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Abstract. We study the existence of solutions for overdetermined PDE
systems that admit prolongation to a complete system. We reduce the

problem to a Pfaffian system on a submanifold of the jet space of unknown

functions and then express the integrability conditions in terms of the
coefficients of the original system. As possible applications we present

some local problems in CR geometry: determining the CR embeddibility
into spheres and the existence of infinitesimal CR automorphisms.

Introduction.
Let u = (u1, . . . , uq) be a system of real-valued functions of indepen-

dent variables x = (x1, . . . , xp). Consider an over-determined system of
partial differential equations of order m:

∆λ(x, u(m)) = 0, λ = 1, · · · `,

where u(m) denotes the partial derivatives of u of order up to m and
each ∆λ is a smooth (C∞) functions in the arguments. Generically, after
differentiating the system sufficiently many times one can solve for all the
partial derivatives of u of a certain order, say k, as smooth functions in
(x, u(k−1)). This is the case where the non-degeneracy condition of the
implicit function theorem holds when we solve for all the partial derivatives
of u of order k as

uα
K = Hα

K(x, u(k−1)),

for all α = 1, . . . , q, and for all multi-indices K with |K| = k, which we
call a complete system or order k, see §2. We shall discuss the existence of
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solutions of overdetermined PDE systems from which a complete system
can be obtained. Recently, K. Yamaguchi and T. Yatsui studied in [YY]
the geometry of the plane field defined by a compete system of order k
in the space of the (k − 1)th jets from the viewpoint of Tanaka’s theory
of graded Lie algebra. In this paper we observe that the solutions of the
original system are in one-to-one correspondence with integral manifolds
of n-dimensional plane field defined on a submanifold of the (k − 1)th jet
space. We investigate the existence of solutions by a process of repeated
application of the Frobenius theorem. This paper consists of the following
sections:

1. Pfaffian system with independence condition.
2. Local solvability for generic over-determined PDE systems.
3. Some local problems in CR geometry.

§1. Pfaffian system with independence condition. In this section
we review some of the classical existence theory for the exterior differential
systems. For the details we refer to [BCGGG] and [GJ]. Let M be a
smooth manifold of dimension n. Let

θ1, . . . , θs, ω1, . . . , ωp, s + p ≤ n

be smooth 1-forms that are linearly independent. We are concerned with
the problem of finding a submanifold of dimension p on which

(1.1) θα = 0, α = 1, . . . , s (Pfaffian system)

and

(1.2) Ω := ω1 ∧ . . . ∧ ωp 6= 0 (independence condition).

A submanifold N of M on which (1.1) holds is called an integral manifold.
On an integral manifold N we have θα = 0, which implies that dθa = 0 for
each α = 1, . . . , s. We want to construct a sequence of integral manifolds

{x} = N0 ⊂ N1 ⊂ · · · ⊂ Np−1 ⊂ Np,

so that (1.2) holds on Np. For each q = 1, . . . , p− 1, Nq may be obtained
by integrating the possible tangent spaces that we define as follows:
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Definition 1.1. Let Gq(M) be the Grassmann bundle of q-dimensional
planes tangent to M . E ∈ Gq(M) is called a q-dimensional integral ele-
ment of (1.1) if

(1.3) θα = 0, dθα = 0

on E. By Vq we denote the set of all q-dimensional integral elements, for
q = 1, . . . , p − 1 and by Vp the set of p-dimensional integral elements on
which Ω 6= 0.

Now let I be the ideal generated by θα, dθα, α = 1, . . . , s, of the ring
of differential forms on M and for each integer q = 0, 1, . . . let Iq be the
submodule of I consisting of q-forms. Given an integral element Eq ∈ Vq

with a basis {e1, . . . , eq} for Eq its polar equations are linear equations
for the subspace of all v ∈ TxM such that

< φ(x), e1 ∧ · · · ∧ eq ∧ v >= 0, ∀φ ∈ Iq+1.

This is the subspace of T ∗M

{(e1 ∧ · · · ∧ eq)yφ : φ ∈ Iq+1}.

