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We propose a solution of the naturalness problem in the context of the multiverse wave-
function without the anthropic argument. If we include microscopic wormhole configurations
in the path integral, the wave function becomes a superposition of universes with various
values of the coupling constants such as the cosmological constant, the parameters in the
Higgs potential, and so on. We analyze the quantum state of the multiverse, and evaluate
the density matrix of one universe. We show that the coupling constants induced by the
wormholes are fixed in such a way that the density matrix is maximized. In particular, the
cosmological constant, which is in general time-dependent, is chosen such that it takes an
extremely small value in the far future. We also discuss the gauge hierarchy problem and the
strong CP problem in this context. Our study predicts that the Higgs mass is m; = 140£20
GeV and 6 = 0.

Subject Index: 129
§1. Introduction and summary

One of the major problems of particle physics and cosmology is the smallness of
the observed value of the vacuum energy, that is the cosmological constant A. We
must explain why A is many orders of magnitude smaller than the Planck scale.V)
One of the most promising attempts to solve this problem is the one based on the
Euclidean wormbhole effect first proposed by Coleman?®)-*)and studied closely by other
authors.>13) In this paper, we discuss the wormhole effect in the context of the
Lorentzian multiverse,*) and propose a mechanism to solve the naturalness problems
such as the cosmological constant, the gauge hierarchy, and the strong CP problem.

To explain the motivation of this paper, we begin by briefly discussing Coleman’s
solution to the cosmological constant problem (see §2 for the details of the deriva-
tion of the following equations). We start with the path integral of the Euclidean
gravity. If we take microscopic wormhole configurations into account, the following
interaction AS is induced in addition to the original action,

A8 =Y (oi+ a;r)Ci/d‘lx\/ﬁ(’)i, (1-1)

where a; and aZT are the annihilation and creation operators of the type ¢ baby
universe. Then, the partition function of the parent universe is given by an integral

*) In 14), Banks also discussed the effect of bi-local interaction. In this paper, we mainly follow
Coleman’s argument.
**) Although 3), 6) and 12) also studied the wormhole effect in the Lorentzian gravity, our
mechanism is different from the previous work as we will discuss in §5.3.
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690 H. Kawai and T. Okada

Fig. 1. A sketch of an example of the Euclidean multiverse. Parent universes are interacting through
baby universes.
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Fig. 2. The 4-sphere solution can be interpreted as a foliation of 3-spheres whose radius expands

from zero to ﬁ and then shrinks to zero.

over the eigenvalues of a; + a;r.
For example, if we focus on the identity operator O = 1, the partition function
becomes

Zuniverse :/ngAeXp<—/d4x\/§(R+2A)>’

where the wormhole effect results in the integration over A. The path integral over
the metric g can be approximated by a 4-sphere solution, whose action is proportional
to % Therefore we have

1
Zuniverse ~ /d A e,

and the integrand has a strong peak at A ~ 0. Furthermore, if we consider the
multiverse, in which universes are connected with each other through baby universes
(see Fig. 1), the above integrand is replaced to exp(exp(4)), and the peak gets
stronger. Based on this argument, Coleman claimed that the cosmological constant
problem could be solved by the wormholes.

What does this argument imply to Lorentzian spacetime? Naively, the 4-sphere
solution is interpreted as a bounce solution. Therefore, the exponential of the action,
e%, is expected to give the amplitude of a universe tunneling form nothing to the
size of the 4-sphere (see Fig. 2). However, if we computes the tunneling amplitude

directly by the WKB method as Vilenkin did,?!) we obtain a factor 6_%, instead of

e, In this sense, the physical meaning of the 4-sphere solution is not clear, and
whether or not Coleman’s mechanism works in the physical Lorentzian spacetime is
doubtful.

In this paper, in order to clarify this point, we study the wave function of
the Lorentzian multiverse consisting of infinitely many parent universes which are
interacting with each other via wormholes.??) We will show that the density matrix
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Solving the Naturalness Problem by Baby Universes 691

of one universe has a strong peak in the space of the coupling constants induced by
the wormholes. This indicates that “the big fix” indeed occurs, that is, the coupling
constants are determined dynamically by the quantum gravity. In particular, the
multiverse wave function predicts that the cosmological constant in the far future
becomes extremely small. We will also find that the wormhole effect fixes the other
coupling constants such as the Higgs parameters and the strong CP phase in the
standard model.

This paper is organized as follows. In §2, we review the derivation of the effective
action (1-1) and obtain its Lorentzian counterpart via a Wick rotation (see Fig. 5,
which is the Lorentzian version of Fig. 1). We see that because of the wormholes the
wave function of the parent universes becomes a superposition of states with various
values of the coupling constants {\;}.

In §3, for the fixed coupling constants {\;}, we calculate the wave function of
a parent universe ¢p—g(z), where z is the size®) of the universe, by using the WKB
approximation. We assume that the parent universes have the topology of S, and
use the superminispace approximation for each of them

ds® = (=N (t)%dt?® + a(t)?ds23), (1-2)

where dﬁg is the metric of unit S2. We also assume that they are created from
nothing at a small size € via some tunneling process. Then the wave function of each
parent universe is given by

1 . ? / / .
op=0(z) = \/W/Q\/E\/kEzo(z) sin </0 kp—o(z)dz" + a) , (1-3)

where E = 0 represents the so-called Hamiltonian constraint, which we will discuss
later, and kg—g is defined by

k%_o(2) = —2U(z) (1-4)
91/3 2Mmatt 2Srad 2F
:9A—Z2/3K+ . poyEain (1-5)

Here A, M4t and S,qq are the cosmological constant, the amounts of matter and
radiation, respectively. In principle, they are determined by examining the time
evolution of the universe, once its initial condition at z = ¢ and the coupling constants
{\i} are given. In this sense, they depend on the coupling constants {)\;} as well as
on time, or z.

