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❙♦❧✈✐♥❣ ❈♦♥str❛✐♥❡❞ ❚♦t❛❧✲❱❛r✐❛t✐♦♥ ■♠❛❣❡ ❘❡st♦r❛t✐♦♥
❛♥❞ ❘❡❝♦♥str✉❝t✐♦♥ Pr♦❜❧❡♠s ✈✐❛ ❆❧t❡r♥❛t✐♥❣ ❉✐r❡❝t✐♦♥

▼❡t❤♦❞s

▼✐❝❤❛❡❧ ◆❣✶✱ P✐❡rr❡ ❲❡✐ss✷ ❛♥❞ ❳✐❛♦✲▼✐♥❣ ❨✉❛♥✸

❆❜str❛❝t ■♥ t❤✐s ♣❛♣❡r✱ ✇❡ st✉❞② ❛❧t❡r♥❛t✐♥❣ ❞✐r❡❝t✐♦♥ ♠❡t❤♦❞s ❢♦r s♦❧✈✐♥❣
❝♦♥str❛✐♥❡❞ t♦t❛❧✲✈❛r✐❛t✐♦♥ ✐♠❛❣❡ r❡st♦r❛t✐♦♥ ❛♥❞ r❡❝♦♥str✉❝t✐♦♥ ♣r♦❜❧❡♠s✳ ❆❧✲
t❡r♥❛t✐♥❣ ❞✐r❡❝t✐♦♥ ♠❡t❤♦❞s ❝❛♥ ❜❡ ✐♠♣❧❡♠❡♥t❛❜❧❡ ✈❛r✐❛♥ts ♦❢ t❤❡ ❝❧❛ss✐❝❛❧ ❛✉❣✲
♠❡♥t❡❞ ▲❛❣r❛♥❣✐❛♥ ♠❡t❤♦❞ ❢♦r ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠s ✇✐t❤ s❡♣❛r❛❜❧❡ str✉❝t✉r❡s
❛♥❞ ❧✐♥❡❛r ❝♦♥str❛✐♥ts✳ ❚❤❡ ♣r♦♣♦s❡❞ ❢r❛♠❡✇♦r❦ ❛❧❧♦✇s ✉s t♦ s♦❧✈❡ ♣r♦❜❧❡♠s ♦❢
✐♠❛❣❡ r❡st♦r❛t✐♦♥✱ ✐♠♣✉❧s❡ ♥♦✐s❡ r❡♠♦✈❛❧✱ ✐♥♣❛✐♥t✐♥❣ ❛♥❞ ✐♠❛❣❡ ❝❛rt♦♦♥✰t❡①t✉r❡
❞❡❝♦♠♣♦s✐t✐♦♥✳ ❆s t❤❡ ❝♦♥str❛✐♥❡❞ ♠♦❞❡❧ ✐s ❡♠♣❧♦②❡❞✱ ✇❡ ♦♥❧② ♥❡❡❞ t♦ ✐♥♣✉t t❤❡
♥♦✐s❡ ❧❡✈❡❧ ❛♥❞ t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ r❡❣✉❧❛r✐③❛t✐♦♥ ♣❛r❛♠❡t❡r ✐s ♥♦t r❡q✉✐r❡❞
✐♥ t❤❡s❡ ✐♠❛❣✐♥❣ ♣r♦❜❧❡♠s✳ ❊①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts ❢♦r s✉❝❤ ✐♠❛❣✐♥❣ ♣r♦❜❧❡♠s ❛r❡
♣r❡s❡♥t❡❞ t♦ ✐❧❧✉str❛t❡ t❤❡ ❡✛❡❝t✐✈❡♥❡ss ♦❢ t❤❡ ♣r♦♣♦s❡❞ ♠❡t❤♦❞✳ ❲❡ s❤♦✇ t❤❛t
t❤❡ ❛❧t❡r♥❛t✐♥❣ ❞✐r❡❝t✐♦♥ ♠❡t❤♦❞ ✐s ✈❡r② ❡✣❝✐❡♥t ❢♦r s♦❧✈✐♥❣ ✐♠❛❣❡ r❡st♦r❛t✐♦♥
❛♥❞ r❡❝♦♥str✉❝t✐♦♥ ♣r♦❜❧❡♠s✳

✶ ■♥tr♦❞✉❝t✐♦♥

❉✐❣✐t❛❧ ✐♠❛❣❡ r❡st♦r❛t✐♦♥ ❛♥❞ r❡❝♦♥str✉❝t✐♦♥ ♣❧❛② ❛♥ ✐♠♣♦rt❛♥t r♦❧❡ ✐♥ ✈❛✲
r✐♦✉s ❛r❡❛s ♦❢ ❛♣♣❧✐❡❞ s❝✐❡♥❝❡s s✉❝❤ ❛s ♠❡❞✐❝❛❧ ❛♥❞ ❛str♦♥♦♠✐❝❛❧ ✐♠❛❣✐♥❣✱ ✜❧♠
r❡st♦r❛t✐♦♥✱ ✐♠❛❣❡ ❛♥❞ ✈✐❞❡♦ ❝♦❞✐♥❣ ❛♥❞ ♠❛♥② ♦t❤❡rs ❬✹✼✱ ✾✱ ✺✽✱ ✻✱ ✹✸❪✳ ▼♦st
✐♠❛❣✐♥❣ s②st❡♠s ❝❛♣t✉r❡ ❛♥ ✐♠❛❣❡ x ❛♥❞ r❡t✉r♥ ❛ ❞❡❣r❛❞❡❞ ❞❛t❛ x0✳ ❆ ❝♦♠♠♦♥
♠♦❞❡❧ ♦❢ t❤❡ ❞❡❣r❛❞❛t✐♦♥ ♣r♦❝❡ss ✐s t❤❡ ❢♦❧❧♦✇✐♥❣ ✿

x0 = Ax + b ✭✶✮

✇❤❡r❡ b ✐s ❛♥ ❛❞❞✐t✐✈❡ ♥♦✐s❡ ❛♥❞ A : R
n → R

m ✐s ❛ ❧✐♥❡❛r tr❛♥s❢♦r♠ ✭❡✳❣✳
❛ ❝♦♥✈♦❧✉t✐♦♥ ❜② ❛ ❜❧✉rr✐♥❣ ❦❡r♥❡❧ ❢♦❧❧♦✇❡❞ ❜② ❛ s✉❜✲s❛♠♣❧✐♥❣✮✳ ❘❡❝♦✈❡r✐♥❣ x

❢r♦♠ x0 ✐s ✉s✉❛❧❧② ❛♥ ✐❧❧✲♣♦s❡❞ ✐♥✈❡rs❡ ♣r♦❜❧❡♠ ❛♥❞ ✐t s❤♦✉❧❞ ❜❡ r❡❣✉❧❛r✐③❡❞✳
❙✐♥❝❡ t❤❡ ✇♦r❦ ♦❢ ❘✉❞✐♥✱ ❖s❤❡r ❛♥❞ ❋❛t❡♠✐ ❬✺✼❪✱ t❤❡ r❡❣✉❧❛r✐③❛t✐♦♥ ♠❡t❤♦❞s
❜❛s❡❞ ♦♥ t♦t❛❧ ✈❛r✐❛t✐♦♥ ✭❚❱✮ ❤❛✈❡ ❦♥♦✇♥ ❛♥ ✐♠♣♦rt❛♥t s✉❝❝❡ss✱ ♠♦st❧② ❞✉❡ t♦
t❤❡✐r ❛❜✐❧✐t② t♦ ♣r❡s❡r✈❡ ❡❞❣❡s ✐♥ t❤❡ ✐♠❛❣❡✳

▼♦st ♦❢ t❤❡s❡ t❡❝❤♥✐q✉❡s s❤❛r❡ t❤❡ s❛♠❡ ❢♦r♠✉❧❛t✐♦♥✳ ❚❤❡② ❝❛♥ ❜❡ ✇r✐tt❡♥
❛s ✿

min |||∇x|||1 +τ
∣

∣

∣

∣Ax− x0
∣

∣

∣

∣

N
s✉❜❥❡❝t t♦ x ∈ R

n

✭✷✮

♦r t❤❡ ❡q✉✐✈❛❧❡♥t ❝♦♥str❛✐♥❡❞ ❢♦r♠ ✿

min |||∇x|||1
s✉❜❥❡❝t t♦ x ∈ R

n,
∣

∣

∣

∣Ax− x0
∣

∣

∣

∣

N
≤ α

✭✸✮

✶❈❡♥tr❡ ❢♦r ▼❛t❤❡♠❛t✐❝❛❧ ■♠❛❣✐♥❣ ❛♥❞ ❱✐s✐♦♥ ❛♥❞ ❉❡♣❛rt♠❡♥t ♦❢ ▼❛t❤❡♠❛t✐❝s✱ ❍♦♥❣ ❑♦♥❣

❇❛♣t✐st ❯♥✐✈❡rs✐t②✱ ❑♦✇❧♦♦♥ ❚♦♥❣✱ ❍♦♥❣ ❑♦♥❣✳ ❘❡s❡❛r❝❤ s✉♣♣♦rt❡❞ ✐♥ ♣❛rt ❜② ❍❑❘●❈ ❣r❛♥ts

❛♥❞ ❍❑❇❯ ❋❘●s✳
✷❈❡♥tr❡ ❢♦r ▼❛t❤❡♠❛t✐❝❛❧ ■♠❛❣✐♥❣ ❛♥❞ ❱✐s✐♦♥✱ ❍♦♥❣ ❑♦♥❣ ❇❛♣t✐st ❯♥✐✈❡rs✐t②✱ ❑♦✇❧♦♦♥

❚♦♥❣✱ ❍♦♥❣ ❑♦♥❣✳
✸❉❡♣❛rt♠❡♥t ♦❢ ▼❛t❤❡♠❛t✐❝s✱ ❍♦♥❣ ❑♦♥❣ ❇❛♣t✐st ❯♥✐✈❡rs✐t②✱ ❑♦✇❧♦♦♥ ❚♦♥❣✱ ❍♦♥❣ ❑♦♥❣✳

❘❡s❡❛r❝❤ s✉♣♣♦rt❡❞ ✐♥ ♣❛rt ❜② ❛♥ ❍❑❘●❈ ❣r❛♥t ❛♥❞ ◆❙❋❈ ❣r❛♥t ✶✵✼✵✶✵✺✺✳

✶



■♥ t❤❡s❡ ❡q✉❛t✐♦♥s n ✐s t❤❡ ♣✐①❡❧s ♥✉♠❜❡r✳ ∇ : R
n → R

n × R
n ✐s ❛ ❞✐s❝r❡t❡

✈❡rs✐♦♥ ♦❢ t❤❡ ❣r❛❞✐❡♥t✳ |||·|||1 r❡♣r❡s❡♥ts ❛ ♥♦r♠ ♦♥ R
n×R

n✳ ||·||N ✐s ❛ ♥♦r♠ ♦r
❛ s❡♠✐✲♥♦r♠ ♦♥ R

m✳ A : R
n → R

m ✐s ❛ ❧✐♥❡❛r tr❛♥s❢♦r♠✳ α ❛♥❞ τ ❛r❡ ♣♦s✐t✐✈❡
r❡❛❧ ♥✉♠❜❡rs ✇❤✐❝❤ ♠❡❛s✉r❡ t❤❡ tr❛❞❡✲♦✛ ❜❡t✇❡❡♥ t❤❡ ✜t t♦ x0 ❛♥❞ t❤❡ ❛♠♦✉♥t
♦❢ r❡❣✉❧❛r✐③❛t✐♦♥✳

❈♦♥t❡♥t ♦❢ t❤❡ ♣❛♣❡r ❆ ♥✉♠❜❡r ♦❢ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s ❤❛✈❡ ❜❡❡♥ ♣r♦♣♦s❡❞
❢♦r s♦❧✈✐♥❣ ✐♥st❛♥❝❡s ♦❢ ♣r♦❜❧❡♠ ✭✷✮✱ s❡❡ ❡✳❣✳ ❬✺✼✱ ✹✶✱ ✺✹✱ ✻✷✱ ✶✵✱ ✸✻✱ ✸✼✱ ✸✺✱ ✹✷✱
✷✷✱ ✸✾✱ ✻✸✱ ✷✾✱ ✷✸❪✳ ❚♦ ♦✉r ❦♥♦✇❧❡❞❣❡✱ ✈❡r② ❢❡✇ ✇♦r❦s t❛❝❦❧❡ t❤❡ ❝♦♥str❛✐♥❡❞
♣r♦❜❧❡♠s ✭✸✮✳ ❚❤✐s ✐s s✉r♣r✐s✐♥❣ s✐♥❝❡ ❝❤♦♦s✐♥❣ ❛ r❡❛s♦♥❛❜❧❡ ✈❛❧✉❡ ♦❢ α ✐s ✉s✉❛❧❧②
♠✉❝❤ ❡❛s✐❡r t❤❛♥ ✜♥❞✐♥❣ ❛ s✉✐t❛❜❧❡ ✈❛❧✉❡ ♦❢ τ ✳ ❆ ♥❛t✉r❛❧ ❝❤♦✐❝❡ ♣r♦♣♦s❡❞ ✐♥ t❤❡
❡❛r❧② ♣❛♣❡rs ❬✺✼❪ ❝♦♥s✐sts ✐♥ s❡tt✐♥❣ α = ||b||N ♦r α = (1 + ǫ) ||b||N ✇❤❡r❡ ǫ ✐s ❛
s♠❛❧❧ ✈❛❧✉❡✳

❖✉r ❛✐♠ ✐♥ t❤✐s ✇♦r❦ ✐s t♦ ♣r♦✈✐❞❡ ❢❛st s❝❤❡♠❡s ❢♦r s♦❧✈✐♥❣ t❤❡ ❝♦♥str❛✐♥❡❞
♣r♦❜❧❡♠s ✭✸✮✳ ❲❡ r❡str✐❝t ♦✉r ❛tt❡♥t✐♦♥ t♦ ❛ s♣❡❝✐❛❧ ❝❛s❡ ♦❢ ✭✸✮ ✿ ✇❡ ❛ss✉♠❡ t❤❛t
A = SH ✇❤❡r❡ H ✐s ❛ ❝✐r❝✉❧❛♥t ♠❛tr✐① ✭❡✳❣✳ ❛ ❝♦♥✈♦❧✉t✐♦♥ ❜② ❛ ❜❧✉rr✐♥❣ ❦❡r♥❡❧✮
❛♥❞ S ❤❛s ❛ ✈❡r② s✐♠♣❧❡ str✉❝t✉r❡ ❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳ ❚❤✐s str✉❝t✉r❡ ✐s
❤♦✇❡✈❡r s✉✣❝✐❡♥t❧② ❣❡♥❡r❛❧ t♦ ❝♦✈❡r t❤❡ ❝❛s❡s ♦❢ s✉❜✲s❛♠♣❧✐♥❣ ✭s✉♣❡r✲r❡s♦❧✉t✐♦♥
♣r♦❜❧❡♠s✮ ❛♥❞ ❧♦ss ♦❢ ♣❛rt✐❛❧ ✐♥❢♦r♠❛t✐♦♥ ✭✐♥♣❛✐♥t✐♥❣ ♣r♦❜❧❡♠s✮✳ ❚❤❡ ♣r♦♣♦s❡❞
❛❧❣♦r✐t❤♠s ❛❧❧♦✇ t♦ tr❡❛t t❤❡ ❝❛s❡ ||·||N = ||·||p✱ t❤❡ ❝❧❛ss✐❝❛❧ lp✲♥♦r♠s✱ ❜✉t

❛❧s♦ t❤❡ ♥♦r♠s ❛ss♦❝✐❛t❡❞ t♦ t❤❡ ❙♦❜♦❧❡✈ s♣❛❝❡s ♦❢ ♥❡❣❛t✐✈❡ ✐♥❞❡① W−1,p✳ ❚❤❡②
t❤✉s ❛❧❧♦✇ t♦ s♦❧✈❡ ♣r♦❜❧❡♠s ♦❢ ✐♠❛❣❡ ❝❛rt♦♦♥✰t❡①t✉r❡ ❞❡❝♦♠♣♦s✐t✐♦♥✱ ❜✉t ❛❧s♦
r❡❝♦♥str✉❝t✐♦♥ ✇✐t❤ ♥❡❣❛t✐✈❡ ♥♦r♠s✳ ❙✉❝❤ ♣r♦❜❧❡♠s ❛r❡ ✈❡r② ❞❡♠❛♥❞✐♥❣ ❛♥❞ ♥♦t
t❛❝❦❧❡❞ ✇❡❧❧ ②❡t ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✳ ❚❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ t✐♠❡s ❛r❡ ❝♦♠♣❡t✐t✐✈❡ ✇✐t❤
s♦♠❡ r❡❝❡♥t❧② ♣r♦♣♦s❡❞ ❛♣♣r♦❛❝❤❡s✳

❇② r❡❢♦r♠✉❧❛t✐♥❣ t❤❡ ♣r♦❜❧❡♠ ✭✸✮ ✐♥t♦ s♦♠❡ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠s ✇✐t❤ ❢❛✲
✈♦r❛❜❧② s❡♣❛r❛❜❧❡ str✉❝t✉r❡s✱ ✇❡ ♥♦t✐❝❡ t❤❛t t❤❡ ♣r♦❜❧❡♠ ✭✸✮ ❝❛♥ ❜❡ s♦❧✈❡❞ ❡✣✲
❝✐❡♥t❧② ✈✐❛ t❤❡ ✇❡❧❧✲❞❡✈❡❧♦♣❡❞ ❆❧t❡r♥❛t✐♥❣ ❉✐r❡❝t✐♦♥ ▼❡t❤♦❞s ✭❆❉▼s✮✳ ■♥ s❤♦rt✱
❆❉▼s ❛r❡ ✐♠♣❧❡♠❡♥t❛❜❧❡ ✈❛r✐❛♥ts ♦❢ t❤❡ ❝❧❛ss✐❝❛❧ ❆✉❣♠❡♥t❡❞ ▲❛❣r❛♥❣✐❛♥ ♠❡✲
t❤♦❞ ❢♦r ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠s ✇✐t❤ s❡♣❛r❛❜❧❡ str✉❝t✉r❡s ❛♥❞ ❧✐♥❡❛r ❝♦♥str❛✐♥ts✱
❛♥❞ t❤❡② ❤❛✈❡ ❜❡❡♥ ✐♥t❡♥s✐✈❡❧② st✉❞✐❡❞ ✐♥ t❤❡ ❝♦♠♠✉♥✐t② ♦❢ ♦♣t✐♠✐③❛t✐♦♥✳ ❲❡
r❡❢❡r t❤❡ r❡❛❞❡r t♦ ❙❡❝t✐♦♥ ✸ ❢♦r t❤❡ ❞❡t❛✐❧❡❞ ❞❡❧✐♥❡❛t✐♦♥ ♦❢ ❆❉▼✳ ❖✈❡r❛❧❧✱ t❤❡
❛✐♠ ♦❢ t❤✐s ♣❛♣❡r ✐s t♦ ❞❡✈❡❧♦♣ ❆❉▼✲❜❛s❡❞ ♥✉♠❡r✐❝❛❧ ❛❧❣♦r✐t❤♠s ❢♦r s♦❧✈✐♥❣ t❤❡
❝♦♥str❛✐♥❡❞ ♣r♦❜❧❡♠ ✭✸✮✳

❘❡❧❛t❡❞ ✇♦r❦ ❚❤♦✉❣❤ t❤✐s ✇♦r❦ ✇❛s ❜❡❣✉♥ ✐♥ ❡❛r❧② ✷✵✵✾ ✐♥❞❡♣❡♥❞❡♥t❧②✱ t❤❡
❆❉▼ ♠❡t❤♦❞ ✇❛s ✐♥tr♦❞✉❝❡❞ ❡❛r❧✐❡r ✐♥ ✐♠❛❣❡ ♣r♦❝❡ss✐♥❣ ✐♥ ❬✶✽❪✱ ✇❤❡r❡ t❤❡ ❛✉✲
t❤♦r ♣r♦✈✐❞❡s s♦♠❡ ❡q✉✐✈❛❧❡♥❝❡ ✇✐t❤ t❤❡ s♦✲❝❛❧❧❡❞ s♣❧✐t✲❇r❡❣♠❛♥ ❛❧❣♦r✐t❤♠ ❬✷✾❪✳
❍♦✇❡✈❡r✱ ✐♥ t❤✐s ♣❛♣❡r t❤❡ ❛✉t❤♦rs ♦♥❧② ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡ ♣r♦❥❡❝t✐♦♥
♦♥t♦ t❤❡ ❝♦♥str❛✐♥t ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ❡①♣❧✐❝✐t❧②✳ ■♥ t❤✐s ♣❛♣❡r✱ ✇❡ ✇✐❧❧ ❝♦♥s✐❞❡r
❛ ♠♦r❡ ❣❡♥❡r❛❧ ❝♦♥str❛✐♥t✳ ❘❡❝❡♥t❧②✱ ❲✉ ❡t ❛❧✳ ❬✻✻❪ ❡①t❡♥❞❡❞ t❤❡ ❛✉❣♠❡♥t❡❞ ▲❛✲
❣r❛♥❣✐❛♥ ♠❡t❤♦❞ t♦ t♦t❛❧ ✈❛r✐❛t✐♦♥ r❡st♦r❛t✐♦♥ ♠♦❞❡❧s ✇✐t❤ ♥♦♥✲q✉❛❞r❛t✐❝ ✜❞❡❧✐✲
t✐❡s✳ ❚❤❡② ❛♣♣❧✐❡❞ t❤❡✐r ♠❡t❤♦❞ t♦ ❚❱ r❡st♦r❛t✐♦♥ ✇✐t❤ l1 ❛♥❞ ❑✉❧❧❜❛❝❦✲▲❡✐❜❧❡r
✭❑▲✮ ✜❞❡❧✐t✐❡s✳ ❚❤❡② s❤♦✇❡❞ t❤❡ ❛❧❣♦r✐t❤♠ ❝❛♥ ❤❛✈❡ ❝❧♦s❡❞ ❢♦r♠ s♦❧✉t✐♦♥ ❛♥❞
❝❛♥ ❛❧s♦ ❜❡ ❡✣❝✐❡♥t❧② s♦❧✈❡❞ ✈✐❛ ❋❋❚ ✐♠♣❧❡♠❡♥t❛t✐♦♥✳ ❚❤❡ ♠❛✐♥ ❞✐✛❡r❡♥❝❡s
❜❡t✇❡❡♥ ♦✉r ♣❛♣❡r ❛♥❞ t❤❡ ❲✉ ♣❛♣❡r ❛r❡ t❤❛t ✭✐✮ t❤❡ ❝♦♥str❛✐♥❡❞ ♠♦❞❡❧ ✐s
st✉❞✐❡❞ ❛♥❞ ✭✐✐✮ ✐♥♣❛✐♥t✐♥❣ ❛♥❞ ✐♠❛❣❡ ❝❛rt♦♦♥✰t❡①t✉r❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ❛r❡ ❛❧s♦
❝♦♥s✐❞❡r❡❞ ❛♥❞ t❡st❡❞✳

