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B nanHOi#l pabore paccMaTpuBaeTCsl HOBBI BAPUAHT METOJa KOJIOKAINA U HAMMEHb-
mmx kBagparoB (KHK) mis gucieHHOro pelneHusi KpaeBbIX 3alad Ui SJUIMIITUIECKUX
yPaBHEHUH B IMOJIUTOHAJBHBIX ODJIACTSX, B TOM YHCJIE B MHOIOCBSI3HBIX. BO3MOXKHOCTH 3TO-
r0 BapPUAHTA U YUCJIEHHBIE SKCIEPUMEHTHI PACCMOTPEHBI Ha IPUMEPAX PEIeHns] yPABHEHUS
IIyaccona u HEOTHOPOIHOrO OUIAPMOHUYECKOrO ypaBHEeHUs. B KadecTBe IPUJIOKEHUS pe-
IIIeHe HEOHOPOJHOIO DUTIapMOHMYECKOTO YPaBHEHUsI UCIIOJIB30BAHO JJIsi MOJE/IMPOBAHUS
HanpsizkeHHO-AedopmupoBanuoro cocrosuus (HJIC) uzorporHoii yupyroii TOHKOI m1acTuH-
KI TTOJTUTOHAJILHON (POPMBI, HAXOIAIIEHCS MO, AeHCTBUEM IomepevdHoit Harpy3ku. Hosbrit
BapuanT Meroma KHK ocHoBan Ha TpHAHTYSIINN MCXOIHON OOJACTHU, U€M TMPUHITUITHAIb-
HO OTJIMYAETCs OT IIPeJJIOKEHHBIX paHee OoJiee caoKHBIX BapuanTo meroma KHK pere-
HUsI KPAeBbIX 3aJ1a4 JJId ypaBHeHuii ¢ yacTubiMu npoussogubivu (YYUIT) B HeperyagpHbx
00J1aCTSIX. YCTAHOBJIEHO, YTO NPUOJIMKEHHBIE PEIleHUs] PACCMOTPEHHBIX 3aJ1a4 Ha I0C/Ie-
JIOBATEJBHOCTH U3MEJILIAIONINXCH CETOK CXOMATCH C IOBBINMIEHUEM IIOPSAIKA U C BBICOKOMN
TOYHOCTBHIO COBIIAJIAIOT C TECTOBBIMU PEIIEHUSIMU.

Karouesvie cnosa: memod KoArOKAUUU U HAUMENDWUL KEAOPAMOG; NOAUZOHAALHAA
MH020C8A3HAA 004acMD; Ypasrerue ITyaccona; neodnopodroe bu2apmoruveckoe ypasHenue;
HANPAINCEHHO-0ePOPMUPOBAHHOE COCTNOAHUE.

BBenenmne

BakabiM HallpaB/IeHHEM BBLIYUC/IATEILHON MaTEeMATUKU U IIPUKJIQTHONO MaTeMaTHde-
CKOTI'O0 MOJIEJIMPOBAHUS sBJIIETCA Pa3pabOTKa HOBBIX YUCJECHHBIX METOJIOB PEIeHUsl Kpae-
BBIX 3asad g Y Ul B Heperyssipabix obsiactsX. AKTyaabHOCTH JAHHOTO HAIIPABJICHUSI
OYEBHJIHA, TOCKOJIbKY MHOTHE SIBJIEHUS B PEAJHLHOM MHpE MPOUCXOAAT B O0JIACTAX CO
CJIOXKHOU reoMerpudeckoii opmoit. [losromy BocTpeboBana BO3MOXKHOCTDL MOJETHPOBa-
HUs TaKUX gBJICHUI B 001aCTAX ¢ (DOPMOIA, COOTBETCTBYIOINICH JIEHCTBUTETHLHOCTH, YTOOBI
Ha IPAKTUKE B pacdeTaxX MOJIEIUPYEMbIX ABJICHUI W (PU3NIECKUX MPOIECCOB TOJTYYaINUCh
JOCTOBEPHBIC PE3yIbTaThl.

Burapmonnveckue ypaBHeHUS IMEIOT MHOTO IIPUJIOXKEHUI B PA3HBIX 00JIACTIX HAYKU U
rexuuku [1,2]. B nannoit pabore B KauecTBe MPUIOKEHUs PEIIEHNE HEOJHOPOJHOIO OUrap-
MOHHYECKOTO yPaBHEHUsT UCIOJb3yercs g MojenupoBanns HJIC uzorpormHoit yrpyroit
TOHKOM IIJIACTHHKY [OJIMTOHATIBHON (hOPMBI B paMKax Teopun TOHKEX ractuH [3|. Ha gan-
HBIIf MOMEHT CYIIIECTBYET MHOT'O PA3HbIX YNUCIEHHBIX METOJIOB PEeIeHnsT OUTapMOHUYECKOTO
yDaBHEHUsl, CBEJIEHUS O KOTOPbIX MOXKHO Haiitu B [1,2]. Oqaako, MHOIHE U3 HUX IPUMEHHU-
MBI TOJIBKO B KAHOHUYECKHUX OOJIACTSAX. 3JIeCh TaK¥Ke CJIeJyeT OTMETHUTh, UTO IOIYJIsapHA
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ujiesl perrennsl KpaeBbix 3ajad i Y UIl B HeperynsdpHbIx 00/1acTIX IIyTeM OTOOpazKe-
HUsI UX B KAHOHUYIECKYIO 00JIACTD, JIJIsT KOTOPOU MPOIe TPUMEHUTh IUC/IeHHbI MeTod. O
HeJI0CTaTKaX TAKoro MOJIXojia yKa3aHo B pabote [4].

