ❛s s♣❡❝✐✜❡❞ ✐♥ t❤✐s s❡q✉❡❧ ♦❢ ❧❡♠♠❛s✳

▲❡♠♠❛ ✺✳✶✳ ❯♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥s ♦❢ ▲❡♠♠❛ ✸✳✶✱ ❧❡t (u, v) ❜❡ t❤❡ ❧♦❝❛❧✲✐♥✲t✐♠❡
❝❧❛ss✐❝❛❧ s♦❧✉t✐♦♥ ♦❢ ♣r♦❜❧❡♠ ✭✷✮✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t M s✉❝❤ t❤❛t

∫

Ω

|∇v|2 ≤M ❢♦r ❛❧❧ t ∈ (0, Tmax).✭✸✸✮

Pr♦♦❢✳ ❚❡st✐♥❣ t❤❡ s❡❝♦♥❞ ❡q✉❛t✐♦♥ ♦❢ ✭✷✮ ❜② v✱ ✇❡ ♦❜t❛✐♥

−
∫

Ω

v∆v = −
∫

Ω

v2 +

∫

Ω

g(u)v ❢♦r ❛❧❧ t ∈ (0, Tmax),

s♦ t❤❛t ✐♥t❡❣r❛t✐♦♥s ❜② ♣❛rt✱ t❤❡ ♠❛ss ❝♦♥s❡r✈❛t✐♦♥ ♣r♦♣❡rt② ✭✶✸✮ ❛♥❞ t❤❡ ❨♦✉♥❣
✐♥❡q✉❛❧✐t② ✭r❡❝❛❧❧ ❛❧s♦ ✭✸✮✮ ❧❡❛❞ ❢♦r ❛❧❧ t ∈ (0, Tmax) t♦

∫

Ω

|∇v|2 ≤ −
∫

Ω

v2 +

∫

Ω

v2 +
λ22
4

∫

Ω

(1 + u)2β ≤ λ22
4
(|Ω|+m) =:M.

�



❖◆ ❚❍❊ ❙❖▲❱❆❇■▲■❚❨ ❖❋ ❆ ●❊◆❊❘❆▲ ❑❊▲▲❊❘✲❙❊●❊▲ ❙❨❙❚❊▼ ✶✸

▲❡♠♠❛ ✺✳✷✳ ❯♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥s ♦❢ ▲❡♠♠❛ ✸✳✶✱ ❧❡t (u, v) ❜❡ t❤❡ ❧♦❝❛❧✲✐♥✲t✐♠❡
❝❧❛ss✐❝❛❧ s♦❧✉t✐♦♥ ♦❢ ♣r♦❜❧❡♠ ✭✷✮✳ ❚❤❡♥✱ ❢♦r ❛♥② p > 1

d

dt

∫

Ω

up + p
p− 1

2

∫

Ω

up−2|∇u|2 ≤

+ p
p− 1

2
‖χ‖2L∞([γ,Γ])

∫

Ω

up|∇v|2 ♦♥ (0, Tmax).

✭✸✹✮

Pr♦♦❢✳ ❋♦r p > 1✱ t❡st✐♥❣ t❤❡ ✜rst ❡q✉❛t✐♦♥ ♦❢ ♣r♦❜❧❡♠ ✭✷✮ ❜② up−1 ❛♥❞ ✉s✐♥❣ ✐ts
❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ♣r♦✈✐❞❡

1

p

d

dt

∫

Ω

up =

∫

Ω

up−1ut = −(p− 1)

∫

Ω

up−2|∇u|2

+ (p− 1)

∫

Ω

up−1χ(v)∇u · ∇v ❢♦r ❛❧❧ t ∈ (0, Tmax).

✭✸✺✮

❆s t♦ t❤❡ ✐♥t❡❣r❛❧ ✐♥✈♦❧✈✐♥❣ up−1χ(v)∇u ·∇v✱ t❤❡ ❨♦✉♥❣ ✐♥❡q✉❛❧✐t② ❛♥❞ t❤❡ ✉♥✐❢♦r♠
❜♦✉♥❞ ❢♦r χ ❞❡r✐✈❡❞ ✐♥ t❤❡ t❤✐r❞ r❡❧❛t✐♦♥ ♦❢ ✭✶✷✮ ②✐❡❧❞ ❢♦r ❛❧❧ t ∈ (0, Tmax)

∫

Ω

|up−1χ(v)∇u · ∇v| ≤ 1

2

∫

Ω

up−2χ2(v)|∇u|2 + 1

2

∫

Ω

up|∇v|2

≤ 1

2
‖χ‖2L∞([γ,Γ])

∫

Ω

up−2|∇u|2 + 1

2

∫

Ω

up|∇v|2,

s♦ t❤❛t ❡q✉❛❧✐t② ✭✸✺✮ ✇r✐t❡s ❡①❛❝t❧② ❛s ❝❧❛✐♠❡❞✳ �

▲❡♠♠❛ ✺✳✸✳ ❋♦r n = 2 ❛♥❞ ✉♥❞❡r t❤❡ r❡♠❛✐♥✐♥❣ ❛ss✉♠♣t✐♦♥s ♦❢ ▲❡♠♠❛ ✸✳✶✱ ❧❡t
(u, v) ❜❡ t❤❡ ❧♦❝❛❧✲✐♥✲t✐♠❡ ❝❧❛ss✐❝❛❧ s♦❧✉t✐♦♥ ♦❢ ♣r♦❜❧❡♠ ✭✷✮✳ ❚❤❡♥ ❢♦r ❛♥② p ∈ (1, 2)
❛♥❞ ❛❧❧ t ∈ (0, Tmax) ❤♦❧❞s

✭✸✻✮
d

dt

∫

Ω

up ≤ −p(p− 1)

2

∫

Ω

up−2|∇u|2 + (ε+ c8δ)

∫

Ω

up+1 + c10,

✇❤❡r❡ c8 ❛♥❞ c10 ❛r❡ ❝♦♠♣✉t❛❜❧❡ ♣♦s✐t✐✈❡ ❝♦♥st❛♥ts✱ ε ❛♥ ❛r❜✐tr❛r② ♣♦s✐t✐✈❡ ♥✉♠❜❡r
❛♥❞ δ ❛♥♦t❤❡r ❛r❜✐tr❛r② ♥♦♥♥❡❣❛t✐✈❡ r❡❛❧ s✉❝❤ t❤❛t

{

δ = 0 ✐❢ β = 0,

δ > 0 ✐❢ β > 0.

Pr♦♦❢✳ ■♥ ♦r❞❡r t♦ ❡st✐♠❛t❡ t❤❡ t❡r♠
∫

Ω
up|∇v|2 ❛♣♣❡❛r✐♥❣ ✐♥ t❤❡ ❛❜♦✈❡ ▲❡♠♠❛

✺✳✷✱ ✇❡ ♦❜s❡r✈❡ t❤❛t ❛♥ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ❍ö❧❞❡r ✐♥❡q✉❛❧✐t② ✐♥❢❡rs ❢♦r ❛♥② p > 1

✭✸✼✮

∫

Ω

up|∇v|2 ≤
(
∫

Ω

up+1

)

p
p+1
(
∫

Ω

|∇v|2p+2

)
1

p+1

= ‖u‖pLp+1(Ω)‖∇v‖
2
L2p+2(Ω).