A= A({Ni}, 2), Mpar = Mimate({\i}, 2), Srad = Srad({i}s 2)- (1-6)

For example, if some matter decays into radiation at some z, S,qq increases at this

point. The factor ﬁ in (1-3) behaves like ﬁ for large z and plays an impor-
E=0(%

tant role for our mechanism.

*) Strictly speaking, z = a® /9 has a dimension of volume. However, for the sake of simplicity,
we call it “size”.
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692 H. Kawai and T. Okada

In §4, we construct the wave function of the multiverse. The N-universe state
|®n) is obtained by taking a tensor product of N universes and superposing over

{\i}:
By o) ~ [N opno(er) e @ w DB, (D

where X represents the set of induced coupling constants {\;}. |X) is the eigenstate
of a; + alT with eigenvalue {\;}, and w(A) is the initial wave function of the baby uni-
verses. ( is the probability amplitude of creating one universe. Then, the multiverse

state can be written as

|¢multi> = Z |¢N>a (18)
N=0

where |®py) is the N-universe state whose z-representation is given by (1-7). Then
the density matrix of our universe is obtained by tracing out the other universes.
The summation over N results in an exponential, and we have

o) o [ APl -0 6p-0(c) exp< / dZN’MQbE:o(ZH)F)
(1:9)

In §5, we try to fix the cosmological constant A by examining the A dependence
of the above density matrix. If A < 0, ¢p—g is exponentially suppressed for large z,
and the exponent on the RHS of the density matrix (1-9) takes some finite value.
On the other hand, if A > 0, it is calculated as

1 1 1
2 " 2 "
d ~ dz"'—— 1-10
@ o~ [ (110)
because the leading behavior of the momentum for large z is given by k:?EZO =
9A + - --. Since this integral is logarithmically divergent, we introduce an infrared

cutoff zyg for z, so that the above integral becomes

5 1

|:U’| \/S)—AlogZIR' (1 11)
Thus we find that the integrand of (1-9) has an infinitely strong peak at A = 0,
which means that the cosmological constant in the far future is automatically tuned
to zero. Although we cannot specify the origin of z;r at this stage, it is natural to
consider that a sort of infrared cutoff should appear in any constructive definitions
of quantum gravity. For example, in the dynamical triangulation,27) the number of
simplexes corresponds to the infrared cutoff, or in matrix models, in which space-
times emerge dynamically, it is provided by the size of the matrices.

However, there is a subtlety here. There is a critical value of A = A.. such
that for A < A, a classically forbidden region, k%}:o < 0, appears in z-space (see
Fig. 7), and a tunneling suppression factor should be multiplied to (1-11). Thus, for
fixed Syqq and Mqt, the density matrix becomes maximum when A = A... For
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Solving the Naturalness Problem by Baby Universes 693

example, if we assume the radiation dominated universe and set M+ = 0, we have
Aer = 1/8Sp44, and the cosmological constant is fixed at

A= Ag =1/Srea. (1-12)

Once it is done, (1-10) becomes

1
\M’z/d’é’" Thpg ™ |11*V/ Srad1og 21 R (1-13)

Recalling that S,.q also depends on the induced coupling constants {);}, the above
equation shows that {)\;} are fixed at the values where S,,4 becomes maximum.
Therefore, the value of A is given by

A~ 1/max Syaq(X). (1-14)
A

Since S,4q is proportional to the volume of the universe, if the universe is sufficiently
large, S,qq is large and A is close to zero.

To summarize, the wormhole effect makes the wave function of the multiverse
a superposition of various values of coupling constants, but they are fixed in such
a way that the radiation in the far future is maximized. We call it the big fiz
following Coleman. In particular, the cosmological constant is fixed as its value in
the far future becomes almost vanishing.

We can give an intuitive interpretation of the above mechanism. The exponent
in the density matrix (1-9) turns out to be the time that it takes for the universe to
expand from the size € to zyg. To see this we rewrite it as

/dz bmo(2)2 = /R dz m _ /dt, (1.15)

where we have used the classical relation k ~ Z/z. Thus, the exponent is nothing
but the lifetime of the universe. Naively, smaller A is favored because then the
universe expands slowly (see Fig. 9). However, for A < A, the universe bounces
back to a small size in a finite time. Therefore, the li fetime of the universe becomes
maximum when A = A... We note that the enhancement arises from the large z
region z ~ zrr, where the universe can be described by the classical mechanics,
which justifies treating the matter and radiation classically as in (1-5). On the other
hand, the quantum mechanical nature of the wormholes reflects in superposing the
states with various {\;}. In §5.3, we compare our mechanism of the big fix with the
previous works by other authors.