A p-dimensional integral element Ep is said to admit a regular flag if there
exists a sequence of integral elements

(0) = E0 ⊂ E1 ⊂ · · · ⊂ Ep

where each Eq, q = 0, 1, . . . , p, is a smooth point of Vq and polar equations
are of constant rank. We have

Theorem 1.2 (Cartan-Kähler). Suppose that M is an analytic (Cω)
manifold and that each 1-form θα, ωi in (1.1)-(1.2) is Cω. Suppose further
that an integral element (x, E) ∈ Vp admits a regular flag

(0) = E0 ⊂ E1 ⊂ · · · ⊂ Ep = E.

Then there exists a (Cω) integral manifold N passing through x with
TxN = E.

The proof is a repeated application of the Cauchy-Kowalewski theorem
to construct a sequence of integral namifolds: we construct Nq+1 from
Nq by solving a determined PDE system of Cauchy-Kowalewski type.
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(1.1)-(1.2) are said to be involutive if each (x,E) ∈ Vp admits a regular
flag. Given a Pfaffian system (1.1) with independence condition (1.2) on
a manifold M , the existence of solutions can be shown by the following
two processes:

i) Reduction of the problem to a submanifold M ′ ⊂ M .
ii) Prolongation to an involutive system.

Let M ′ be the image of the projection π : Vp → M. We assume M ′ is
a manifold. If M ′ 6= M an integral manifold must lie in M ′, so we set

V ′
p := {(x,E) ∈ Vp : E ⊂ TxM ′}.

Let M ′′ be the image of π : V ′
p → M ′. If M ′′ 6= M ′, let

V ′′
p := {(x,E) ∈ V ′

p : E ⊂ TxM ′′}.

Eventually, we arrive at either empty set or else at M̃ with π : Ṽp → M̃
surjective.

Now assume π : Vp → M is surjective. The first prolongation of the
Pfaffian system (1.1)-(1.2) is the restriction to M (1) := Vp ⊂ Gp(M) of
the canonical Pfaffian system on Gp(M), which is given in terms of local
coordinates as follows: Let x1, . . . , xp, y1, . . . , yn−p be local coorninates
of M with dx1 ∧ · · · ∧dxp 6= 0 on E ∈ Gp(M). Let dyα =

∑p
ρ=1 zα

ρ dxρ, on
E. Then zα

ρ are fibre coordinates of Gp(M) and the canonical system is

dyα −
p∑

ρ=1

zα
ρ dxρ.

Now we complete {θ1, · · · , θs, ω1, · · · , ωp} to a coframe of M by choosing
additional 1−forms π1, . . . , πr. Any element (x, E) ∈ Gp(M) for which
ω1 ∧ · · · ∧ ωp 6= 0 has equation

θα = mα
ρ ωρ, πε = `ε

ρω
ρ,

where mα
ρ , `ε

ρ are local fibre coordinates and the summation convention is
used for ρ = 1, . . . , p. Then the canonical Pfaffian system with indepen-
dence condition on Gp(M) is

θα −mα
ρ ωρ = 0 (summation convention)

πε − `ε
ρω

ρ = 0 (summation convention)

Ω := ω1 ∧ · · ·ωp 6= 0.
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Set

dθα =
1
2
aα

εδπ
ε∧πδ+bα

ερπ
ε∧ωρ+

1
2
cα
ρσωρ∧ωσ (summation convention), mod θ,

where aα
εδ = −aα

δε and cα
ρσ = −cα

σρ. Then on an open subset of Gp(M) on
which Ω 6= 0 Vp is given by θα = 0, and dθα = 0, which is equivalent to

(1.4)
mα

ρ = 0

aα
εδ(`

ε
ρ`

δ
σ − `ε

σ`δ
ρ) + (bα

εσ`ε
ρ − bα

ερ`
ε
σ) + cα

ρσ = 0,

∀α = 1, · · · , s, ∀ρ, σ = 1, · · · , p. (1.4) defines locally M (1) = Vp ⊂
Gp(M). Then the first prolongation of (1.1)-(1.2) on M (1) is

θα = 0, a = 1, · · · , s

πε − `ε
ρω

ρ = 0, ε = 1, · · · , r

Ω 6= 0.