◆♦✇✱ ✐♥ ✈✐❡✇ ♦❢ t❤❡ ❢❛❝t t❤❛t t❤❡ v✲❝♦♠♣♦♥❡♥t s♦❧✈❡s −∆v + v = g(u) ✐♥ Ω ×
(0, Tmax)✱ ❢♦r p ∈ (1, 2) ✇❡ ❝❛♥ ✐♥✈♦❦❡ ▲❡♠♠❛ ✷✳✷ ✇✐t❤ f = v ✇❤✐❝❤✱ t♦❣❡t❤❡r ✇✐t❤
✭✸✸✮✱ ✐♠♣❧✐❡s

(
∫

Ω

|∇v|2p+2

)
1

p+1

= ‖∇v‖2L2p+2(Ω) ≤ Ĉ2‖−∆v + v‖Lp+1(Ω)‖∇v‖L2(Ω)

≤ Ĉ2
√
M‖g(u)‖Lp+1(Ω) ❢♦r ❛❧❧ t ∈ (0, Tmax).

✭✸✽✮
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▼♦r❡♦✈❡r✱ ❛ss✉♠♣t✐♦♥ ✭✸✮ ❣✐✈❡s

✭✸✾✮ ‖g(u)‖Lp+1(Ω) ≤ λ2

(
∫

Ω

(1 + u)β(p+1)

)
1

p+1

♦♥ (0, Tmax),

s♦ t❤❛t✱ ❜② ♠❡❛♥s ♦❢ ❨♦✉♥❣✬s ✐♥❡q✉❛❧✐t② ❛♥❞ t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ ❛ ♣♦s✐t✐✈❡ r❡❛❧
♥✉♠❜❡r ε✱ ✇❡ ❞❡❞✉❝❡ ❢r♦♠ ✭✸✼✮✱ ✭✸✽✮✱ ✭✸✾✮ ❛♥❞ ✭✻✮ t❤❛t ♦♥ (0, Tmax)

∫

Ω

up|∇v|2 ≤
(
∫

Ω

up+1

)

p
p+1
(

(Ĉ2
√
Mλ2)

p+1

∫

Ω

(1 + u)β(p+1)

)
1

p+1

≤ ε

c8

∫

Ω

up+1 +
c7

p+ 1

(

ε(p+ 1)

c8p

)−p ∫

Ω

(1 + u)β(p+1)

≤
{

ε
c8

∫

Ω
up+1 + c92

β(p+1)|Ω|+ c92
β(p+1)

∫

Ω
uβ(p+1), β > 0,

ε
c8

∫

Ω
up+1 + c9|Ω| β = 0,

✭✹✵✮

✇✐t❤ c7 = (Ĉ2
√
Mλ2)

p+1✱ c8 = p(p−1)
2 ‖χ‖2L∞([γ,Γ]) ❛♥❞ c9 = c7

p+1

( ε(p+1)
c8p

)−p
✳ ■♥

♣❛rt✐❝✉❧❛r✱ ❢♦r β > 0✱ s✐♠✐❧❛r ❢❛s❤✐♦♥s ❛❧❧♦✇ ✉s t♦ s❤♦✇ t❤❛t ❢♦r s♦♠❡ δ > 0✱ ♦♥
(0, Tmax) ❛❧s♦ ❤♦❧❞s

✭✹✶✮

∫

Ω

uβ(p+1) ≤ δ

c92β(p+1)

∫

Ω

up+1 + (1− β)

(

δ

c9β2β(p+1)

)−
β

1−β

|Ω|.

❋✐♥❛❧❧②✱ t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t ✭✸✹✮ ♦❢ ▲❡♠♠❛ ✺✳✷✱ ✇✐t❤ r❡❧❛t✐♦♥s ✭✹✵✮ ❛♥❞ ✭✹✶✮ ✇❡
❝♦♥❝❧✉❞❡ t❤❡ ♣r♦♦❢ s❡tt✐♥❣

c10 =

{

c8c9|Ω| ❢♦r β = 0,

c8c92
β(p+1)|Ω|(1 + (1− β)

(

δ
c9β2β(p+1)

)−
β

1−β ) ❢♦r β > 0.

�

❆s ❛♥♥♦✉♥❝❡❞✱ t❤❡ s✉❝❝❡❡❞✐♥❣ ❧❡♠♠❛ ✐s ❞❡❞✐❝❛t❡❞ t♦ ❡st❛❜❧✐s❤ t❤❡ ❞❡s✐r❡❞ ✉♥✐❢♦r♠✲
✐♥✲t✐♠❡ ❜♦✉♥❞ ❢♦r ‖u‖Lp(Ω)✱ ✇✐t❤ s♦♠❡ ♣r♦♣❡r p > 1✳

▲❡♠♠❛ ✺✳✹✳ ❋♦r n = 2 ❛♥❞ ✉♥❞❡r t❤❡ r❡♠❛✐♥✐♥❣ ❛ss✉♠♣t✐♦♥s ♦❢ ▲❡♠♠❛ ✸✳✶✱ ❧❡t
(u, v) ❜❡ t❤❡ ❧♦❝❛❧✲✐♥✲t✐♠❡ ❝❧❛ss✐❝❛❧ s♦❧✉t✐♦♥ ♦❢ ♣r♦❜❧❡♠ ✭✷✮✳ ❚❤❡♥ ❢♦r ❛♥② p ∈ (1, 2)
t❤❡r❡ ❡①✐sts ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t Cp s✉❝❤ t❤❛t

✭✹✷✮

∫

Ω

up ≤ Cp ❢♦r ❛❧❧ t ∈ (0, Tmax).

Pr♦♦❢✳ ❲❡ r❡❧② ♦♥ t❤❡ ●❛❣❧✐❛r❞♦✲◆✐r❡♥❜❡r❣ ✐♥❡q✉❛❧✐t② t♦ ❡st✐♠❛t❡ t❤❡ t❡r♠
∫

Ω
up+1

❛♣♣❡❛r✐♥❣ ✐♥ ✭✸✻✮✳ Pr❡❝✐s❡❧②✱ ❡①♣r❡ss✐♦♥ ✭✹✮ ✇✐t❤ f = u
p
2 ✱ j = 0,m = 1, r = n =

2, p = 2(p+1)
p ❛♥❞ q = s = 2

p ✱ ✐♥ ❝♦♥❥✉♥❝t✐♦♥ ✇✐t❤ ✭✻✮✱ ♣r♦✈✐❞❡s ❢♦r ❛❧❧ t ∈ (0, Tmax)

t❤❡ r❡❧❛t✐♦♥
∫

Ω

up+1 = ||u p
2 ||

2(p+1)
p

L
2(p+1)

p (Ω)

≤ c11||∇u
p
2 ||

2(p+1)
p

θ1

L2(Ω) ||u p
2 ||

2(p+1)
p

(1−θ1)

L
2
p (Ω)

+c11||u
p
2 ||

2(p+1)
p

L
2
p (Ω)

,

❜❡✐♥❣ c11 = (2CGN )
2(p+1)

p ❛♥❞ 0 < θ1 = p
p+1 < 1✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤✐s ❣❛✐♥❡❞

✐♥❡q✉❛❧✐t② ❛♥❞ ✭✶✸✮ ❣✐✈❡

(ε+ c8δ)

∫

Ω

up+1 ≤ (ε+ c8δ)c11m

∫

Ω

|∇u p
2 |2

+ (ε+ c8δ)c11m
p+1 ❢♦r ❛❧❧ t ∈ (0, Tmax),
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s♦ t❤❛t ✭✸✻✮ ✐s tr❛♥s❢♦r♠❡❞ ✐♥