In §6, as an illustration of the big fix, we consider the parameters in the Higgs
sector in the standard model, that is, the VEV v, and the quartic coupling constant
Ap. We assume that the other coupling constants are fixed to their observed values.
We consider the case that S,..q in the far future consists of the decay products of
protons. Then, we can show that S,,; is maximized when Nmeng is maximized
(see around (6:1)), where Ny, m, and 7, are the total baryon number before the
decay, the proton mass and the proton lifetime, respectively. Naively, this seems to
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694 H. Kawai and T. Okada

be maximized when m, = m,(v;) is minimized because in the usual GUT we have

p o my, . (1-16)

Then, the wormhole mechanism seems to select out v, = 0 because the proton mass
m,, depends on v, monotonically as follows:

myp(vn) = M + 3 x my g(vp), (1-17)

where MZEO) is the proton mass in the chiral limit, and m,, 4 is the current quark mass,
which is proportional to v,. However, the mass of the decay products also depends
on vy, and as we will show, it is in fact possible that mng becomes minimum at
some nonzero value of my, q(vp).

Assuming that the Higgs VEV is fixed at the observed value, i.e. 246 GeV,
we next consider the Higgs mass. Ap-dependence enters into the above combination
Nme%Tp through the sphaleron process if we assume the leptogenesis. Smaller Ay
makes the sphaleron process happen more frequently and produces more baryons
Np. Combining this with the fact that the stability of the potential requires a lower
bound on Ap, we can deduce that the smallest possible value of Aj is chosen by the
big fix. This means that the physical Higgs mass should be at its lower bound, that
is, around 140 + 20 GeV.23)

We then consider the strong CP problem. We analyze how the combination
Nme%Tp depends on fgcp, and find that it becomes maximum at 6gcp = 0, which
means Ogcp is fixed to zero by the big fix.

In §7, we study universes with other topologies than 3. So far, we have assumed
that all the parent universes have the topology of S3. If we allow universes with
various topologies to emerge, we must sum over them in the multiverse wave function.
Then, the density matrix is modified to

o2 o [ dX wRPIuf? Gpol') dp-a(z) X exp(z / dz”mawfg‘”g(z”)P),

a//

(1-18)

where « labels the topology of the universe, and u,, is the probability amplitude to
create such universe. Thus, the exponent of the density matrix is the sum of con-
tributions from various topologies. We repeat the same analysis as S3 for the other
topologies, and find that the flat universes (K = 0)*) have the largest contribution.
In this case, the vanishing of the asymptotic cosmological constant is still valid, while
the analysis of the big fix is modified rather drastically.

§2. Effect of baby universes

We first review Coleman’s argument on the effect of the baby universes® (see
also 13)). We start from the Euclidean Einstein gravity with a bare cosmological

*) Since we assume the universes are spatially compact, the topology of flat universe is actually
torus.
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Solving the Naturalness Problem by Baby Universes 695

Fig. 3. A wormhole induces bi-local interactions at its legs.

constant Ay,

/ Dy exp(—Si) = / Dy exp (- / o J3(R + 2A0)> .

A Planck-size wormhole configuration effectively adds to the partition function
the following bi-local interactions (see Fig. 3),

/Dg % Cz‘je_QSWh/d4xd4y1 /g(w)\/g(y)Oi(x)Oj(y) eXp(—SE), (21)

where the repeated indices 7 and j are contracted. ¢;; are some constants, and 2S5,
is the action of the wormhole. Summing over the number of wormholes amounts to

the factor
exp(%e‘”wh / d*zd'y~/g(x)\/g(y)O' (x)0’ (y)>-

By introducing auxiliary variables A;, the bi-local interactions can be rewritten as
local interactions as follows,

/[]:[ d)\i] exp (—e—sw%. dia/9(x)0 (z) — %/\idij)\j) 22)

where d% is the inverse of the matrix ¢;;. For example, the identity operator Ol(z) =
1 (i = 1) shifts the bare cosmological constant Ay linearly; Ay — Ag+e~Swh \;, which
becomes a variable to be integrated over.

Alternatively, we can express the wormhole effect by using the following La-
grangian

Se = Sp + e Swn Z(a +a;) [ diz\/g(x)O'(z (2-3)
1
where we have introduced pairs of operators a; and aj satisfying [a;, a;] = ¢;j, which
can be interpreted as the creation/annihilation operators of the baby universe of type
1. To understand this formula, one considers an amplitude between the initial and
final state both with no baby universe (£2| exp(e™wn Zi(ai—i—aj) [ d*z\/g0")|£2). By
using the Baker-Campbell-Hausdorff formula, it is easy to show that this amplitude
recovers Eq. (2-2). Although (2-2) and (2-3) are equivalent, (2-3) is more convenient
to construct the wave function of the universe.
Finally, we obtain the Lorentzian counterpart by the Wick rotation,

S = /d4 V-g —2Ag) — e 5y (o] + a;) [ d'z/—g(x)0i(z).  (2:4)

i
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696 H. Kawai and T. Okada
We use this action to study the naturalness problem.
§3. Wave function of the universe

In this section, we forget about the wormhole effect for a while, and consider the
wave function of a parent universe for the fixed coupling constants \;. We quantize
the system of the mini-superspace via path integral, and determine the wave function
by the WKB method. However, as we will discuss in §5, the whole picture about the
big fix does not depend on these approximations, but holds quite generally.