A basic fact in the theory of prolongation is that the integral manifolds
of (1.1)-(1.2) are in one-to-one correspondence with the integral manifolds
of the first prolongation. Inductively, we define the n-th prolongation of
(1.1) by the first prolongation of the (n − 1)th prolongation. In analytic
category one can determine the existence of solutions by a finite number
of prolongations thanks to the following theorem:

Theorem 1.3 (Cartan-Kuranishi). Given a Pfaffian system (1.1)-
(1.2) on M there exists a non-negative integer q0 such that the q-th (q ≥
q0) prolongation are involutive under a generic regularity assumption.

In this paper we study C∞ systems for the special case where

θ1, · · · , θs, ω1, · · · , ωp

form a coframe for M , that is, the case when s + p = n. In this case the
following are equivalent:

i) Involutivity
ii) There exists an integral element through each x ∈ M .
iii) π : Vp → M is surjective.
iv) dθα = 0, mod θ (Frobenius integrability condition).
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§2 Local solvability for generic over-determined PDE systems. In
this section we study the existence of solutions for the over-determined
PDE systems that admit prolongation to a complete system. We work in
C∞ category.

Let u = (u1, · · · , uq) be a system of real-valued functions of indepen-
dent variables x = (x1, · · · , xp). Consider a system of partial differential
equations of order m

(2.1) ∆λ(x, u(m)) = 0, λ = 1, · · · `,

where u(m) denotes all the partial derivatives of u of order up to m. We
assume that (2.1) is over-determined, that is, ` > q. A multi-index of order
r is an unordered r-tuple of integers J = (j1, · · · , jr) with 1 ≤ js ≤ p. The
order of a multi-index J is denoted by |J |. By uα

J we denote the |J |-th
order partial derivative of uα with respect to xj1 , · · · , xj|J| . For a smooth
function ∆(x, u(m)), the total derivative of ∆ with respect to xi is the
function in the arguments (x, u(m+1)) defined by the chain rule:

Di∆ =
∂∆
∂xi

+
q∑

α=1

∑
|J|≤m

∂∆
∂uα

J

uα
Ji,

where Ji denotes the multi-index (j1, · · · , j|J|, i). Compatibility condi-
tions are those equations obtained from (2.1) by differentiation and alge-
braic operations, that is, the ideal generated by ∆ and the total derivatives
of ∆. (2.1) is said to admit a complete prolongation if the compatibility
conditions determine all the partial derivatives of u of a sufficiently high
order, say k(k ≥ m), as functions of derivatives of lower order, namely,

(2.2) uα
K = Hα

K(x, u(k−1)),

for all multi-index K with |K| = k, and for all α = 1, · · · , q. This is the
case where there exists a system of compatibility conditions that satisfies
the non-degeneracy hypothesis of the implicit function theorem so that
the system is solvable for all uK ’s with |K| = k in terms of lower order
derivatives. (2.2) is called a complete system of order k. (2.1) shall be said
to be generic if it admits prolongation to a complete system (2.2). Now we
consider the ring of smooth functions in the arguments (x, uα, uα

i , uα
ij , · · · ).

For each non-negative integer r let ∆(r) be the algebraic ideal generated by
∆ and the total derivatives of ∆ up to order r, where ∆ = (∆1, · · · ,∆`) as
in (2.1). Suppose that the complete system (2.2) is obtained from ∆(r). Let
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Jk−1(X, U) be the space of (k−1)th jets (x, u(k−1)). Let S ⊂ Jk−1(X, U)
be the common zero set of those functions in the arguments (x, u(k−1))
that are elements of ∆(r). We assume S is a smooth manifold on which
dx1 ∧ · · · ∧ dxp 6= 0. Then there exist disjoint sets of indices

A := {(a, I)} and B := {(b, J)},

where a, b ∈ {1, · · · , q}, I and J are multi-indices of order ≤ k− 1 so that
S is the graph

(2.3) ub
J = Φb

J(x, ua
I :), for all (b, J) ∈ B.