TakzKke M3BECTHO, UTO YUCIEHHOE pellleHne OUTapMOHUYECKOTO yPaBHEHU, HECMOTPS
Ha €ro JIMHEWHBII XapaKTep, BbI3IBACT TPY/IHOCTH U3-3a HAJUYUS MTPOU3BOIHBIX YETBEP-
TOro TopsiJiKa B juddepeHImaLHoM ypaBHeHHU. B 9ToM ciiydae mMeeT MeCTO ILIOXas
00yCJIOBJIEHHOCTb MCXOJIHOM 3aJ1a4i M COOTBETCTBEHHO IMPUOJIMKEHHON 3a/1a9H, MTOJTyYeH-
HOI TeM WJIM WHBIM CIOCOOOM ee ammpokcuMmarnmu. Tem He MeHee, B ciIydae IIapHUPHOTO
onMpaHus MJIACTUHKA MHOTOYTOJBHON (POPMBI pelleHne 3aJadu CBOJIUTCS K TOCTeI0Ba-
TeJILHOMY PEIeHUIO CUCTeMbl JIByX ypasHenuii llyaccona c¢ kpaeBbiMu ycjioBuamu Jlu-
puxie [3,5]. B sTom ciyuae cucrema simneiinbix anrebpandecknx ypasaenuit (CJIAY),
PeIIeHnIo KOTOPOI CBOJNTCS YHCICHHOE PEIleHre 3a/1a91, OKa3bIBaeTCs 00YCIOBIIEHA JTy Y-
e, YeM B IIepBOM Cjydae. B ciydae APyrux KpaeBbIX YCJIOBUN Pa3IMIHBIME aBTOPAMUI
[IPEeJIJIAraJIuCh HETPUBUAJIBHBIE AJTOPUTMBI, MO3BOJILIONIEE CBECTH MCXOJIHOE OMTrapMOHU-
YecKoe ypaBHEHUE K DPeIleHuto cucreMbl JaByX ypasaenuii [Tyaccoma [1,5]. Baxubim 06-
CTOATEILCTBOM fABJIsieTcs TO, uTo MeTos, KHK criocoben yuciienno penurs ¢ OBBIIEHHOM
TOYHOCTBIO UCXOJITHOE OUTAPMOHIYECKOE YpaBHEHUE O€3 CBEJICHU €TI0 K CUCTEeMEe yPaBHEHUIA
0oJiee HU3KOT'O IOPSIKA.

3a mocJie/iee BpeMs MpoeKimonHo-cetTounbiii Metos 1 KHK nokaszan cBoro ynusepcaib-
HOCTB U 3 DEKTUBHOCTH MIPU Pelllennn KpaeBbix 3ajad i ¥ Y1l B obsractsix ¢ Kpubosu-
HeifHO! rpanuneil 6], B BBIIYKJIBIX YETBIPEXYTOJBHBIX 00/acTsaX [7,8], B MPOU3BOIBHBIX
TPeyroJbHBIX 0b1acTax |4, a Takyke B 00/IACTSAX € IUCKPETHO 3aJaHHON rpanureii [2,9).
B »tux pabortax ObLIO MOKA3aHO IPEMMYIIECTBO MPUMEHEHUS PETyJIapHOil CeTKU ¢ Tps-
MOYTOJIbHBIMU sTIefiKaMi BHYTPH OOJIACTH M <OJUHAPHOIO> CJIOSI HEPEryJISIPHBIX sTIeeK
(H-sta€eK) OKOJIO IpaHuilbl obstacTu. JIJist JTOCTHKEeHNsT AllPOKCUMAIIMI OBBIIIEHHON TOY-
noctu JuddepeHnuaabHol 3a/1a91 UCTIO/IB30BAIUCH <3aKOHTYPHBIE>, T.€. He IPUHAJIe-
JKalle MCXOIHOM obsiacTu pertenud auddepennuaabHoil 3aa9d 9acTH I'PAHUYHBIX Ps-
MOYTOJIBHBIX sI9€eK, OTCeUeHHBIX rpanuiieii. Kpome Toro, <Majibies 1o pasmepy (B cpaBHe-
HUU C OCTAJIbHBIME) U /WM BBITSHYThIe H-g9eHKU MOJAralich <HECAMOCTOSITETbHBIMUS U
[IPUCOEINHSIINCH K COCEIHIM <CAMOCTOATEIHLHBIM> TIeiKaM.

B nacrogmeit pabore mpejaraercs HoBblit BapuanT Metoga KHK misa permenusa ypas-
nenusd [lyaccona m HEOHOPOIHOTO OUTAPMOHUYECKOTO YPaBHEHUS B MOJTUTOHAJIBLHBIX 0014~
ctax. 3ech B Mmerose KHK 1t mocTpoennst pacteTHO# CeTKM TPUMEHSIETCsT TPUAHT Y IATIHS
ncxojHoit obsractu. Mzymaraembrii mogaxo/1 00J1a/1aeT PsAJIOM MPEUMYINECTB U JJOCTOUHCTB,
Cpe/i KOTOPBIX B TIEPBYIO 0YePe/ib CIEAYET BBIIETUTH €ro TPUMEHUMOCTD B CJIydae HEBbI-
IIyKJIOW ¥ MHOTOCBSI3HON ITOJIUTOHAILHON 00IACTH; OTHOCUTETBHYIO TTPOCTOTY PEAJM3ATIIH
B CpaBHEHUH C TPEJJIOKEHHBIME panee BapuanTtamu metoga KHK g neperyisapuabix 06-
JracTeit.

1. 3apaua Iupuxie naga ypaBuenus Ilyaccona

1.1. ITocTtaHoBKa 3aJa91 " YU CJICHHBIN MeTO/ €€ pelieHusd

PaccmoTrpuMm kpaesyto 3amady dupuxie g ypasaenns [lyaccona

Au = f(r1,12), (21,72) € Q, ulsq = g(x1,72) ; , (1)
B HOJIMIOHAILHON obactu ¢ rpanuneit 02 (puc. 1 a), tie A = % + %, u(xy, zg) —
1 2

uckomoe perterne, f(r1,x2) u g(x1, z2) — 3ajanuble HYHKIUN.
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Puc. 1. Ilosmronanbnas aBycBsi3Hasg 00/IaCTh PElIeHUs 3aja4un. ZKupHble JIMHUN —
CTOPOHBI 12 «<OOJIBINX> TPEYTOJbHUKOB. [[yHKTHUPHBIE JTUHUN — CTOPOHBI d9eeK
PEryJISIpHBIX CETOK B <OOJIBIMIX> TpeyroJbHuKax (a). @parMenT pacuaeTHol 00JacTH, Ie
® — TOYKM KOJUIOKAIuu; [ — TOUKM COIJIACOBAHUA; X — TOUKU 3aIUCH KPAEBbIX
yesiouii (6)