3.1. Wawve function of a parent universe

We start from the Einstein-Hilbert action,

1
/Dgw, exp(iSy) = /Dgw, exp (z e /d4x\/—g(x)(R - 2/1)) .
T
We will consider the homogeneous, isotropic and spatially compact universe:

ds? = o2(—N(t)2dt2 + a(t)2ds>, 1), (3-1)

spatial

2

2 _ 2G
where 0° = £Z, and dsspatia

; is the metric on the spatial hypersurface, which has a

constant curvature K, = 1,0, —1, depending on its topology )
Substituting the metric (3-1), the action becomes

Sy = 7% /dt N[ad®/N? — (Koa — Ad®)],

where we have written 25;—7:1 by the same symbol “A”, which is the dimensionless

a(t)?

cosmological constant. In terms of z(t) := =5~ it can be expressed as

Sy = —%/dt N[2/2N? — (Ka(92)"/% — 942)].

The momentum p, conjugate to z is given by p, = —2/zN, and the Lagrangian can
be rewritten in the canonical form,
Ly=p:z— NHa,
where
o 1 2 h o 91/3 K 9/1
Ha(pz, 2) =2 i U(z)|, where U(z) := 5,373 e — 54 (3-2)

To describe a more realistic universe, we need to consider the energy densities
of various fields. Then, instead of (3-2), the potential U is replaced to

1
Ha(pzy2) =2 [ipg — U(z)} ,
. 91/3 2Mmatt 2Srad
with ZU(Z) == *9/1 + ﬁKa - > - Z4/3 s (33)

*) The spatial topology of the universe is torus and sphere for K, = 0, —1 respectively. However,
there are many topologies for K, = —1.
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jNel
i

=€

Fig. 4. The path integral (3-9) is defined as a sum over all histories connecting two geometries.

where the last two terms represent the radiation and matter energy, respectively, and
the associated powers of z are determined by their scaling behavior, ppa o a(t) ™3
and prqq X a(t)*4. We note that the coefficients depend on z and \;;

A= A({)\z}v 2)7 Matt = Mmatt({)\i}§ 2)7 Srad = Srad({)\i}; Z) (34)

In principle, they can be determined by solving the time evolution of the theory
with coupling constants {\;}, if the initial condition of the universe is completely
specified. For example, A changes its value at the end of the inflation, and a portion
of Mq4t may convert to Sy.q when some matter decays into radiation.

To quantize this system via path integral, we take the following metric on the
configuration space:

o3
||(5gWH2 = /d4x\/—ggwgp,\csg"p(5g”A o< /dt <N(5N)2 + Na(éa)2) , (3-5)

which is invariant under the general coordinate transformation, and leads to the
volume form of the functional integral

vy a’*6Nda IT6N©z := [dN][dz]. (3-6)

Collecting these results, we find that the universe is described by the following path
integral,

/ (AN][d=][dp.] exp (2 / dt(p. — NHA)> , (3-7)

where H 4 is given by (3-3).

In the rest of this section, we will determine the wave function of the universe,
assuming that it initially has a small size € (see Fig. 4), The amplitude between z = €
and z = z is given by the following path integral,*)

G- [ ldpdidslaN)es ( /

=0
z(0)=e¢, z(1)=z2

t=1

dt (p.3 — N(t)HA)> . (39)

By choosing the gauge such that N(t) is a constant T, the path integral of N(t) is

*) This analysis is similar to that of 6).
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698 H. Kawai and T. Okada

reduced to the ordinary integral over —oo < T < 00,*)

/_ Z 4T / (dp.][d] exp(z’ /;?dt (pzé’—THA)>

z(0)=¢, z(1)=2

=C x / dT (z|le”THA| ¢)

—00

=C x (z|6(Ha)le)
—Cx <z|5<HA>( / dE|¢E><¢Er> . (3:9)

— 0o
From the first line to the second line, viewing TH, as the Hamiltonian, we have
used the ordinary relation between the operator formalism and the path integral
one, and C is some constant. In the final line, we have inserted the complete set

{|¢£)} defined by

(Pplor) = 0(E — E'), (3-10a)

Hal¢g) = E|ég). (3-10b)
Therefore, by using ¢ (z) = (z|¢g), the amplitude can be expressed as

C X ¢p—o(€)Pp=0(2)- (3-11)

In other words, the quantum state of the universe that emerged with size € is given
by
C x ¢p—o(€)|Pr=0)- (3-12)
We can calculate ¢p(2) in the canonical quantization formalism. By replacing
p, — —10/0z in the Hamiltonian (3-3), Eq. (3:10b) becomes
1 d?