✭✹✸✮
d

dt

∫

Ω

up ≤
(

c11m(ε+ c8δ)−
2(p− 1)

p

)

∫

Ω

|∇u p
2 |2 + c12,

✇✐t❤ c12 = (ε+ c8δ)c11m
p+1 + c10✳

❙✉❝❝❡ss✐✈❡❧② ✇❡ ❛❣❛✐♥ ✉s❡ ▲❡♠♠❛ ✷✳✶ ❛♥❞ ✐♥ t❤❡ ●❛❣❧✐❛r❞♦✲◆✐r❡♥❜❡r❣ ✐♥❡q✉❛❧✐t②
✭✹✮ ✇❡ t❛❦❡ f = u

p
2 ✱ q = s = 2

p ✱ p = n = r = 2✱ j = 0 ❛♥❞ m = 1❀ ✇❡ ✐♥❢❡r t❤r♦✉❣❤

✭✻✮ t❤❛t ♦♥ (0, Tmax) ♦♥❡ ❤❛s
∫

Ω

up = ||u p
2 ||2L2(Ω)≤ c13||∇u

p
2 ||2θ2L2(Ω)||u

p
2 ||2(1−θ2)

L
2
p (Ω)

+c13||u
p
2 ||2

L
2
p (Ω)

,✭✹✹✮

✇❤❡r❡ 0 < θ2 = p−1
p < 1 ❛♥❞ c13 = (2CGN )2✳ ❈♦♥s✐❞❡r✐♥❣ ♦♥❝❡ ❛❣❛✐♥ ❜♦✉♥❞ ✭✶✸✮

❛♥❞ ✐♥tr♦❞✉❝✐♥❣ c14 = c13 max{m,mp}✱ ❜② ♠❛❦✐♥❣ ❛❣❛✐♥ ✉s❡ ♦❢ ✭✻✮ ✐♥❡q✉❛❧✐t② ✭✹✹✮
❝❛♥ ❛❧s♦ ❜❡ r❡✇r✐tt❡♥ ❛s

−
∫

Ω

|∇u p
2 |2 ≤ 1− (2c14)

p
1−p

(
∫

Ω

up
)

p
p−1

❢♦r ❛❧❧ t ∈ (0, Tmax).✭✹✺✮

❲❡✱ t❤❡♥✱ ❝❤♦♦s❡
{

✐❢ β = 0, (❛♥❞ s♦ δ = 0) ε = p−1
c11mp > 0,

✐❢ β > 0, ε = p−1
2c11mp > 0 ❛♥❞ δ = p−1

2c8c11mp > 0,

❛♥❞ ♣❧✉❣ s✉❝❤ ✈❛❧✉❡s ❛♥❞ ❡st✐♠❛t❡ ✭✹✺✮ ✐♥t♦ ✭✹✸✮❀ ✐♥ t❤✐s ✇❛② ✇❡ ❛rr✐✈❡ ❛t t❤✐s ✐♥✐t✐❛❧
♣r♦❜❧❡♠

{

Φ′(t) ≤ c15 − c16Φ(t)
p

p−1 t ∈ (0, Tmax),

Φ(0) =
∫

Ω
up0,

✇❤❡r❡ Φ(t) :=
∫

Ω
up✱ c15 = c12 + p−1

p ❛♥❞ c16 = p−1
p (2c14)

p
1−p ✳ ❯❧t✐♠❛t❡❧②✱ ✇❡

❝♦♥❝❧✉❞❡ t❤❡ ❞❡♠♦♥str❛t✐♦♥ ❜② ❛♥ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ❛ ❝♦♠♣❛r✐s♦♥ ♣r✐♥❝✐♣❧❡ ✐♠♣❧②✐♥❣

Φ(t) ≤ max

{

Φ(0),

(

c15
c16

)

p−1
p

}

=: Cp ❢♦r ❛❧❧ t ∈ (0, Tmax).

�

❆s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❛❧❧ ♦❢ t❤❡ ❛❜♦✈❡ ♣r❡♣❛r❛t✐♦♥s✱ ✇❡ ✜♥❛❧❧② ❝❛♥ ♣r♦✈❡ ♦✉r
❝❧❛✐♠❡❞ st❛t❡♠❡♥t✿

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✳✶✳ ❋♦r n = 2 ❛♥❞ ❛♥② ♥♦♥♥❡❣❛t✐✈❡ 0 6≡ u0 ∈ C0(Ω̄)✱ ▲❡♠♠❛
✸✳✶ ♣r♦✈✐❞❡s ❛ ✉♥✐q✉❡ ❧♦❝❛❧✲✐♥✲t✐♠❡ ❝❧❛ss✐❝❛❧ s♦❧✉t✐♦♥ (u, v) t♦ ♣r♦❜❧❡♠ ✭✷✮✳ ❚❤❡r❡✲
❛❢t❡r✱ ❜② ✈✐rt✉❡ ♦❢ ▲❡♠♠❛ ✺✳✹✱ ❢♦r ❛❧❧ p ∈ (1, 2) r❡❧❛t✐♦♥ ✭✹✷✮ ✐s ❛❝❤✐❡✈❡❞✱ t❤❡♥
u ∈ L∞((0, Tmax);L

p(Ω)) ❛♥❞ ✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡ t❤r♦✉❣❤ ▲❡♠♠❛ ✹✳✶✳ �

✻✳ ◆✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ♥✉♠❡r✐❝❛❧❧② t❡st t❤❡ ♣r❡s❡♥t❡❞ t❤❡♦r❡t✐❝❛❧ r❡s✉❧ts ❜② s✐♠✉❧❛t✐♥❣
s②st❡♠ ✭✷✮ ✐♥ t✇♦ ❞✐♠❡♥s✐♦♥s❀ ❢♦r s✐♠♣❧✐❝✐t② ❛♥❞ ✇✐t❤ ♥♦ ♣♦ss✐❜✐❧✐t② ♦❢ ❝♦♥❢✉s✐♦♥✱ t❤❡
s♣❛t✐❛❧ ✈❛r✐❛❜❧❡ x = (x1, x2) ✐s ✐♥❞✐❝❛t❡❞ ✇✐t❤ (x, y)✳ ❋✉rt❤❡r✱ ✇❡ ✐♥✈❡st✐❣❛t❡ ✇❤❡t❤❡r
t❤❡ s♦❧✉t✐♦♥s ❛r❡✿ st❛t✐♦♥❛r② ✭t✐♠❡ ✐♥❞❡♣❡♥❞❡♥t✮ ❛♥❞ ❤♦♠♦❣❡♥❡♦✉s ✭s♣❛t✐❛❧❧② ✉♥✐✲
❢♦r♠ ❞❡♥s✐t②✮❀ st❛t✐♦♥❛r② ❛♥❞ ❤❡t❡r♦❣❡♥❡♦✉s ✭s♣❛t✐❛❧❧② ♥♦♥✲✉♥✐❢♦r♠ ❞❡♥s✐t②✮✱ ❜✉t
❜♦✉♥❞❡❞❀ ♦r s✉✛❡r ❢r♦♠ ❝❤❡♠♦t❛❝t✐❝ ❜❧♦✇✲✉♣ ✐♥ ✜♥✐t❡ t✐♠❡✳
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❙♣❡❝✐✜❝❛❧❧②✱ ✇❡ ✉s❡ ✜♥✐t❡ ❡❧❡♠❡♥t ♠❡t❤♦❞s t♦ s✐♠✉❧❛t❡ s②st❡♠ ✭✷✮ ✇✐t❤ ❛ ✈❛r✐❡t②
♦❢ ❢✉♥❝t✐♦♥s ❞❡✜♥✐♥❣ χ(v) ❛♥❞ g(u)✳ ❚❤❡ s♦❧✉t✐♦♥ ❛❧❣♦r✐t❤♠ ✐s ❜❛s❡❞ ♦♥ ❛♥ ❛❞❛♣t✐✈❡✱
✐♠♣❧✐❝✐t ❘✉♥❣❡✲❑✉tt❛ ✜♥✐t❡ ❡❧❡♠❡♥t ♠❡t❤♦❞ ✭s❡❡ ❬✶❪✮✳ ❚❤❡ s♣❛❝❡ Ω ✐s ❞❡✜♥❡❞ t♦
❜❡ t❤❡ ✐♥t❡r✐♦r ♦❢ t❤❡ [0, 0.1] × [0, 0.1] sq✉❛r❡✱ ♠❛❦✐♥❣ ∂Ω t❤❡ ❜♦✉♥❞❛r② ♦❢ t❤❡
sq✉❛r❡✳ ❚♦ s♦♠❡ ❡①t❡♥t t❤❡ s✐③❡ ♦❢ t❤❡ s♣❛❝❡ ✐s ❛r❜✐tr❛r② s✐♥❝❡ ✇❡ ❝❛♥ ✉s❡ ❛ ❧❛r❣❡r
❞♦♠❛✐♥✱ r❡s❝❛❧❡ t❤❡ s②st❡♠ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ s✐③❡ ❛♥❞✱ t❤✉s✱ r❡♣r♦❞✉❝❡ t❤❡ s❛♠❡
❞②♥❛♠✐❝s✳ ❍♦✇❡✈❡r✱ ❜❡❝❛✉s❡ ♦❢ ❛♥t✐❝✐♣❛t✐♥❣ ❧❛r❣❡ ❛♥❞ t❤✐♥ s♣✐❦❡ str✉❝t✉r❡s ✐♥ t❤❡
❝❡❧❧s✬ ❞❡♥s✐t② ✇❡ ❝❤♦♦s❡ t♦ s✐♠✉❧❛t❡ ❛ s♠❛❧❧ ❞♦♠❛✐♥✱ ✇❤✐❝❤ ❛❧❧♦✇s ✉s t♦ r❡s♦❧✈❡
s✉❝❤ s♠❛❧❧ ❤❡t❡r♦❣❡♥❡♦✉s s♦❧✉t✐♦♥s ♠♦r❡ ❛❝❝✉r❛t❡❧②✱ ✇✐t❤♦✉t ✐♥❝r❡❛s✐♥❣ t❤❡ ♦✈❡r❛❧❧
s✐♠✉❧❛t✐♦♥ ♠❡s❤ r❡s♦❧✉t✐♦♥✳

❋r♦♠ s②st❡♠ ✭✷✮ ✇❡ ✐♠♣♦s❡ t♦ t❤❡ ✉♥❦♥♦✇♥s u ❛♥❞ v t♦ s❛t✐s❢② ◆❡✉♠❛♥♥ ❝♦♥✲
❞✐t✐♦♥s ♦♥ t❤❡ ❜♦✉♥❞❛r②✳ ❚❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ ❢♦r u ✇❛s ❝❤♦s❡♥ t♦ ❜❡ ✉♥✐❢♦r♠
❝♦♥st❛♥t✱ ū✱ ♣❧✉s ♥♦✐s❡✱ t❤❛t ✐s

u(x, y, 0) = u0 = |ū+ ση(x, y)|,

✇❤❡r❡ η : Ω → [−1/2, 1/2] ✐s ❛ ❝♦♥t✐♥✉♦✉s ✉♥✐❢♦r♠❧② r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ❛♥❞ σ ✐s ❛
♣♦s✐t✐✈❡ ❝♦♥st❛♥t t❤❛t ❛❧❧♦✇s t❤❡ st♦❝❤❛st✐❝ ♣❡rt✉r❜❛t✐♦♥ t♦ ❜❡ s❝❛❧❡❞ ✇✐t❤ r❡s♣❡❝t
t♦ t❤❡ ♠❡❛♥ ✈❛❧✉❡ ū✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❡✈❡♥ t❤♦✉❣❤ v(x, y, 0) = v0 ✐s ♥♦t r❡q✉✐r❡❞
✐♥ s②st❡♠ ✭✷✮ ✭❡①❛❝t❧② ❜❡❝❛✉s❡ t❤❡ ❡q✉❛t✐♦♥ ❢♦r v ✐s ❡❧❧✐♣t✐❝✮✱ ✐♥ ♦r❞❡r t♦ r✉♥ t❤❡
❘✉♥❣❡✲❑✉tt❛ ✐t❡r❛t✐✈❡ ♠❡t❤♦❞ ❛♥ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ ❢♦r v ❤❛s t♦ ❜❡ ❛❧s♦ ❛ss✐❣♥❡❞✿
✐♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ t❛❦❡ v0 ❛s t❤❡ s♦❧✉t✐♦♥ ♦❢ −∆v0 + v0 = g(u0) ✉♥❞❡r ◆❡✉♠❛♥♥
❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✳

❙✐♥❝❡ ✇❡ ❛r❡ ❧♦♦❦✐♥❣ ❢♦r ❞✐✛❡r❡♥❝❡s ❜❡t✇❡❡♥ s♦❧✉t✐♦♥s t❤❛t ❛r❡ ❜♦✉♥❞❡❞✱ ✈❡rs✉s
t❤♦s❡ t❤❛t s✉✛❡r ❢r♦♠ ❜❧♦✇✲✉♣✱ ✐❢ ❛ s♦❧✉t✐♦♥ ✐s ❢♦✉♥❞ t♦ ✐♥❝r❡❛s❡ ✐♥❞❡✜♥✐t❡❧②✱ t❤❡♥
t❤❡ s❛♠❡ s✐♠✉❧❛t✐♦♥ ✇❛s r❡♣❡❛t❡❞ ✇✐t❤ ❛ ✜♥❡r ❞✐s❝r❡t✐s❛t✐♦♥ t♦ ❡♥s✉r❡ t❤❛t t❤✐s ♦✉t✲
❝♦♠❡ ✐s t❤❡ tr✉❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥✱ r❛t❤❡r t❤❛♥ ❛ ♥✉♠❡r✐❝❛❧ ❛rt❡❢❛❝t✳ ❙♣❡❝✐✜❝❛❧❧②✱
✇❤❡♥❡✈❡r ❛ s♦❧✉t✐♦♥ ✇❛s ♦❜s❡r✈❡❞ t♦ ❜❡ ❣r♦✇ ✇✐t❤♦✉t ❜♦✉♥❞✱ t❤❡ ❣r✐❞ ✇❛s r❡✜♥❡❞
t♦ ❤❛✈❡ t❡♥ t✐♠❡s ❛s ♠❛♥② ❡❧❡♠❡♥ts ❛s ♣r❡✈✐♦✉s❧② s✐♠✉❧❛t❡❞✱ t♦ ❡♥s✉r❡ t❤❡ ♦✉t❝♦♠❡✳
❆s ✇❡ ✇✐❧❧ s❡❡ ❧❛t❡r✱ s②st❡♠ ✭✷✮ ❝❛♥ s✉♣♣♦rt ❤❡t❡r♦❣❡♥❡♦✉s s♣✐❦❡ s♦❧✉t✐♦♥s ✐♥ t❤❡
❞❡♥s✐t✐❡s ♦❢ u✳ ❈r✐t✐❝❛❧❧②✱ ❛s ♣❛r❛♠❡t❡rs ♦❢ ✐♥t❡r❡st ❛r❡ ❛❧t❡r❡❞✱ t❤❡ s♣✐❦❡s ❞❡♥s✐t✐❡s
❜❡❝♦♠❡ ❧❛r❣❡r✱ ✇❤✐❧st t❤❡✐r s✉♣♣♦rt ❜❡❝♦♠❡s s♠❛❧❧❡r✳ ❆s t❤❡ s♣✐❦❡s t❡♥❞ t♦ t❤❡
❢♦r♠ ♦❢ ❛ δ✲❢✉♥❝t✐♦♥✱ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ ❝♦♥✈❡r❣❡♥❝❡ r❡q✉✐r❡s ✜♥❡r ❞✐s❝r❡t✐s❛t✐♦♥s
✐♥ ♦r❞❡r t♦ r❡s♦❧✈❡ t❤❡ s♣✐❦❡✬s s❤❛♣❡✳ ❍♦✇❡✈❡r✱ ❧✐♠✐t❛t✐♦♥s ✐♥ ❝♦♠♣✉t❡r ♠❡♠♦r②
❛♥❞ ♣r♦❝❡ss✐♥❣ ♣♦✇❡r ❧✐♠✐t t❤✐s ♣r♦❝❡❞✉r❡ ♦❢ r❡✜♥❡♠❡♥t✳ ❙✉❝❤ ❝❛s❡s ✇✐❧❧ ❜❡ ❝❧❡❛r❧②
❤✐❣❤❧✐❣❤t❡❞✳