Pazobbem n3HavaIBbHO UCXOIHYIO TOJUTOHAIBHYIO 001acTh ) Ha N; <0OIBMIUX> Tpe-
yrojbuukoB (Ha puc. 1 a) 12 <Gosbiomxs TpeyroiabHukoB). ajee B KaxkIoM <60Jib-
IOM> TpeyroJIbHUKE 3aJaiM PeryispHylo ceTKy ¢ N? TpeyrojbHLIMHU sueiliKaMu OJlu-
HAKOBOT'O pa3Mepa U MOJ00HBIME COAEPIKAIIEMY UX <OOJIBIIOMY> TPEYrOJbHUKY (puc. 1
a). Obosnaunm depe3 Neys = Ny N 2 KoJMYecTBO pacuUeTHBIX ddceK B obsactu. Te sueii-
K, HA OJTHA CTOPOHA KOTOPBIX HE JIEYKUT Ha rpanuiie obactu ), Ha30BeM BHYTPEHHUMH,
ocTajibHBbIE — TPAHUYIHBIMU. BBeeM JIOKAJIbHYIO CUCTEMY KOODPJMHAT B KarxKJIOW sdeiike

obJracTn
_ (z1 — 2yy) NG ), 5
v = h ) Y2 = h 9 ( )
1t 2t
rae (xlj,xgj) — LEHTP IepeceveHns MeJuan j-oif TpeyroiabHoil stueiiku (j = 1, ..., Neeys),
2h1; — JUIMHA CTOPOHBI STYEKH, K KOTOPOil IIpoBegeHa BbicoTa pasmepa 2hqy, t =1, ..., Ny,
v(y1,y2) = u(x1(y1), x2(y2)). Bamaga (1) mocse 3amensl (2) B JIOKAJBHBIX [IEPEMEHHBIX
ITPUMET BUJT

1 821) 1 82
ot T o = T @), ) €Q t=1, N,
1t

v = g($1(y1), x2(y1))7 (ylayQ) € o2

(3)

B j-oit siueiike npubimzKeHHOE perienue vy, (Y, yz) = Z bi;¢; 3ana4n (3) umem B BU-

Jie JIMHEHHONW KOMOMHAIINK C HEOIIpeIeIeHHBIMU KoacbcbnumeHTaMH 0a3MCHBIX 3JIEMEHTOB
IIPOCTPAHCTBA IIOJMHOMOB OT JIBYX IIepeMeHHbIX. B KavuecTBe OAa3MCHBIX 3JIEMEHTOB B3sIThI
iy, y2) € {yMy5? 0 < ap <4, 0 < ay <4—a}, i =1,..,15. Tinobanbhoe 1pu-
OJIMZKEHHOE PEeIeHne COCTOUT U3 <JIOKAJbHBIX> aHAJUTUIECKUX <KYCKOB>, CBA3aHHBIX C
IIEHTPOM COOTBETCTBYIONIEH sadeiiku. [Is1 onpenenenns bij B KaXKIOI sTduelike BBIINCHI-
BaeTcs Iepeonpesesennas <aokaiabHas> CJIAY. B Hee Bxomar ypaBHeHHs KOJIJIOKAIIWM,
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YCJIOBUsI COTJIACOBAHUS W KpaeBble ycjioBusi Ha 0§), eciau siueiika sIBJII€TCS TPAHUYIHOIN.
Cookymnrocts CJIAY Bo Beex staeiikax — ruobanbaas CJIAY onpenensier riiobaabHOe pe-
meHne. 371ech YUCJI0 YPaBHEHHI KOJIJIOKAIIUHT, YCIOBUN COTJIACOBAHUS U KPAEBBIX YCIOBUIA
B KaKJI0#l d4eiike B cyMMe PaBHO 32.

VpaBHeHHsI KOJIJIOKAIMU, YMHOXKEHHbIE Ha hi;ho;, B KaXKJI0M j-Oif sueiike BBIUCHIBA~
forcs B 16 Toukax Kosutokaruu (puc. 1 6) u UMeIoT BHI;

@ 821)hj @ 821)hj
¢ hyy Oys? hoy Oyo?

= kchlth%f(xla x2)7 (4)

rne t = 1,..., Ny, k. — BeCOBOIl MHOXKUTEIb YPABHEHUS KOJIJIOKAIIUU B MIEPEOIIPEICTICHHOM
CJIAY mpu npuMeHeHNH B3BEIIEHHOI'O MeTO/a HAaUMEHBIINX KBaIPaTOB.

B KauecTBe ycJI0BUs CONJIACOBAHUS PEIIEHUs B HECKOJIBKUX TOYKAX COMJIACOBaHUs (PUC.
1 6) Ha OBImUX CTOPOHAX MEXKJLYy COCETHUME dYefiKaMu TpebyeTcs: HeNmpPepPbIBHOCTD JINHET-
HOI KOM6I/IHaHI/H/I C BECOBBIMM MHOXKHUTEJIMU 3HAYCHUA pemeHusa n ero HpOI/IBBO,ZLHOPI‘ 110
HOpMAaJIN dony e 0, 5
mi anj mo Yh mi anjv
rjie n; — BHEIIHss HOPMaJIb K TPaHuIe j-Oif A4eliKu; vy; U Uy — IpeJe/ibl IPUO/IMZKEHHOTo
pelreHns Npu CTPEMJICHAN U3HYTPU W U3BHE K TpaHUlle j-Oi A9elKN, COOTBETCTBEHHO;
Ky Km, — BECOBbIE MHOXKNTEJIN YCJIOBUIl COTTIACOBAHMS.

Ecnu cropona rpaHnvHOlN j-0if T9efiKu TPUHAJJIEZKAT T'PAHUIE 00JIACTH, TO B HECKOJIb-
KX TOYKax (puc. 1 6) Ha Heil BBIIUIIEM KpaeBble YCIOBHSI

kmovhj + k

kbovhj - kbog(‘rla 1'2), (6>

rae kp, — BECOBOI MHOXKHTEJIb KPAEBOTO yCJIoBHs Jlupuxire.
B kazkoii sieiike, oObequuss ypasuenus (4)—(6), oTHOoCHTENBHO b, IIOIyduM Irepe-
onpeenernyio sokaabayio CJIAY [2,4,6-9,12]

15
> Buby=F, 1=1..32 j=1_. Neas. (7)
r=1

Permenne cucrembr (7) Ha KasKJI0H UTepAIUU HAXOUTCS U3 YCJIOBUS MUHUMYMa (DYHK-
muonaja ¢ = 2:121 Z}«il(Blrbrj — F})? no kosddunmenram b,;, r = 1,...,15. [nobanbuas
CJTAY permaercsa B urepainroHHOM Iporiecce 'aycca — 3eliesnss, KOTOPBIN IPOI0IKAETCS
JIO TeX I0P, IOKa He BLIIOJIHUTCA YCIOBUE

n+1 n
Hi?X ’brj - brj’ <€ (8)
re by, — r-it (r = 1,...,15) koaddunueHT NOJIUHOMA, ATMTPOKCUMHUDPYIONIErO PellleHne B
siuelike ¢ HOMEPOM j Ha n-ii uTepaluu, BeJIMIMHa € — 3ajlaHHas MaJiasi KoHcranTa |24, 6—
9,12|.