V2 <§@ -
Note that for £ = 0 this leads to the Wheeler-DeWitt equation. However, we need

to solve this equation for general F since we should determine the normalization
constant of the wavefunction according to (3-10a). We rewrite (3-13) as

U(z))\/Z on(2) = Eénl(2). (3-13)

(~5 - #302) ) Vaos(2) =0 (314)

d22
where
2F
k2(z) = —2U(2) — =—
91/3 2Mmatt 2Srad 2F
=94 - 22/3Ka + e A3 5

*) To be precise, we should integrate only positive T if we fix the time-ordering of the surface
Xi—o and Yy—1 as in Fig. 4. However, we take the integration range as —oo < T < oo to obtain the
well-known Wheeler-Dewitt equation in the path integral formalism. This procedure corresponds
to summing over the ordering of the two surfaces too.
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and apply the WKB method to the function v/z¢g(z). The solution in the classically
allowed region, k%_,(z) > 0, is given by a linear combination of

dr=0(2)

’ dz/k:E:o(z/)> , (3-15)

- \/%\/5\/1143}3—0(2) op <il/

where the normalization is determined by (3-10a) (see Appendix A).
We need to specify the boundary condition to determine the solution completely.
As a simple example, if we require ¢ (0) = 0,") we have

Pr=0(2) ) dz'kE_o(z’)> : (3-16)

B \/W—/2\/51\/ kp=o(2) o </

However, we do not need the details of the solution in the following sections.
§4. Multiverse wavefunction and density matrix of our universe

In this section, we construct the multiverse wave function assuming that all the
parent universes have the topology of S3. Here, we mean by the word “multiverse”
the state with an indefinite number of universes. We then calculate the density
matrix of one universe, which is essentially what we observe in our universe.

4.1. Wave function of the multiverse

Usually, the universes which are not connected with ours are irrelevant for us,
since they have no effect on our observation. However, when we take the wormholes
into account, these universes interact through them, and all the universes come
to have the same coupling constants {)\;}, which should be integrated in the path
integral.

In order to construct the quantum state of the multiverse, we need to specify
the initial state of the baby universes, which can be expressed as a superposition of
the eigenstates of the operators a; + a;,

(a; + al)|X) = M| A), (41)

where we have denoted the set of coupling constants {\;} by X. For example, if there
are initially no baby universes as in Fig. 5, the state is given by [ [], d\; e‘AidijA7/4|X>
= |2), where |2) satisfies a;|2) = 0.**) In general, there may be many baby
universes initially (see Fig. 6), and the state can be written as [ ], d\; w(X)|X),
where w is a function of X.

To write down the multiverse state, we also need the probability amplitude of a
universe emerging from nothing, which we denote by pg in analogy of the chemical

*) The boundary condition would be more complicated because the behavior in z < € is deter-
mined by the dynamics near singularity.

“*) It might be helpful to regard a + a' as the position operator v/2z of a harmonic oscillator,

—z2/2

and recall the ground state of the system |0) can be written as [dz e in the z-representation.
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€

Fig. 5. A sketch of an example of the multiverse. Each parent universe emerges with a small size
€ by a tunneling process. In this example, the initial state has no baby universes and the final
state has two baby universes.

Fig. 6. A sketch of an example of the multiverse. In this case, the initial state has some baby
universes.

potential. Here we assume that all universes are created at the size e. Together with
the factor in (3-12), the weight of each universe p is given by

1= o X C X B_ge). (42)

A crucial fact is that p does not depend on A strongly. This is because ¢7,_(€) is
a smooth function of A as is seen from (3-16), and C arising from the path measure
should have nothing to do with ;.

Then, the multiverse wave function can be written as

| Gmuis) = Y |DN) (4-3)

N=0

where |@y) stands for the N-universe state, whose wave function is given by

DN(21, 5 2N) = /dX 1N X pp_o(21)dp=o(22) - - dp—o(zn) WN)[X), (44)

where

dx =[] dx. (45)
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Solving the Naturalness Problem by Baby Universes 701

4.2. Density matriz of our universe

We now can obtain the density matrix of our universe by tracing out the other
universes and the baby universes, namely A. Using (4-4), we can calculate it as

> dzV
p(Z,,Z): Z/Tl'@]\/+l(z,7zl7"' ’ZN)QSNJrl(Z?Zla"' ’ZN)
N=0 '
b 1 o0 - bd 17 " N
=% i [ R Posa() dmale) x ([ @ luop-ol)P)
N=0 77

= /Oo dX w(N)?|ul® ¢p=0(2')*br=0() X exp (/ dz”\uqﬁEo(Z")!z)? (4:6)

—00

where z and 2’ are the size of our universe. We note that the above integrand depends
on {\;} through the wave function ¢r—o.

§5. Vanishing cosmological constant

In this section, we show that the integrand in (4-6) has a strong peak at a point
in the {\;} space where the cosmological constant A = A({\;}) becomes very small,
which means the cosmological constant problem is automatically solved. We also
discuss the possibility of the big fix.

5.1. Ewaluation of the density matrix

In this subsection, we examine how the exponent in the density matrix (4-6),

/0 dz" \pdp—o(z")?, (5:1)

depends on A.
First we sketch the potential U(z) in (3-3). Again we assume that all the uni-
verses have the topology of S3 (K = 1), so that U(z) is given by

91/3 2Mmatt 2Srad

2U(2) = —k%_o(2) = =94 + BT, B

(52)

For large z, the leading term is the cosmological constant A, and the next leading
term is the curvature term. We note that only the curvature term is positive, and
U(z) has a maximum at one point z = z,,

U'(2,) = 0. (5:3)

As we vary A with M, and S,qq kept fixed, U(z) changes as in Fig. 7. There
is a critical value 4. at which the maximum becomes zero (see Fig. 7(d)),

U(z)|a=2,, = 0. (5-4)