❋✐❣✉r❡ ✶ ✐❧❧✉str❛t❡s ♦♥❡ ♦❢ t❤❡ r❡s✉❧ts ❞✐s❝✉ss❡❞ ✐♥ §✶✳✶✳ ❚♦ ❜❡ ♣r❡❝✐s❡✱ ✇❤❡♥
χ(v) = χ > 0✱ ❝♦♥st❛♥t✱ ❛♥❞ g(u) = u t❤❡♥ s♦❧✉t✐♦♥s ❜❧♦✇ ✉♣ ✐❢ t❤❡ ✐♥✐t✐❛❧ ♠❛ss
∫

Ω
u0 ❛♥❞ χ ❛r❡ s✉❝❤ t❤❛t χ

∫

Ω
u0 ✐s s✉✣❝✐❡♥t❧② ❧❛r❣❡✳ ❈r✐t✐❝❛❧❧②✱ ✇❤❡♥ χ = 103 ❛♥❞

ū = 10 ✭r✐❣❤t ✐♠❛❣❡ ♦❢ ❋✐❣✉r❡ ✶✮✱ t❤❡♥ u ❣r♦✇s t♦ ♦✈❡r 1010 ✐♥ ❧❡ss t❤❛♥ 10−5 t✐♠❡
✉♥✐ts✳ ❚❤❡ t❤r❡❡ s✐♠✉❧❛t✐♦♥s ❢r♦♠ t❤❡ ❧❡❢t ♦❢ ❋✐❣✉r❡ ✶ s❤♦✇ ✇❤❛t ❤❛♣♣❡♥s ✇❤❡♥
❡✐t❤❡r ✭♦r ❜♦t❤✮ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥✱ ū✱ ♦r t❤❡ s❡♥s✐t✐✈✐t② ❝♦❡✣❝✐❡♥t✱ χ✱ ✐s r❡❞✉❝❡❞
❜② ❛ ❢❛❝t♦r ♦❢ ✶✵✱ ♥❛♠❡❧② t❤❡ s♦❧✉t✐♦♥ r❛♣✐❞❧② ❝♦♥✈❡r❣❡s t♦ t❤❡ ❤♦♠♦❣❡♥❡♦✉s st❡❛❞②
st❛t❡✱

(us, vs) =

(

1

|Ω|

∫

Ω

u(x, y, 0), g(us)

)

.

■♥ ❋✐❣✉r❡ ✷ ✇❡ s✐♠✉❧❛t❡ s②st❡♠ ✭✷✮ ❛❣❛✐♥✱ ❜✉t t❤✐s t✐♠❡ ✇✐t❤ g(u) = (1 + u)1/2✳
■♥✐t✐❛❧❧②✱ ✇❡ s✐♠✉❧❛t❡❞ t❤✐s ♥❡✇ s②st❡♠ ✉s✐♥❣ t❤❡ s❛♠❡ ♣❛r❛♠❡t❡rs✱ ū✱ σ ❛♥❞ χ✱ ❛s
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❋✐❣✉r❡ ✶✳ ❚r❛❝❦✐♥❣ t❤❡ ♠❛①✐♠✉♠ ✈❛❧✉❡ ♦❢ u ♦♥ Ω̄ ❢r♦♠ s✐♠✲
✉❧❛t✐♦♥s ♦❢ s②st❡♠ ✭✷✮ ✇✐t❤ g(u) = u ❛♥❞ χ(v) = χ❀ ✐t ✐s s❡❡♥
t❤❛t t❤❡ ❞❛t❛ ū ❛♥❞ χ ❤❛✈❡ t♦ ♣r♦❞✉❝❡ ❛ ❧❛r❣❡ ❡♥♦✉❣❤ ✈❛❧✉❡ ♦❢
χ
∫

Ω
u0 ❢♦r ❜❧♦✇✲✉♣ t♦ ♦❝❝✉r✳ ❋r♦♠ t❤❡ ❧❡❢t✱ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s

❛r❡ ū = 1, 1, 10, 10 ❛♥❞ χ = 102, 103, 102, 103✳ ❚❤r♦✉❣❤♦✉t ❛❧❧
s✐♠✉❧❛t✐♦♥s σ = 1✳ ◆♦t❡ t❤❛t t❤❡ s❝❛❧❡s ♦♥ t❤❡ ✜rst t❤r❡❡ ♣❧♦ts
❛r❡ ✉♥✐❢♦r♠❧② s❝❛❧❡❞✱ ✇❤✐❧❡ t❤❡ ❢♦✉rt❤ ♣❧♦t ✭t❤❡ r✐❣❤t ♠♦st✮ ✉s❡s
❛ ❧♦❣❛r✐t❤♠✐❝ s❝❛❧❡ ❢♦r t❤❡ ✈❡rt✐❝❛❧ ❛①✐s ✭✐✳❡✳ max(u)✮✱ ❡①❛❝t❧② t♦
✐❧❧✉str❛t❡ t❤❡ ✉♥❜♦✉♥❞❡❞ ❣r♦✇t❤ ♦❢ t❤❡ s♦❧✉t✐♦♥✳

t❤♦s❡ s♣❡❝✐✜❡❞ ✐♥ ❋✐❣✉r❡ ✶ ✭❞❛t❛ ♥♦t s❤♦✇♥✮ ❛♥❞ q✉✐❝❦❧② r❡❛❧✐s❡❞ t❤❛t t❤❡ s✐♠✉❧❛✲
t✐♦♥s ♥♦ ❧♦♥❣❡r s✉❝❝✉♠❜❡❞ t♦ ❜❧♦✇✲✉♣✱ r❛t❤❡r ❡❛❝❤ ✈❛r✐❛❜❧❡ (u, v) ❝♦♥✈❡r❣❡❞ t♦ ❛
✜♥✐t❡ st❛t✐♦♥❛r② ❞✐str✐❜✉t✐♦♥✳ ❋✐❣✉r❡ ✷ ❞❡♠♦♥str❛t❡s ✇❡ ❛r❡ ❛❜❧❡ t♦ ✐♥❝r❡❛s❡ ū ❛♥❞
χ ✇✐t❤♦✉t ❢❡❛r ♦❢ ❜❧♦✇✲✉♣✳ ❍♦✇❡✈❡r✱ ✐♥❝r❡❛s✐♥❣ t❤❡s❡ t✇♦ ♣❛r❛♠❡t❡rs ❧❡❛❞s t♦ t❤❡
✉♥✐❢♦r♠ st❡❛❞② st❛❜❧❡ ❜❡✐♥❣ ❞r✐✈❡♥ ✉♥st❛❜❧❡✱ t❤✉s✱ t❤❡ s②st❡♠ ❡✈♦❧✈❡s t♦ ❛ st❛❜❧❡✱
❜♦✉♥❞❡❞ ❤❡t❡r♦❣❡♥❡♦✉s ❞❡♥s✐t②✳