❚♦ ♦✉r ❦♥♦✇❧❡❞❣❡ ✈❡r② ❢❡✇ ✇♦r❦s t❛❝❦❧❡ t❤❡ ❝❛s❡ ♦❢ ❝♦♥str❛✐♥❡❞ ♣r♦❜❧❡♠s

✷



✇❤❡♥ t❤❡ ♣r♦❥❡❝t✐♦♥ ♦♥t♦ t❤❡ s❡t ♦❢ ❝♦♥str❛✐♥ts ❝❛♥♥♦t ❜❡ ❝♦♠♣✉t❡❞ ❡①❛❝t❧②✳
❆ ❝♦♠♠♦♥ ♠❡t❤♦❞ ❝♦♥s✐sts ✐♥ s♦❧✈✐♥❣ ❛ s❡q✉❡♥❝❡ ♦❢ ✉♥❝♦♥str❛✐♥❡❞ ♣r♦❜❧❡♠s
♦❢ t②♣❡ ✭✷✮ ✐♥ ♦r❞❡r t♦ s❛t✐s❢② t❤❡ ❝♦♥str❛✐♥t ❛s②♠♣t♦t✐❝❛❧❧②✳ ❍♦✇❡✈❡r✱ ✉s✐♥❣
t❤✐s t❡❝❤♥✐q✉❡✱ ❛ ❧♦t ♦❢ t✐♠❡ ✐s ❧♦st ❜② s♦❧✈✐♥❣ ♠❛♥② ✐♥st❛♥❝❡s ♦❢ ♣r♦❜❧❡♠ ✭✸✮✳
❆♥♦t❤❡r t❡❝❤♥✐q✉❡ ✉s❡❞ ✐♥ ❬✶✶❪ ❝♦♥s✐sts ✐♥ ✉s✐♥❣ s✉❜❣r❛❞✐❡♥t ♣r♦❥❡❝t✐♦♥s✳ ❖♥❝❡
❛❣❛✐♥✱ t❤✐s t❡❝❤♥✐q✉❡ ✐s ❦♥♦✇♥ t♦ ❤❛✈❡ ❛ ❜❛❞ ❛s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦r✳ ▼♦r❡♦✈❡r✱ ✐t
✐s ♥♦t str❛✐❣❤t❢♦r✇❛r❞ t♦ ❝♦♠♣✉t❡ t❤❡ s✉❜❣r❛❞✐❡♥t ♦❢ t❤❡ ♥❡❣❛t✐✈❡ ♥♦r♠s ✉s❡❞ ✐♥
✐♠❛❣❡ ❝❛rt♦♦♥✰t❡①t✉r❡ ❞❡❝♦♠♣♦s✐t✐♦♥✳ ❘❡❝❡♥t❧②✱ t❤❡ ❛✉t❤♦rs ♦❢ ❬✺✵❪ ♣r♦♣♦s❡❞
❛ ❞✉❛❧ ✜rst ♦r❞❡r ♠❡t❤♦❞✳ ❍♦✇❡✈❡r✱ t❤✐s t❡❝❤♥✐q✉❡ ❝❛♥ ❜❡ ✉s❡❞ ♦♥❧② ✇❤❡♥ t❤❡
♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ ✐s str♦♥❣❧② ❝♦♥✈❡①✳

❖✉t❧✐♥❡ ♦❢ t❤❡ ♣❛♣❡r ❚❤❡ ♦✉t❧✐♥❡ ♦❢ t❤✐s ♣❛♣❡r ✐s ❛s ❢♦❧❧♦✇s✳ ■♥ ❙❡❝t✐♦♥ ✷✱
✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ♥♦t❛t✐♦♥s ✉s❡❞ ✐♥ t❤✐s ♣❛♣❡r✳ ■♥ ❙❡❝t✐♦♥ ✸✱ t❤❡ ❆❧t❡r♥❛t✐♥❣
❉✐r❡❝t✐♦♥s ▼❡t❤♦❞ ✭❆❉▼✮ ❜❛s❡❞ ♦♥ t❤❡ ❛✉❣♠❡♥t❡❞ ▲❛❣r❛♥❣✐❛♥ ✐s ♣r❡s❡♥t❡❞✳
❙♦♠❡ t❤❡♦r❡t✐❝❛❧ ❛s♣❡❝ts ♦❢ t❤✐s ❛❧❣♦r✐t❤♠ ❛r❡ ♣r❡s❡♥t❡❞✳ ■♥ ❙❡❝t✐♦♥ ✹✱ ✇❡ ♣r❡s❡♥t
❤♦✇ t♦ ❛♣♣❧② t❤❡ ❆❉▼ ❢♦r s♦❧✈✐♥❣ ♣r♦❜❧❡♠ ✭✸✮ ✉s✐♥❣ ❞✐✛❡r❡♥t ♥♦r♠s✳ ❚❤❡
♠❛✐♥ ❞✐✣❝✉❧t② ❝♦♥s✐sts ✐♥ ✐♥tr♦❞✉❝✐♥❣ ❝♦rr❡❝t ❡q✉❛❧✐t② ❝♦♥str❛✐♥ts✳ ■♥ ❙❡❝t✐♦♥ ✺✱
♥✉♠❡r✐❝❛❧ ❡①❛♠♣❧❡s ❛r❡ ❣✐✈❡♥ t♦ ❞❡♠♦♥str❛t❡ t❤❡ ❡✛❡❝t✐✈❡♥❡ss ♦❢ t❤❡ ♣r♦♣♦s❡❞
♠❡t❤♦❞✳ ❈♦♥❝❧✉s✐♦♥s ❛r❡ ♠❛❞❡ ✐♥ ❙❡❝t✐♦♥ ✻✳

✷ ◆♦t❛t✐♦♥s

■♥ t❤✐s ✇♦r❦✱ ✇❡ ❝♦♥s✐❞❡r ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠s ✐♥ t❤❡ ✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧
✈❡❝t♦r s♣❛❝❡ R

n ✭n ∈ N✮✳ 〈·, ·〉 ❞❡♥♦t❡s t❤❡ ❝❛♥♦♥✐❝❛❧ ✐♥♥❡r ♣r♦❞✉❝t ❛♥❞ ||·||
❞❡♥♦t❡s t❤❡ ❛ss♦❝✐❛t❡❞ ♥♦r♠ ✿ ||x|| =

√

〈x, x〉✳
◆♦✇ ❧❡t x ∈ R

n ❜❡ ❛ ✷❉ ✐♠❛❣❡✳ ❚❤❡♥ n = n1 · n2 ✐s t❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢
♣✐①❡❧s ❛♥❞ n1 ❛♥❞ n2 ❞❡♥♦t❡ t❤❡ ♥✉♠❜❡r ♦❢ ♣✐①❡❧s ✐♥ t❤❡ ❤♦r✐③♦♥t❛❧ ❛♥❞ ✈❡rt✐❝❛❧
❞✐r❡❝t✐♦♥s r❡s♣❡❝t✐✈❡❧②✳ ▲❡t i ∈ {1, 2, ..., n1} ❛♥❞ j ∈ {1, 2, ..., n2}✳ x(i, j) ❞❡♥♦t❡s
t❤❡ ✐♥t❡♥s✐t② ✈❛❧✉❡ ♦❢ ♣✐①❡❧ (i, j)✳ ❚❤❡ t❤❡♦r② ❞❡✈❡❧♦♣❡❞ ✐♥ t❤✐s ♣❛♣❡r ❡①t❡♥❞s ✐♥
❛ tr✐✈✐❛❧ ♠❛♥♥❡r t♦ ❝♦❧♦r ✐♠❛❣❡s✳ ❲❡ ♦♠✐t t❤✐s ❝❛s❡ ❢♦r t❤❡ ❝❧❛r✐t② ♦❢ ❡①♣♦s✐t✐♦♥✳
{ei,j}i,j ✐s t❤❡ ❝❛♥♦♥✐❝❛❧ ❜❛s✐s ♦❢ R

n✳
❚❤❡ ♥♦t❛t✐♦♥ ||·||p r❡❢❡rs t♦ t❤❡ st❛♥❞❛r❞ ❞❡✜♥✐t✐♦♥ ♦❢ ❛♥ lp✲♥♦r♠✳ ■♥ ♣❛r✲

t✐❝✉❧❛r ||·||2 = ||·||✳ ❲❡ ❛❧s♦ ❞❡✜♥❡ ❛♥♦t❤❡r p✲♥♦r♠ |||·|||p ♦♥ R
n × R

n✳ ▲❡t

y =

(

y1

y2

)

∈ R
n × R

n✳ ❲❡ ❞❡✜♥❡ |y| =
√

y2
1 + y2

2 ∈ R
n ❛♥❞ ✿

|||y|||p = ||(|y|)||p .

◆♦t❡ t❤❛t |||y|||2 = ||y||✳
▲❡t A : R

n → R
m ❜❡ ❛ ❧✐♥❡❛r ♠❛♣♣✐♥❣✳ A∗ ❞❡♥♦t❡s ✐ts ❝♦♥❥✉❣❛t❡ tr❛♥s♣♦s❡✳

AT ❞❡♥♦t❡s ✐ts tr❛♥s♣♦s❡✳ ❲❡ ❞❡✜♥❡ ||A|| ❛s ✿

||A|| = sup
x6=0

(

||Ax||

||x||

)

.

❚❤✐s ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❧❛r❣❡st s✐♥❣✉❧❛r ✈❛❧✉❡ ♦❢ A✳ I ❞❡♥♦t❡s
t❤❡ ✐❞❡♥t✐t② ♠❛tr✐①✳ F ❞❡♥♦t❡s t❤❡ ❉✐s❝r❡t❡ ❋♦✉r✐❡r ❚r❛♥s❢♦r♠ ✭❉❋❚✮ ❛♥❞ F−1

❞❡♥♦t❡s ✐ts ✐♥✈❡rs❡✳ ❙♦♠❡t✐♠❡s✱ ✇❡ ✇✐❧❧ ❛❧s♦ ✇r✐t❡ x̂ = Fx✳
▲❡t ✉s ❞❡✜♥❡ t❤❡ ❞✐s❝r❡t❡ ❣r❛❞✐❡♥t ♦♣❡r❛t♦r✳ ∂1 : R

n → R
n ❛♥❞ ∂2 : R

n → R
n

❛r❡ ❧✐♥❡❛r ❛♣♣❧✐❝❛t✐♦♥s✳ ❚❤❡② ❞❡s✐❣♥ t❤❡ ❞✐s❝r❡t✐③❡❞ ❞❡r✐✈❛t✐✈❡s ✐♥ t❤❡ ❤♦r✐✲
③♦♥t❛❧ ❛♥❞ ✈❡rt✐❝❛❧ ❞✐r❡❝t✐♦♥s r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ ❣r❛❞✐❡♥t ♦♣❡r❛t♦r ✐s ❞❡♥♦t❡❞

✸



∇ :=

[

∂1

∂2

]

✳ ❆❧❧ t❤❡ ❡①♣❡r✐♠❡♥ts ❝❛rr✐❡❞ ♦✉t ✐♥ t❤✐s ♣❛♣❡r ❛r❡ ❞♦♥❡ ✉s✐♥❣

❝✐r❝✉❧❛r ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✿

(∂1x)(i, j) =

{

x(i + 1, j)− x(i, j) ✐❢ i ≤ n1

x(n1, j)− x(1, j) ✐❢ i = n1

❛♥❞

(∂2x)(i, j) =

{

x(i, j + 1)− x(i, j) ✐❢ j ≤ n2

x(i, n2)− x(1, j) ✐❢ j = n2.

❚❤❡ ✐♥t❡r❡st ♦❢ ✉s✐♥❣ ❝✐r❝✉❧❛r ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✐s t❤❛t t❤❡ ❞✐✛❡r❡♥t✐❛❧ ♦♣❡✲
r❛t♦rs ❛r❡ ❞✐❛❣♦♥❛❧✐③❡❞ ❜② t❤❡ ❉❋❚✳ ❲❡ ❤❛✈❡ ✿

∂1 = F−1D1F ❛♥❞ ∂2 = F−1D2F

✇❤❡r❡ D1 ∈ C
n×n ❛♥❞ D2 ∈ C

n×n ❛r❡ ❞✐❛❣♦♥❛❧ ♠❛tr✐❝❡s✳ ❚❤❡ ❝♦✉♥t❡r♣❛rt
♦❢ ♣❡r✐♦❞✐❝ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✐s t❤❛t ✐t ❝❛♥ ❧❡❛❞ t♦ s♦♠❡ ❛rt✐❢❛❝ts ♦♥ t❤❡
✐♠❛❣❡ ❜♦r❞❡rs✳ ▲❡t ✉s ♣♦✐♥t ♦✉t t❤❛t ▲✳ ▼♦✐s❛♥ ♣r♦♣♦s❡❞ ❛♥ ❛r❣✉❛❜❧② ❜❡tt❡r
❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ t❤❡ ❣r❛❞✐❡♥t✱ ❛❧s♦ ❜❛s❡❞ ♦♥ ❛ ❝♦♥✈♦❧✉t✐♦♥ ✐♥ ❬✹✻❪✳ ■♥ t❤✐s ✇♦r❦
✇❡ ♠❛❦❡ ✉s❡ ♦❢ t❤❡ ❞❡s❝r✐❜❡❞ ♦♣❡r❛t♦rs ❢♦r s✐♠♣❧✐❝✐t②✳

❚❤❡ ♦♣❡r❛t♦r div : R
n → R

n ✐s ❛ ♠❛tr✐① ✇❤✐❝❤ t♦ ❛♥ ✐♠❛❣❡ x ❛ss♦❝✐❛t❡s
❛ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ ✐ts ❞✐✈❡r❣❡♥❝❡✳ ■t ❞❡✜♥❡❞ ❜② div = −∇T = −

[

∂T
1 , ∂T

2

]

✳ ❚❤❡
▲❛♣❧❛❝✐❛♥ ♦❢ x ∈ R

n ✐s ❞❡✜♥❡❞ ❜② ∆x = div(∇x)
■♥ ❛❧❧ t❤❡ ♣❛♣❡r H : R

n → R
n ✇✐❧❧ ❞❡s✐❣♥ ❛ ❝✐r❝✉❧❛♥t ♠❛tr✐① ✭❡✳❣✳ t❤❡ ❜❧✉rr✐♥❣

♦♣❡r❛t♦r✮ ✇❤✐❝❤ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s ✿

H = F−1DHF

✇❤❡r❡ DH ∈ C
n×n ✐s ❛ ❞✐❛❣♦♥❛❧ ♠❛tr✐①✳

❆❧❧ t❤❡ ❢✉♥❝t✐♦♥s ❝♦♥s✐❞❡r❡❞ ✐♥ t❤✐s t❡①t ❛r❡ ❡①t❡♥❞❡❞✲r❡❛❧ ✈❛❧✉❡❞ ❢✉♥❝t✐♦♥s
f : R

n → [−∞,+∞] ✹✳ ❚❤❡ ❞♦♠❛✐♥ ♦❢ f ✐s ❞❡✜♥❡❞ ❜② dom(f) = {x ∈ E, f(x) <

+∞}✳ ▲❡t K ⊆ R
n✳ χK ❞❡♥♦t❡s t❤❡ ✐♥❞✐❝❛t♦r ❢✉♥❝t✐♦♥ ♦❢ K ✿

χK(x) =

{

0 ✐❢ x ∈ K

∞ ♦t❤❡r✇✐s❡

▲❡t X ⊆ R
n ❜❡ ❛ ❝♦♥✈❡① ❝❧♦s❡❞ s❡t✳ ❚❤❡ ♣r♦❥❡❝t✐♦♥ ♦♥ X ✐s ❞❡✜♥❡❞ ❢♦r x0 ∈ R

n

❜② ✿

ΠX(x0) = arg min 1
2

∣

∣

∣

∣x− x0
∣

∣

∣

∣

2

s✉❜❥❡❝t t♦ x ∈ X

❲❡ ✇✐❧❧ ❛❧s♦ ♠❛❦❡ ✉s❡ ♦❢ t❤❡ ♣r♦①✐♠❛❧ ♦♣❡r❛t♦r ♠❛❞❡ ♣♦♣✉❧❛r ✐♥ s✐❣♥❛❧ ♣r♦❝❡ss✐♥❣
✐♥ ♣❛♣❡rs ❧✐❦❡ ❬✶✷❪✳ ▲❡t f ❜❡ ❛ ❝♦♥✈❡① ❝❧♦s❡❞ ❢✉♥❝t✐♦♥✳ ❚❤❡ ♣r♦①✐♠❛❧ ♦♣❡r❛t♦r ♦❢
f ✐s ❞❡✜♥❡❞ ❢♦r x0 ∈ R

n ❜② ✿

proxf

(

x0
)

= arg min f(x) + 1
2

∣

∣

∣

∣x− x0
∣

∣

∣

∣

s✉❜❥❡❝t t♦ x ∈ R
n

❚❤❡ ♣r♦①✐♠❛❧ ♦♣❡r❛t♦r ♦❢ β |||·|||1 ✇✐❧❧ ❜❡ ❞❡♥♦t❡❞ shrinkβ (·)✳ ❋♦r y0 = (y0
1 , y0

2) ∈
R

n × R
n ✐t ✐s ❞❡✜♥❡❞ ❜② ✿

shrinkβ

(

y0
)

= proxβ |||·|||
1

(

y0
)

= arg min β |||y|||1 + 1
2

∣

∣

∣

∣y − y0
∣

∣

∣

∣

2

s✉❜❥❡❝t t♦ y ∈ R
n × R

n

✹t❤✐s ❛✈♦✐❞s ❤❛✈✐♥❣ t♦ ❝♦♥s✐❞❡r ❝♦♥str❛✐♥❡❞ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠s

✹



❚❤✐s ♦♣❡r❛t♦r ❤❛s ❛ ❝❧♦s❡❞ ❢♦r♠ ❡①♣r❡ss✐♦♥✳ ▲❡t |y0| ∈ R
n ❜❡ ❞❡✜♥❡❞ ❜② |y0| =

√

(y0
1)2 + (y0

2)2✳ ❚❤❡♥

(shrinkβ

(

y0
)

)(i, j) = y0 −min(β, |y0|) ·
y0

|y0|
.

✇❤❡r❡ y0

|y0| s❤♦✉❧❞ ❜❡ t❛❦❡♥ ❛s 0 ♦♥ ♣❧❛❝❡s ✇❤❡r❡ |y0| = 0✳

✸ ❘❡✈✐❡✇ ♦❢ ❆❉▼ ♠❡t❤♦❞s

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❜r✐❡✢② r❡✈✐❡✇ t❤❡ ✇❡❧❧✲❦♥♦✇♥ ❆❧t❡r♥❛t✐♥❣ ❉✐r❡❝t✐♦♥ ▼❡✲
t❤♦❞ ✭❆❉▼✮ ✇❤✐❝❤ ❤❛s ❜❡❡♥ ✇❡❧❧ st✉❞✐❡❞ ✐♥ t❤❡ ❛r❡❛s ♦❢ ❝♦♥✈❡① ♣r♦❣r❛♠♠✐♥❣
❛♥❞ ✈❛r✐❛t✐♦♥❛❧ ✐♥❡q✉❛❧✐t✐❡s✱ s❡❡ ❡✳❣✳ ❬✺✱ ✶✻✱ ✶✼✱ ✷✶✱ ✷✹✱ ✷✺✱ ✷✻✱ ✸✶✱ ✸✸✱ ✹✵✱ ✻✵✱ ✻✼❪✳

❲❡ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❡❧❧✲str✉❝t✉r❡❞ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ t❤❛t ♠♦t✐✲
✈❛t❡❞ t❤❡ ♦r✐❣✐♥❛❧ ♣r❡s❡♥❝❡ ♦❢ ❆❉▼ ✐♥ ❬✷✺✱ ✷✻✱ ✸✶❪✳

min f1(x) + f2(y)
s.t. Bx + Cy = b,

x ∈ X, y ∈ Y,

✭✹✮

✇❤❡r❡ X ⊆ R
n ❛♥❞ Y ⊆ R

m ❛r❡ ❣✐✈❡♥ ❝♦♥✈❡① s❡ts✱ f1 : X → R ❛♥❞ f2 : Y → R

❛r❡ ❝❧♦s❡❞ ♣r♦♣❡r ❝♦♥✈❡① ❢✉♥❝t✐♦♥s ❀ B ∈ R
l×n ❛♥❞ C ∈ R

l×m ❛r❡ ❣✐✈❡♥ ♠❛tr✐❝❡s ❀
❛♥❞ b ∈ R

l ✐s ❛ ❣✐✈❡♥ ✈❡❝t♦r✳ ❖❜✈✐♦✉s❧②✱ t❤❡ ♣❛rt✐❝✉❧❛r ♣r♦❜❧❡♠ ✭✸✮ ❢❛❧❧s ✐♥t♦ ❛
s♣❡❝✐❛❧ ❝❛s❡ ♦❢ ✭✹✮✳