1.2. PeBy.TIbTaTbI YUCJI€EHHDbIX 9KCIIEPpUMEHTOB

Bo Bcex mnpejcTaBieHHBIX HI2Ke TabJMNAX B IYHKTE 1.2 NpUBEIEHbI 3HAYEHUST abCO-
JIIOTHOM MOTPENTHOCTH IPUOINKEHHOIO PEIleHnsT B PABHOMEPHOI HOpMe

E.=||lu—upllc = max ( max |u(Tim,Tam) — Unj(T1m, Tam)|), (9)
J:17'~~Ncells m:LLJ

rae L; — KoJn4ecTBO PABHOMEDHO PACIIPEETEHHBIX KOHTPOILHBIX TOUEK (T, Tom ), B3s-
TBIX B j-Oif g4efiKe /I MOJCYeTa B HUX IOTPENTHOCTH, U — TOYHOE perrenue 3agaqu (1),
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Uy, — IPUOJINZKEHHOE perieHne B 06acT (2, uy; — NPHOJIZKEHHOE PelleHne B j-0if sveiike.
[Topsg10K ¢XOAMMOCTHU TIOTPENTHOCTH TMPUOJINZKEHHOTO PEIIeHUs BIYUCIIeTC 110 (hopMyie

E
R = 10g2 E_p’ (1())

ryie F. — 3HaYMeHNe TIOTPEeIHOCTH Ha TeKyIell ceTke pasmepa N2, E, — 3HAYEHHE TIOTrPEIHO-
ety Ha ceTKe pasmepa N2/4. B 4ucjieHHbIX SKCIEPUMEHTAaX ObLIN B3SThI CJICLYIONINE 3HA-
wenns napamerpos: L; = 100, € = 107 B ciyqae npumepos 1-3 n e = 0,5-107'% 5 coryuae
npumepa 4, k. =1, ky, =1, kpn, = 5vVhihae (t=1,..,Ny), ky, = 1,5. B kauectse
HA4aJIbHOrO IPUO/IMKEeHUA pellenud B3AThl b,y = 0,4, tne r = 1,...,15, j = 1, ..., Neeys.
[Tyctb Njer — KOMYIECTBO UTEpaIii. 371eCh B pacdeTax KOMOMHUPYETCsI OLepaliusi IPoJI0JI-
xkenus (prolongation) B meroje PeJOPEHKO U Ha BCEX CETKAX YCKOPEHHE MTEPAIMOHHOIO
nporecca o Kperiosy [10,11].

IIpumep 1. B Tabn. 1 npubegeHnl pe3yJabTaThbl HYUCICHHOIO 9KCIEPUMEHTa C Te-
CTOBBIM perienueM u(r1,T3) = €' + €2 B 9YeTbIPexyroJbHOH 06/1acTh ¢ BepHIMHAME
(0;0), (1;0), (0,8;0,3), (—0,3;0,9). Ucxoanas obaacrs pasbupanach Ha N; = 2 <60Jb-

IUX>> TPEYTOJbHUKA.

Tabauia 1
PeSyJH)TaTI)I YUCJICHHBLIX 9KCIIEPUMEHTOB
Ipumep 1 [Tpunep 2
Ncells Ec R Niter Ncells Ec R Niter
98 2,24E-8 - 81 192 444E-8 — 78

392  T740E-10 4,91 74 768  1,46E-9 4,92 70
1568 3,00E-11 4,62 85 3072 470E-11 4,95 70
6272 1,85E-12 4,01 121 | 12288 2,38E-12 4,84 91
[Tpumep 3 [Tpumep 4
Neenrs Ee R Nier | Neetts Ee R Nier
400  3,73E-8 - 95 1536 9,89E-2 - 243
1600 1,17E-9 499 128 | 6144 5,98E-3 4,03 445
6400 5,51E-11 4,40 77 24576 3,69E-4 4,01 1085
25600 3,49E-12 4,01 139 | 98304 2,30E-5 4,00 2010

IIpumep 2. B tabi. 1 mpuBe/ienbl pe3ysibTaThbl YUCIEHHOTO SKCIIEPUMEHTa C TECTOBBIM Pe-
menueM u(zy, ) = cos(z1)+cos(x2) B ABycBa3noii obractu (puc. 1 a), pepiimL! BHEIITHE
Tm. T 177, 17 137, 137

rpaHuIpn: (cos {3;s8in 75 ), (cos G sin 47 ), (cos 53 sin 5¢), (Cos B sin 27, (cos 27 sin 2T),

. . i 677, 1 67
(cos 22 753 sin —), BEPIUIMHLI BHYTPEHHEH TI'DAHUIILL: ( COS 55 5 sin 4% ), ( COS at; 5 Sin 5T ),

55T . 55m 437, 1 43m 3lm. 3lm 197, 197
(5 cos 2 2sin 27), (5cos BF; Lsin 2X), (3 cos X 2sin 27, (5 cos BF; 2sin 7). Buecn

N, =12,

IIpumep 3. B Tabsn. 1 npusejienbl pe3yabTaThl YUCIEHHOTO SKCIIEPUMEHTA ¢ TECTOBBIM
perierneM u(xy, o) = sin(x;) + sin(xg) B HEBBITYKJIOf IECTIYTOIBHON 00JIACTH C BEPIIIH-
mamu (0;0), (0,5;1,25), (1,5;1,5), (1;2,25), (2,5;2), (2;0,5). 3aecp N, = 4.