✭❛✮ ✭❜✮ ✭❝✮

❋✐❣✉r❡ ✷✳ ❙✐♠✉❧❛t✐♥❣ s②st❡♠ ✭✷✮ ✇✐t❤ g(u) = (1 + u)1/2 ❛♥❞
χ(v) = χ ❛♥❞ ✐♥❞✐❝❛t✐♥❣ t❤❛t ❜❧♦✇✲✉♣ ❞♦❡s ♥♦t ❛♣♣❡❛r t♦ ♦❝❝✉r✱
❜✉t ❤❡t❡r♦❣❡♥❡♦✉s s♣❛t✐❛❧ s♦❧✉t✐♦♥s ❛r❡ ♣♦ss✐❜❧❡✳ P❛r❛♠❡t❡rs ❛r❡
✭❛✮ ū = σ = 1✱ χ = 104✱ ✭❜✮ ū = σ = 10✱ χ = 103 ❛♥❞ ✭❝✮
ū = σ = 100✱ χ = 103✳ ❉✉❡ t♦ ❞✐✛❡r✐♥❣ s❝❛❧❡s ❡❛❝❤ s✉❜✜❣✉r❡ ❤❛s
✐ts ♦✇♥ ❝♦❧♦✉r ❜❛r s♣❡❝✐❢②✐♥❣ t❤❡ s♦❧✉t✐♦♥ ❞❡♥s✐t②✳ ❊❛❝❤ ✐♠❛❣❡ ✐s
t❛❦❡♥ ❛t t = 100✱ ❛t ✇❤✐❝❤ ♣♦✐♥t t❤❡ s✐♠✉❧❛t✐♦♥s ❛r❡ s❡❡♥ t♦ ❤❛✈❡
st♦♣♣❡❞ ❡✈♦❧✈✐♥❣✳

❆s s♣❡❝✐✜❡❞ ❛❜♦✈❡✱ ✐♥❝r❡❛s✐♥❣ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥✱ ū✱ ❛♥❞✴♦r t❤❡ ✈❛❧✉❡ ♦❢ t❤❡
s❡♥s✐t✐✈✐t②✱ χ✱ ❝❛✉s❡s t❤❡ s♣✐❦❡ s♦❧✉t✐♦♥ t♦ ❜❡❝♦♠❡ s❤❛r♣❡r✱ ❣✐✈✐♥❣ ♣r♦❜❧❡♠s ✇✐t❤
♥✉♠❡r✐❝❛❧ ❝♦♥✈❡r❣❡♥❝❡ ❛s t❤❡ ✈❛❧✉❡s ❛r❡ ✐♥❝r❡❛s❡❞✳ ❚❤✉s✱ ❛❧t❤♦✉❣❤ t❤❡ s✐♠✉❧❛t❡❞
s♦❧✉t✐♦♥s ❜❡❣✐♥ t♦ ❣r♦✇ ❛s ū ❛♥❞ χ ❛r❡ ❡♥❧❛r❣❡❞✱ t❤✐s ✐s ♣r♦❜❛❜❧② ❛♥ ✐ss✉❡ ♦❢ t❤❡
♥✉♠❡r✐❝❛❧ r❡s♦❧✉t✐♦♥✱ r❛t❤❡r t❤❛♥ ❛♥ ❛♥❛❧②t✐❝❛❧ s✐♥❣✉❧❛r✐t②✳
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◆❡①t✱ ✐♥ ❋✐❣✉r❡ ✸✱ ✇❡ s❤♦✇ t❤❛t t❤❡ s♦❧✉t✐♦♥s ❛r❡ ❜♦✉♥❞❡❞ ❡✈❡♥ ✇❤❡♥ χ(v) ✐s
❝❤♦s❡♥ t♦ ❜❡ ♥♦♥✲tr✐✈✐❛❧✳ ❋✉rt❤❡r✱ ❢♦r t❤❡ s❛♠❡ ♣❛r❛♠❡t❡r ✈❛❧✉❡s✱ ❝❤❛♥❣✐♥❣ ❜❡t✇❡❡♥
χ(v) = χ/v ❛♥❞ χ(v) = χ log(v) ❛❧s♦ ❝❛✉s❡s t❤❡ s✐♠✉❧❛t✐♦♥s t♦ ❛❧t❡r ❜❡t✇❡❡♥ ❛
❤♦♠♦❣❡♥❡♦✉s s♦❧✉t✐♦♥ ❛♥❞ ❛ ❤❡t❡r♦❣❡♥❡♦✉s s♦❧✉t✐♦♥ ✭❝♦♠♣❛r❡ ✜❣✉r❡s ✸✭❛✮ ❛♥❞ ✸✭❜✮✮✳

✭❛✮ ✭❜✮

❋✐❣✉r❡ ✸✳ ❙✐♠✉❧❛t✐♥❣ s②st❡♠ ✭✷✮ ✇✐t❤ g(u) = (1 + u)1/2 ❛♥❞ ✭❛✮
χ(v) = χ/v ❛♥❞ ✭❜✮ χ(v) = χ log(v)✱ s❤♦✇✐♥❣ t❤❛t ❜❧♦✇✲✉♣ ❞♦❡s ♥♦t
❛♣♣❡❛r t♦ ♦❝❝✉r ❡✈❡♥ ✇❤❡♥ χ(v) ✐s ♥♦t ❝♦♥st❛♥t✳ P❛r❛♠❡t❡rs ❛r❡
ū = 100✱ χ = 104 ❛♥❞ σ = 10✳ ❉✉❡ t♦ ❞✐✛❡r✐♥❣ s❝❛❧❡s ❡❛❝❤ s✉❜✜❣✉r❡
❤❛s ✐ts ♦✇♥ ❝♦❧♦✉r ❜❛r s♣❡❝✐❢②✐♥❣ t❤❡ s♦❧✉t✐♦♥ ❞❡♥s✐t②✳ ◆♦t❡ t❤❛t
✐♥ ✭❜✮✱ ❜② ✈✐rt✉❡ ♦❢ ✭✶✷✮ ▲❡♠♠❛ ✸✳✶✱ t❤❡ ❞❛t❛ ❛r❡ t❛❦❡♥ ✐♥ ❛ s✉❝❤
✇❛② t❤❛t v > 1✱ s♦ t❤❛t χ(v) > 0 t❤r♦✉❣❤♦✉t t❤❡ s✐♠✉❧❛t✐♦♥✳ ❊❛❝❤
✐♠❛❣❡ ✐s t❛❦❡♥ ❛t t = 100✱ ❛t ✇❤✐❝❤ ♣♦✐♥t t❤❡ s✐♠✉❧❛t✐♦♥s ❛r❡ s❡❡♥
t♦ ❤❛✈❡ st♦♣♣❡❞ ❡✈♦❧✈✐♥❣✳