✸✳✶ ❆❧❣♦r✐t❤♠✐❝ ❢r❛♠❡✇♦r❦ ♦❢ ❆❉▼

❇② ❛tt❛❝❤✐♥❣ t❤❡ ▲❛❣r❛♥❣✐❛♥ ♠✉❧t✐♣❧✐❡r λ ∈ R
l t♦ t❤❡ ❧✐♥❡❛r ❝♦♥str❛✐♥t✱ t❤❡

❆✉❣♠❡♥t❡❞ ▲❛❣r❛♥❣✐❛♥ ✭❆▲✮ ❢✉♥❝t✐♦♥ ♦❢ ✭✹✮ ✐s

L(x, y, λ) := f1(x) + f2(y) + 〈λ, Bx + Cy − b〉+
β

2
||Bx + Cy − b||

2
, ✭✺✮

✇❤❡r❡ β > 0 ✐s t❤❡ ♣❡♥❛❧t② ♣❛r❛♠❡t❡r ❢♦r t❤❡ ✈✐♦❧❛t✐♦♥ ♦❢ t❤❡ ❧✐♥❡❛r ❝♦♥str❛✐♥ts✱
s❡❡ ❡✳❣✳ ❬✺✶❪✳ ❍❡♥❝❡✱ ✇✐t❤ ❛ ❣✐✈❡♥ ✐♥✐t✐❛❧ λ0✱ t❤❡ ❆▲ ♠❡t❤♦❞ ❛♣♣r♦❛❝❤❡s t❤❡
s♦❧✉t✐♦♥s ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ♣r♦❜❧❡♠ ✭✹✮✱ ❞❡♥♦t❡❞ ❜② ✭x∗, y∗✮✱ ❜② s♦❧✈✐♥❣ ✐t❡r❛t✐✈❡❧②
t❤❡ ❢♦❧❧♦✇✐♥❣ ❛✉①✐❧✐❛r② ♣r♦❜❧❡♠ ✿















(xk+1, yk+1) ∈ arg min L(x, y, λk)
s✉❜❥❡❝t t♦ x ∈ X

y ∈ Y

λk+1 = λk + β(Bxk+1 + Cyk+1 − b)

✭✻✮

❉❡s♣✐t❡ ✐ts ♣♦♣✉❧❛r✐t② ❢♦r s♦❧✈✐♥❣ ❣❡♥❡r✐❝ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✇✐t❤ ❡q✉❛❧✐t②
❝♦♥str❛✐♥ts✱ ✐t ✐s ♥♦t ❜❡♥❡✜❝✐❛❧ t♦ ✐♠♣❧❡♠❡♥t ❞✐r❡❝t❧② t❤❡ ♦r✐❣✐♥❛❧ ❆▲ ♠❡t❤♦❞ ✭✻✮
t♦ s♦❧✈❡ t❤❡ ♣❛rt✐❝✉❧❛r ♣r♦❜❧❡♠ ✭✹✮✳ ■♥ ❢❛❝t✱ t❤❡ ♥✐❝❡ s❡♣❛r❛❜❧❡ str✉❝t✉r❡ ❡♠❡r❣✐♥❣
✐♥ ❜♦t❤ t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ ❛♥❞ t❤❡ ❝♦♥str❛✐♥t ♦❢ ✭✹✮ ✐s ❝♦♠♣❧❡t❡❧② ✐❣♥♦r❡❞ ❜②
❞♦✐♥❣ s♦✱ ❛♥❞ t❤✉s xk+1 ❛♥❞ yk+1 ❛r❡ r❡q✉✐r❡❞ t♦ ❜❡ ♠✐♥✐♠✐③❡❞ s✐♠✉❧t❛♥❡♦✉s❧②
✐♥ ✭✻✮✳ ❚❤✐s ♣✐t❢❛❧❧✱ ❤♦✇❡✈❡r✱ ❝❛♥ ❜❡ ❢❛✈♦r❛❜❧② ♦✈❡r❝❛♠❡ ❜② t❤❡ ❆❉▼✳ ▼♦r❡

✺



s♣❡❝✐✜❝❛❧❧②✱ t♦ ❛♣♣r♦❛❝❤ ❛ s♦❧✉t✐♦♥ ♦❢ ✭✹✮✱ t❤❡ ❆❉▼ s♦❧✈❡s t❤❡ ❢♦❧❧♦✇✐♥❣ s✉❜
♣r♦❜❧❡♠ ❛t ❡❛❝❤ ✐t❡r❛t✐♦♥ ✿























xk+1 ∈ arg min L(x, yk, λk)
s✉❜❥❡❝t t♦ x ∈ X

yk+1 ∈ arg min L(xk+1, y, λk)
s✉❜❥❡❝t t♦ y ∈ Y

λk+1 = λk + β(Bxk+1 + Cyk+1 − b)

. ✭✼✮

◆♦t❡ t❤❛t ❆❉▼ ✐♥❤❡r✐ts t❤❡ ❛❧❣♦r✐t❤♠✐❝ ❢r❛♠❡✇♦r❦ ♦❢ t❤❡ ❆▲ ♠❡t❤♦❞✱ ❜✉t ✇✐t❤
t❤❡ ✐♠♣r♦✈❡♠❡♥t ♦❢ ♠✐♥✐♠✐③✐♥❣ xk+1 ❛♥❞ yk+1 s❡r✐❛❧❧② ✈✐❛ s♦❧✈✐♥❣ t✇♦ ❧♦✇❡r✲
❞✐♠❡♥s✐♦♥❛❧ s✉❜ ♣r♦❜❧❡♠s✳ ■♥ t❤✐s s❡♥s❡✱ ❆❉▼ ✐s ❛ ✈❛r✐❛♥t ♦❢ ❆▲ ✇✐t❤ ♣r❛❝t✐❝❛❧
❢❡❛t✉r❡s ❢♦r s♦❧✈✐♥❣ str✉❝t✉r❡❞ ♣r♦❜❧❡♠s ❧✐❦❡ ✭✹✮✳

❍❡♥❝❡✱ t❤❡ ❆❉▼ ❛❧❣♦r✐t❤♠✐❝ ❢r❛♠❡✇♦r❦ ❢♦r s♦❧✈✐♥❣ ✭✹✮ ❛s ❢♦❧❧♦✇s ✿

❆❧❣♦r✐t❤♠ ✶✿ ❆❧t❡r♥❛t✐♥❣ ❉✐r❡❝t✐♦♥ ▼❡t❤♦❞ ❢♦r s♦❧✈✐♥❣ ✭✹✮

■♥♣✉t✿ ❚❤❡ ♠❛①✐♠❛❧ ♥✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s N ❀ ❚❤❡ st❛rt✐♥❣ ♣♦✐♥t x0 ∈
dom(f1)✱ y0 ∈ dom(f2) ❛♥❞ λ0 ∈ R

l ❀ ❚❤❡ ✐♥✐t✐❛❧ ✈❛❧✉❡ ♦❢ β.

❖✉t♣✉t✿ xN ✱ ❛♥ ❡st✐♠❛t❡ ♦❢ ❛♥ ❡❧❡♠❡♥t ♦❢ x∗ s❛t✐s❢②✐♥❣ s♦♠❡ st♦♣♣✐♥❣
❝r✐t❡r✐♦♥✳

❜❡❣✐♥

❢♦r k❂ 0 t♦ N − 1 ❞♦

❙t❡♣ ✶✳ xk+1 = arg min L(x, yk, λk)
s✉❜❥❡❝t t♦ x ∈ X

.

❙t❡♣ ✷✳ yk+1 = arg min L(xk+1, y, λk)
s✉❜❥❡❝t t♦ y ∈ Y

.

❙t❡♣ ✸✳ λk+1 = λk + β(Bxk+1 + Cyk+1 − b).

❡♥❞

❡♥❞

❘❡♠❛r❦ ✶✳ ❋♦r ❛ ❝❧❡❛r ❡①♣♦s✐t✐♦♥ ♦❢ t❤❡ ♠❛✐♥ ✐❞❡❛✱ ✇❡ ♦♥❧② ♣r❡s❡♥t t❤❡ ❛❧❣♦r✐t❤✲
♠✐❝ ❢r❛♠❡✇♦r❦ ♦❢ t❤❡ ❜❛s✐❝ ❆❉▼✳ ❙♦♠❡ ♠♦r❡ ❛❞✈❛♥❝❡❞ ❆❉▼ t②♣❡ ♠❡t❤♦❞s ❛r❡
❛❧s♦ ❛♣♣❧✐❝❛❜❧❡ ❢♦r s♦❧✈✐♥❣ ✭✹✮✳ ❋♦r ❡①❛♠♣❧❡✱ t❤❡ ❣❡♥❡r❛❧ ❆❉▼ ✐♥ ❬✸✶❪ ♠♦❞✐✜❡s

❙t❡♣ ✸ ♦❢ t❤❡ ❜❛s✐❝ ❆❉▼ ✇✐t❤ ❛ r❡❧❛①❛t✐♦♥ ♣❛r❛♠❡t❡r ✐♥ t❤❡ ✐♥t❡r✈❛❧ (0,
√

5+1
2 ) ❀

❛♥❞ t❤❡ ♠❡t❤♦❞ ✐♥ ❬✻✼❪ ❞❡✈❡❧♦♣s ❞❡s❝❡♥t ❞✐r❡❝t✐♦♥s ❜❛s❡❞ ♦♥ t❤❡ ✐t❡r❛t❡s ❣❡♥❡✲
r❛t❡❞ ❜② t❤❡ ❜❛s✐❝ ❆❉▼✳

✸✳✷ ❱❛r✐❛t✐♦♥❛❧ ✐♥❡q✉❛❧✐t② r❡❢♦r♠✉❧❛t✐♦♥

▲❡t ∂f1 ❛♥❞ ∂f2 ❞❡♥♦t❡ t❤❡ r❡s♣❡❝t✐✈❡ s✉❜❞✐✛❡r❡♥t✐❛❧s ♦❢ f1 ❛♥❞ f2 ❀ ❧❡t
Ω := X × Y × R

l✳ ❚❤❡♥✱ ✐t ✐s ❡❛s② t♦ ✈❡r✐❢② t❤❛t s♦❧✈✐♥❣ ✭✹✮ ✐s ❡q✉✐✈❛❧❡♥t t♦
✜♥❞✐♥❣ (x∗, y∗, λ∗) ∈ Ω s✉❝❤ t❤❛t







(x− x∗)T (∂f1(x
∗) + BT λ∗) ≥ 0,

(y − y∗)T (∂f2(y
∗) + CT λ∗) ≥ 0,

(λ− λ∗)T (Bx∗ + Cy∗ − b) = 0,
∀ (x, y, λ) ∈ Ω. ✭✽✮

✻



✇❤❡r❡ ∂fi ✐s ✉♥❞❡rst♦♦❞ ❛s ❛♥② ❡❧❡♠❡♥t ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s✉❜❞✐✛❡r❡♥t✐❛❧
✇✐t❤♦✉t ❛♠❜✐❣✉✐t②✳ ❍❡♥❝❡✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ✈❛r✐❛t✐♦♥❛❧ ✐♥❡q✉❛❧✐t② ✭❱■✮
r❡❢♦r♠✉❧❛t✐♦♥ ♦❢ ✭✹✮ ✿ ❋✐♥❞ u∗ ∈ Ω s✉❝❤ t❤❛t

(u− u∗)T F (u) ≥ 0, ∀ u′ ∈ Ω,

✇❤❡r❡

u =





x

y

λ



 ❛♥❞ F (u) =





∂f1(x) + BT λ

∂f2(x) + CT λ

Bx + Cy − b



 .

✸✳✸ ❙t♦♣♣✐♥❣ ❝r✐t❡r✐♦♥

■♥ t❤✐s s✉❜s❡❝t✐♦♥✱ ✇❡ s♣❡❝✐❢② ❛♥ ✐♠♣❧❡♠❡♥t❛❜❧❡ st♦♣♣✐♥❣ ❝r✐t❡r✐♦♥ ❢♦r ❛♣✲
♣❧②✐♥❣ t❤❡ ❆❉▼✳

◆♦t❡ t❤❛t t❤❡ ✐t❡r❛t❡ (xk+1, yk+1, λk+1) ❣❡♥❡r❛t❡❞ ❜② ❆❉▼ s❛t✐s✜❡s







(x− xk+1)T
{

∂f1(x
k+1) + BT λk+1 + βBT C(yk − yk+1)

}

≥ 0, ∀x ∈ X,

(y − yk+1)T
{

∂f2(y
k+1) + CT λk+1

}

≥ 0, ∀y ∈ Y,

(Bxk+1 + Cyk+1 − b) = 1
β (λk+1 − λk).

✭✾✮
❚❤❡r❡❢♦r❡✱ ✭✾✮ ❡♥❛❜❧❡ ✉s t♦ ❞❡s✐❣♥ ❛♥ ❡❛s②✲❢♦r✲❝❤❡❝❦ st♦♣♣✐♥❣ ❝r✐t❡r✐♦♥ ❢♦r ✐♠✲
♣❧❡♠❡♥t✐♥❣ ❆❉▼✱ s❡❡ ❛❧s♦ ❬✻✽❪✳ ▼♦r❡ s♣❡❝✐✜❝❛❧❧②✱ ❜❛s❡❞ ♦♥ ✭✽✮ ❛♥❞ ✭✾✮✱ ✐t ✐s
❝❧❡❛r t❤❛t (xk+1, yk+1, λk+1) ✐s ❛ s♦❧✉t✐♦♥ ♦❢ ✭✽✮ ✐❢ ❛♥❞ ♦♥❧② ✐❢ yk = yk+1 ❛♥❞
λk = λk+1✳ ❚❤✐s ♦❜s❡r✈❛t✐♦♥ ♠♦t✐✈❛t❡s ✉s t♦ ❞❡✈❡❧♦♣ ❛ st♦♣♣✐♥❣ ❝r✐t❡r✐♦♥ ❢♦r
✐♠♣❧❡♠❡♥t✐♥❣ ❆❉▼ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♠❛♥♥❡r ✿

max{eyk, ezk} ≤ ǫ, ✭✶✵✮

✇❤❡r❡ ǫ > 0 ❛♥❞

eyk := β‖BT C(yk − yk+1)‖ ❛♥❞ ezk :=
1

β
‖(λk − λk+1)‖. ✭✶✶✮

✸✳✹ ❆ str❛t❡❣② ♦❢ ❛❞❥✉st✐♥❣ ♣❡♥❛❧t② ♣❛r❛♠❡t❡r

❚❤❡♦r❡t✐❝❛❧❧②✱ ❆❉▼ t②♣❡ ♠❡t❤♦❞s ❛r❡ ❝♦♥✈❡r❣❡♥t ❢♦r ❛♥② ❝♦♥st❛♥t β > 0✱
s❡❡ ❡✳❣✳ ❬❄✱ ✷✺✱ ✷✻✱ ✸✶❪✳ ■♥ ♣r❛❝t✐❝❡✱ ❤♦✇❡✈❡r✱ ✐t ✐s ♥❡❝❡ss❛r② t♦ ❛❞❥✉st t❤❡ ✈❛❧✉❡s
♦❢ β ❞②♥❛♠✐❝❛❧❧② ✐♥ ♦r❞❡r t♦ ❛❝❤✐❡✈❡ ❜❡tt❡r ♥✉♠❡r✐❝❛❧ ♣❡r❢♦r♠❛♥❝❡✳ ❲❡ r❡❢❡r t♦✱
❡✳❣✳ ❬✸✸✱ ✸✹✱ ✹✵❪✱ ❢♦r s♦♠❡ ❡①✐st✐♥❣ str❛t❡❣✐❡s ♦❢ ❛❞❥✉st✐♥❣ t❤❡ ✈❛r✐❛❜❧❡ s❡q✉❡♥❝❡
♦❢ ♣❡♥❛❧t② ♣❛r❛♠❡t❡r {βk} s❡❧❢✲❛❞❛♣t✐✈❡❧②✳ ❈♦♥✈❡r❣❡♥❝❡ ♦❢ ❆❉▼ ✇✐t❤ ✈❛r✐❛❜❧❡
♣❡♥❛❧t② ♣❛r❛♠❡t❡rs ❝❛♥ ❛❧s♦ ❜❡❡♥ ❢♦✉♥❞ t❤❡r❡✳

❚❤❡ ♣r♦♣❡rt② ✐♠♣❧✐❡❞ ❜② ✭✾✮ ♥♦t ♦♥❧② ♠♦t✐✈❛t❡s ✉s t♦ ♣r❡s❡♥t t❤❡ st♦♣♣✐♥❣
❝r✐t❡r✐♦♥ ✭✶✵✮✲✭✶✶✮ ❢♦r ✐♠♣❧❡♠❡♥t✐♥❣ ❆❉▼✱ ❜✉t ❛❧s♦ ✐♥❞✉❝❡s ✉s t♦ ♣r❡s❡♥t t❤❡
❢♦❧❧♦✇✐♥❣ str❛t❡❣② ♦❢ ❛❞❥✉st✐♥❣ β ✇✐t❤ t❤❡ ♣✉r♣♦s❡ ♦❢ ❜❛❧❛♥❝✐♥❣ eyk ❛♥❞ ezk

✐t❡r❛t✐✈❡❧② ✿

βk+1 =

{

2
3βk ✐❢ ezk ≤ 0.9ǫ,

βk ♦t❤❡r✇✐s❡.

■♥ ❙❡❝t✐♦♥ ✺✱ ✇❡ ✇✐❧❧ ✉s❡ t❤✐s str❛t❡❣② t♦ ✐♠♣r♦✈❡ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ❆❉▼
♠❡t❤♦❞✳

✼



✹ ❆♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ❆❉▼ ❢♦r ❝♦♥str❛✐♥❡❞ ❚❱

♣r♦❜❧❡♠s

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❢♦❝✉s ♦♥ ❛♣♣❧②✐♥❣ t❤❡ ❆❉▼ t♦ s♦❧✈❡ s♦♠❡ ✐♥t❡r❡st✐♥❣
s❝❡♥❛r✐♦s ♦❢ t❤❡ ♠♦❞❡❧ ✭✸✮ ✐♥ ✐♠❛❣❡ r❡st♦r❛t✐♦♥ ❛♥❞ r❡❝♦♥str✉❝t✐♦♥✳

✹✳✶ TV − l
2 ❞❡❝♦♥✈♦❧✉t✐♦♥ ♣r♦❜❧❡♠s

■♥ t❤✐s ♣❛r❛❣r❛♣❤✱ ✇❡ s❤♦✇ ❤♦✇ t♦ ❛♣♣❧② t❤❡ ❆❉▼ ♠❡t❤♦❞ ❢♦r s♦❧✈✐♥❣ t❤❡
❝♦♥str❛✐♥❡❞ TV − l2 ♠♦❞❡❧✳ ❚❤✐s ♠♦❞❡❧ ✐s ❛❞❛♣t❡❞ t♦ t❤❡ r❡st♦r❛t✐♦♥ ♦❢ ❛ ❜❧✉rr②
✐♠❛❣❡ ✇✐t❤ ❛❞❞✐t✐✈❡ ●❛✉ss✐❛♥ ♥♦✐s❡✳ ❚❤❡ ♣r♦❜❧❡♠ ✉♥❞❡r ❝♦♥s✐❞❡r❛t✐♦♥ ✐s t❤❡
❢♦❧❧♦✇✐♥❣ ✿

min |||∇x|||1
s✉❜❥❡❝t t♦ x ∈ R

n,
∣

∣

∣

∣Hx− x0
∣

∣

∣

∣

2
≤ α

✭✶✷✮

✇❤❡r❡ H : R
n → R

n ✐s ❛ s♣❛t✐❛❧❧② ✐♥✈❛r✐❛♥t ❜❧✉r✳ ❲❡ ❛❧s♦ ❛ss✉♠❡ t❤❛t t❤❡ s❡t

K = {x ∈ R
n,

∣

∣

∣

∣Hx− x0
∣

∣

∣

∣

2
≤ α} ✐s ♥♦♥✲❡♠♣t②✱ ✇❤✐❝❤ ❡♥s✉r❡s t❤❛t t❤❡r❡ ❡①✐sts

❛ ❝♦♥✈❡① s❡t ♦❢ ♠✐♥✐♠✐③❡rs✳
❚♦ ❛♣♣❧② t❤❡ ♣r❡❝❡❞✐♥❣ t❤❡♦r②✱ t❤❡ ✜rst st❡♣ ❝♦♥s✐sts ✐♥ s♣❧✐tt✐♥❣ t❤❡ ♠✐♥✐✲

♠✐③❛t✐♦♥ ♦❢ |||∇x|||1 ❛♥❞ t❤❡ ♣r♦❥❡❝t✐♦♥ ♦♥t♦ K✳ ■♥ t❤✐s ♣❛r❛❣r❛♣❤ ✇❡ ♣r❡s❡♥t
❛♥ ❡✣❝✐❡♥t s♦❧✉t✐♦♥ ❢♦r t❤❡ TV − l2 ♣r♦❜❧❡♠✳ ❆♥ ❛❧t❡r♥❛t✐✈❡ ✇✐❧❧ ❜❡ ♣r❡s❡♥t❡❞
✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥✳

Pr♦❜❧❡♠ ✭✶✷✮ ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ❛s ✿

min |||y|||1
s✉❜❥❡❝t t♦ x ∈ K

y ∈ R
n × R

n, y = ∇x

✭✶✸✮

❚❤✐s ♣r♦❜❧❡♠ ✜ts t❤❡ ❢r❛♠❡✇♦r❦ ✭✹✮ ❜② ❝❤♦♦s✐♥❣ ✿ f1(x) = χK(x)✱ f2(y) =
|||y|||1✱ B = ∇✱ C = −I ❛♥❞ b = 0✳

❚❤❡ ❛✉❣♠❡♥t❡❞ ▲❛❣r❛♥❣✐❛♥ ❢✉♥❝t✐♦♥❛❧ ❛ss♦❝✐❛t❡❞ t♦ t❤✐s ♣r♦❜❧❡♠ ✐s ❞❡✜♥❡❞
❜② ✿

L(x, y, λ) = |||y|||1 +〈λ,∇x− y〉+
β

2
||∇x− y||

2
+ χK(x)

❚❤❡ ♠❛✐♥ ❞✐✣❝✉❧t② ✐♥ ♦r❞❡r t♦ ❛♣♣❧② t❤❡ ❆❉▼ ♠❡t❤♦❞ ❝♦♥s✐sts ✐♥ s♦❧✈✐♥❣ st❡♣s
✶ ❛♥❞ ✷ ✐♥ ❆❧❣♦r✐t❤♠ ✶✳ ▲❡t ✉s s❤♦✇ t❤❛t ✐t ❝❛♥ ❜❡ ❛❝❤✐❡✈❡❞ ❡✣❝✐❡♥t❧②✳

❙t❡♣ ✶ ❛♠♦✉♥ts t♦ s♦❧✈✐♥❣ ✿

❋✐♥❞ xk+1 ∈ arg min 〈λk,∇x− yk〉+ β
2

∣

∣

∣

∣∇x− yk
∣

∣

∣

∣

2

s✉❜❥❡❝t t♦ x ∈ R
n,

∣

∣

∣

∣Hx− x0
∣

∣

∣

∣

2
≤ α

❚❤✐s ✐s ❛ ❝♦♥str❛✐♥❡❞ ❧❡❛st sq✉❛r❡ ♣r♦❜❧❡♠✳ ■ts s♦❧✉t✐♦♥ ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ❡✣✲
❝✐❡♥t❧② ✐❢ t❤❡ s✐♥❣✉❧❛r ✈❛❧✉❡ ❞❡❝♦♠♣♦s✐t✐♦♥s ♦❢ t❤❡ ♠❛tr✐❝❡s H ❛♥❞ ∇ ❛r❡ ❣✐✈❡♥
❡①♣❧✐❝✐t❧② ❬✸✵✱ ♣✳✺✽✵❪✳ ❚❤✐s ✐s t❤❡ ❝❛s❡ ❢♦r ♦✉r ♣r♦❜❧❡♠✳ ❲❡ ❞❡s❝r✐❜❡ s✉❝❤ ❛♥ ❛❧✲
❣♦r✐t❤♠ ✐♥ t❤❡ ❛♣♣❡♥❞✐①✳ ■♥ ❧❛r❣❡ ❞✐♠❡♥s✐♦♥s✱ t❤❡ ♦✈❡r❛❧❧ ❝♦st ♦❢ t❤✐s ❛❧❣♦r✐t❤♠
✐s ❞♦♠✐♥❛t❡❞ ❜② t✇♦ ❉❋❚s✳

✽



❙t❡♣ ✷ ❛♠♦✉♥ts t♦ s♦❧✈✐♥❣

yk+1 ∈ arg min |||y|||1−〈λ
k, y〉+ β

2

∣

∣

∣

∣y −∇xk+1
∣

∣

∣

∣

2

s✉❜❥❡❝t t♦ y ∈ R
n × R

n

⇔ yk+1 = arg min |||y|||1 +β
2

∣

∣

∣

∣

∣

∣y −
(

∇xk+1 + λk

β

2)
∣

∣

∣

∣

∣

∣

2

s✉❜❥❡❝t t♦ y ∈ R
n × R

n

⇔ yk+1 = shrink 1

β

(

∇xk+1 +
λk

β

)

.