IIpumep 4. B T1absn. 1 npusejienbl pe3yabTaThl YUCIEHHOTO SKCIIEPUMEHTA ¢ TECTOBBIM
pemenueM u(zy,rs) = €01 4 el072 4 521522 - pyeromum BechbMa GoJIbIIME TPAJMEHTHI
B IIIECTUYTOJILHONH OOJIACTH C BEPIIMHAMU, KOTOPbIE COBIAJIAIOT C BEPIINHAMU BHEITHEH
rpaHunbl u3 npumMepa 2. 3iaecb N; = 6.
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U3 npuBeieHHBIX PEe3yJIbTATOB BUJIHO, YTO IHOPSI0K CXOJAUMOCTU TOTPEITHOCTU ITPU-
OJINZKEHHOT'O pPEeIlleHusI He Xy2Ke YeTBEPTOro, 9T0 00eCIIedeHO BBICOKOM CTEIeHbI0 Da3MCHBIX
ITOJIMHOMOB B pacCMaTpPUBAEMOM (PYHKITHOHAJIBHOM IIPOCTpaHCTBE. TaKoii opsiIOK CXOIH-
MOCTHU OXKHJIAJICS U OH He OBLJT IIOHUZKEH HeCMOTPsI Ha TO, 9TO B KOI(MMUITHEHT OCTATOTHOT'O
“JIeHa alllPOKCUMAIUN PeIleHusI, eCTeCTBEHHO, BXO/AT OOJIbIINe 3HAYEHHUS ITPON3BO/IHBIX.
OHaKO B 9TOM IIpUMepe BEININHA ITOIPEITHOCTH OOJIbINE 110 CPABHEHUIO CO CIYyIaeM pe-
meHuit 3a/1a4 6e3 0coOOEHHOCTE, UTO U CJIEOBAJIO OXKUIATH.

IIpumep 5. Paccmorpum npumep 3amaan lupuxie st ypasaenusi [lyaccoma (1) ¢
flz1,20) = 1, g(x1,22)|s0 = 0 [9] B mectuyrosbHoit obmactn u3 npumepa 4. B srom
npruMepe N3-3a HAJMYUS Pa3pblBa BTOPLIX MPOU3BOIHBIX B TOYKAX M3/JI0MA TPAHMIILI MME-
eT MecTO 0COBEHHOCTD B periennn 3aja4u (cM. pab. |9] u cecblaiku BHYTpH). DTO ABJISETCS
NPUYMHOM YBEJINYCHNS TOTPEITHOCTH YUCACHHOTO PelIeHHs 3a1a91 M CHUZKCHUS HOPSIKA
€ro CXOIMMOCTH, 3HaYCHUEe KOTOPOIO CYINECTBEHHO 3aBUCHT OT PACCMATPUBAEMOIl 1o106-
nactu, B30l B ) (1abu. 2). s OleHKN HOps/IKa CXOAUMOCTU YHUCJIEHHOIO DEIeHus B
PaBHOMEPHOII HOPME BBIYHCIAIACH BEJIMIMHA

E = H uNcells - uNcells/4 HC - gI:nlaXQ ‘U/Ncells (l‘lE’ IQE) - U/Ncells/4(x1§7 x2§)‘7 (1]‘>

rae () — KOJIMYeCTBO PABHOMEDPHO DaCIHPEIEIEeHHbIX KOHTPOJIBHLIX TOUEK (Tig, To¢) B 00-
JIACTH; UpN, N, — YUCJICHHOE DeIleHne, HOJIyYeHHOe Ha CeTKe, cofepzkaiieil Nos A9eeK,
UN,,,,/4 — TUCIICHHOE PeIleHue Ha ceTke, cojepzKariein Nees /4 saeek. Tlopsmok cxomumo-
cTH perieHns: (popMaJsibHO OIpeIesiics 110 (popmyie

R = _
R = log, r _ log, I UNeers — UNees/4 Ife ’ (12)
EC || uNcells/4 - uNcells/16 HC
rae Ep :H uNCCHS - uNCCHS/4 HC’ EC :H uNcells/4 - uNcells/16 ||C u uNcells/16 — ducJIeHHoe

pellienue Ha ceTke, cofepzKaiieil Nees/16 aueek. B Tabi1. 2 IpuBeieHbl HOTyYeHHbIe B 9UC-
JIEHHOM 9KCIIEPUMEHTe 3HaueHns HOpMbI (11) 1 coOTBETCTBYIOININE TOPSIIKU €€ CXOJAUMOCTH
(12) npu Q = 200N,y BO Beeit ucxomuoit obaactu  u B nogobaacru y: 3 + 22 < 0,52,

KOTOpasd HE COJACPZKUT TOYEK HU3JIOMa I'PaHUIIBI.
Tabauia 2

PesynbraThl 9ucieHHbIX SKCIIEPUMEHTOB B 3a/a4e
C Pa3pbIBOM BTOPOI ITPOU3BOIHON

H uNcells B uNcells 2 HC E'|Q R E‘Ql R
| w1536 — ussa ||c 6,84E-4 - 8,19E-6 —
H Up144 — U1536 ||C 2,41E—4 1,50 9,93E—7 3,04

H U24576 — U144 HC 8,55E—5 1,49 1,22E—7 3,02
H U98304 — U24576 ||C 3,02E—5 1,50 1,52E—8 3,00

2. Heoanopo/iHOe burapMoHHYECKOoe ypaBHEHUE

2.1. IlocranoBka 3aga4vu 1M OIHCAHWE METOOA

[Tycts Tpebyercs onpenenuts H/IC yrupyroit m30TpoIHoi MIACTHHKE TOJTUTOHAJTBHOMN
dopMbl, 3aKPEIJIEHHON Ha KpadxX U HaXOMAIIeics 10 JIeficTBUeM IIolepedHoil Harpy3Ku
[IPOU3BOJILHOTO BUJIA. DyjieM cuMTaTh, 9TO HATPY3KH JIOCTATOYHO MaJbl, U jaedopMupo-
BaHMe IJIACTUHKY sABJsgeTcs ynpyruM. llnactuaka mpesnosaraercss TOHKO#, 9TO ITO3BOJIS-
€T CBECTH TPEXMEPHYIO 3aJiady TeOPHH YIPYTrOCTH K JIBYMEPHOU 3ajade TeOPUH TOHKUX
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wractuH. Coryaco (3|, pasperaorniyio cucTeMy ypaBHEHUil 3alMIIeM B II€PEMEIICHUSIX,
OTBICKAaB KOTOPbIE MOYKHO TOJTHOCTBIO paccuntaTb HJIC mnacruaku. Beguwauabr nporunbos
IJIACTUHKY OMPEJEIAIOTCA U3 PENleHns HeOIHOPOIHOIO OUTapMOHUYECKOTO yPABHEHU