■♥✐t✐❛❧❧②✱ ❛♥❞ ✐♥ ❛❝❝♦r❞❛♥❝❡ t♦ t❤❡ t❤❡♦r❡t✐❝❛❧ r❡s✉❧ts✱ ♦✉r s✐♠✉❧❛t✐♦♥s ❝♦rr♦❜♦✲
r❛t❡❞ t❤❛t ✐❢ g(u) = u t❤❡ s♦❧✉t✐♦♥ ❝♦✉❧❞ ❜❡❝♦♠❡ ✉♥❜♦✉♥❞❡❞✱ ✇❤❡r❡❛s t❤❡ ❣❧♦❜❛❧
❜♦✉♥❞❡❞♥❡ss ✐s ❣✉❛r❛♥t❡❡❞ ✇❤❡♥ g(u) = (1 + u)1/2✳ ❚❤✉s✱ ❛ ♥❛t✉r❛❧ q✉❡st✐♦♥ ❝♦♥✲
s✐sts ✐♥ ❛♥❛❧②s✐♥❣ t❤❡ ♣♦ss✐❜❧❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ❝r✐t✐❝❛❧ ❡①♣♦♥❡♥t✱ β ✐♥ g(u) = (1+u)β ✱
✉♥❞❡r ✇❤✐❝❤ s②st❡♠ ✭✷✮ ❛❞♠✐ts st❛t✐♦♥❛r② ❛♥❞ ❤♦♠♦❣❡♥❡♦✉s✱ st❛t✐♦♥❛r② ❛♥❞ ❤❡t✲
❡r♦❣❡♥❡♦✉s✱ ❜✉t ❜♦✉♥❞❡❞✱ ♦r ✭❡✈❡♥✮ ✉♥❜♦✉♥❞❡❞ s♦❧✉t✐♦♥s✿ t❤✐s ✐s ❛❞❞r❡ss❡❞ ✐♥ t❤❡
❡①❛♠♣❧❡s ✐♥❝❧✉❞❡❞ ✐♥ ❋✐❣✉r❡ ✹✳ ❙✉♣♣♦s❡ χ(v) = χ > 0 ❛♥❞ ♣❛r❛♠❡t❡rs ❢♦r t❤❡ ❞❛t❛
ū ❛♥❞ χ ❛r❡ ❝❤♦s❡♥ s✉❝❤ t❤❛t ♦♥❧② t❤❡ s✐♠✉❧❛t✐♦♥ t❡♥❞s t♦ ❛ ❤♦♠♦❣❡♥❡♦✉s st❡❛❞②
st❛t❡✿ t❤❡♥ ❛ s✐♠♣❧❡ ♣❛r❛♠❡t❡r s✇❡❡♣ s✉❣❣❡sts t❤❛t β ≈ 1 ✐s t❤❡ ❜✐❢✉r❝❛t✐♦♥ ♣♦✐♥t
✭❞❛t❛ ♥♦t s❤♦✇♥✮✳ ❍♦✇❡✈❡r✱ ✐❢ t❤❡ ♣❛r❛♠❡t❡rs ❛r❡ ❝❤♦s❡♥ s✉❝❤ t❤❛t s♣✐❦❡ s♦❧✉t✐♦♥s
❡①✐st✱ t❤❡♥ t❤❡ ♠❛①✐♠✉♠ ✈❛❧✉❡s ♦❢ t❤❡ s♣✐❦❡s ❣r♦✇ ❛s β ✐♥❝r❡❛s❡s✱ ❛s s❤♦✇♥ ✐♥
❋✐❣✉r❡ ✹✭❛✮✳ ❍❡r❡✱ ✇❡ s❡❡ t❤❛t ✐❢ β ≤ 2/5 ♦♥❧② t❤❡ ❤♦♠♦❣❡♥❡♦✉s s♦❧✉t✐♦♥ ✐s ❢♦✉♥❞✱
✇❤❡r❡❛s✱ ❢♦r β ≥ 2/5 ❛ ❤❡t❡r♦❣❡♥❡♦✉s s♦❧✉t✐♦♥ ❛♣♣❡❛rs✳ ◆♦t❛❜❧②✱ t❤❡ s♣✐❦❡s ❜❡❝♦♠❡
♥✉♠❡r✐❝❛❧❧② ✉♥st❛❜❧❡ ❢♦r β ≈ 0.76✳ ❆❣❛✐♥✱ t❤✐s ♠❛② ❜❡ ❞✉❡ t♦ t❤❡ ❝♦❛rs✐t② ♦❢ t❤❡
✉♥❞❡r❧②✐♥❣ ♠❡s❤ tr②✐♥❣ t♦ r❡s♦❧✈❡ t❤❡ ❧❛r❣❡✱ ❜✉t t❤✐♥ s♣✐❦❡s ✭♥♦t❡ t❤❛t t❤❡ ✈❡rt✐❝❛❧
❛①❡s ✐♥ ❋✐❣✉r❡ ✹ ❛r❡ ❧♦❣❛r✐t❤♠✐❝✮✳ ❚❤❡s❡ s✐♠✉❧❛t✐♦♥s ❝❛♥ ❜❡ ❝♦♠♣❛r❡❞ ✇✐t❤ t❤♦s❡
s❡❡♥ ✐♥ ❋✐❣✉r❡ ✹✭❜✮✱ ✇❤❡r❡ χ(v) = χ/v✳ ❙♣❡❝✐✜❝❛❧❧②✱ ❛❧t❤♦✉❣❤ ✇❡ s❡❡ ❛ ❞✐s❝♦♥t✐♥✉✲
♦✉s ❥✉♠♣ ❜❡t✇❡❡♥ t❤❡ ❤♦♠♦❣❡♥❡♦✉s ❛♥❞ ❤❡t❡r♦❣❡♥❡♦✉s s♦❧✉t✐♦♥ ❜r❛♥❝❤❡s ❛t ❛r♦✉♥❞
β = 0.64 ✭s✉❣❣❡st✐♥❣ ❛ s✉❜❝r✐t✐❝❛❧ ❜✐❢✉r❝❛t✐♦♥✮✱ ✇❡ ♥♦t❡ t❤❛t t❤❡ ♠❛①✐♠✉♠ ✈❛❧✉❡ ♦❢
u ❞♦❡s ♥♦t ❛♣♣❡❛r t♦ ✐♥❝r❡❛s❡ ♠✉❝❤ ❜❡②♦♥❞ 107✳ ❚❤✉s✱ ❞❡s♣✐t❡ t❤❡ s②st❡♠ ❤❛✈✐♥❣
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❛ s♣✐❦❡ s♦❧✉t✐♦♥✱ t❤❡ ♥♦♥✲tr✐✈✐❛❧ s❡♥s✐t✐✈✐t② ♣r♦❞✉❝❡s ❛ s♦rt ♦❢ ✏❝♦♥tr♦❧❧✐♥❣ ❡✛❡❝t✑ ♦♥
t❤❡ ❣r♦✇t❤ ♦❢ t❤❡ ❝❡❧❧s✬ ❞✐str✐❜✉t✐♦♥✱ u✱ ❡✈❡♥ ❢♦r β > 1✳