❲❡ s❡❡ t❤❛t ❜♦t❤ ❙t❡♣s ✶ ❛♥❞ ✷ ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ❡①♣❧✐❝✐t❧② ✿ t❤❡ ❆❉▼ ✐s
t❤✉s ✐♠♣❧❡♠❡♥t❛❜❧❡✳

✹✳✷ TV − l
p s✉♣❡r✲r❡s♦❧✉t✐♦♥✱ ✐♥♣❛✐♥t✐♥❣ ❛♥❞ ❞❡❝♦♥✈♦❧✉t✐♦♥

♣r♦❜❧❡♠s

■♠❛❣❡ ❞❡❝♦♥✈♦❧✉t✐♦♥✱ ✐♥♣❛✐♥t✐♥❣ ❛♥❞ s✉♣❡r✲r❡s♦❧✉t✐♦♥ ❛r❡ ♣r♦t♦t②♣✐❝❛❧ ✐♠❛❣❡
r❡❝♦♥str✉❝t✐♦♥ ♣r♦❜❧❡♠s✳ ■♥ t❤✐s ♣❛♣❡r ✇❡ ❢♦❝✉s ♦♥ t❤❡ ❝❛s❡ ✇❤❡r❡ ❛ s✐♥❣❧❡ ✐♠❛❣❡
❤❛s ❜❡❡♥ ❝♦♥✈♦❧✉t❡❞ ❛♥❞ s✉✛❡r❡❞ s♦♠❡ ❧♦ss ♦❢ ✐♥❢♦r♠❛t✐♦♥✳ ❚❤✐s ✐♠❛❣❡ ❢♦r♠❛t✐♦♥
♠♦❞❡❧ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s ✿

x0 = SHx + b ✭✶✹✮

✇❤❡r❡
✕ H ✐s ❛ s♣❛t✐❛❧❧② ✐♥✈❛r✐❛♥t ❝♦♥✈♦❧✉t✐♦♥ ✭♦r ♠♦r❡ ❣❡♥❡r❛❧❧② ❛ ❝✐r❝✉❧❛♥t ♠❛✲
tr✐①✮✳

✕ b ✐s ❛♥ ❛❞❞✐t✐✈❡ ✇❤✐t❡ ♥♦✐s❡✳ ❲❡ ✇✐❧❧ ❢♦❝✉s ♦♥❧② ♦♥ t❤❡ ❝❛s❡s ♦❢ ▲❛♣❧❛❝✐❛♥✱
●❛✉ss✐❛♥ ❛♥❞ ✉♥✐❢♦r♠ ♥♦✐s❡ ✐♥ t❤✐s ♣❛♣❡r✳ ❲❡ ❛ss✉♠❡ t❤❛t t❤❡ ♥♦✐s❡ ❞✐s✲
tr✐❜✉t✐♦♥ ✐s t❤❡ s❛♠❡ ❢♦r ❡✈❡r② ♣✐①❡❧ ♦❢ t❤❡ ✐♠❛❣❡ ❞♦♠❛✐♥✳ ❚❤✐s ❤②♣♦t❤❡s✐s
✐s ♥♦t ❛❜s♦❧✉t❡❧② ♥❡❝❡ss❛r② ❜✉t s✐♠♣❧✐✜❡s t❤❡ ♥♦t❛t✐♦♥s✳

✕ S : R
n → R

m ✐s ❛ r❡❝t❛♥❣✉❧❛r ♠❛tr✐① ✇✐t❤ ❛ s♣❡❝✐❛❧ str✉❝t✉r❡✳ ❲❡ ❛ss✉♠❡

t❤❛t S =











S1

S2

✳✳✳
Sm











❛♥❞ t❤❛t t❤❡ ❧✐♥❡s Sk ♦❢ S s❛t✐s❢② Sk = skei(k),j(k) ✇✐t❤

sk ∈ R✳ ❚❤✐s str✉❝t✉r❡✱ ❞❡s♣✐t❡ ✐ts s✐♠♣❧✐❝✐t②✱ ❝♦✈❡rs ✐♠♣♦rt❛♥t ❛♣♣❧✐❝❛✲
t✐♦♥s ✿
✕ ❱✐❣♥❡tt✐♥❣ ❛♥❞ ✐♥♣❛✐♥t✐♥❣✳ ■❢ S ✐s sq✉❛r❡ ❛♥❞ ❞✐❛❣♦♥❛❧✱ ✐t ❝❛♥ r❡✲
♣r❡s❡♥t ❛ ✈❛r✐❛❜❧❡ ❧✐❣❤t✐♥❣ ♦❢ t❤❡ s❝❡♥❡ ✿ t❤❡ ✐♥t❡♥s✐t② ♦❢ ❡✈❡r② ♣✐①❡❧ k

✐s ♠✉❧t✐♣❧✐❡❞ ❜② ❛ ❢❛❝t♦r sk ∈ R✳ ❚❤✐s ❡✛❡❝t ♦❢t❡♥ ♦❝❝✉rs ❜♦t❤ ✐♥ tr❛❞✐✲
t✐♦♥❛❧ ❛♥❞ ❞✐❣✐t❛❧ ♣❤♦t♦❣r❛♣❤② ❛♥❞ ✐s ❝❛❧❧❡❞ ✈✐❣♥❡tt✐♥❣✳ ■❢ ✇❡ s❡t sk = 0
❢♦r k ∈ K ❛♥❞ sk = 1 ♦♥ t❤❡ ❝♦♠♣❧❡♠❡♥t❛r② ♦❢ K t❤❡♥ t❤❡ ❞❡❣r❛❞❛t✐♦♥
✭✶✹✮ r❡♣r❡s❡♥ts ❛ ❧♦ss ♦❢ ✐♥❢♦r♠❛t✐♦♥ ♦♥ K✳ ❚❤✐s ❡q✉❛t✐♦♥ ❝❛♥ ❜❡ ✉s❡❞
t♦ ♠♦❞❡❧ t❤❡ ❞❡❣r❛❞❛t✐♦♥ ♦❝❝✉rr✐♥❣ ✐♥ ✐♥♣❛✐♥t✐♥❣ ♣r♦❜❧❡♠s✳

✕ ❙✉❜✲s❛♠♣❧✐♥❣✳ ▲❡t x ∈ R
n✱ s✉♣♣♦s❡ t❤❛t n1 ❛♥❞ n2 ❛r❡ ♠✉❧t✐♣❧❡ ♦❢

s ∈ N✳ ▲❡t i ∈ {1, 2, ..., n1

s } ❛♥❞ j ∈ {1, 2, ..., n2

s }✳ ◆♦✇ ❧❡t ✉s ❞❡✜♥❡ S

❛s ✿
(Sx)(i, j) = x(i · s, j · s).

❚❤✐s ♠❛♣♣✐♥❣ ❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞ ❛s ❛ ♠❛tr✐① S ✇✐t❤ t❤❡ str✉❝t✉r❡
❞❡s❝r✐❜❡❞ ❡❛r❧✐❡r✳ ■t ✐s ❛ s✉❜✲s❛♠♣❧✐♥❣ ❜② ❛ ❢❛❝t♦r s ✐♥ t❤❡ ✈❡rt✐❝❛❧ ❛♥❞
❤♦r✐③♦♥t❛❧ ❞✐r❡❝t✐♦♥s✳

✾



✕ ❈❧❡❛r❧②✱ ✇❡ ❝❛♥ ❛❧s♦ ❝♦♥s✐❞❡r ❝❛s❡s ✇❤❡r❡ ✈✐❣♥❡tt✐♥❣✱ s✉❜✲s❛♠♣❧✐♥❣ ❛♥❞
❧♦ss ♦❢ ✐♥❢♦r♠❛t✐♦♥ ♦❝❝✉r ❛❧❧ t♦❣❡t❤❡r✳

❚❤❡ ♣r♦❜❧❡♠ ♦❢ ✐♠❛❣❡ r❡❝♦♥str✉❝t✐♦♥ ✇❡ t❛❝❦❧❡ ✐♥ t❤✐s ♣❛♣❡r ❝♦♥s✐sts ✐♥
r❡❝♦✈❡r✐♥❣ x ❢r♦♠ x0 ❦♥♦✇✐♥❣✱ S✱ H ❛♥❞ t❤❡ st❛t✐st✐❝❛❧ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ♥♦✐s❡✳
❚❤❡ ✈❛r✐❛t✐♦♥❛❧ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤✐s ♣r♦❜❧❡♠ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣ ✿

❋✐♥❞ x∗ ∈ arg min |||∇x|||1
s✉❜❥❡❝t t♦ x ∈ R

n,
∣

∣

∣

∣SHx− x0
∣

∣

∣

∣

p
≤ α

✭✶✺✮

■♥ t❤❡ ❝❛s❡ ♦❢ ✐♠♣✉❧s✐✈❡ ♦r ▲❛♣❧❛❝✐❛♥ ♥♦✐s❡ p s❤♦✉❧❞ ❜❡ ❡q✉❛❧ t♦ ♦♥❡ ❬✹✾❪✱ ✇❤✐❧❡ ✐t
s❤♦✉❧❞ ❜❡ ❡q✉❛❧ t♦ 2 ❢♦r ●❛✉ss✐❛♥ ♥♦✐s❡ ❛♥❞ t♦ ∞ ❢♦r ✉♥✐❢♦r♠ ♥♦✐s❡✳ ❲❡ ❛ss✉♠❡
t❤❛t t❤❡ s❡t {x ∈ R

n,
∣

∣

∣

∣SHx− x0
∣

∣

∣

∣

p
≤ α} ✐s ♥♦♥✲❡♠♣t②✳ ❚❤✐s ✐s ❛ s✉✣❝✐❡♥t

❝♦♥❞✐t✐♦♥ t♦ ❡♥s✉r❡ ❡①✐st❡♥❝❡ ♦❢ ❛ s♦❧✉t✐♦♥✳
◆♦✇✱ ❧❡t ✉s s❤♦✇ ❤♦✇ t❤❡ ❆❉▼ ♠❡t❤♦❞ ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ t♦ s♦❧✈❡ ♣r♦❜❧❡♠

✭✶✺✮✳ ❋♦r t❤✐s ♣r♦❜❧❡♠✱ s♦❧✈✐♥❣ ❙t❡♣ ✶ ♦❢ ❆❧❣♦r✐t❤♠ ✶ ✐s t♦♦ ❝♦♠♣❧✐❝❛t❡❞ ✐❢ ✇❡
✉s❡ t❤❡ s❛♠❡ str❛t❡❣② ❛s ✐♥ ✭✶✸✮✳ ❲❡ ✉s❡ t✇♦ ❡q✉❛❧✐t② ❝♦♥str❛✐♥ts ✐♥st❡❛❞ ♦❢
✉s✐♥❣ ❥✉st ♦♥❡✳ Pr♦❜❧❡♠ ✭✶✺✮ ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ❛s ✿

❋✐♥❞ x∗ ∈ arg min |||w|||1
s✉❜❥❡❝t t♦ x ∈ R

n

w ∈ R
n × R

n, w = ∇x

z ∈ R
n, z = Hx,

∣

∣

∣

∣Sz − x0
∣

∣

∣

∣

p
≤ α

✭✶✻✮

▲❡t Z = {z ∈ R
n,

∣

∣

∣

∣Sz − x0
∣

∣

∣

∣

p
≤ α}✳ ❚❤✐s ♣r♦❜❧❡♠ ❝❛♥ ❜❡ ❝❛st❡❞ ✐♥ t❤❡ ❢r❛✲

♠❡✇♦r❦ ✭✹✮ ✉s✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦t❛t✐♦♥s ✿ y =

(

w

z

)

✱ f1(x) = 0✱ f2(y) =

|||w|||1 +χZ(z)✱ B =

[

∇
H

]

✱ C =

[

−I

−I

]

❛♥❞ b = 0✳

❚❤❡ ❛✉❣♠❡♥t❡❞ ▲❛❣r❛♥❣✐❛♥ ♦❢ t❤✐s ♣r♦❜❧❡♠ ✇r✐t❡s ✿

L(x, y, λ) = f2(y) + 〈λ, Bx− y〉+
β

2
||Bx− y||

2
.

❙t❡♣ ✶ ❛♠♦✉♥ts t♦ s♦❧✈✐♥❣ ✿

❋✐♥❞ xk+1 ∈ arg min 〈λk, Bx− yk〉+ β
2

∣

∣

∣

∣Bx− yk
∣

∣

∣

∣

2

s✉❜❥❡❝t t♦ x ∈ R
n

xk ✐s t❤✉s t❤❡ s♦❧✉t✐♦♥ ♦❢ ❛ ❧✐♥❡❛r s②st❡♠ ✇❤✐❝❤ ❝❛♥ ❜❡ ❞✐❛❣✐♦♥❛❧✐③❡❞ ❜② t❤❡ ❉❋❚✳
❚❤✐s ♠❛❦❡s ♥♦ ❞✐✣❝✉❧t② ❛♥❞ ❛❧❧♦✇s t♦ ❛✈♦✐❞ t❤❡ t❡❝❤♥✐❝❛❧✐t✐❡s ♦❢ t❤❡ ♣r❡✈✐♦✉s
❡①❛♠♣❧❡ ❞✉❡ t♦ t❤❡ ❝♦♥str❛✐♥❡❞ ❧❡❛st sq✉❛r❡ ♣r♦❜❧❡♠✳

❙t❡♣ ✷ ❛♠♦✉♥ts t♦ s♦❧✈✐♥❣ ✿

❋✐♥❞ yk+1 ∈ arg min f2(y) + 〈λk, Bxk+1 − y〉+ β
2

∣

∣

∣

∣y −Bxk+1
∣

∣

∣

∣

2

s✉❜❥❡❝t t♦ y ∈ R
n × R

n × R
n

✶✵



❚❤❡ s♦❧✉t✐♦♥ ♦❢ t❤✐s ♣r♦❜❧❡♠ ✐s ✉♥✐q✉❡ ❞✉❡ t♦ str♦♥❣ ❝♦♥✈❡①✐t② ♦❢ ||·||
2
❛♥❞ ✇❡

❝❛♥ ❝♦♥t✐♥✉❡ ❛s ❢♦❧❧♦✇s ✿

yk+1 = arg min f2(y) + 〈λk, Bxk+1 − y〉+ β
2

∣

∣

∣

∣y −Bxk+1
∣

∣

∣

∣

2

s✉❜❥❡❝t t♦ y ∈ R
n × R

n × R
n

= arg min f2(y) + β
2

∣

∣

∣

∣

∣

∣y −
(

Bxk+1 + λk

β

)∣

∣

∣

∣

∣

∣

2

s✉❜❥❡❝t t♦ y ∈ R
n × R

n × R
n

= proxf2/β

(

Bxk+1 + λk

β

)

.

❚❤❡♥ ✇❡ ❝❛♥ ✇r✐t❡

(

wk

zk

)

= Bxk+1 + λk

β ❛♥❞ ❞❡❝♦♠♣♦s❡ proxf2/β

(

·
)

❛s ✿

proxf2/β

(

w

z

)

=

(

prox|||·|||
1

/β

(

w
)

proxχK/β

(

z
)

)

❲❡ ❛❧r❡❛❞② ♣r♦✈❡❞ t❤❛t prox|||·|||
1

/β

(

w
)

= shrink1/β (w)✳ ◆♦✇ ❧❡t ✉s ❢♦❝✉s ♦♥

proxχK/β

(

z
)

= ΠK(z)

= arg min 1
2 ||z

′ − z||
2

s✉❜❥❡❝t t♦ z′ ∈ R
n

∣

∣

∣

∣Sz′ − x0
∣

∣

∣

∣

p
≤ α

❉✉❡ t♦ t❤❡ str✉❝t✉r❡ ♦❢ S✱ t❤✐s ♦♣❡r❛t✐♦♥ ✐s ❛ ♣r♦❥❡❝t✐♦♥ ♦♥t♦ ❛ ✇❡✐❣❤t❡❞ lp✲❜❛❧❧✳
❚❤✐s ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ❡①♣❧✐❝✐t❧② ♦r ✈❡r② ❛❝❝✉r❛t❡❧②✳ ❲❡ r❡❢❡r t❤❡ r❡❛❞❡r t♦ t❤❡
❛♣♣❡♥❞✐① ♦❢ ❬✻✹❪ ❢♦r ❛ ❞❡t❛✐❧❡❞ ✐♠♣❧❡♠❡♥t❛t✐♦♥✳

✹✳✸ ■♠❛❣❡ ❝❛rt♦♦♥✰t❡①t✉r❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♣r♦❜❧❡♠s

❉❡s♣✐t❡ ❛ ✇✐❞❡ ❛♠♦✉♥t ♦❢ ♣✉❜❧✐❝❛t✐♦♥s r❡❧❛t❡❞ t♦ t♦t❛❧ ✈❛r✐❛t✐♦♥ r❡❝♦♥str✉❝✲
t✐♦♥ ♣r♦❜❧❡♠s✱ t❤❡ ♣r❛❝t✐❝❛❧ r❡s✉❧ts ♦❜t❛✐♥❡❞ ✉s✐♥❣ t❤✐s ♣r✐♦r ♦♥ ♥❛t✉r❛❧ ✐♠❛❣❡s
❛r❡ ✉s✉❛❧❧② ♥♦t ❛s ❣♦♦❞ ❛s t❤♦s❡ ♦❜t❛✐♥❡❞ ✉s✐♥❣ ❤❛r♠♦♥✐❝ ❛♥❛❧②s✐s tr❛♥s❢♦r♠s
❢♦r ✐♥st❛♥❝❡✳ ❖♥❡ ♣♦ss✐❜❧❡ r❡❛s♦♥ ✐s t❤❛t ♥❛t✉r❛❧ ✐♠❛❣❡s ❞♦ ♥♦t s❡❡♠ t♦ ❜❡ ♦❢
❜♦✉♥❞❡❞ t♦t❛❧ ✈❛r✐❛t✐♦♥ ❬✸✷❪ ❛s t❤❡② ❝♦♥t❛✐♥ ❞❡t❛✐❧s ❛t ✈❡r② s♠❛❧❧ s❝❛❧❡s✳

❚♦ ♦✉r ❜❡❧✐❡❢✱ ♦♥❡ ♦❢ t❤❡ ♠❛✐♥ ✐♥t❡r❡sts ♦❢ t♦t❛❧ ✈❛r✐❛t✐♦♥ ✐s t❤❛t ✐t ❛❧❧♦✇s
t♦ s✐♠♣❧✐❢② t❤❡ ✐♠❛❣❡ ❝♦♥t❡♥t ❜② r❡♠♦✈✐♥❣ ❡rr❛t✐❝ ✐♥❢♦r♠❛t✐♦♥✳ ❚❤✐s ✐❞❡❛ ✇❛s
❢♦r♠❛❧✐③❡❞ ❜② ❨✳ ▼❡②❡r ✇❤♦ ♣r♦♣♦s❡❞ ♥❡✇ t♦t❛❧ ✈❛r✐❛t✐♦♥ ❜❛s❡❞ ♠♦❞❡❧s ✐♥ ❤✐s
❜♦♦❦ ❬✹✺❪✳ ❚❤❡r❡ ❤❡ ❞❡s❝r✐❜❡s ✈❛r✐❛t✐♦♥❛❧ ♠❡t❤♦❞s ✇❤✐❝❤ ❛✐♠ ✐s t♦ ❞❡❝♦♠♣♦s❡
❛♥ ✐♠❛❣❡ x0 ✐♥t♦ t❤❡ s✉♠ ♦❢ t✇♦ ❝♦♠♣♦♥❡♥ts ✿ ❛ ✏❝❛rt♦♦♥✑ u ❛♥❞ ❛ ✏t❡①t✉r❡✑
v✳ ❚❤✐s ❦✐♥❞ ♦❢ ❞❡❝♦♠♣♦s✐t✐♦♥ ❤❛s ❛ ❧❛r❣❡ ♥✉♠❜❡r ♦❢ ♣♦t❡♥t✐❛❧ ❛♣♣❧✐❝❛t✐♦♥s ✿
✐♠❛❣❡ s❡❣♠❡♥t❛t✐♦♥✱ t❡①t✉r❡ ❛♥❛❧②s✐s✱ s❡♣❛r❛t❡ ❝♦♠♣r❡ss✐♦♥ ♦r ✐♥♣❛✐♥t✐♥❣ ♦❢ t❤❡
❝❛rt♦♦♥ ❛♥❞ t❤❡ t❡①t✉r❡❞ ♣❛rts✳✳✳ ❚❤❡ ❜❛s✐❝ ✐❞❡❛ ♦❢ ❨✳ ▼❡②❡r ✐s t♦ ❞❡✜♥❡ t✇♦
❢✉♥❝t✐♦♥❛❧s f1 ❛♥❞ f2 ❛♥❞ t♦ ❧♦♦❦ ❢♦r t❤❡ s♦❧✉t✐♦♥ ♦❢ ✿

u∗ = arg min f1(u) + f2(v)
s✉❜❥❡❝t t♦ u ∈ R

n, v ∈ R
n

x0 = u + v

❚❤✐s ♠♦❞❡❧ s❤♦✉❧❞ ❧❡❛❞ t♦ ❛ ❣♦♦❞ ❞❡❝♦♠♣♦s✐t✐♦♥ ✐❢ t❤❡ t✇♦ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s
❛r❡ ❢✉❧✜❧❧❡❞ s✐♠✉❧t❛♥❡♦✉s❧② ✿