We take (x, ua
I : (a, I) ∈ A), as local coordinates of S. Observe that if

u = u(x) is a solution of (2.1) then its (k − 1)th jet graph (x, u(k−1)(x))
is contained in S and for each (a, I) ∈ A, we have

dua
I (x) =

{ ∑p
i=1 ua

Ii(x)dxi for|I| ≤ k − 2,∑p
i=1 Ha

Ii(x, u(k−1))dxi for |I| = k − 1,

where H’s are as in (2.2). Substituting (2.3) for all ub
J with (b, J) ∈ B we

obtain

dua
I (x) =

p∑
i=1

Ψa
Ii(x, uα

L(x))dxi,

where all the indices (α, L) are in A. Thus on S we define independent
1-forms

(2.4) θa
I := dua

I −
p∑

i=1

Ψa
Ii(x, uα

L : (α, L) ∈ A)dxi,

for all (a, I) ∈ A, which defines a plane field of S of dimension p. Then
the smooth solutions of (2.1) are in one-to-one correspondence with the
smooth integral manifolds of the Pfaffian system (2.4). Let θ = {θa

I :
(a, I) ∈ A}. We set

dθa
I ≡

∑
i<j

T a
Iij(x, uα

J : (α, J) ∈ A)dxi ∧ dxj , mod θ.

If all of T := {T a
Iij : (a, I) ∈ A} are identically zero then by the Frobenius

theorem S is foliated by integral manifolds. Otherwise, we consider (2.4)
restricted to a subset S ′ ⊂ S, where S ′ is the common zero set of T a

Iij .
We assume that S ′ is a smooth manifold on which dx1 ∧ · · · ∧ dxp 6= 0.
Making use of the following theorem we further check the integrability of
(2.4) on S ′.
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Theorem 2.1. Let M be a smooth manifold of dimension n. Let θ :=
(θ1, · · · , θs) be a set of independent 1-forms on M and D :=< θ >⊥ be
the (n− s) dimensional plane field annihilated by θ. Suppose that N is a
submanifold of M of dimension n− r defined by T1 = · · · = Tr = 0, where
Ti are smooth real-valued functions of M such that dT1 ∧ · · · ∧ dTr 6= 0 on
N . Then the following are equivalent :

(i) D is tangent to N .
(ii) dTj ≡ 0, mod θ1, . . . , θs on N , for each j = 1, . . . , r.

(iii) i∗θ1, · · · , i∗θs have rank s− r, where i : N ↪→ M is the inclusion.

Proof. (i) ⇔ (ii)

Let P ∈ N. Then
DP is tangent to N .

⇔< θ1, · · · , θs >⊥⊂< dT1, · · · , dTr >⊥ at P .
⇔ dTi ∈< θ1, · · · , θs > at P for each i = 1, · · · , r.

⇔ dTi ≡ 0, mod θ at P .

(ii) ⇔ (iii)

Assuming (ii), we have dTj =
∑s

k=1 ajkθk on N , j = 1, . . . , r. Since
dT1, . . . , dTr are linearly independent on N , the matrix (ajk) has rank r.
Then we have

0 = i∗dTj =
s∑

k=1

ajki∗θk, 1 ≤ j ≤ r.

This means that i∗θ1, · · · , i∗θs have rank no greater than k−r. Since N is
of dimension n− r, i∗θ1, · · · , i∗θs have rank no less than k− r. Therefore
we obtain (iii).

Conversely, (iii) implies that (after suitable index changes) i∗θs−r+l =∑s−r
j=1 blji

∗θj , 1 ≤ l ≤ r for some functions on N . Then i∗(θs−r+l −∑s−r
j=1 bljθ

j) = 0, 1 ≤ l ≤ r. Since dT1, . . . , dTr are linearly independent
on N , we have θs−r+l −

∑s−r
j=1 bljθ

j =
∑

j cljdTj , 1 ≤ l ≤ r on N , where
cij are functions on N and the matrix (cij) is nonsingular. Therefore we
can solve dTj in terms of θk’s. �

Let p′ be the dimension of S ′. If dT a
Iij ≡ 0, mod θ, on S ′ then S ′ is

foliated by integral manifolds, thus we have (p′ − p)-parameter family of
solutions. If dT a

Iij 6= 0, mod θ, on S ′ then we consider the common zero
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set S ′′ of the functions T a
Iijλµ which is defined by

dT a
Iij =

∑
λ<µ

T a
Iijλµdxλ ∧ dxµ.