2 q(x1, T2)

Afw = — (x1,22) € Q, (13)
rje w(xy, Te) — Mporud CpeJIMHHON MOBEPXHOCTH IJIACTUHKE, ¢(X1,T2) — HOMEpevHas Ha-
rpyska, D = Eh3/(12(1—v?)) — %KecTKOCTb IJIACTUHKY IPU U3TUOE, /i — TOJIIIMHA [IaCTHH-
ku, FE, v — vomynas FOura u koaddunuent Ilyaccorna nzorpornnoro Mmarepuasia mjaIacTHHKH,
MOJINTOHAJIbHAS 00J1aCTh ) — IIPOEKINs CPEIMHHON TOBEPXHOCTHU IIJIACTUHKHI HAa IIJIOCKOCTH
(1, x3). B 910ii 3a1a1e HA KaXKJIOM KyCKe I'DAHUIIbI IJIACTUHKA MOYXKHO 33JIaTh B YaCTHO-

CTHU OJHO U3 CJICAYIOIIUX YCJIOBI/Iﬁ €€ S3aKpeIlJIeHnd:
w

w =0, = 0 — 3ameM/IeHHBINH Kpaii, (14)

n
w =0, M,w =0 — mapHUPHO 3aKPEILJICHHBII Kpaii, (15)
M,w =0, V,w =0 — cBoboaHbIl Kpaii, (16)

rme 7 — BHeITHsIst HOpMAaJIb K rpaHuiie obaactu 02, M, — nsrudbaromnii MoMmeHT, V,, — 0600-

menHas nonepednas cuita [3|. K pemenuio nocraBieHHON 3ajade IPUMEHUM aJITOPHTM,

AHAJIOTUYHBL onucanHoMy Bbie. OTindus OyayT B 3alUCH YPaBHEHUH MPUOINKEHHOI

sajaan. Anasorndno ypasaernsaM (4), (5) u (6) B Kax/10ii j-0ii siueiike BBIITHCHIBAIOTCS
1) ypaBHeHUsI KOJIJIOKAIIUH, YMHOKeHHbIe Ha h3,h3,, B 16 Toukax kosutokaruu (puc. 1 6)

h2 (94?)h i 64?)h i h2 (94’Uh i

]{JC (ﬁ J 2 J i J = kch2 h2 f(l'l, l‘g), (17)
hi, Oyt TOyidys  h3, Oys e

rie k. — BECOBOIl MHOXKWTE/Ib YpaBHEHUI Kosutokanuu, ¢t = 1, ..., Ny;

2) ycsioBust coryiacoBanus (yMHOMKeHHBIE Ha highoy BO BTOPOM CiIydae) Ha KaxKI0i 00-
el CTOPOHE MEXKJY COCEIHUMU sTUYefiKaMU B HECKOJIBKUX TOYKAX COIVIACOBAHUS (pI/IC. 1 6)

c%h- ~ %h
kUi + kmy —2 = kyy, Ky, —, 18
o Uhj + 1 anj oUh + 1 anj ( )
(92?)h' 83vh- (92’0}1 636h
hitho | kmy =2 + ko ——2 | = hytho | by ——= + ks —= |, 19
1t162¢ ( 2 a’]’I,JQ + 3 anjg) 1t162t ( zaan + 3677/]'3) ( )

rJie n; — BHEMIHsAA HOpMaJlb K TPaHuIe j-oit gueitku, t = 1, ..., Ny, vp; 1 U — IIpeJiesIbl Ipu-
OJIMYKEHHOTO PeIieHus 3a/[adi IPU CTPEMJICHUN U3HYTPU U U3BHE K T'PAHUIE j-U dAIeHKH,
COOTBETCTBEHHO, Ky, Ky, Km,, Km, — BECOBbIEe MHOXKHTEJN YCJIOBHI COIVIACOBAHUSI,

3) KpaeBble yCJIOBHSI B HECKOJIBKUX TOYKAX 3alllCH KpaeBbIx ycsobuil (puc. 1 6) nHa
rpaHuIie o0JIACTH, €CJIN STUeiiKa IBJIZETCS I'PAHUIHOMN.

B mannoM ciyuae Kaxkgas <yokaabHass> CJIAY cocrout ns 48 ypasuennii: 16 ypapHe-
HUI KOJIJTOKAIIUK U 110 JIBa YPABHEHUA B KaXKJ0W TOUKE JIJI 3aIllUCH YCJIOBUI COT/IACOBAHUA
WJIX KPAeBbIX YCJIOBUI B CIy4yae I'PAHUYHON AYCHKU.

2.2. PeBy.TIbTaTbI YUCJIEHHDbIX 3KCIIEpUMEHTOB

IIpumep 6. PaccmorpuM MapHUPHO 3aKpeIUIeHHYI0 Ha Kpagx (15) mpsaMoyroabHyto
IJIACTUHKY pasmepa dy Xdy, HAXOIAILYIOC MOJ| JEHCTBUEM IIONEPETHON HAIPY3KH ¢ =
10° sin(7rz1 /dy) sin(wze/ds) (I1a). B sTom ciiyvae 3amaua umeer Tounoe perenue 3]