✶✶



✕ f1(v)≫ f2(v) ✐❢ v ✐s ❛♥ ✏♦s❝✐❧❧❛t✐♥❣✑ ❝♦♠♣♦♥❡♥t✳
✕ f1(u)≪ f2(u) ✐❢ u ✐s ❛ ✏❝❛rt♦♦♥✑ ❝♦♠♣♦♥❡♥t✳

■♥ ❤✐s ✇♦r❦ ❬✹✺❪✱ ❨✳ ▼❡②❡r ♣r♦♣♦s❡s t♦ ❝❤♦♦s❡ f1(u) = TV (u) ❛♥❞ f2(v) = ||v||G
✇❤❡r❡ ||·||G ✐s ❛ ♥♦r♠ ♦♥ t❤❡ ♥❡❣❛t✐✈❡ ❙♦❜♦❧❡✈ s♣❛❝❡ W

−1,∞
0 ✳ ■♥ t❤❡ ❞✐s❝r❡t❡

s❡tt✐♥❣✱ t❤✐s ♥♦r♠ ✐s s✐♠♣❧② t❤❡ ❞✉❛❧ ♦❢ t❤❡ t♦t❛❧ ✈❛r✐❛t✐♦♥✳ ❖♥❡ ♦❢ t❤❡ r❡❛s♦♥s
❢♦r t❤❡ ❝❤♦✐❝❡ ♦❢ t❤✐s ♥♦r♠ ✐s ❛ ♥✐❝❡ r❡s✉❧t ♦❢ ❢✉♥❝t✐♦♥❛❧ ❛♥❛❧②s✐s ✭s❡❡ ❬✹✺✱ ✶❪ ❢♦r
♠♦r❡ ♣r❡❝✐s❡ r❡s✉❧ts ❛♥❞ ❞❡✜♥✐t✐♦♥s✮ ✿

■❢ vn ⇀ 0 t❤❡♥ ||vn||G → 0,

✇❤❡r❡ ⇀ ❞❡♥♦t❡s t❤❡ ✇❡❛❦ ❝♦♥✈❡r❣❡♥❝❡✳ ❚❤✐s ✐♥❞✐❝❛t❡s t❤❛t ❛♥ ♦s❝✐❧❧❛t✐♥❣ ❢✉♥❝✲
t✐♦♥ ❤❛s ❛ ❧♦✇ G✲♥♦r♠✳

❋r♦♠ ❛ ♥✉♠❡r✐❝❛❧ ♣♦✐♥t ♦❢ ✈✐❡✇✱ t❤✐s ♠♦❞❡❧ ✇❛s ✐♥✈❡st✐❣❛t❡❞ ✐♥ ❬✺✺✱ ✷✱ ✷✽✱
✻✹❪✳ ❍♦✇❡✈❡r✱ ✇❡ ❜❡❧✐❡✈❡ t❤❛t t❤❡ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡s ✉s❡❞ ✐♥ ♦r❞❡r t♦ s♦❧✈❡
❞❡❝♦♠♣♦s✐t✐♦♥ ♣r♦❜❧❡♠s st✐❧❧ ❧❛❝❦ ♣r❡❝✐s✐♦♥ ♦r ❡✣❝✐❡♥❝② ✭s❡❡ ❡✳❣✳ ❬✻✺❪✮✳

❆❢t❡r ▼❡②❡r✬s ♠♦❞❡❧ ✇❛s ♣r♦♣♦s❡❞✱ ❛ ♥✉♠❜❡r ♦❢ ✈❛r✐❛♥ts ❛♥❞ ♥❡✇ ❞❡❝♦♠✲
♣♦s✐t✐♦♥ ♠♦❞❡❧s ✇❡r❡ ♣r♦♣♦s❡❞ ✭s❡❡ ❡✳❣✳ ❬✺✻✱ ✺✾✱ ✹❪✮✳ ❘❡❝❡♥t❧② t❤❡ ❞✉❛❧ ♥♦r♠s
✇❡r❡ ✉s❡❞ ♥♦t ♦♥❧② ❢♦r ✐♠❛❣❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ❜✉t ❛❧s♦ ❢♦r ✐♠❛❣❡ r❡❝♦♥str✉❝t✐♦♥
❬✶✹✱ ✺✸✱ ✺✷❪✳ ❚❤❡s❡ ❦✐♥❞s ♦❢ t❡❝❤♥✐q✉❡s ❝❛♥ ❜❡ ♦❢ ✐♥t❡r❡st ✇❤❡♥ t❤❡ ♥♦✐s❡ ❞✐s✲
tr✐❜✉t✐♦♥ ✐s ♥♦t ✇❤✐t❡ ♦r ✇❤❡♥ ♦♥❧② t❤❡ ✏❝❛rt♦♦♥✑ ♣❛rt ♦❢ t❤❡ ✐♠❛❣❡ s❤♦✉❧❞ ❜❡
r❡tr✐❡✈❡❞✳ ❚❤❡ ♥✉♠❡r✐❝❛❧ ❡①♣❡r✐♠❡♥ts ❧❡❞ ✐♥ ❬✺✷❪ ❛❧s♦ s❤♦✇ t❤❛t t❤❡② ❛❧❧♦✇ t♦
❝❛♣t✉r❡ ✇❤✐t❡ ♥♦✐s❡ ❜❡tt❡r t❤❛♥ t❤❡ l2✲♥♦r♠ ❢♦r ❣❡♦♠❡tr✐❝ ✐♠❛❣❡s✳

❖✉r ❛✐♠ ✐♥ t❤✐s ♣❛r❛❣r❛♣❤ ✐s t♦ s❤♦✇ t❤❛t t❤❡ ❆❉▼ ♠❡t❤♦❞ ❛❧❧♦✇s t♦ s♦❧✈❡
t❤❡s❡ ❦✐♥❞s ♦❢ ♣r♦❜❧❡♠s ❡✣❝✐❡♥t❧②✳ ❲❡ ✐♥✈❡st✐❣❛t❡ ♦♥❧② t❤❡ t♦t❛❧ ✈❛r✐❛t✐♦♥ ❜❛s❡❞
♠♦❞❡❧s✳ ❚❤❡ ❆❉▼ ❝❛♥ ❝❧❡❛r❧② ❜❡ s✉❝❝❡ss❢✉❧ ❢♦r ♦t❤❡r r❡❧❛t❡❞ ♣r♦❜❧❡♠s ❛♥❞ ✇❡
❤♦♣❡ t❤❡ ❣✐✈❡♥ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts ✇✐❧❧ ❡♥❝♦✉r❛❣❡ ♣❡♦♣❧❡ ✉s✐♥❣ t❤✐s t❡❝❤♥✐q✉❡✳

✹✳✸✳✶ ❉✉❛❧ ♥♦r♠ ❛♥❞ ✐ts ❝♦♠♣✉t❛t✐♦♥

▲❡t ✉s ❞❡s❝r✐❜❡ t❤❡ ♣r♦❜❧❡♠ ✉♥❞❡r ❝♦♥s✐❞❡r❛t✐♦♥✳ ❲❡ r❡❢❡r t❤❡ r❡❛❞❡r t♦ ❬✸❪
❢♦r ♠♦r❡ ❞❡t❛✐❧❡❞ ❝♦♠♠❡♥ts✳ ▲❡t

X = {x ∈ R
n,

∑

i,j

x(i, j) = 0}.

❲❡ ❞❡✜♥❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦r♠ ♦♥ X ✿

||x||−1,p = min |||g|||p
s✉❜❥❡❝t t♦ g = (g1, g2) ∈ R

n × R
n,divg = x

❚❤✐s ✐s ♣♦ss✐❜❧❡ s✐♥❝❡ div ✐s s✉r❥❡❝t✐✈❡ ❢r♦♠ R
n × R

n t♦ X✳ ■♥ t❤❡ ❝❛s❡ p = ∞✱
t❤✐s ♥♦r♠ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❞✐s❝r❡t❡ ✈❡rs✐♦♥ ♦❢ ▼❡②❡r✬s G✲♥♦r♠ ❬✷❪✳ ■♥ t❤❡
❝❛s❡ p = 2✱ ✐t ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❞✐s❝r❡t❡ H−1✲♥♦r♠ ♣r♦♣♦s❡❞ ✐♥ ❬✺✻❪✳ ❚❤❡ ❝❛s❡
p = 1 ✇❛s ❛❧r❡❛❞② ✐♥✈❡st✐❣❛t❡❞ ♥✉♠❡r✐❝❛❧❧② ✐♥ ❬✻✹❪ ❛♥❞ ❧❡❞ t♦ ❣♦♦❞ ♣r❛❝t✐❝❛❧
❞❡❝♦♠♣♦s✐t✐♦♥ r❡s✉❧ts✳ ■♥ t❤❡ ❝♦♥t✐♥✉♦✉s s❡tt✐♥❣✱ t❤✐s ♥♦r♠ ✇♦✉❧❞ ❜❡ ❛❞❛♣t❡❞
t♦ t❤❡ ❙♦❜♦❧❡✈ s♣❛❝❡ ♦❢ ♥❡❣❛t✐✈❡ ✐♥❞❡① W

−1,1
0 ✳

❚❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ s✉❝❤ ❞✉❛❧ ♥♦r♠s ✐s ♥♦t str❛✐❣❤t❢♦r✇❛r❞✳ ❍♦✇❡✈❡r✱ ✐t ✐s
✐♠♣♦rt❛♥t t♦ ❤❛✈❡ ❛♥ ❡st✐♠❛t❡ ✐♥ ♦r❞❡r t♦ ❛ss❡ss ✲ ❡✳❣✳ ✲ t❤❡ ❡♠♣✐r✐❝❛❧ ❝♦♥✈❡r❣❡♥❝❡
r❛t❡s ♦❢ ✐t❡r❛t✐✈❡ ❛❧❣♦r✐t❤♠s✳ ❆ ❞✐❝❤♦t♦♠✐❝ s♦❧✉t✐♦♥ ✐s ♣r♦♣♦s❡❞ ✐♥ ❬✸❪✱ ❜✉t t❤❡
❛✉t❤♦rs r❡♣♦rt t❤❛t t❤❡ ❝♦♠♣✉t❛t✐♦♥ ✐s ♥♦t ❛❝❝✉r❛t❡✳ ❈♦♠♣✉t❛t✐♦♥ ♦❢ s✉❝❤ ❞✉❛❧

✶✷



♥♦r♠s ❝❛♥ ❜❡ ❛❝❤✐❡✈❡❞ ❡✣❝✐❡♥t❧② ✉s✐♥❣ t❤❡ ❆❉▼✳ ■t s✉✣❝❡s t♦ r❡♠❛r❦ t❤❛t ✿

||x||−1,p = min |||g|||p
s✉❜❥❡❝t t♦ g ∈ R

n × R
n, g = y

y ∈ R
n × R

n,divy = x

❚❤✐s ♣r♦❜❧❡♠ ✐s ❛ s✐♠♣❧❡ ✐♥st❛♥❝❡ ♦❢ ✭✹✮✳ ❆t ❡❛❝❤ ✐t❡r❛t✐♦♥✱ t❤❡ ♣r♦①✐♠❛❧ ♦♣❡r❛t♦r
♦❢ lp✲♥♦r♠s ♠✉st ❜❡ ❝♦♠♣✉t❡❞✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ❞♦♥❡ ❡①♣❧✐❝✐t❧② ❢♦r p ∈ {1, 2,∞}✳
❲❡ ❞♦ ♥♦t ❞❡t❛✐❧ t❤✐s ❛♣♣r♦❛❝❤ ❢✉rt❤❡r ❛♥❞ t✉r♥ t♦ t❤❡ ♠♦r❡ ❞❡♠❛♥❞✐♥❣ r❡❝♦♥s✲
tr✉❝t✐♦♥ ♣r♦❜❧❡♠✳

✹✳✸✳✷ ❘❡❝♦♥str✉❝t✐♦♥ ♣r♦❜❧❡♠

❚❤❡ ❝❧❛ss ♦❢ ♣r♦❜❧❡♠s ✇❡ ❝♦♥s✐❞❡r ✐♥ t❤✐s ♣❛♣❡r ✇r✐t❡ ✿

❋✐♥❞ x∗ ∈ arg min |||∇x|||1
s✉❜❥❡❝t t♦

∣

∣

∣

∣SHx− x0
∣

∣

∣

∣

−1,p
≤ α

✭✶✼✮

❚❤✐s ♣r♦❜❧❡♠ ✐s ❝❧❡❛r❧② ♠♦r❡ ❝♦♠♣❧✐❝❛t❡❞ t❤❛♥ t❤❡ ♣r❡✈✐♦✉s ♦♥❡s ❛♥❞ ❛♣♣❧②✐♥❣
t❤❡ ❆❉▼ ♠❡t❤♦❞ ✐s tr✐❝❦②✳ ❚❤❡ ✜rst r❡♠❛r❦ ✐♥ ♦r❞❡r t♦ ❛♣♣❧② ✐t ❝♦♥s✐sts ✐♥
r❡✇r✐t✐♥❣ ✭✶✼✮ ❛s ✿

arg min |||∇x|||1
s✉❜❥❡❝t t♦ x ∈ R

n

g ∈ G, divg = SHx− x0,

✭✶✽✮

✇❤❡r❡ G = {g ∈ R
m × R

m, |||g|||p ≤ α}✳ ❚❤✐s ✐s ♣♦ss✐❜❧❡ s✐♥❝❡ ❛❧❧ t❡r♠s ✐♥ t❤❡
♣r♦❜❧❡♠ ❛r❡ ❝♦♥✈❡①✳ Pr♦❜❧❡♠ ✭✶✽✮ ❝❛♥ ❜❡ t❛❝❦❧❡❞ ❞✐r❡❝t❧② ❜② t❤❡ ❆❉▼ ♠❡t❤♦❞✳
❍♦✇❡✈❡r t❤❡ s✉❜♣r♦❜❧❡♠s ✶ ❛♥❞ ✷ ✐♥ t❤✐s ❝❛s❡ ❛r❡ st✐❧❧ ❞✐✣❝✉❧t ❝♦♥✈❡① ♣r♦❜❧❡♠s
❛♥❞ ❝❛♥ ♦♥❧② ❜❡ s♦❧✈❡❞ ❜② ✐t❡r❛t✐✈❡ ♠❡t❤♦❞s✳ ■♥ ♦r❞❡r t♦ ♠❛❦❡ t❤❡s❡ s✉❜♣r♦❜❧❡♠s
❡❛s✐❡r✱ ✇❡ ♥❡❡❞ t♦ ✐♥tr♦❞✉❝❡ ♦t❤❡r ❧✐♥❡❛r ❡q✉❛❧✐t② ❝♦♥str❛✐♥ts✳ Pr♦❜❧❡♠ ✭✶✽✮ ✐s
❛❧s♦ ❡q✉✐✈❛❧❡♥t t♦ ✿

arg min |||w|||1
s✉❜❥❡❝t t♦ x ∈ R

n

y ∈ R
m × R

m,divy = Sz − x0

g ∈ G, g = y

w ∈ R
n × R

n, w = ∇x

z ∈ R
n, z = Hx

✭✶✾✮

❇② s❡tt✐♥❣ ✿ f1(x, y) = 0✱ f2(g, w, z) = |||w|||1 + χG(g) ❛♥❞

A =









∇ 0
H 0
0 div
0 I









B =









0 −I 0
0 0 −I

0 0 −S

−I 0 0









❛♥❞ b =









0
0
−x0

0









,

♣r♦❜❧❡♠ ✭✶✾✮ r❡✇r✐t❡s ✿

arg min f1(x, y) + f2(g, w, z)
s✉❜❥❡❝t t♦ A(x, y) + B(g, w, z) = b

✶✸



❚❤✐s ✐s ❝❧❡❛r❧② ❛♥ ✐♥st❛♥❝❡ ♦❢ t❤❡ ❝❧❛ss ♦❢ ♣r♦❜❧❡♠s ✭✹✮✳ ❚❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ 4
❡q✉❛❧✐t② ❝♦♥str❛✐♥ts ✐s t❤❡ ♠♦st str❛✐❣❤t❢♦r✇❛r❞ ✇❛② t♦ ❡♥s✉r❡ t❤❛t ❜♦t❤ s✉❜✲
♣r♦❜❧❡♠s ✶ ❛♥❞ ✷ ❝❛♥ ❜❡ s♦❧✈❡❞ ❡①❛❝t❧②✳ ❚❤❡ ❛✉❣♠❡♥t❡❞ ▲❛❣r❛♥❣✐❛♥ ❛ss♦❝✐❛t❡❞
t♦ ♣r♦❜❧❡♠ ✭✶✾✮ ✇r✐t❡s ✿

L((x, y), (g, w, z), λ) = f2(g, w, z) + 〈λ, A(x, y) + B(g, w, z)− b〉

+
β

2
||A(x, y) + B(g, w, z)− b||

2
,

✇❤❡r❡ λ = (λ1, λ2, λ3, λ4)✳ ◆♦✇ ❧❡t ✉s s❤♦✇ t❤❛t t❤❡ ❆❉▼ ♠❡t❤♦❞ ❝❛♥ ❜❡ ✉s❡❞
❡✣❝✐❡♥t❧② ❢♦r s♦❧✈✐♥❣ ✭✶✾✮✳

❙t❡♣ ✶ ❛♠♦✉♥ts t♦ ♠✐♥✐♠✐③✐♥❣ L((x, y), (gk, wk, zk), λk) ✇✳r✳t (x, y)✳ ❚❤❡ s♦✲
❧✉t✐♦♥ (xk+1, yk+1) s❛t✐s✜❡s ✿

βAT A(xk+1, yk+1) = −AT
(

λ + β(B(gk, wk, zk)− b)
)

, ✭✷✵✮

✇❤❡r❡

AT A =

[

∇T∇+ HT H 0
0 ∇∇T + I

]

.

❚❤❡ r❡s♦❧✉t✐♦♥ ♦❢ ✭✷✵✮ ❝❛♥ ❜❡ ❞♦♥❡ ✐♥ O(n log(n)) ♦♣❡r❛t✐♦♥s ✉s✐♥❣ t❤❡ ❉❋❚✳

❙t❡♣✷ ❛♠♦✉♥ts t♦ ♠✐♥✐♠✐③✐♥❣ L((xk+1, yk+1), (g, w, z), λk) ✇✳r✳t (g, w, z)✳ ❚❤✐s
✇r✐t❡s ✿

(gk+1, wk+1, zk+1) ∈ arg min |||w|||1 + 〈λk
1 ,∇xk+1 − w〉+ β

2

∣

∣

∣

∣∇xk+1 − w
∣

∣

∣

∣

2

+χG(g) + 〈λk
4 , yk+1 − g〉+ β

2

∣

∣

∣

∣yk+1 − g
∣

∣

∣

∣

2

+〈λk
2 , Hxk+1 − z〉+ β

2

∣

∣

∣

∣Hxk+1 − z
∣

∣

∣

∣

2

+〈λk
3 ,divyk+1 − Sz + x0〉+ β

2

∣

∣

∣

∣divyk+1 − Sz + x0
∣

∣

∣

∣

2

s✉❜❥❡❝t t♦ w ∈ R
n × R

n

g ∈ R
m × R

m

z ∈ R
n

❚♦ s♦❧✈❡ t❤✐s ♣r♦❜❧❡♠ ✇❡ ✜rst r❡♠❛r❦ t❤❛t t❤❡ ✈❛r✐❛❜❧❡s w✱ g ❛♥❞ z ❛r❡ ♥♦t
❝♦✉♣❧❡❞✳ ❯s✐♥❣ t❤❡ s❛♠❡ str❛t❡❣② ❛s ✐♥ t❤❡ ♣r❡✈✐♦✉s ❡①❛♠♣❧❡s ✐t ✐s ❡❛s② t♦ ❣❡t ✿

wk+1 = shrink1/β

(

∇xk+1 +
λk

1

β

)

❛♥❞

gk+1 = ΠG

(

yk+1 +
λk

4

β

)

.

❋✐♥❛❧❧② zk+1 ✐s t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞✐❛❣♦♥❛❧ ❧✐♥❡❛r s②st❡♠ ✿

β(I + ST S)zk+1 = λk
2 + βHxk+1 + ST

(

λk
3 + βdivyk+1 + βx0

)

.