Note that if A = A, three contributions to U(z), the cosmological constant, curva-
ture and energy density coming from matter and radiation, are comparable around
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(a) A<O (byA=0 (c)0< A< Ay (d) A= A, (e) A > Aep

Fig. 7. As we vary A from zero to A ~ ﬁ, the region where the wave function takes the

ra
tunneling suppression becomes shorter. For A > A.,, there is no suppression.

z ~ zy. The precise values of z, and A., depend on the history of the universe. If all
the matter decay into radiation by z = z,, we have My, = 0, and A, is given by

8s>/ 91/
2, = —Tad  9A, = . (for radiation dominated) (5-5)
3 SSrad

On the other hand, if the matter dominates around z,, they are given by

3M, 1
Zx = 1777;”7 A = 5 -
9 3‘Z\4matt

(for matter dominated) (5-6)

Now we can examine the behavior of ¢p—_o(z) in the large-z region, and evaluate
the integral (5-1). If A < 0, the wave function damps exponentially, and (5-1) is
finite (see Fig. 7(a)). On the other hand, if A > 0, the wave function does not damp
for sufficiently large z, and (5-1) is divergent. Thus, if we introduce a cutoff for large
z, as we will do below, (5-1) takes the maximum for some positive value of A.

Furthermore, if A > Ag., all the region of z is classically allowed, and we can
reliably use the WKB solution

1

zkp—o(2)

$r=0(2) ~ (5-7)

which becomes larger as the momentum kp—g = v/ —2U becomes smaller. Thus, for
A > A, the wave function becomes the largest when A = A... On the other hand,
if 0 < A < Ay, there is a forbidden region, which suppresses the wave function. The
suppression is stronger for smaller A because the forbidden region becomes larger as
we decrease A. Thus, we find that (5-1) takes its maximum value at

A=A, (5-8)

Next we discuss how the maximum value of (5-1) is determined by the amount
of radiation S,qq or matter My,q4. If we set A = A, using (5-7) we have

o0 1 1" o0 1
| o ~ [ e (5:9)
0 0 2y Aer
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Since this is divergent, we introduce an infrared cutoff z;p and replace z = oo with
z = zrr. Then the above integral becomes

/ T a2 L (5-10)
z ~ Og ZIR. :
0 2/ Agr Vv Aer
The cutoff z;r should be explained from a microscopic theory of gravity such as string
theory. For example, in the IIB matrix model space-times emerge dynamically from
the matrix degrees of freedom, and an infrared cutoff appears effectively, which is
proportional to some power of the matrix size.24)26)
If we consider the case of (5-5), where the curvature term balances with the
radiation, (5-10) is proportional to /Sy.ql0g 2R, and the integrand of the density
matrix (4-6) behaves as

exp (const X v/ Sraq log zIR>, (5-11)

which has an infinitely strong peak at a point in the {\;} space where S,,q becomes
maximum. Here, we have assumed that |;|? does not have a strong dependence on
{\i} because it is determined by the microscopic dynamics of smaller scales than the
wormholes. Thus we have seen that all the couplings {)\;} are fixed in such a way
that Syqq is maximized. We call it the big fix following Coleman. In the original
Coleman’s argument the enhancement comes from the action itself, or equivalently,
the exponential factor in the wave function (3-15), while it comes from the prefactor
in our case. We will discuss this meaning in the next subsection. We also note
that the big fix applies only to the couplings that are induced by the wormholes. In
particular, the cosmological constant is given by

A=1/max S,aa(X), (5-12)
A

which is very close to zero.*) We note that A and Srad appearing above should be
regarded as their values at z = z,.

In the other case (5-6), where the curvature term balances with the matter, we
have Ag. ~ M2, and instead of (5:11) we have

matt’
exp <const X Mpatt log zIR> . (5-13)

This time, the coupling constants {\;} are fixed such that M4 at z = z, is maxi-
mized, and the cosmological constant is given by
A =1/max M (V). (5-14)
X

In the above mechanism, the curvature term becomes comparable to the cos-
mological constant around z = z,. On the other hand, observational cosmology

*) Sraq means the amount of the radiation in the whole S°-universe, rather than that in the
portion we can observe. Thus, if the whole universe is large enough, Sy.q is extremely large.

220z 1snbny |z uo1senb Aq 80098 1/689//.Z | /e1one/did/woo dnoolwepese)/:sdyy wol pspeojumoq



704 H. Kawai and T. Okada

tells that the former is much smaller than the latter already in the present universe.
Therefore, in order for the scenario to work, the cosmological constant needs to de-
crease as a function of time by some mechanism such as quintessence models. Then
the above argument claims that its asymptotic value is very small.

5.2. Interpretation of enhancement at A = A,

In this subsection, we provide an intuitive explanation of the enhancement at A =
Aer in (4-6). We also argue that our mechanism works beyond the minisuperspace
and the WKB approximation.

First, we recall that the enhancement of the density matrix comes from the
exponent in (4-6),

[z lop-olc) (515)
and we have evaluated it by using the WKB solution

Pp=0(2) ~ m- (5:16)

Classically kp—o(z) is the conjugate momentum of z,
kp—o(z) ~ 2/z. (5-17)

Thus, (5-15) can be written as

ZIR 1 ZIR d
/dz 6p—o(2)[? :/ e :/ ?Z (5-18)

which is nothing but the time it takes for the universe to grow from the size ¢ to
zrr- Since we have imposed the cutoff z;z on the size of the universe, a universe
with the size larger than z7r does not exist.”) Thus, (5-18) can be interpreted as the
time duration in which the universe exists. We call it the li fetime of the universe,
for simplicity.