4 74
_ qd1d2 20
w(xy, ) = DB RE (20)
D (df + d3)
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Panee sta 3amaua 6b11a pemena meromom KHK B pabore [12]| ¢ ucnonpsoBanumem mpo-
CTPAHCTBA IOJIMHOMOB dYeTBepTOil cremenn. B ciydae KpaeBbix ycsoBuit (15) perenne
GurapMoHrYecKoro ypapuenus (13) B MOJUTOHAJBHON 00JIACTH MOYKHO CBECTU K IIOCTIE-
JIOBATEJIbHOMY PEIIeHUIO CUCTeMbI JIByX ypaBuenwmii [lyaccona ¢ KpaeBbIMU YCIOBUSIMEI
Hupuxie [3]. Kak ormedeHo Bo BBeJenun, 3amada Jupuxie st ypasaenus [lyaccona —
XOPOIIIO 00YC/IOBJICHHAS 3ajlajda 110 CPAaBHEHHWIO ¢ KPAeBOMl 3ajiavueil Jijisd OUrapMOHIMYECKO-
ro ypaBHEHUsI, YTO, OYEBUJIHO, CKA3BIBACTCA HA TOYHOCTH YUCIEHHOTO PEIICHUS 3aJIauu.
[Iycts Teneps E,. — OTHOCUTE/IbHAS TOIPEITHOCTD YUCAECHHOTO PENIeHUsI, TOPII0K CXOJIH-
moctu R koropoit Beraucisiicst mo ¢dpopmysie (10). B taba. 3 npuseseHo cpaBHeHue pe-
3yJIbTATOB YUCJAEHHOIO DEIIeHnsl ypaBHEeHUs [12] u pe3ysbTaToB PEIIeHus] CHCTEMbl JBYX
ypasuennii [Iyaccona. 3ech npssMoyrosibHasi 00/1aCTh MOKPBHIBAIACH PETY/ISIPHON CeTKO ¢
IPSIMOYTOJILHBIMU stueiikamu. B arom ciryuae ObL1 ucnosibzoBan Bapuant 1 meroga KHK u3
pabornr [8]. B pacuerax ucnosb3oBaauch cieytomue napamerpbl: d; = 10m, dy = 10 M,
h=0,1m E =200T1la, v = 0,28, ¢ = 107'%. B 1a61. 3 B Nj;r B CKOOKaxX yKasa-
HO KOJIMYeCTBO Wrepanuii Jyisi mepBoro ypasaenust [lyaccona (amasorumuno B tabi. 4). B
pabore [12] B ciyaae Neeys = 12800 Her nHbDOPMAIN 0 KOJIUIECTBE UTEPAITHIA.

Tabsuma 3
CpaBHenne pe3y/abTaToB YUCJICHHBIX IKCIEPUMEHTOB

[Tpumep 1, pabora [12| | Tlpumep 1, sra pabora
Neens | Ee R Niter E. R Niger

100 | 1,822 129 | 1,0064 _ 63 (53)
400 2,83E-3 2,68 282 6,32E-6 3,98 81 (74)
1600 | 4,56E-4 2,63 593 3,95E-7 4,00 112 (123)
6400 | 7,57E-5 2,58 2090 247E-8 3,99 162 (135)

12800 | 1,32E-5 2,51 1,57E-9 3,97 251 (161)
Tabauma 4
CpaBHeHne pe3yabTaToB YHCICHHBIX 9KCIEPUMEHTOB
[Ipumep 2, cay4gait 1 [Ipumep 2, ciyqait 2
Ncells Ec R Niter Ec R Nzter
48 397TE-4  — 45 1,29E-4 - 81 (8

1)
192 | 3,74E-5 3,40 43 |443E-6 4,36 81 (81)
768 | 6,24E-6 2,58 81 | 1,37E-7 5,01 86 (81)
3072 | 1,15E-6 2,43 241 | 4,63E-9 4,88 97 (85)
12288 2,48E-10 4,22 174 (161)

IIpumep 7. PaccMoTpuM TOJHMTOHAIBLHYIO TIJIACTUHKY C BBIPE30M U3 MpUMepa 2 ITyHK-
ta 1.2, mpu 3TOM HCXo/HAsg O0JACTH PACTATUBAJIACL B O pa3 U CABHTAIACh HA BEKTOP
(5;5). Bamaaum Ha rpanuie 0f) 3HaveHus w u M,w, BHIYUCIEHHBIE U3 TOYHOIO peIlle-
aust (20). B Tabii. 4 npuBesieHo cpaBHEHHE Pe3yJIbTATOB YUCJIEHHOTO PEIIEeHUsT UCXOJIHOTO
GurapMOHIYIECKOrO ypaBHeHus (ciaydail 1) ¥ pe3ysabTaToB UMCIEHHOIO PEIieHHs] CHCTeMbI
nByx ypasHenuii [lyaccona (ciaydaii 2) B IJ1acTUHKE ¢ BBIPE30M. B pacderax HCIO/Ib30Ba-
JINCh cJieyronue mapaMeTpbl: d; = 9,6bM, dy = 9,65Mm, h = 0,1Mm, E = 200I'1la,
v=0,28, ¢ =10"1° q1a unciaennoro penreHns 6GurapMOHNYECKOro ypasHenud, € = 107
JUUIsL YUCJIEHHOTO peleHus cucteMbl JMByxX ypaBuenuit [lyaccona. 3nmecwy N; = 12. 31ech

Bectauk FOYpI'Y. Cepusa <Maremarndeckoe MOIeJIMPOBAHUE 147
u nporpammupoBanues> (Bectuuk FOYpI'Y MMII). 2019. T. 12, Ne 3. C. 140-152



B.II1. IITanees, JI.C. Bpoinaun, B.A. Bessie

JIJIST KPATKOCTHU 3HAYeHUA dq U dy OKPYIVIEHBI JIO0 COTHIX. 3HAUEHUsI BECOBBIX IIapaMeTPOB
B [IEPBOM CJIydae B3AThI U3 paboThl [2]|, a BO BTOpoM ciaydae u3 myHKTa 1.2. B mepsom
ciaydae pu Neeys = 12288 3HaUenne MOrpentHoCTH YUCJAEHHOTO PENeHns He M3MEHAI0Ch
110 CPABHEHUIO C TPEIBIIYIIIUM CJIyIaeM.

IIpumep 8. Paccmorpum JBa mpuMepa MI0X000YCIOBIEHHBIX 3a/ad, TOYHOE DEIleHHe
KOTOPBIX HE U3BECTHO. [lycTb B 1epBOM CiIydae MIECTUYToJabHAs [UIACTHHKA, & BO BTOPOM
cIydae 9Ta YKe IJIACTHHKA, HO C BBIPE30M, HAXOJATCH IOJ| JIefiCTBHEM DaBHOMEPHOI I10-
nepevHoii Harpysku ¢ = const. B nepBoM ciyuae JBa Kpas IUIACTUHKE 3ariemyieHbl (14),
JIBa — IMApHUPHO 3akperuieHbl (15), nBa — cBobomubl (16). Bo BTOpOM cityuae BHYTpeH-
HUe Kpasl [VIACTUHKY [MIAPHUPHO 3aKperuieHbl (15), BHEIHNe YeThipe Kpasi — 3allleMJIeHbI
(14), mBa — cBoboaub! (16). Hampsizkennoe cocTosiune IIACTUHBL OIMUCHIBACTCS (DYHKIHCH
pacrpe/ie/ieHus HHTCHCUBHOCTH HAIIPSAZKCHUI