❲❡ s❡❡ t❤❛t ❡✈❡r② st❡♣ ♦❢ t❤❡ ❆❉▼ ❤❛s ❛♥ ❡①♣❧✐❝✐t s♦❧✉t✐♦♥✳

✶✹



✹✳✹ ▼❡tr✐❝ ❝❤❛♥❣❡

❲❡ s❤♦✇❡❞ t❤❛t ❡✈❡r② st❡♣ ♦❢ t❤❡ ❆❉▼ ♠❡t❤♦❞ ❝♦✉❧❞ ❜❡ ♣❡r❢♦r♠❡❞ ❡①❛❝t❧②
❢♦r ✈❛r✐♦✉s ✐♠❛❣✐♥❣ ♣r♦❜❧❡♠s ♦❢ ✐♥t❡r❡st✳ ■♥ ♣r❛❝t✐❝❡✱ ✇❡ ♦❜s❡r✈❡❞ t❤❛t ✐t ✐s
✐♠♣♦rt❛♥t t♦ r❡✜♥❡ t❤❡ ❆❉▼ s❝❤❡♠❡ ✐♥ ♦r❞❡r t♦ ❣❡t ❜❡tt❡r ♣❡r❢♦r♠❛♥❝❡s✳ ❚❤❡r❡
❛r❡ t✇♦ ♥❛t✉r❛❧ ✇❛②s ♦❢ ✐♠♣r♦✈✐♥❣ t❤❡ ♣❡r❢♦r♠❛♥❝❡s ♦❢ t❤❡ s❝❤❡♠❡ ✿ ❝❤❛♥❣✐♥❣
t❤❡ ♠❡tr✐❝ ❛♥❞ ✉s✐♥❣ ❛♥ ❛❞❛♣t✐✈❡ ✧st❡♣✲s✐③❡✧

{

βk
}

✐♥st❡❛❞ ♦❢ ❛ ❝♦♥st❛♥t β✳ ❲❡
❛❧r❡❛❞② ❞❡s❝r✐❜❡❞ t❤❡ ✐❞❡❛ ♦❢ ❛❞❥✉st✐♥❣ β ❞②♥❛♠✐❝❛❧❧② ✐♥ ❙❡❝t✐♦♥ ✸✳✹✳

❲❡ ♦♥❧② ❞❡s❝r✐❜❡ t❤❡ ✐❞❡❛ ♦❢ ✉s✐♥❣ ❛ ❞✐✛❡r❡♥t ♠❡tr✐❝ ❢♦r t❤❡ ❚❱✲lp ♣r♦❜❧❡♠
❝♦♥s✐❞❡r❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳✷✳ ❚❤❡ ♦t❤❡r ❡①❛♠♣❧❡s ❝❛♥ ❜❡ ❣❡♥❡r❛❧✐③❡❞ ❡❛s✐❧②✳ ❚❤❡
❚❱✲lp ♣r♦❜❧❡♠ ✐s ❢♦r♠✉❧❛t❡❞ ❛s ✐♥ ✭✶✻✮✳ ❇② ❝❤♦♦s✐♥❣ t✇♦ s②♠♠❡tr✐❝ ❞❡✜♥✐t❡
♣♦s✐t✐✈❡ ♠❛tr✐❝❡s W∇ : R

2n → R
2n ❛♥❞ WH : R

n → R
n✱ ♣r♦❜❧❡♠ ✭✶✻✮ ❝❛♥ ❜❡

r❡❢♦r♠✉❧❛t❡❞ ❛s ✿

❋✐♥❞ x∗ ∈ arg min |||w|||1
s✉❜❥❡❝t t♦ x ∈ R

n

w ∈ R
n × R

n, W∇(w −∇x) = 0
z ∈ R

n, WH(z −Hx) = 0,
∣

∣

∣

∣Sz − x0
∣

∣

∣

∣

p
≤ α

✭✷✶✮

❚❤❡ ❛✉❣♠❡♥t❡❞ ▲❛❣r❛♥❣✐❛♥ ❛ss♦❝✐❛t❡❞ t♦ t❤✐s ♣r♦❜❧❡♠ ✐s ❞❡✜♥❡❞ ❜② ✿

L(x, w, z) = |||w|||1 +〈λ1, W∇(w −∇x)〉+
β

2
||W∇(w −∇x)||

2
2

+〈λ2, WH(z −Hx)〉+
β

2
||WH(z −Hx)||

2
2 .

✭✷✷✮

❲❡ ❝❛♥ ❞❡✜♥❡ ❛ ♥❡✇ s❝❛❧❛r ♣r♦❞✉❝t 〈·, ·〉W ♦♥ R
2n × R

2n ✿

〈(w1, z1), (w2, z2)〉W := 〈(w1, z1), (W∇w2, WHz2)〉W

❛♥❞ ❛ ♥♦r♠ ♦♥ R
2n × R

2n ✿ ||x||W :=
√

〈x, x〉W ✳ ❉♦✐♥❣ s♦ ❛♥❞ ✉s✐♥❣ t❤❡ s❛♠❡
♥♦t❛t✐♦♥s ❛s ✐♥ ❙❡❝t✐♦♥ ✹✳✷✱ t❤❡ ❛✉❣♠❡♥t❡❞ ▲❛❣r❛♥❣✐❛♥ ✭✷✷✮ r❡✇r✐t❡s ✿

L(x, y) = |||w|||1 +〈λ, Bx + Cy − b〉W +
β

2
||Bx + Cy − b||

2
W . ✭✷✸✮

❚❤❡ ❆❉▼ ♠❡t❤♦❞ ❝❛♥ ❜❡ s❤♦✇♥ t♦ ❝♦♥✈❡r❣❡ ✐♥ ❛♥② ♠❡tr✐❝ ❛♥❞ t❤❡ ♣♦ss✐❜✐❧✐t②
♦❢ ♠♦❞✐❢②✐♥❣ WH ❛♥❞ W∇ ❝❛♥ t❤✉s ❧❡❛❞ t♦ ❜❡tt❡r ♥✉♠❡r✐❝❛❧ ♣❡r❢♦r♠❛♥❝❡s ❬✸✶❪✳
■♥ t❤✐s ✇♦r❦✱ ✇❡ s✐♠♣❧② ❝❤♦♦s❡ ✿

WH = δI ❛♥❞ W∇ = I ✭✷✹✮

✇❤❡r❡ δ > 0✳ ❆ ❣♦♦❞ ✈❛❧✉❡ ♦❢ δ ❝❛♥ ❜❡ ❢♦✉♥❞ ❜② t❤❡ tr✐❛❧ ❛♥❞ ❡rr♦r ❛♣♣r♦❛❝❤✱ ❜②
❝♦♠♣❛r✐♥❣ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ❜❡❤❛✈✐♦rs✳ ❲❡ ❢♦✉♥❞ ♦✉t t❤❛t t❤❡ ✏♦♣t✐♠❛❧✑ ✈❛❧✉❡
♦❢ δ ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ✐♠❛❣❡s✱ ❜✉t ❞❡♣❡♥❞s ♦♥ t❤❡ ✐♠❛❣❡ r❡st♦r❛t✐♦♥ ❛♥❞
r❡❝♦♥str✉❝t✐♦♥ ♣r♦❜❧❡♠✳

✺ ◆✉♠❡r✐❝❛❧ ❡①♣❡r✐♠❡♥ts

❲❡ ❞✐✈✐❞❡ t❤❡ ♥✉♠❡r✐❝❛❧ s❡❝t✐♦♥ ✐♥t♦ t✇♦ ♣❛rts✳ ■♥ t❤❡ ✜rst ♦♥❡✱ ✇❡ st✉❞②
t❤❡ ❡✛❡❝t✐✈❡♥❡ss ♦❢ t❤❡ ❛❧❣♦r✐t❤♠s✳ ■♥ t❤❡ s❡❝♦♥❞ ♦♥❡✱ ✇❡ s❤♦✇ s♦♠❡ ♥✉♠❡r✐❝❛❧
r❡s✉❧ts ♦❢ t❤❡ ✐♠❛❣❡ r❡st♦r❛t✐♦♥ ❛♥❞ r❡❝♦♥str✉❝t✐♦♥ ♠♦❞❡❧s ❞✐s❝✉ss❡❞ ✐♥ ❙❡❝t✐♦♥
✹✳

✶✺



✺✳✶ ❈♦♥✈❡r❣❡♥❝❡ ❜❡❤❛✈✐♦r

✺✳✶✳✶ ❈♦♠♣❛r✐s♦♥s ♦♥ ❚❱✲l2

❚❤❡ ✜rst ❡①♣❡r✐♠❡♥t ❝♦♥s✐sts ✐♥ ❝♦♠♣❛r✐♥❣ t❤r❡❡ ❛♣♣r♦❛❝❤❡s ♦♥ t❤❡ ❚❱✲l2

❞❡❝♦♥✈♦❧✉t✐♦♥ ♣r♦❜❧❡♠ ✿
✕ ❚❤❡ ❆❉▼ ❛♣♣r♦❛❝❤ ❜❛s❡❞ ♦♥ t❤❡ s❡❝✉❧❛r ❡q✉❛t✐♦♥ ✐♥ ❙❡❝t✐♦♥ ✹✳✶✳
✕ ❚❤❡ ❆❉▼ ❛♣♣r♦❛❝❤ ✉s✐♥❣ t❤❡ s♣❧✐tt✐♥❣ ♦❢ t❤❡ ❣r❛❞✐❡♥t ❛♥❞ t❤❡ ❝♦♥✈♦❧✉t✐♦♥
♦♣❡r❛t♦r ✐♥ ❙❡❝t✐♦♥ ✹✳✷✳

✕ ❚❤❡ ◆❡st❡r♦✈ ❛♣♣r♦❛❝❤ ❞❡s❝r✐❜❡❞ ✐♥ ❬✻✹❪✱ ✇❤✐❝❤ ❝❛♥ ❜❡ r❡❣❛r❞❡❞ ❛s ❛♥
✐♠♣r♦✈❡♠❡♥t ♦❢ t❤❡ ❣r❛❞✐❡♥t ❞❡s❝❡♥t ♠❡t❤♦❞✳ ❚❤✐s t❡❝❤♥✐q✉❡ ❝❛♥ ❜❡ ✉s❡❞
♦♥❧② ✇❤❡♥ t❤❡ ♣r♦❥❡❝t✐♦♥ ♦♥t♦ t❤❡ ❝♦♥str❛✐♥ts s❡t ❝❛♥ ❜❡ ❞♦♥❡ ❡①♣❧✐❝✐t❧②✳

❚❤❡ ❡①♣❡r✐♠❡♥t❛❧ ♣r♦t♦❝♦❧ ✐s ❛s ❢♦❧❧♦✇s✳ ❲❡ ❝♦♥✈♦❧✈❡ t❤❡ ✺✶✷×✺✶✷ ❇❛r❜❛r❛
✐♠❛❣❡ ✇✐t❤ ❛ ✉♥✐❢♦r♠ ❦❡r♥❡❧ ♦❢ s✐③❡ ✺×✺✳ ❲❡ ❛❞❞ ●❛✉ss✐❛♥ ♥♦✐s❡ t♦ t❤❡ ✐♠❛❣❡✳
❲❡ r✉♥ ❡❛❝❤ ♠❡t❤♦❞ ❛♥❞ ❝♦♠♣✉t❡ t❤❡ ❞✐✛❡r❡♥t ❝❤❛r❛❝t❡r✐st✐❝s ♦❢ t❤❡ ♠❡t❤♦❞s✳

❆❝❝♦r❞✐♥❣ t♦ ❋✐❣✉r❡ ✶✱ ✇❡ s❡❡ t❤❛t t❤❡ ❆❉▼ ❛♣♣r♦❛❝❤ ✉s✐♥❣ t❤❡ s❡❝✉❧❛r
❡q✉❛t✐♦♥ ✐s t❤❡ ♠♦st ❡✣❝✐❡♥t✳ ❲❡ ✉s❡ t❤❡ ❙◆❘ ❛s ❛ ❝♦♠♣❛r✐s♦♥ ❝r✐t❡r✐♦♥ ❛s ♦♥❡
♦❢ t❤❡ ✐♥t❡r❡sts ♦❢ t❤✐s ♠❡t❤♦❞ ✐s t❤❛t ✐t ❧❡❛❞s t♦ ✈✐s✉❛❧❧② s❛t✐s❢❛❝t♦r② s♦❧✉t✐♦♥s
✈❡r② ❢❛st✳ ■♥ t❤✐s ❡①❛♠♣❧❡✱ t❤❡ ❆❉▼ ♠❡t❤♦❞ ❜❛s❡❞ ♦♥ t❤❡ s❡❝✉❧❛r ❡q✉❛t✐♦♥ ❣✐✈❡s
st❛❜❧❡ s♦❧✉t✐♦♥s ✐♥ ❛r♦✉♥❞ ✶ s❡❝♦♥❞ ♦♥ ❛ ❧❛♣t♦♣ ❢♦r ❛ ✺✶✷×✺✶✷ ✐♠❛❣❡✳

✺✳✶✳✷ ❈♦♠♣❛r✐s♦♥s ♦♥ ❚❱✲l1

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ t❡sts✱ ✇❡ ✉s❡ t❤❡ ❚❱✲l1 ❞❡❝♦♥✈♦❧✉t✐♦♥ ♣r♦❜❧❡♠ ✭❞❡❝♦♥✈♦❧✉✲
t✐♦♥ ✇✐t❤ ✐♠♣✉❧s❡ ♥♦✐s❡✮✳

❉②♥❛♠✐❝ β ❲❡ ✜rst ✐♥t❡♥❞ t♦ s❤♦✇ t❤❛t t❤❡ ✈❛r✐❛❜❧❡ ❛❞❥✉st♠❡♥t ♦❢ β ♣r♦♣♦✲
s❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳✹ ❛❧❧♦✇s t♦ ♣✐❝❦ ✈❛❧✉❡s βk ✇❤✐❝❤ ❛r❡ s✉❜✲♦♣t✐♠❛❧✱ ❜✉t r❡❛s♦♥❛❜❧❡
❛♥❞ ❛✉t♦♠❛t✐❝✳ ■♥ ✜❣✉r❡ ✭✺✳✶✳✷✮✱ ✇❡ s❡❡ t❤❛t ❛ ♥❡❛r ♦♣t✐♠❛❧✱ ✜①❡❞ ✈❛❧✉❡ ♦❢ β

✇♦✉❧❞ ❜❡ 1000 ❛s ✇✐t❤ t❤✐s ✈❛❧✉❡✱ t❤❡ ❛❧❣♦r✐t❤♠ ❝♦♥✈❡r❣❡s ✈❡r② q✉✐❝❦❧② t♦ ❛ ❤✐❣❤
❙◆❘✳ ■♥ t❤✐s ❡①❛♠♣❧❡✱ t❤❡ ✈❛r✐❛❜❧❡ str❛t❡❣② ❞❡s❝r✐❜❡❞ ✐♥ ✭✸✳✹✮ ✜rst ❧❡❛❞s t♦ ❛
✈❛❧✉❡ ♦❢ βk ❝❧♦s❡ t♦ 100 ❛♥❞ ✐♥❝r❡❛s❡s r❡❣✉❧❛r❧② ✉♣ t♦ 400✳ ■♥ ♣r❛❝t✐❝❡✱ ✐t ✇♦✉❧❞
t❤✉s ❜❡ ❜❡tt❡r t♦ r❡♣❧❛❝❡ t❤❡s❡ ✈❛❧✉❡s ♦❢ βk ✇✐t❤ ❛ ✜①❡❞ β = 1000✱ ❜✉t ✉s✐♥❣ t❤❡
❞❡s❝r✐❜❡❞ str❛t❡❣②✱ t❤❡ t✉♥✐♥❣ ✐s ❞♦♥❡ ❛✉t♦♠❛t✐❝❛❧❧② ❛♥❞ ❧❡❛❞s t♦ s❛t✐s❢❛❝t♦r②
r❡s✉❧ts ✐♥ ❛❧❧ ❝❛s❡s ✇❡ t❡st❡❞✳ ❚❤❡r❡❢♦r❡✱ t❤✐s t❡❝❤♥✐q✉❡ s❤♦✉❧❞ ❜❡ ❛❞♦♣t❡❞ ❛s ✐t
❤❛s ❛ ✈❡r② ❧♦✇ ❝♦st ❛t ❡❛❝❤ ✐t❡r❛t✐♦♥✳

▼❡tr✐❝ ❝❤❛♥❣❡ ■♥ t❤✐s ❡①♣❡r✐♠❡♥t✱ ✇❡ s❤♦✇ t❤❛t ❝❤❛♥❣✐♥❣ t❤❡ ♠❡tr✐❝✱ ❛s ❞❡s✲
❝r✐❜❡❞ ✐♥ ♣❛r❛❣r❛♣❤ ❙❡❝t✐♦♥ ✹✳✹ ✐s ❝r✉❝✐❛❧ ✐♥ ♦r❞❡r t♦ ❣❡t ❛ ❣♦♦❞ ❝♦♥✈❡r❣❡♥❝❡✳
❲❡ s❤♦✇ ✐t t❤r♦✉❣❤ t❤❡ ❚❱✲l1 ❞❡❝♦♥✈♦❧✉t✐♦♥ ♣r♦❜❧❡♠ ✇✐t❤ ✐♠♣✉❧s❡ ♥♦✐s❡✳ ❲❡
✉s❡ t❤❡ ✈❛r✐❛❜❧❡ str❛t❡❣② ❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳✹ ❢♦r ❝❤♦♦s✐♥❣ β✳ ❚❤❡♥ ✇❡ t❡st
❞✐✛❡r❡♥t ✈❛❧✉❡s ♦❢ δ ✐♥ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ s♣❡❡❞✳ ❋✐❣✉r❡ ✭✺✳✶✳✷✮ s❤♦✇s t❤❡ ❝♦♥✈❡r✲
❣❡♥❝❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ ❢♦r ✈❛r✐♦✉s ❝❤♦✐❝❡s ♦❢ δ✳ ❋♦r ✐♥st❛♥❝❡✱ ✐❢ t❤❡ ✉s❡r
❝❤♦♦s❡s δ = 1✱ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ✐s ✈❡r② s❧♦✇ ✭❛t ❧❡❛st 104 ✐t❡r❛t✐♦♥s ❛r❡ r❡q✉✐r❡❞
t♦ ❣❡t ❛ ✈✐s✉❛❧❧② st❛❜❧❡ s♦❧✉t✐♦♥✮✳ ❋♦r δ = 100 ✭✇❤✐❝❤ ✐s t❤❡ ❡①♣❡r✐♠❡♥t❛❧ ♦♣t✐✲
♠❛❧ ✈❛❧✉❡ ♦❢ δ✮✱ ❛ ✏❣♦♦❞✑ s♦❧✉t✐♦♥ ✐s ♦❜t❛✐♥❡❞ ✐♥ ♥♦ ♠♦r❡ t❤❛♥ 100 ✐t❡r❛t✐♦♥s✳
❚❤✐s ✐s ❝♦♠♣❛r❛❜❧❡ t♦ st❛t❡✲♦❢✲t❤❡✲❛rt r❡s✉❧ts ❢♦r t❤❡ ✉♥❝♦♥str❛✐♥❡❞ ✈❡rs✐♦♥ ♦❢
t❤❡ ❚❱✲l1 ♣r♦❜❧❡♠✳

✶✻



❋✐❣✳ ✶ ✕ ❋r♦♠ t♦♣ t♦ ❜♦tt♦♠ ✿ ❙◆❘ ✇✳r✳t✳ ✐t❡r❛t✐♦♥s ❀ ❛ ③♦♦♠ ♦♥ ❙◆❘ ✇✳r✳t✳
✐t❡r❛t✐♦♥s ❀ ❙◆❘ ✇✳r✳t✳ ❝♦♠♣✉t✐♥❣ t✐♠❡s ❀ ❛♥❞ t♦t❛❧ ✈❛r✐❛t✐♦♥ ✇✳r✳t✳ ✐t❡r❛t✐♦♥s✳

✶✼



❋✐❣✳ ✷ ✕ ❙◆❘ ✇✳r✳t✳ ✐t❡r❛t✐♦♥s ❢♦r ❞✐✛❡r❡♥t ✜①❡❞ ✈❛❧✉❡s ♦❢ β ❛♥❞ ❛ ❞②♥❛♠✐❝
❝❤♦✐❝❡ ♦❢ β ❛s ❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳✹✳

❋✐❣✳ ✸ ✕ ❙◆❘ ✇✳r✳t✳ ✐t❡r❛t✐♦♥s ❢♦r ❞✐✛❡r❡♥t ✜①❡❞ ✈❛❧✉❡s ♦❢ δ✳

✶✽



❋✐❣✳ ✹ ✕ ❈P❯ t✐♠❡ ✐♥ s❡❝♦♥❞s ✐♥ ♦r❞❡r t♦ ❣❡t ✾✺✪ ♦❢ t❤❡ ♠❛①✐♠✉♠ ❙◆❘ ✇✳r✳t✳
♥✉♠❜❡r ♦❢ ♣✐①❡❧s✳

❈♦♠♣✉t✐♥❣ t✐♠❡s ✇✐t❤ r❡s♣❡❝t t♦ ♣r♦❜❧❡♠ s✐③❡s ❚❤✐s ❡①♣❡r✐♠❡♥t ✐s
❞❡s✐❣♥❡❞ ✐♥ ♦r❞❡r t♦ s❤♦✇ ❡①♣❡r✐♠❡♥t❛❧❧② t❤❛t t❤❡ ❆❉▼ ♠❡t❤♦❞ s❝❛❧❡s ✇❡❧❧ ✇✐t❤
t❤❡ ♣r♦❜❧❡♠ ❞✐♠❡♥s✐♦♥s✳ ■♥ t❤❡ t❡st✱ ✇❡ ♣r♦❝❡❡❞ ❛s ❢♦❧❧♦✇s✳ ❲❡ ❝♦♥✈♦❧✈❡ ✐♠❛❣❡s
♦❢ ❞✐✛❡r❡♥t s✐③❡s ✇✐t❤ ❛ ✉♥✐❢♦r♠ ❦❡r♥❡❧ ♦❢ s✐③❡ ✺×✺✳ ❲❡ ✉s❡ t❤❡ ▼❛t❧❛❜ ❢✉♥❝t✐♦♥
✐♠♥♦✐s❡ ✇✐t❤ 30% ♦❢ t❤❡ ♣✐①❡❧s ❝♦rr✉♣t❡❞ ✭✐✳❡✳✱ ✇❡ s❡t r❛♥❞♦♠❧② 30% ♦❢ t❤❡ ♣✐①❡❧s
t♦ ❜❡ 0 ♦r 255✮✳ ❲❡ r✉♥ ❡❛❝❤ ♠❡t❤♦❞ ❛♥❞ ❝♦♠♣✉t❡ t❤❡ t✐♠❡ ♥❡❝❡ss❛r② t♦ ❣❡t ❛
s♦❧✉t✐♦♥ ✇❤✐❝❤ ❤❛s ❛ ❙◆❘ ❤✐❣❤❡r t❤❛♥ 95% ♦❢ t❤❡ ❤✐❣❤❡st ❙◆❘ ♦❜t❛✐♥❛❜❧❡ ✇✐t❤
t❤❡ ♠❡t❤♦❞✳ ❆❝❝♦r❞✐♥❣ t♦ t❤❡s❡ ❝✉r✈❡s✱ t❤❡ ❝♦♠♣✉t✐♥❣ t✐♠❡s s❡❡♠ t♦ ✐♥❝r❡❛s❡
❛❧♠♦st ❧✐♥❡❛r❧② ✇✐t❤ t❤❡ ♣r♦❜❧❡♠ s✐③❡✳ ❯s✐♥❣ t❤❡ t❤❡♦r❡t✐❝❛❧ ✐t❡r❛t✐♦♥ ❝♦♠♣❧❡①✐t②✱
✇❡ ❝♦✉❧❞ ❡①♣❡❝t ❛♥ ✐♥❝r❡❛s❡ ❛s O(n log n)✳