Repeating the same argument we eventually reach either empty set or a
submanifold S̃ of dimension p̃ such that

i∗θa = 0, for all a = 1, . . . , s,

where i : S̃ → S is the inclusion. In the former case, no solutions exist.
In the latter case, there exists a (p̃− p)-parameter family of solutions.

Example 2.2. {
ux = a(x, y, u)
uy = b(x, y, u).

This is a complete system of first order for an unknown function u of
two variables (x, y). In this case S is the 0-th jet space of u, that is,
S = {(x, y, u)} = R3 and

θ = du− adx− bdy.

Then dθ = Tdx ∧ dy, mod θ, where

T = ay + aub− bx − bua.

If T is identically zero then there exists a solution through any point
(x0, y0, u0). If T is a function of (x, y) and not identically equal to zero
then dx ∧ dy = 0 on T = 0 and therefore, there is no solution.

As a special case of the above consider the following

Example 2.3.

(2.5)
{

ux = a(x, y) + u2

uy = 1.

If a function u(x, y) is a solution its graph must be contained in T :=
ay + 2u = 0. This implies that u = − 1

2ay, which is indeed a solution if
and only if it satisfies (2.5) , namely,

(2.6)
{ − 1

2ayx = a + 1
4ax

2

− 1
2ayy = 1.

We see that (2.6) is equivalent to

dT ∧ θ = 0, on T = 0.
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Example 2.4.

(2.7)
{

ux + uy = 1
uyy = a(x, y, u, ux).

Differentiating the first equation of (2.7) with respect to x and y, re-
spectively, and solving these with the second equation of (2.7) for all the
second order partial derivatives of u we obtain

uxx = a, uxy = −a, uyy = a.

Introduce new variables p and q for ux and uy, respectively, and consider
the submanifold S of dimension 4 given by p + q = 1 in the first jet space
J1(R2, R) = {(x, y, u, p, q)}. The first jet graph of a solution is an integral
manifold that is contained in S of the Pfaffian differential system

θ0 := du− pdx− qdy

θ1 := dp− adx + ady

θ2 := dq + adx− ady.

On S we have θ2 = −θ1. Thus our problem is finding integral manifolds
of the following Pfaffian system on S:

θ :
{

θ0 := du− pdx− (1− p)dy

θ1 := dp− adx + ady.

with the independence condition dx ∧ dy 6= 0. To check the Frobenius
integrability condition we compute dθ modulo θ. We have

dθ1 = Tdx ∧ dy,

where

T (x, y, u, p) = ax + aup + apa + ay + au(1− p)− apa.

If T vanishes identically on S then S is foliated by 1-jet graph of solutions,
thus we have 2-parameter family of solutions. Otherwise, we consider a
submanifold S ′ of S given by T = 0. S ′ is of dimension 3. Generically S ′
is a submanifold of S of the form p = p(x, y, u). If

(2.8) dT = 0, mod{θ0, θ1}, on S ′
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S ′ is foliated by 1-jet graph of solutions, thus we have 1-parameter family
of solutions. By Theorem 2.1 (2.8) is equivalent to the pull-back to S ′
of θ0 and that of θ1 are linearly dependent everywhere. If (2.8) does not
hold we let

dT = T ′dx ∧ dy, mod {θ0, θ1}.

Let S ′′ be the submanifold of S ′ given by T ′ = 0. Then S ′′ is of dimension
2. S ′′ is graph of a solution if and only if

(2.9) dT ′ = 0, mod {θ0, θ1}, on S ′′.

Thus (2.9) is a necessary and sufficient condition for a solution to exist.

§3 Some local problems in CR geometry. In this section we propose
problems of determining the CR embeddibility into spheres and the exis-
tence of infinitesimal CR automorphisms. We recall the basic definitions
first: Let M be a differentiable manifold of dimension 2n + 1. A CR
structure of hypersurface type on M is a subbundle V of the complexified
tangent bundle TCM having the following properties :
i) each fiber is of complex dimension n,
ii) V ∩ V̄ = {0},
iii) [V,V] ⊂ V (integrability).
Given a CR structure V the Levi form L is defined by

L(L1, L2) :=
√
−1[L1, L̄2], mod (V + V̄).