✭❛✮ ✭❜✮

❋✐❣✉r❡ ✹✳ ❙✐♠✉❧❛t✐♥❣ s②st❡♠ ✭✷✮ ✇✐t❤ g(u) = (1 + u)β ✇✐t❤
✐♥❝r❡❛s✐♥❣ β ❛♥❞ ✭❛✮ χ(v) = χ = 103 ❛♥❞ ✭❜✮ χ = χ/v = 104/v✳
❋✉rt❤❡r✱ ✐♥ ✭❛✮ ū = 10 ❛♥❞ σ = 1 ❛♥❞ ✐♥ ✭❜✮ ū = 100 ❛♥❞ σ = 10✳
■♥ ✭❛✮ t❤❡ ♠❛①✐♠✉♠ ✈❛❧✉❡ ♦❢ u ❛♣♣❡❛rs t♦ ✐♥❝r❡❛s❡ ❝♦♥t✐♥✉♦✉s❧②
✇✐t❤ β✱ ✇❤✐❧st ✐♥ ✭❜✮ t❤❡ ❞✐s❝♦♥t✐♥✉♦✉s ❥✉♠♣ ❢r♦♠ max(u) = 100
❛t β = 0.64 t♦ max(u) > 106 ❛t β = 0.65 ✐❧❧✉str❛t❡s t❤❛t t❤❡r❡ ✐s
❛ ❜✐❢✉r❝❛t✐♦♥ ♣♦✐♥t s♦♠❡✇❤❡r❡ ✐♥ t❤❡ ✐♥t❡r✈❛❧ β ∈ [0.6, 0.7]✳ ❊❛❝❤
s✐♠✉❧❛t✐♦♥ ✇❛s r✉♥ t♦ t = 100✱ ❛t ✇❤✐❝❤ ♣♦✐♥t t❤❡ s✐♠✉❧❛t✐♦♥s ❤❛❞
r❡❛❝❤❡❞ st❡❛❞② st❛t❡✳

❖✈❡r ❛❧❧ ♦✉r s✐♠✉❧❛t✐♦♥s ♠❛t❝❤ t❤❡ ❛♥❛❧②t✐❝❛❧ ✐♥s✐❣❤ts✱ ✐♥ t❤❡ r❛♥❣❡s t❤❛t ❛r❡
♥✉♠❡r✐❝❛❧❧② ❢❡❛s✐❜❧❡✳ ❙♣❡❝✐✜❝❛❧❧②✱ ✇❡ ❤❛✈❡ s❤♦✇♥ t❤❛t t❤❡ ❣❡♥❡r❛❧ ♣r♦♣❡rt✐❡s ♦❢
s♦❧✉t✐♦♥s t♦ s②st❡♠ ✭✷✮ ❤❡❛✈✐❧② ❞❡♣❡♥❞ ♦♥ t❤❡ ❢♦r♠ ♦❢ g(u) ❛♥❞ χ(v)✳ ❖✉r ♥✉♠❡r✐❝❛❧
s♦❧✉t✐♦♥s ❛❧s♦ ✐❧❧✉str❛t❡ t❤❡ ♥❡❡❞ ❢♦r t❤❡ ♣r❡s❡♥t❡❞ t❤❡♦r❡t✐❝❛❧ r❡s✉❧ts✱ ✇❤✐❝❤ ❝♦♥✜r♠
t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ ❜♦✉♥❞❡❞♥❡ss ♦❢ s♦❧✉t✐♦♥s✳ ◆❛♠❡❧②✱ s✐♥❝❡ s❤❛r♣❧② ♣❡❛❦❡❞ s♦❧✉t✐♦♥s
❛r❡ ✈❡r② ❞✐✣❝✉❧t t♦ ♥✉♠❡r✐❝❛❧❧② r❡s♦❧✈❡✱ ❞✉❡ t♦ ❞✐s♣❛r❛t❡ s❝❛❧❡s ✇✐t❤✐♥ t❤❡ s②st❡♠✱
t❤❡ t❤❡♦r❡t✐❝❛❧ ❛♥❛❧②s✐s ✐s r❡q✉✐r❡❞ t♦ ✐♥❢♦r♠ ✉s ❛s t♦ t❤❡ ❛❝❝✉r❛❝② ♦❢ ♦✉r ♥✉♠❡r✐❝❛❧
s❝❤❡♠❡s✳

❆❝❦♥♦✇❧❡❞❣♠❡♥ts✳ ●❱ ✐s ♠❡♠❜❡r ♦❢ t❤❡ ●r✉♣♣♦ ◆❛③✐♦♥❛❧❡ ♣❡r ❧✬❆♥❛❧✐s✐ ▼❛t❡♠✲
❛t✐❝❛✱ ❧❛ Pr♦❜❛❜✐❧✐tà ❡ ❧❡ ❧♦r♦ ❆♣♣❧✐❝❛③✐♦♥✐ ✭●◆❆▼P❆✮ ♦❢ t❤❡ ■st✐t✉t♦ ◆❛③✐♦♥❛❧❡
❞✐ ❆❧t❛ ▼❛t❡♠❛t✐❝❛ ✭■◆❞❆▼✮ ❛♥❞ ✐s ♣❛rt✐❛❧❧② s✉♣♣♦rt❡❞ ❜② t❤❡ r❡s❡❛r❝❤ ♣r♦❥❡❝t
■♥t❡❣r♦✲❞✐✛❡r❡♥t✐❛❧ ❊q✉❛t✐♦♥s ❛♥❞ ◆♦♥✲▲♦❝❛❧ Pr♦❜❧❡♠s✱ ❢✉♥❞❡❞ ❜② ❋♦♥❞❛③✐♦♥❡ ❞✐
❙❛r❞❡❣♥❛ ✭✷✵✶✼✮✳

❘❡❢❡r❡♥❝❡s

❬✶❪ ❯✳ ▼✳ ❆s❝❤❡r✱ ❙✳ ❏✳ ❘✉✉t❤✱ ❛♥❞ ❘✳ ❏✳ ❙♣✐t❡r✐✳ ■♠♣❧✐❝✐t✲❡①♣❧✐❝✐t ❘✉♥❣❡✲❑✉tt❛ ♠❡t❤♦❞s ❢♦r
t✐♠❡✲❞❡♣❡♥❞❡♥t ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s✳ ❆♣♣❧✳ ◆✉♠❡r✳ ▼❛t❤✳✱ ✷✺✭✷✲✸✮✿✶✺✶✕✶✻✼✱ ✶✾✾✼✳

❬✷❪ ◆✳ ❇❡❧❧♦♠♦✱ ❆✳ ❇❡❧❧♦✉q✉✐❞✱ ❨✳ ❚❛♦✱ ❛♥❞ ▼✳ ❲✐♥❦❧❡r✳ ❚♦✇❛r❞ ❛ ♠❛t❤❡♠❛t✐❝❛❧ t❤❡♦r② ♦❢ ❑❡❧❧❡r✕
❙❡❣❡❧ ♠♦❞❡❧s ♦❢ ♣❛tt❡r♥ ❢♦r♠❛t✐♦♥ ✐♥ ❜✐♦❧♦❣✐❝❛❧ t✐ss✉❡s✳ ▼❛t❤✳ ▼♦❞❡❧s ▼❡t❤♦❞s ❆♣♣❧✳ ❙❝✐✳✱
✷✺✭✵✾✮✿✶✻✻✸✕✶✼✻✸✱ ✷✵✶✺✳
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