In fact, we can verify this interpretation without relying on the WKB approxi-
mation. We recall the normalization of the wave function

(¢Elor) = 0(E — E'), (5-19)
which leads to

/ dz [p—o(2)|? ~ 6(0). (5:20)

As is usually done in the derivation of Fermi’s golden rule, 6(0) is regarded as the
total interval of time, which in our case is naturally interpreted as the duration of
the universe.

Therefore, what the big fix does is to make the lifetime of the universe as long as
possible. On the basis of this interpretation, we can reproduce the results obtained

*) Although we have not specified the infrared cutoff precisely, we can simply imagine that when
a universe reaches the size zrg, it ceases to exist, or it bounces back and starts shrinking towards
the size e.
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Uy (z UA (Z

COA TS

—9A

(a) A< Aer (b) A~ A (c) A > Agpr

Fig. 8. The classical motion is shown for each A. For A > .., the universe expands to z;r rapidly,
and the lifetime is short. For A ~ A.,, it takes a long time to reach zrg, that is, the lifetime is
long.

ZIR
<>
zr
ZIR ) R
(a) A < Aer (b) A= A, (©) A> Aoy

Fig. 9. For A > A.,, as A varies to A, the universe takes more time to expand to the size zrrg,
and the “lifetime” becomes longer. For A < A.,, the universe bounces back to the size zero
before reaching zrg.

in the last subsection. First we note that, for A < A, the universe cannot reach
zrr because of the potential barrier (see Fig. 8(a)), and collapses back to the size
¢ and then disappears in finite time (see Fig. 9(a)).*) So we concentrate on the
case A > A... As we vary A, the depth of the potential changes as in Fig. 8. The
shallower potential gives the longer lifetime, and thus the lifetime becomes maximum
at A = A (see Figs. 9(b) and (c)).

Before closing this subsection, we emphasize the general validity of our mecha-
nism. So far, we have used the mini-superspace approximation, in which only the
size of the universe is considered, and the other degrees of freedom such as various
fields and inhomogeneous fluctuations of the metric are ignored. If we take those
degrees of freedom into account, the quantum state of the universe is described not

*) Quantum mechanically, the universe can reach z;r after tunneling for 0 < A < A, but
because of the tunneling suppression such A does not contribute much, as we have discussed in the
last subsection.
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only by z, but also by the other degrees ¢;, and (5-15) is replaced by
/dZHin |pE=0(z; 4i)|*. (5-21)

However, if the quantum state of the g; is normalized to 1, the integration over the ¢;
leaves the same integral as the mini-superspace, and again we have §(0). Therefore,
we can say quite generally that the exponent of the density matrix is the lifetime
of the universe. Furthermore, the integral (5-21) is controlled by large values of z,
where the evolution of the universe is completely classical. In such late time, the
effect of the other degrees of freedom such as gravitons, photons, and protons is
simply represented by the energy density in the potential (5-2), which justifies the
analysis we have employed above.

5.3. Comparison with Euclidean and other Lorentzian approaches

In this subsection we discuss the difficulty of the Euclidean gravity, and ex-
plain how our mechanism is different from the original Coleman’s or the subsequent
Lorentzian approaches.

5.3.1. Wrong sign Hamiltonian

In order to clarify the problem, we start with a Hamiltonian

P2
Ho=-2 v, (5:22)
which is the minus of the normal Hamiltonian
p?
0 =2 +v(g), (5:23)

where p is the canonical momentum of ¢ and V' (g) is a potential. Since the Schrodinger
equation
(g, 1) = HW (.1 (521)
for (5-22) and (5-23) are simply related by the complex conjugate, they should de-
scribe the same physics. In particular, the tunneling phenomena are the same: When
we consider a tunneling process, the wave function should decrease in the direction
of the penetration, and the tunneling is exponentially suppressed for both cases.
Next we discuss the Wick rotation of the wrong sign Hamiltonian (5-22). Usually,
for the right sign Hamiltonian (5-23), we rotate the time axis as t = —iTg so that
the transition amplitude

. 2
(d'|e” 4 g) = (¢|le H+7e|q) = (¢|e”e (T V(D) |g) (5-25)

is well defined. Note that the rotation in the opposite direction ¢ = ity does not
work because of the bad large-momentum behavior. On the other hand, for the
wrong sign Hamiltonian H_, we should take ¢t = i7g

. 2
('l -t g) = (|ef=78|q) = (¢|e =TTV @))g), (5-26)
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and t = —iTgp does not work.

Obviously, (5-25) and (5-26) are the same, and thus the equivalence of the two
systems can be seen also in the Euclidean framework. However, the Wick rotation
should be done in such a direction that the transition amplitude is well defined. In
other words, if one applied the naive Wick rotation ¢ = —iTg to the wrong sign
Hamiltonian H_, one would have physically unreasonable results.