L is a hermitian form on V with values in TCM/(V + V̄). M is said to be
strictly pseudoconvex if L is definite. A real hypersurface in a complex
manifold has natural CR structure induced from the complex structure of
the ambient space. A complex valued function f is called a CR function if
f is annihilated by V̄. Let {L1, · · · , Ln} be a set of complex vector fields
that generates V. Then f is a CR function if and only if

(3.1) L̄if = 0, i = 1, · · · , n (tangential Cauchy-Riemann equations).

A system of CR functions (f1, · · · , fn+1) with df1 ∧ · · · ∧ dfn+1 6= 0 is a
CR immersion into Cn+1.
Let (N,V ′) be a CR manifold of dimension 2N +1, N ≥ n, with the CR
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structure bundle V ′. A mapping F : M → M ′ is called a CR mapping if
F preserves the CR structure, that is,

F∗V ⊂ V ′.

A CR manifold of dimension 2N − 1 embedded in a CR manifold of di-
mension 2N + 1 is called a CR hypersurface.

Webster proved in [Web] that every CR hypersurface in the sphere
S2N+1, (N ≥ 4) is rigid. This implies that if M is a CR hypersurface in
S2N+1 then a CR mapping of M into S2N+1 is determined by its finite
jet at a point. That is, there exists a non-negative integer k so that if two
CR mappings f and g have the same kth jet at a point then f = g. Our
question is whether the (k + 1)th jet of embeddings depends continuously
on the k-th jet as functions given a priori independently of particular
embeddings:

Problem 3.1. Let M be a smooth CR manifold of dimension 2N − 1,
(N ≥ 4). A mapping F = (f1, · · · , fN+1) : M → S2N+1 is a CR mapping
if F satisfies (3.1) with i = 1, · · · , N − 1 and

(3.2) f1f̄1 + · · ·+ fN+1f̄N+1 = 1.

Does the system (3.1)-(3.2) admit prolongation to a complete system
of finite order?

In [H1] the author constructed a complete system for CR mappings of
a strongly pseudo-convex CR manifold into a CR submanifold of higher
dimension under a certain generic assumption. Problem 3.1 asks whether
one can remove the generic assumptions if the CR mapping is an embed-
ding into a sphere as a hypersurface.

Problem 3.2 (CR embeddibility into spheres). Discuss the exis-
tence of solutions for the complete system constructed in Problem 3.1.
Express the Frobenius integrability conditions in terms of the Chern-Moser
invariants of M .

Results for some special cases have been obtained in [Kim] and [Oh].
A real vector field X on a CR manifold (M,V) is an infinitesimal CR
automorphism if the flow maps φt of X are the local CR diffeomorphisms
for each t with |t| ≤ ε. A smooth vector field X is an infinitesimal CR
automorphism if and only if the Lie derivative of a section L of V with
respect to X is again a section of V, that is, [X, L] ∈ V. We set

(3.3) [X, Li] = αj
i Lj , (summation convention),

for some functions αj
i for each i = 1, . . . , n.



SOLVABILITY OF OVERDETERMINED PDE SYSTEMS 13

Theorem 3.3. Let M2n+1 be a Cω CR manifold of nondegenerate Levi
form. Then the defining equation (3.3) of the infinitesimal CR automor-
phisms admits prolongation to a complete system of order 3. Therefore,
a C3 infinitesimal CR automorphism is in fact Cω. Moreover, the set
of infinitesimal CR automorphisms of M forms a finite dimensional Lie
algebra.

This is a well known fact in the theory of CR structures due to Cartan,
Tanaka [T1] and Chern-Moser [CM]. A direct proof is found in [H2].

Problem 3.4 (Existence of infinitesimal CR automorphisms).
Express the Frobenius integrability of the complete system for the infin-

itesimal CR automorphisms in terms of the Chern-Moser invariants.

For the cases of three dimensional CR manifolds of non-degenerate Levi
form H.D. Lee [Lee] proved the following: If the manifold is a hyperquadric
then there exists 8-parameter family of CR automorphisms. Otherwise,
there exists at most 3-dimensional CR automorphisms.
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