1
I= ﬁ\/(% —0y)?+ 0%+ 02+ 6042 (21)

riie 0, = —E(Wey + vwy,), 0, = —E(wy, + vW,,), 0z = —E(w.,), E= Ex3/(1—1?),
x3 € [—h/2, h/2]. OTMeTnM, YTO 3/1Ch OTHOCUTEIBHO JIETKO BBIYHCJIUTH JIHOOBIE MTPO-
MU3BOJIHDbIE TPUOJIMXKEHHOTO pellennsd, ocKoIbKy B MeTosie KHK ono gaBisiercsa Kycodno-
MOJINHOMUAJILHBIM. DTO OJIHO U3 JIOCTOMHCTB UCIIOJIL3YEMOro MeTojia. B oboux ciaydasax B
pacdeTax HCIOJIb30BaJUCh cleaylomue mapamerpsl 3aja4dn: h = 0,1m, E = 200I'11a,
v=0,28, r3="h/2, e =107 B nepsom npumepe q = 200 KIla, Ny, = 1536, N; = 6,
a Bo BropoMm ¢ = 1 MIla, N_.;s = 3072, N, = 12. Ha puc. 2, 3 nokazansl ¢popma mporuda
w a) U UHTEHCHBHOCTH Hampsizkenuit I (21) 6).

w(xy, x3), M

e
o

<
~

e
o

Puc. 2. Besmunna nporuba w (a) gedopMupoBanHoOil miacTuHKU (JBa Kpast 3aIleMJIeHBI,
JIBa — MIAPHUPHO 3aKPeIUIeHbl, JIBa — CBOOO/IHbI) ¥ MHTEHCUBHOCTDL Hanpsizkenuii I (6)

SakJIroyeHue

[Ipennoxken u peanuzoBan HOBBIH BapuanT meroga KHK miag gmcnennoro permrenms
SJUIANITUYECKUX YPABHEHUN B TOJIMTOHAJIBHBIX OOJIACTAX, B TOM YUCJI€ B MHOTOCBS3HBIX.
[IpoBenen psj 9UCIEHHBIX SKCIEPUMEHTOB, B KOTOPBIX ITOKA3aHO, YTO /IS 3aJad C J10-
CTATOYHO TUVIAJKUMU DPEIeHUsIMUA, B TOM HHCJIE ¢ OOJBIMUMU IpaJUeHTaMU, UMeeT MEeCTO
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MOBBIIIEHHBIN TTOPSJIOK CXOJUMOCTH K HYJIIO ITOT'PENTHOCTH pereHus. B aroMm ciydae nipu
pemenun ypasaenus [lyaccona nabrogasicd MOPAI0K CXOJUMOCTH He HUYKE Y€TBEPTOrO, a
[IPU PelreHny OUTapMOHUYIECKOTO YPaBHEHUS He MEHBIIIe BTOPOro.

" ) '(. % "" k
0.00 OXON I T 10
i L Vo
Wy xa) M —0.05 A

-0.10

X2, M

Puc. 3. Bemmuuna nporuba w (a) ned>opMUPOBAHHON IIJTACTUHKE C BBIPE3OM
(BHYTpeHHMe Kpasl IUTACTHHKY IAPHUPHO 3aKPEIIeHbI, BHEIITHUE YeThIpe Kpasi —
3aIlleMJICHBI, JBa — CBOOOIBI) U HHTEHCUBHOCTD Halpszkenuii I (6)

31ech TakKe paccMoTpeH npumep 3ajaqdn Jdupuxie s ypasaenus Ilyaccona, korjaa
Ha TpaHuIe 00JIaCTH B TOYKAX €€ M3/I0Ma MMEET MECTO OCOOEHHOCTH — pPa3phbIB BTOPBHIX
MIPOU3BO/THBIX MCKOMOTO pelieHusi. B 9ToMm cirydae mops oK CXOIUMOCTH YHCJIEHHOTO TJIO-
OaJILHOTO peITeHns 3a/1a49n MMOHUKAETCAd W ObLI pPaBeH IMOJITOPa B OTJIUYHUE OT CJIyYaeB,
KOTJIa KpaeBble YCJIOBHUS U IIpaBas dacTh yPaBHEHUs <COTJIACOBAHBI> M JOCTATOYHO TJIa/l-
kue. Ho 3a mckimoyeHneM OKpecTHOCTH OCOOBIX TOYEK Ha I'PAHUIIE, IMOPSI0K CXOIUMOCTH
pelleHnsi OCTaeTCs MOBBIMIEHHBIM U PABEH TPEM. DTO XOPOIIO COIJIacyeTcs ¢ Teopueil Kpa-
€BBbIX 38,134 JIJI JUINIITUIECKNX yPaBHEHUIA.

Kpome Toro, B pabore npusesieHbl pe3ysabTaThl pemtenus 3aaa4d pacdera HJIC uszo-
TPOITHBIX TIJIACTUH CJIOXKHOI (bopmbl. Pertenne Takux 3a/1a4 IMEET CaMOCTOATETLHOE TTPU-
KJIaJIHOe 3HaUYeHue.

Paboma evinoanena 6 pamxazr IIpozpammovr GyHaMEHMANOHUT HAYUYHOIT UCCAEIO0-
sanuli 2ocydapcmeennux akademuts nayx na 2013-2020 200v (npoexm N AAAA-A17-
117030610156-3).
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SOLVING ELLIPTIC EQUATIONS IN POLYGONAL DOMAINS
BY THE LEAST SQUARES COLLOCATION METHOD
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The paper considers a new version of the least squares collocation (LSC) method for the
numerical solution of boundary value problems for elliptic equations in polygonal domains,
in particular, in multiply connected domains. The implementation of this approach and
numerical experiments are performed on the examples of the inhomogeneous biharmonic
and Poisson equations. As an application, we use the nonhomogeneous biharmonic equation
to simulate the stress-strain state of isotropic elastic thin plate of polygonal form under the
action of transverse load. The new version of the LSC method is based on the
triangulation of the original domain. Therefore, this approach is fundamentally different
from the previous more complicated versions of the LSC method proposed to solve the
boundary value problems for partial derivative equations in irregular domains. We make the
numerical experiments on the convergence of the approximate solution to various problems
on a sequence of grids. The experiments show that the solution to the problems converges
with high order and, in the case of the known analytical solution, matches with high
accuracy with the analytical solution to the test problems.

Keywords: least squares collocation method; polygonal multiply connected domain;

Poisson’s equation; nonhomogeneous biharmonic equation; stress-strain state.
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