✶✾



❋✐❣✳ ✺ ✕ ❈♦♠♣✉t✐♥❣ t❤❡ ❞✉❛❧ ♥♦r♠ ✇✳r✳t✳ ♥✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s✳

✺✳✶✳✸ ❉✉❛❧ ♥♦r♠ ❝♦♠♣✉t❛t✐♦♥

■♥ t❤✐s ❡①♣❡r✐♠❡♥t✱ ✇❡ s❤♦✇ ✐♥ ❋✐❣✉r❡ ✺ ❤♦✇ ❢❛st t❤❡ ❆❉▼ ♠❡t❤♦❞ ❝♦♥✈❡r❣❡s
✐♥ ♦r❞❡r t♦ ❝♦♠♣✉t❡ t❤❡ ❞✉❛❧ ♥♦r♠s ✐♥tr♦❞✉❝❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳✸✳✶✳ ❍❡r❡ ✇❡ ✉s❡
t❤❡ ❇❛r❜❛r❛ ✐♠❛❣❡ ❛♥❞ ❝♦♠♣✉t❡ ✐ts ❞✉❛❧ ♥♦r♠✳ ◆♦ ♠♦r❡ t❤❛♥ 100 ✐t❡r❛t✐♦♥s ❛r❡
♥❡❝❡ss❛r② ✐♥ ♦r❞❡r t♦ ♦❜t❛✐♥ ❛ 10−2 ♣r❡❝✐s✐♦♥ ✭❛r♦✉♥❞ 5 s❡❝♦♥❞s ♦♥ ❛ ❧❛♣t♦♣✮✳
❚❤❡ ❜❡❤❛✈✐♦r ❢♦r t❤❡ W−1,∞✲♥♦r♠ ✐s ♥♦t ❛s s❛t✐s❢❛❝t♦r② ✐♥ t❤❡ ✜rst ✐t❡r❛t✐♦♥s
❛s ❢♦r t❤❡ ♦t❤❡r ♥♦r♠s✳ ❍♦✇❡✈❡r✱ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ r❡s✉❧ts ❛r❡ st✐❧❧ ❛❝❝❡♣t❛❜❧❡
❜② ✉s✐♥❣ t❤❡ ❆❉▼ ♠❡t❤♦❞✳

✺✳✷ ■♠❛❣❡ ❘❡st♦r❛t✐♦♥ ❛♥❞ ❘❡❝♦♥str✉❝t✐♦♥ ❘❡s✉❧ts

■♥ t❤✐s s✉❜s❡❝t✐♦♥✱ ✇❡ ❡♠♣❧♦② t❤❡ ❆❉▼ ♠❡t❤♦❞ t♦ ✐❧❧✉str❛t❡ t❤❡ q✉❛❧✐t②
♦❢ r❡st♦r❡❞ ❛♥❞ r❡❝♦♥str✉❝t❡❞ ✐♠❛❣❡s ✐♥ t❤❡ ✐♠❛❣✐♥❣ ♣r♦❜❧❡♠s st❛t❡❞ ✐♥ ❙❡❝✲
t✐♦♥ ✹✳ ❋✐❣✉r❡ ✻ s❤♦✇s ❛♥ ❡①❛♠♣❧❡ ♦❢ ✐♠❛❣❡ ✉♣s❛♠♣❧✐♥❣ ✉s✐♥❣ t❤❡ t♦t❛❧ ✈❛r✐❛✲
t✐♦♥✳ ❋✐❣✉r❡ ✼ s❤♦✇s ❛♥ ❡①❛♠♣❧❡ ♦❢ ❞❡❝♦♥✈♦❧✉t✐♦♥ ✇✐t❤ ✐♠♣✉❧s❡ ♥♦✐s❡✳ ❋✐❣✉r❡ ✽
s❤♦✇s s♦♠❡ ❡①❛♠♣❧❡s ♦❢ ✐♠❛❣❡ t❡①t✉r❡✰❝❛rt♦♦♥ ❞❡❝♦♠♣♦s✐t✐♦♥✳ ❚❤❡ ✜♥❣❡r♣r✐♥t
❡①❛♠♣❧❡ s❤♦✇s t❤❛t t❤❡ ♠❡t❤♦❞ ♣❡r♠✐ts t♦ r❡♠♦✈❡ t❤❡ ❡♣✐❞❡r♠❛❧ r✐❞❣❡s ✐♥❞❡✲
♣❡♥❞❡♥t❧② ♦❢ t❤❡ ❧✐❣❤t ✐♥t❡♥s✐t②✳ ❚❤❡s❡ t❤r❡❡ ❡①❛♠♣❧❡s ❞❡♠♦♥str❛t❡ t❤❡ ❆❉▼
♠❡t❤♦❞ ❝❛♥ r❡st♦r❡✱ r❡❝♦♥str✉❝t ❛♥❞ ❞❡❝♦♠♣♦s❡ ✐♠❛❣❡s q✉✐t❡ ❡✛❡❝t✐✈❡❧② ❛♥❞
❡✣❝✐❡♥t❧②✳

✻ ❈♦♥❝❧✉s✐♦♥

■♥ t❤✐s ♣❛♣❡r✱ ✇❡ s❤♦✇❡❞ t❤❛t t❤❡ ❆❉▼ ♠❡t❤♦❞ ❜❛s❡❞ ♦♥ ❛♥ ❛✉❣♠❡♥t❡❞
▲❛❣r❛♥❣✐❛♥ ❢♦r♠✉❧❛t✐♦♥ ✐s ❛♥ ❡✣❝✐❡♥t t♦♦❧ ❢♦r s♦❧✈✐♥❣ ♠❛♥② ❝♦♥str❛✐♥❡❞ ❚❱✲

✷✵



❋✐❣✳ ✻ ✕ ■♠❛❣❡ ✉♣s❛♠♣❧✐♥❣ ❡①♣❡r✐♠❡♥t✳ ❋r♦♠ ❧❡❢t t♦ r✐❣❤t ❛♥❞ t♦♣ t♦ ❜♦tt♦♠ ✿
♦r✐❣✐♥❛❧ ✐♠❛❣❡ ✭✶✵✷✹①✶✵✷✹✮✱ ✐♠❛❣❡ ❝♦♥✈♦❧✉t❡❞✱ ❞♦✇♥s❛♠♣❧❡❞ ❜② ✹ ✐♥ ❡❛❝❤ ❞✐✲
r❡❝t✐♦♥s ✇✐t❤ ❛♥ ❛❞❞✐t✐✈❡ ●❛✉ss✐❛♥ ♥♦✐s❡✱ ♥❡❛r❡st ♥❡✐❣❤❜♦r ✐♥t❡r♣♦❧❛t✐♦♥ ✭✶✹✳✺
❞❇✮✱ ❜✐❧✐♥❡❛r ✐♥t❡r♣♦❧❛t✐♦♥ ✭❙◆❘ ✶✺✳✹❞❇✮✱ s✐♥✉s ❝❛r❞✐♥❛❧ ✐♥t❡r♣♦❧❛t✐♦♥ ✭✶✾ ❞❇✮✱
❚❱✲l2 ✭❙◆❘ ✶✾✳✼❞❇✱ ✷✵ s❡❝♦♥❞s✮✳

✷✶



❋✐❣✳ ✼ ✕ ■♠❛❣❡ ❞❡❝♦♥✈♦❧✉t✐♦♥ ✇✐t❤ ✺✵✪ ✐♠♣✉❧s❡ ♥♦✐s❡✳ ✭t♦♣✲❧❡❢t✮ ✿ ♦r✐❣✐♥❛❧ ✐♠❛❣❡
✭✹✻✵①✸✻✵✮✱ ✭t♦♣✲r✐❣❤t✮ ✿ ✐♠❛❣❡ ❝♦♥✈♦❧✉t❡❞ ❜② ❛ ✶✵①✶✵ ✉♥✐❢♦r♠ ❦❡r♥❡❧✱ ✭❜♦tt♦♠✲
❧❡❢t✮ ✿ ❜❧✉rr❡❞ ✰ ♥♦✐s② ✐♠❛❣❡✱ ✭❜♦tt♦♠✲r✐❣❤t✮ ✿ ❚❱✲l1 ✭❙◆❘❂✶✾✳✺❞❇✱ ✶✺ s❡❝♦♥❞s✮✳

✷✷



❋✐❣✳ ✽ ✕ ❊①❛♠♣❧❡s ♦❢ ✐♠❛❣❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ✇✐t❤ t❤❡ TV −W−1,1 ♠♦❞❡❧✳

✷✸



❜❛s❡❞ ✐♠❛❣❡ r❡st♦r❛t✐♦♥ ❛♥❞ r❡❝♦♥str✉❝t✐♦♥ ♣r♦❜❧❡♠s ✭❞❡♥♦✐s✐♥❣✱ ❞❡❝♦♥✈♦❧✉✲
t✐♦♥✱ s✉♣❡r✲r❡s♦❧✉t✐♦♥✱ ✐♥♣❛✐♥t✐♥❣✱ t❡①t✉r❡✰❝❛rt♦♦♥ ❞❡❝♦♠♣♦s✐t✐♦♥s✮✳ ❚❤❡ ♠❡✲
t❤♦❞ s❝❛❧❡s ✇❡❧❧ ✇✐t❤ t❤❡ ♣r♦❜❧❡♠s s✐③❡s ❛♥❞ ❛❧❧♦✇s t♦ ❣❡t s❛t✐s❢❛❝t♦r② s♦❧✉t✐♦♥s
✐♥ t✐♠❡s ❝♦♠♣❛r❛❜❧❡ t♦ ✶ s❡❝♦♥❞ ❢♦r ✺✶✷×✺✶✷ ♣✐①❡❧s ✐♠❛❣❡s✳

❋r♦♠ ❛ t❤❡♦r❡t✐❝❛❧ ♣♦✐♥t ♦❢ ✈✐❡✇✱ t❤❡ ♠❡t❤♦❞ ✐s ❦♥♦✇♥ t♦ ❜❡ ❝♦♥✈❡r❣❡♥t✳
❍♦✇❡✈❡r✱ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ r❛t❡ ❝❛♥ ❜❡ ❛r❜✐tr❛r✐❧② ❧♦✇✳ ❚❤❡ ❜❡❤❛✈✐♦✉r ✐♥ t❤❡ ✜rst
✐t❡r❛t✐♦♥s st✐❧❧ s❡❡♠s t♦ ❧❛❝❦ t❤❡♦r❡t✐❝❛❧ ❢♦✉♥❞❛t✐♦♥s ❛♥❞ s♦♠❡ ❢✉t✉r❡ ✇♦r❦ ✇✐❧❧
❝♦♥s✐st ✐♥ tr②✐♥❣ t♦ ❣❡t ❛ ❜❡tt❡r ✉♥❞❡rst❛♥❞✐♥❣ ♦❢ t❤✐s ❢❡❛t✉r❡✳ ■t ❛❧s♦ s❡❡♠s
✐♠♣♦rt❛♥t t♦ ✜♥❞ ❛♥ ❛✉t♦♠❛t✐❝ ✇❛② t♦ ❝❤♦♦s❡ t❤❡ ♠❡tr✐❝ s✐♥❝❡ t❤✐s ♠♦❞✐✜❝❛t✐♦♥
❝❛♥ ❛✛❡❝t t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ❜❡❤❛✈✐♦r ❛ ❧♦t✳

✼ ❆♣♣❡♥❞✐①

✼✳✶ ❙♦❧✈✐♥❣ t❤❡ ❝♦♥str❛✐♥❡❞ ❧❡❛st sq✉❛r❡s ♣r♦❜❧❡♠

❲❡ ❞❡s❝r✐❜❡ ❤♦✇ t♦ s♦❧✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥str❛✐♥❡❞ ❧❡❛st sq✉❛r❡ ♣r♦❜❧❡♠ ✿

❋✐♥❞ x̄ ∈ arg min 〈λ,∇x− y〉+ β
2 ||∇x− y||

2

s✉❜❥❡❝t t♦ x ∈ R
n

∣

∣

∣

∣Hx− x0
∣

∣

∣

∣

2
≤ α

✭✷✺✮

❙✐♠✐❧❛r ✐❞❡❛s ❛r❡ ♣r♦♣♦s❡❞ ✐♥ ❬✸✵✱ ♣✳✺✽✵❪✳
❋✐rst✱ ♥♦t❡ t❤❛t t❤❡r❡ ❡①✐sts ❛ ▲❛❣r❛♥❣❡ ♠✉❧t✐♣❧✐❡r δ̄ ∈ [0,+∞[ s✉❝❤ t❤❛t t❤❡

s♦❧✉t✐♦♥ ♦❢ ✭✷✺✮ s❛t✐s✜❡s ✿

x̄ ∈ arg min 〈∇T λ, x〉+ β
2 ||∇x− y||

2
+ δ̄

∣

∣

∣

∣Hx− x0
∣

∣

∣

∣

2

s✉❜❥❡❝t t♦ x ∈ R
n

❚❤❡ s♦❧✉t✐♦♥ ♦❢ t❤✐s ♣r♦❜❧❡♠ ✐s ❝❤❛r❛❝t❡r✐③❡❞ ❜② t❤❡ ❧✐♥❡❛r s②st❡♠ ✿

(β∇T∇+ δ̄HT H)x̄ = −∇T λ + β∇T y + δ̄HT x0. ✭✷✻✮

❲❡ ❛ss✉♠❡ t❤❛t t❤❡ ❜❧✉r H ✐s s♣❛t✐❛❧❧② ✐♥✈❛r✐❛♥t ❛♥❞ ♣❡r✐♦❞✐❝ ❜♦✉♥❞❛r② ❝♦♥❞✐✲
t✐♦♥s ❛r❡ ✉s❡❞ ❢♦r t❤❡ ❞✐s❝r❡t❡ ❞✐✛❡r❡♥t✐❛❧ ♦♣❡r❛t♦r✳ ❚❤✉s t❤❡ ❛❜♦✈❡ ♠❛tr✐❝❡s ❛r❡
❞✐❛❣♦♥❛❧✐③❡❞ ❜② t❤❡ ❋♦✉r✐❡r tr❛♥s❢♦r♠ ✿ H = F−1DHF ✱ ∇

T∇ = F−1D∆F ❛♥❞
HT H = F−1DHHF ✇❤❡r❡ DH ✱ D∆ ❛♥❞ DHH ❛r❡ ❞✐❛❣♦♥❛❧ ♠❛tr✐❝❡s✳ ▼♦r❡♦✈❡r✱
t❤❡ ❞✐❛❣♦♥❛❧ ❡❧❡♠❡♥ts ♦❢ DHH ❛♥❞ D∆ ❛r❡ ♣♦s✐t✐✈❡✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ♦❜t❛✐♥

(β∇T∇+ δ̄HT H) = F−1(βD∆ + δ̄DHH)F .

❚❤❡ ♠❛✐♥ ✐ss✉❡ ✐s t♦ ✜♥❞ t❤❡ ▲❛❣r❛♥❣❡ ♣❛r❛♠❡t❡r δ̄✳ ❲❡ ❞❡♥♦t❡ b = − 1
β∇

T λ +

∇T y ❛♥❞ c = HT x0✳ ❚❤❡ s♦❧✉t✐♦♥ ♦❢ ✭✷✻✮ ✐s ❝❤❛r❛❝t❡r✐③❡❞ ❜② ✿

(βD∆ + δ̄DHH)ˆ̄x = βb̂ + δ̄ĉ.

✇❤❡r❡ x̂ = Fx✳
▲❡t I∆ = {i, D∆(i, i) = 0}✱ IH = {i, DHH(i, i) = 0} ❛♥❞ I∆,H = I∆ ⋓ IH ✳

■♥ ♦r❞❡r t♦ ✜♥❞ δ̄✱ ✇❡ ♥❡❡❞ t♦ ❞✐st✐♥❣✉✐s❤ t✇♦ ❝❛s❡s✳ ❊✐t❤❡r t❤❡ ❝♦♥str❛✐♥t ✐♥
❡q✉❛t✐♦♥ ✭✷✺✮ ✐s ✐♥❛❝t✐✈❡ ❛♥❞ δ̄ = 0✱ ❡✐t❤❡r ✐t ✐s ❛❝t✐✈❡ ❛♥❞ δ̄ > 0✳ ▲❡t ✉s ❞❡t❛✐❧
t❤❡ t✇♦ ❝❛s❡s ✿

✷✹



❈❛s❡ δ̄ = 0 ■♥ t❤✐s ❝❛s❡✱ t❤❡ ♣r♦❜❧❡♠ s✐♠♣❧✐✜❡s t♦ ✜♥❞✐♥❣ ✿

arg min
∣

∣

∣

∣Hx− x0
∣

∣

∣

∣

2

s✉❜❥❡❝t t♦ x ∈ R
n

F−1D∆Fx = b

❉❡♥♦t✐♥❣ x̂ = Fx ❛♥❞ ❛s t❤❡ ❋♦✉r✐❡r tr❛♥s❢♦r♠ ✐s ❛♥ ✐s♦♠❡tr②✱ t❤✐s ❝❛♥ ❜❡
r❡✇r✐tt❡♥ ✿

arg min ||DH x̂− x̂0||2

s✉❜❥❡❝t t♦ x̂ ∈ C
n

D∆x̂ = b̂

❖♥❡ s♦❧✉t✐♦♥ ♦❢ t❤✐s ♣r♦❜❧❡♠ ✐s ❣✐✈❡♥ ❜② ✿

x̂(i) =











0 ✐❢ i ∈ IH,∆
x̂0

DH(i,i) ✐❢ i ∈ I∆ \ IH

b̂
D∆(i,i) ✐❢ i ∈ Ic

∆

✭✷✼✮

■♥ t❤❡ ❝❛s❡ δ̄ = 0✱ ❛s ||Hx− x0||2 = ||DH x̂− x̂0||2✱ ✇❡ ❣❡t t❤❛t ✿

||Hx̄− x0||2 =
∑

i∈IH,∆

|x̂0(i)|2 +
∑

i∈Ic
∆

∣

∣

∣

∣

∣

DH(i, i)b̂

D∆(i, i)
− x̂0

∣

∣

∣

∣

∣

2

.

❈❛s❡ δ̄ > 0 ■♥ t❤❛t ❝❛s❡✱ t❤❡ ♣r♦❜❧❡♠ ❝♦♥s✐sts ✐♥ ✜♥❞✐♥❣ δ̄✳ ▲❡t xδ ❜❡ ❛♥②
❡❧❡♠❡♥t s❛t✐s❢②✐♥❣ ✿

(βD∆ + δDHH)x̂δ = βb̂ + δĉ.

❲❡ ❛r❡ ❧♦♦❦✐♥❣ ❢♦r δ̄ s✉❝❤ t❤❛t ✿

Ψ(δ̄) = ||DH x̂δ̄ − x̂0||2 = α. ✭✷✽✮

Ψ ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ✿

Ψ(δ) =
∑

i∈I0

(

|x̂0(i)|2
)

+
∑

i∈Ic
0





∣

∣

∣

∣

∣

DH(i, i)(βb̂(i) + δĉ(i))

βD∆(i, i) + δDHH(i, i)
− x̂0(i)

∣

∣

∣

∣

∣

2


 .

✇❤❡r❡ I0 = {i, D∆(i, i) = 0 ❛♥❞ DHH(i, i) = 0}✳ Ψ ❝❛♥ ❜❡ s❤♦✇♥ t♦ ❜❡
t✇✐❝❡ ❞✐✛❡r❡♥t✐❛❜❧❡✱ ❝♦♥✈❡① ❛♥❞ ❞❡❝r❡❛s✐♥❣✳ ❊q✉❛t✐♦♥ ✭✷✽✮ ❝❛♥ t❤✉s ❜❡
s♦❧✈❡❞ ✉s✐♥❣ ❛♥② r♦♦t ✜♥❞✐♥❣ ♠❡t❤♦❞✳ ❲❡ ♣r♦♣♦s❡ ❛ ◆❡✇t♦♥ t❡❝❤♥✐q✉❡ ❛s
❢♦❧❧♦✇s ✿

❲❡ s❡tt❧❡❞ ❡✈❡r②t❤✐♥❣ t♦ ❞❡s✐❣♥ ❛♥ ❛❧❣♦r✐t❤♠ ✐♥ ♦r❞❡r t♦ s♦❧✈❡ ❙t❡♣ ✶ ✐♥
❙❡❝t✐♦♥ ✹✳✶✳ ■t ✇r✐t❡s ❛s ❢♦❧❧♦✇s ✿

✷✺



❆❧❣♦r✐t❤♠ ✷✿ ❙♦❧✈✐♥❣ t❤❡ ❝♦♥str❛✐♥❡❞ ❧❡❛st sq✉❛r❡s ♣r♦❜❧❡♠ ✭✹✳✶✮

■♥♣✉t✿ λ ∈ Rn✱ y ∈ R
n × R

n ❀
β ∈ R+✱ α ∈ R

∗
+ ❀

DH ∈ R
n ❛♥❞ D∆ ∈ R

n ✭t❤❡ ❞✐❛❣♦♥❛❧ ❡❧❡♠❡♥ts✮ ❀
❆ st♦♣♣✐♥❣ ❝r✐t❡r✐♦♥ ǫ ✭10−15 ✐♥ ♦✉r ❡①♣❡r✐♠❡♥ts✮✳

❖✉t♣✉t✿ x ∈ R
n ❛ s♦❧✉t✐♦♥ ♦❢ ✭✷✺✮

❜❡❣✐♥

❙❡t b = −
1

β
∇T λ−∇T y ❛♥❞ c = HT x0 ❀

❈♦♠♣✉t❡ b̂ ❛♥❞ ĉ ❀

❈♦♠♣✉t❡ α0 =
∑

i∈IH,∆

|x̂0(i)|2 +
∑

i∈Ic
∆

∣

∣

∣

∣

∣

DH(i, i)b̂

D∆(i, i)
− x̂0

∣

∣

∣

∣

∣

2

❀

✐❢ α0 ≤ α t❤❡♥

❙❡t x̂ ❛❝❝♦r❞✐♥❣ t♦ ❡q✉❛t✐♦♥ ✭✷✼✮ ❀
❈♦♠♣✉t❡ x = F−1x̂✳

❡❧s❡

❯s❡ ◆❡✇t♦♥ ♠❡t❤♦❞ ✐♥ ♦r❞❡r t♦ ❝♦♠♣✉t❡ δ̄✳ ❀
❙❡t δ ≤ δ̄ ✭❡✳❣✳ δ = 0 ♦r ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥✮ ❀
✇❤✐❧❡ |Ψ(δ)− α| ≥ ǫ ❞♦

δ ← δ + α−Ψ(δ)
Ψ′(α) ❀

❡♥❞

❙❡t x̂(Ic
0) =

(βb̂(Ic
0) + δĉ(Ic

0))

(βD∆ + δDHH)(Ic
0)

❀

❙❡t x̂(I0) = 0 ❀
❙❡t x = F−1x̂ ❀

❡♥❞

❡♥❞

■♥ ♣r❛❝t✐❝❡✱ ✐❢ t❤❡ ✐♥✐t✐❛❧ ✈❛❧✉❡ ♦❢ δ ✐s t❛❦❡♥ ❛s t❤❡ ✈❛❧✉❡ ❛t t❤❡ ♣r❡✈✐♦✉s
✐t❡r❛t✐♦♥✱ ♥♦ ♠♦r❡ t❤❛♥ 4 ◆❡✇t♦♥ ✐t❡r❛t✐♦♥s ❛r❡ ♥❡❝❡ss❛r② t♦ ❣❡t ❛ ✈❡r② ❤✐❣❤
♣r❡❝✐s✐♦♥✳

❘é❢ér❡♥❝❡s

❬✶❪ ●✳ ❆✉❜❡rt ❛♥❞ ❏✳✲❋✳ ❆✉❥♦❧✱ ▼♦❞❡❧✐♥❣ ✈❡r② ♦s❝✐❧❧❛t✐♥❣ s✐❣♥❛❧s✳ ❆♣♣❧✐❝❛t✐♦♥
t♦ ✐♠❛❣❡ ♣r♦❝❡ss✐♥❣✱ ❆♣♣❧✐❡❞ ▼❛t❤❡♠❛t✐❝s ❛♥❞ ❖♣t✐♠✐③❛t✐♦♥✱ ✈♦❧✉♠❡ ✺✶✱
♥✉♠❜❡r ✷✱ ♣❛❣❡s ✶✻✸✲✶✽✷✱ ▼❛r❝❤✴❆♣r✐❧ ✷✵✵✺✳

❬✷❪ ❏✳❋✳ ❆✉❥♦❧✱ ●✳ ❆✉❜❡rt✱ ▲✳ ❇❧❛♥❝✲❋ér❛✉❞✱ ❛♥❞ ❆✳ ❈❤❛♠❜♦❧❧❡✱ ■♠❛❣❡ ❞❡❝♦♠✲
♣♦s✐t✐♦♥ ✐♥t♦ ❛ ❜♦✉♥❞❡❞ ✈❛r✐❛t✐♦♥ ❝♦♠♣♦♥❡♥t ❛♥❞ ❛♥ ♦s❝✐❧❧❛t✐♥❣ ❝♦♠♣♦♥❡♥t✱
❏✳ ▼❛t❤✳ ■♠❛❣✐♥❣ ❱✐s✐♦♥✱ ✷✷ ✭✷✵✵✺✮✱ ♣♣✳✼✶✲✽✽✳

❬✸❪ ❏✳❋✳ ❆✉❥♦❧ ❛♥❞ ❆✳ ❈❤❛♠❜♦❧❧❡✱ ❉✉❛❧ ♥♦r♠s ❛♥❞ ✐♠❛❣❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♠♦✲
❞❡❧s✱ ■♥t❡r♥❛t✐♦♥❛❧ ❏♦✉r♥❛❧ ♦❢ ❈♦♠♣✉t❡r ❱✐s✐♦♥✱ ✻✸ ✭✶✮ ✭✷✵✵✺✮✱ ♣♣✳ ✽✺✲✶✵✹✳

❬✹❪ ❏✳✲❋✳ ❆✉❥♦❧✱ ●✳ ●✐❧❜♦❛✱ ❚✳ ❈❤❛♥ ❛♥❞ ❙✳ ❖s❤❡r✱ ❙tr✉❝t✉r❡✲❚❡①t✉r❡ ■♠❛❣❡
❉❡❝♦♠♣♦s✐t✐♦♥ ✲ ▼♦❞❡❧✐♥❣✱ ❆❧❣♦r✐t❤♠s✱ ❛♥❞ P❛r❛♠❡t❡r ❙❡❧❡❝t✐♦♥✱ ■♥t❡r♥❛✲
t✐♦♥❛❧ ❏♦✉r♥❛❧ ♦❢ ❈♦♠♣✉t❡r ❱✐s✐♦♥✱ ✻✼ ✭✶✮ ✭✷✵✵✻✮✱ ♣♣✳ ✶✶✶✲✶✸✻✳

✷✻



❬✺❪ ✱ ❆✳ ❆✉s❧❡♥❞❡r ❛♥❞ ▼✳ ❚❡❜♦✉❧❧❡✱ ❊♥tr♦♣✐❝ ♣r♦①✐♠❛❧ ❞❡❝♦♠♣♦s✐t✐♦♥ ♠❡t❤♦❞s
❢♦r ❝♦♥✈❡① ♣r♦❣r❛♠s ❛♥❞ ✈❛r✐❛t✐♦♥❛❧ ✐♥❡q✉❛❧✐t✐❡s✱ ▼❛t❤❡♠❛t✐❝❛❧ Pr♦❣r❛♠✲
♠✐♥❣✱ ❙❡r✳ ❆✱ ✾✶ ✭✷✵✵✶✮✱ ♣♣✳ ✸✸✲✹✼✳

❬✻❪ ▼✳ ❘✳ ❇❛♥❤❛♠ ❛♥❞ ❆✳ ❑✳ ❑❛ts❛❣❣❡❧♦s✱ ❉✐❣✐t❛❧ ✐♠❛❣❡ r❡st♦r❛t✐♦♥✱ ■❊❊❊

❙✐❣♥❛❧ Pr♦❝❡ss✐♥❣ ▼❛❣❛③✐♥❡✱ ✈♦❧✳ ✶✹✱ ♣♣✳ ✷✹✲✹✶✱ ✶✾✾✼✳
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t♦t❛❧ ✈❛r✐❛t✐♦♥ ❜❛s❡❞ ✐♠❛❣❡ r❡st♦r❛t✐♦♥✱ ❙■❆▼ ❏✳ ❙❝✐✳ ❈♦♠♣✉t✳✱ ✷✼ ✭✷✵✵✺✮✱
♣♣✳ ✻✷✷✲✻✹✺✳

❬✷✾❪ ❚✳ ●♦❧❞st❡✐♥ ❛♥❞ ❙✳ ❖s❤❡r ❚❤❡ ❙♣❧✐t ❇r❡❣♠❛♥ ▼❡t❤♦❞ ❢♦r ▲✶✲❘❡❣✉❧❛r✐③❡❞
Pr♦❜❧❡♠s✱ ❙■❆▼ ❏✳ ■♠❛❣✐♥❣ ❙❝✐✳✱ ✭✷✵✵✾✮

❬✸✵❪ ●✳❍✳ ●♦❧✉❜ ❛♥❞ ❈✳❋✳ ❱❛♥ ▲♦❛♥✱ ▼❛tr✐① ❝♦♠♣✉t❛t✐♦♥s ❚❤❡ ❏♦❤♥ ❤♦♣❦✐♥s

✉♥✐✈❡rs✐t② ♣r❡ss✱ t❤✐r❞ ❡❞✐t✐♦♥ ✶✾✾✻✳

❬✸✶❪ ❘✳ ●❧♦✇✐♥s❦✐✱ ◆✉♠❡r✐❝❛❧ ▼❡t❤♦❞s ❢♦r ◆♦♥❧✐♥❡❛r ❱❛r✐❛t✐♦♥❛❧ Pr♦❜❧❡♠s✱
❙♣r✐♥❣❡r✲❱❡r❧❛❣✱ ◆❡✇ ❨♦r❦✱ ❇❡r❧✐♥✱ ❍❡✐❞❡❧❜❡r❣✱ ❚♦❦②♦✱ ✶✾✽✹✳

❬✸✷❪ ❨✳ ●♦✉ss❡❛✉ ❛♥❞ ❏✳✲▼✳ ▼♦r❡❧✱ ❆r❡ ♥❛t✉r❛❧ ✐♠❛❣❡s ♦❢ ❜♦✉♥❞❡❞ ✈❛r✐❛t✐♦♥ ❄
❙■❆▼ ❏♦✉r♥❛❧ ♦❢ ▼❛t❤❡♠❛t✐❝❛❧ ❆♥❛❧②s✐s✱ ✸✸✭✸✮ ✭✷✵✵✶✮✱ ♣♣✳ ✻✸✹✲✻✹✽✳

❬✸✸❪ ❇✳ ❙✳ ❍❡✱ ▲✲❩ ▲✐❛♦✱ ❉✳❘✳ ❍❛♥ ❛♥❞ ❍✳ ❨❛♥❣✱ ❆ ♥❡✇ ✐♥❡①❛❝t ❛❧t❡r♥❛t✐♥❣
❞✐r❡❝t✐♦♥s ♠❡t❤♦❞ ❢♦r ♠♦♥♦t♦♥❡ ✈❛r✐❛t✐♦♥❛❧ ✐♥❡q✉❛❧✐t✐❡s✱ ▼❛t❤✳ Pr♦❣r❛♠✳
❙❡r✳ ❆✱ ✾✷ ✭✷✵✵✷✮✱ ♣♣✳✶✵✸✕✶✶✽✳

❬✸✹❪ ❇✳❙✳ ❍❡ ❛♥❞ ❍✳ ❨❛♥❣✱ ❙♦♠❡ ❝♦♥✈❡r❣❡♥❝❡ ♣r♦♣❡rt✐❡s ♦❢ ❛ ♠❡t❤♦❞ ♦❢ ♠✉❧t✐✲
♣❧✐❡rs ❢♦r ❧✐♥❡❛r❧② ❝♦♥str❛✐♥❡❞ ♠♦♥♦t♦♥❡ ✈❛r✐❛t✐♦♥❛❧ ✐♥❡q✉❛❧✐t✐❡s✱ ❖♣❡r✳ ❘❡s✳
▲❡tt❡rs✱ ✷✸ ✭✶✾✾✽✮✱ ♣♣✳ ✶✺✶✲✶✻✶✳

❬✸✺❪ ▼✳ ❍✐♥t❡r♠ü❧❧❡r✱ ❑✳ ■t♦ ❛♥❞ ❑✳ ❑✉♥✐s❝❤✱ ❚❤❡ ♣r✐♠❛❧✲❞✉❛❧ ❛❝t✐✈❡ s❡t str❛t❡❣②
❛s ❛ s❡♠✐s♠♦♦t❤ ◆❡✇t♦♥✬s ♠❡t❤♦❞✱ ❙■❆▼ ❏✳ ❖♣t✐♠✳✱ ✶✸ ✭✷✵✵✸✮✱ ♣♣✳ ✽✻✺✕
✽✽✽✳

❬✸✻❪ ▼✳ ❍✐♥t❡r♠ü❧❧❡r ❛♥❞ ❑✳ ❑✉♥✐s❝❤✱ ❚♦t❛❧ ❜♦✉♥❞❡❞ ✈❛r✐❛t✐♦♥ r❡❣✉❧❛r✐③❛t✐♦♥
❛s ❛ ❜✐❧❛t❡r❛❧❧② ❝♦♥str❛✐♥❡❞ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠✱ ❙■❆▼ ❏✳ ❆♣♣❧✳ ▼❛t❤✳✱
✻✹ ✭✷✵✵✹✮✱ ♣♣✳ ✶✸✶✶✕✶✸✸✸✳

❬✸✼❪ ▼✳ ❍✐♥t❡r♠ü❧❧❡r ❛♥❞ ●✳ ❙t❛❞❧❡r✱ ❆♥ ✐♥❢❡s✐❜❧❡ ♣r✐♠❛❧✲❞✉❛❧ ❛❧❣♦r✐t❤♠ ❢♦r t♦✲
t❛❧ ❜♦✉♥❞❡❞ ✈❛r✐❛t✐♦♥✲❜❛s❡❞ ✐♥❢✲❝♦♥✈♦❧✉t✐♦♥✲t②♣❡ ✐♠❛❣❡ r❡st♦r❛t✐♦♥✱ ❙■❆▼
❏✳ ❙❝✐✳ ❈♦♠♣✉t✳✱ ✷✽ ✭✷✵✵✻✮✱ ♣♣✳ ✶✕✷✸✳

✷✽



❬✸✽❪ ❏✳ ❨❛♥❣✱ ❆❧t❡r♥❛t✐♥❣ ❞✐r❡❝t✐♦♥ ♠❡t❤♦❞ ❛♣♣❧✐❡❞ t♦ ❚❱ ✐♠❛❣❡ r❡❝♦♥str✉❝t✐♦♥
❢r♦♠ ♣❛rt✐❛❧ ❝♦♥✈♦❧✉t✐♦♥ ❞❛t❛✱ ✇♦r❦✐♥❣ ♣❛♣❡r✱ ✷✵✵✾✳

❬✸✾❪ ❨✳ ❍✉❛♥❣✱ ▼✳ ◆❣✱ ❨✳ ❲❡♥✱ ❆ ❢❛st t♦t❛❧ ✈❛r✐❛t✐♦♥ ♠✐♥✐♠✐③❛t✐♦♥ ♠❡t❤♦❞
❢♦r ✐♠❛❣❡ r❡st♦r❛t✐♦♥✱ ❙■❆▼ ▼✉❧t✐s❝❛❧❡ ▼♦❞❡❧✐♥❣ ❛♥❞ ❙✐♠✉❧❛t✐♦♥✱ ✼ ✭✷✵✵✽✮✱
♣♣✳ ✼✼✹✕✼✾✺✳

❬✹✵❪ ❙✳ ❑♦♥t♦❣✐♦r❣✐s ❛♥❞ ❘✳ ❘✳ ▼❡②❡r✱ ❆ ✈❛r✐❛❜❧❡✲♣❡♥❛❧t② ❛❧t❡r♥❛t✐♥❣ ❞✐r❡❝t✐♦♥s
♠❡t❤♦❞ ❢♦r ❝♦♥✈❡① ♦♣t✐♠✐③❛t✐♦♥✱ ▼❛t❤✳ Pr♦❣r❛♠✳✱ ✽✸ ✭✶✾✾✽✮✱ ♣♣✳ ✷✾✕✺✸✳

❬✹✶❪ ❉✳ ❑r✐s❤♥❛♥✱ P✳ ▲✐♥ ❛♥❞ ❳✳ ❚❛✐✱ ❆♥ ❡✣❝✐❡♥t ♦♣❡r❛t♦r s♣❧✐tt✐♥❣ ♠❡t❤♦❞ ❢♦r
♥♦✐s❡ r❡♠♦✈❛❧ ✐♥ ✐♠❛❣❡s✱ ❈♦♠♠✉♥✳ ❈♦♠♣✉t✳ P❤②s✳✱ ✶ ✭✷✵✵✻✮✱ ♣♣✳ ✽✹✼✕✽✺✽✳

❬✹✷❪ ❨✳ ▲✐ ❛♥❞ ❋✳ ❙❛♥t♦s❛✱ ❆ ❝♦♠♣✉t❛t✐♦♥❛❧ ❛❧❣♦r✐t❤♠ ❢♦r ♠✐♥✐♠✐③✐♥❣ t♦t❛❧
✈❛r✐❛t✐♦♥ ✐♥ ✐♠❛❣❡ r❡❝♦♥str✉❝t✐♦♥✱ ■❊❊❊ ❚r❛♥s✳ ■♠❛❣❡ Pr♦❝❡ss✳✱ ✺ ✭✶✾✾✻✮✱
♣♣✳ ✾✽✼✕✾✾✺✳

❬✹✸❪ ❩✳ ❑✳ ▲✐✉ ❛♥❞ ❏✳ ❨✳ ❳✐❛♦✱ ❘❡st♦r❛t✐♦♥ ♦❢ ❜❧✉rr❡❞ ❚❱ ♣✐❝t✉r❡s ❝❛✉s❡❞ ❜②
✉♥✐❢♦r♠ ❧✐♥❡❛r ♠♦t✐♦♥✱ ❈♦♠♣✉t✳ ❱✐s✐♦♥✱ ●r❛♣❤✐❝s✱ ■♠❛❣❡ Pr♦❝✳✱ ✹✹ ✭✶✾✽✽✮✱
♣♣✳ ✸✵✕✸✹✳

❬✹✹❪ ❋✳ ▼❛❧❣♦✉②r❡s ❛♥❞ ❋✳ ●✉✐❝❤❛r❞✱ ❊❞❣❡ ❞✐r❡❝t✐♦♥ ♣r❡s❡r✈✐♥❣ ✐♠❛❣❡ ③♦♦♠✐♥❣ ✿
❛ ♠❛t❤❡♠❛t✐❝❛❧ ❛♥❞ ♥✉♠❡r✐❝❛❧ ❛♥❛❧②s✐s✱ ❙■❆▼ ❏✳ ♦♥ ◆✉♠❡r✐❝❛❧ ❆♥❛❧②s✐s✱
✸✾ ✭✶✮ ✭✷✵✵✶✮✱ ♣♣✳ ✶✲✸✼✳

❬✹✺❪ ❨✳ ▼❡②❡r✱ ❖s❝✐❧❧❛t✐♥❣ ♣❛tt❡r♥s ✐♥ ✐♠❛❣❡ ♣r♦❝❡ss✐♥❣ ❛♥❞ ✐♥ s♦♠❡ ♥♦♥❧✐♥❡❛r
❡✈♦❧✉t✐♦♥ ❡q✉❛t✐♦♥s✱ ❚❤❡ ❋✐❢t❡❡♥t❤ ❉❡❛♥ ❏❛q✉❡❧✐♥❡ ❇✳ ▲❡✇✐s ▼❡♠♦r✐❛❧ ▲❡❝✲

t✉r❡s✱ ✷✵✵✶✳

❬✹✻❪ ▲✳ ▼♦✐s❛♥✱ ❍♦✇ t♦ ❞✐s❝r❡t✐③❡ t❤❡ ❚♦t❛❧ ❱❛r✐❛t✐♦♥ ♦❢ ❛♥ ✐♠❛❣❡ ❄✱ Pr♦❝❡❡❞✐♥❣s
♦❢ ■❈■❆▼✬✵✼✱ Pr♦❝✳ ❆♣♣❧✳ ▼❛t❤✳ ▼❡❝❤✳✱ ✼ ✭✶✮ ✭✷✵✵✼✮✱ ♣♣✳ ✶✵✹✶✾✵✼✲✶✵✹✶✾✵✽✳

❬✹✼❪ ▼✳ ❘✳ ◆❛❣❡❧✱ ■♥tr♦❞✉❝t✐♦♥ t♦ ❡✈❛❧✉❛t✐♦♥ ♦❢ ♠♦t✐♦♥✲❞❡❣r❛❞❡❞ ✐♠❛❣❡s✱ Pr♦❝✳
♦❢ ◆❆❙❆ ❊❧❡❝tr♦♥✐❝s ❘❡s❡❛r❝❤ ❈❡♥t❡r ❙❡♠✐♥❛r✱ ❈❛♠❜r✐❞❣❡✱ ▼❆✱ ❉❡❝✳ ✸✲✺✱
✶✾✻✽✳

❬✹✽❪ ❨✳ ◆❡st❡r♦✈✱ ●r❛❞✐❡♥t ♠❡t❤♦❞s ❢♦r ♠✐♥✐♠✐③✐♥❣ ❝♦♠♣♦s✐t❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝✲
t✐♦♥✱ ❈❖❘❊ ❞✐s❝✉ss✐♦♥ ♣❛♣❡r✱ ✷✵✵✼✳

❬✹✾❪ ▼✳ ◆✐❦♦❧♦✈❛✱ ❆ ✈❛r✐❛t✐♦♥❛❧ ❛♣♣r♦❛❝❤ t♦ r❡♠♦✈❡ ♦✉t❧✐❡rs ❛♥❞ ✐♠♣✉❧s❡ ♥♦✐s❡✱
❏♦✉r♥❛❧ ♦❢ ▼❛t❤❡♠❛t✐❝❛❧ ■♠❛❣✐♥❣ ❛♥❞ ❱✐s✐♦♥✱ ✷✵ ✭✶✲✷✮ ✭✷✵✵✹✮✱ ♣♣✳ ✾✾✲✶✷✵✳

❬✺✵❪ ❏✳ ❋❛❞✐❧✐ ❛♥❞ ●✳ P❡②ré 1
2 ✱ ❚♦t❛❧ ❱❛r✐❛t✐♦♥ Pr♦❥❡❝t✐♦♥ ✇✐t❤ ❋✐rst ❖r❞❡r

❙❝❤❡♠❡s✱ ❍❆▲ ❘❡s❡❛r❝❤ ❘❡♣♦rt✱ ❆♣r✐❧ ✷✵✵✾✳

❬✺✶❪ ❏✳ ◆♦❝❡❞❛❧ ❛♥❞ ❙✳ ❏✳ ❲r✐❣❤t✱ ◆✉♠❡r✐❝❛❧ ❖♣t♠✐③❛t✐♦♥✱ ❙♣r✐♥❣❡r✲❱❡r❧❛❣✱ ◆❡✇
❨♦r❦✱ ❇❡r❧✐♥✱ ❍❡✐❞❡❧❜❡r❣✱ ✶✾✾✾✳

❬✺✷❪ ❨✳ ❑✐♠ ❛♥❞ ▲✳❆✳ ❱❡s❡✱ ■♠❛❣❡ r❡❝♦✈❡r② ✉s✐♥❣ ❢✉♥❝t✐♦♥s ♦❢ ❜♦✉♥❞❡❞ ✈❛r✐❛✲
t✐♦♥ ❛♥❞ ❙♦❜♦❧❡✈ s♣❛❝❡s ♦❢ ♥❡❣❛t✐✈❡ ❞✐✛❡r❡♥t✐❛❜✐❧✐t②✱ ■♥✈❡rs❡ Pr♦❜❧❡♠s ❛♥❞
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