As an example, we consider the Hamiltonian H_ with V(q) = A(¢® — ¢3)? and
the transition amplitude

(d = +qole”™ =Yg = —qo). (5-27)

If we perform the correct Wick rotation ¢ = ¢7g, the amplitude is given by the
ordinary Euclidean path integral as is seen from (5-26):

W =+l =) = [ Daexp(~ [ar (G004 v)). 529

The one-instanton solution g, connecting ¢ = —qg to ¢ = +qo contributes as
(@ =+aole " ""|g = —qo) ~ Ce el .| (5-29)

where Sg[qq] is given by Sp = +q0 dg+/2V (q 4\/_ 3\/7 This is consistent with
the suppression of the tunneling On the other hand if we perform the wrong Wick
rotation t = —itg, the amplitude is formally given by an Euclidean path integral for
unbounded action

W =+l g =~ = [Dgeso( [ar (@2 v)). 530

Although this path integral is ill-defined, if we naively evaluate it by using the
instanton solution g., we have a wrong answer

(¢ = +aole™ g = —q0) ~ CeFlerl 4 (5:31)

This would indicate that the tunneling is not suppressed but enhanced exponentially.
However, as we have discussed above, we do not regard it as true.

5.3.2. Case of the quantum gravity

We now turn to the case of quantum gravity, whose Hamiltonian is schematically
given by

H:%[ H2+f() trans]+"'7 (532)
where Il;.qns stands for the canonical momentum of transverse modes of the metric,
and f(a) is a positive function of a. We note that the signs in front of I1, and IIyqns
are opposite. The dots represent various matter and gauge fields, which have the
same sign as the transverse modes. Thus, if we perform the standard Wick rotation
t = —i7 to make the transverse and matter sectors well-defined, we lose control of
the fluctuation of the conformal mode. On the other hand, if we take ¢ = +i7 to
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avoid it, then the transverse and matter sectors become divergent. Thus, the time
axis cannot be rotated in any direction, and the Euclidean gravity obtained by a
simple Wick rotation is problematic.*)

In order to clarify the origin of the confusions about the Euclidean gravity, we
consider the tunneling nucleation of the initial universe. The Hamiltonian in the
mini-superspace is given by

1

ng(w = %

(*Hg —a’+ Pvaca4)v (5-33)
where pyqc is the vacuum energy of the universe in the planck epoch. Classically,
the evolution of a(t) is given by solving Hypq, = 0, and in quantum mechanics, it is
promoted to the constraint on the wavefunction of the universe,

2
<% —a’+ pvaca4> ¥U(a) = 0. (5-34)

As Vilenkin showed by using the WKB analysis,?!) the tunneling probability P from
a=0toa=1/\/pyac is given by

Pwip o e T (5-35)

This result can be obtained in the Euclidean formalism, if we apply the Wick rotation
correctly, t = iTg, as we have discussed in the previous subsection. Then, the bounce
solution a(7pg) is given by

a(tg) = . cos(y/PvacTE); (5-36)

vac

and, for this solution, the Wick rotated action is evaluated as

1 da \* 2
SE[EL] = /dTE§a<1 + (%) - pvaca2) = 3 > (5'37)

from which we obtain the tunneling probability P as

P x exp(—Sg) = exp (— 2 ) . (5-38)
p’UCLC
We can thus recover (5-35), and there is no enhancement as pyqc — +0.
On the other hand, if we performed the Wick rotation in the wrong direction
t = —iTg, which is the case of the ordinary Euclidean gravity, we would obtain an
enhancement instead of the suppression,

P —exp(e) —ewp (72— ). (5:39)

p’UCLC

*) There is some argument that the analytic continuation of the conformal mode might cure the
problem.??) Here we do not consider this possibility since the physical meaning of the complexified
scale factor is not clear.
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which states that the bigger universe is more likely produced via the tunneling.
It seems that this picture is accepted in the original Coleman’s and some of the
subsequent works, and used to discuss the possibility of the double exponential form
exp(exp(gpﬁ)) in the multiverse. However, as we have discussed, we do not accept
this picture, and we simply trust the results of the Lorentzian gravity, in which the
tunneling is suppressed. Therefore, we do not claim the double exponential form,
and instead we have shown a different origin of the enhancement, which leads to
(5-11) or (5-13).

5.3.3. Enhancement in the Lorentzian gravity

Here we discuss how our enhancement mechanism is related to the probabilis-
tic interpretation of the Wheeler-DeWitt (WDW) wave function, and compare our
mechanism with the other authors’.

First, we emphasize that our enhancement mechanism has a completely different
origin from Coleman’s original idea; he obtained the enhancement at A = 0 from the
path integral itself, which is evaluated by the 4-sphere solution as

/Dg e™SE ~ e, (5-40)

We think this is fake as we have discussed in the previous subsection. On the other
hand, our enhancement mechanism has nothing to do with the value of the path
integral. In fact, by using (3-9), the amplitude of a universe emerging with z; = €
and terminating with z; = € is evaluated as

/dT<€|6_iHT!6> ~ |1 ¢p—o(€)Pl—o(e), (5-41)

which is not particularly enhanced.

Even though the path integral itself does not have enhancement, it arises from
the probability measure of the WDW wavefunction. In this paper, we have simply
assumed that the absolute value squared of the wave function gives the probability
density.??):31):*) More specifically, the multiverse state (4-3) is the superposition of
N-verse states each of which consists of N universes with sizes z1,---,zy, and
coupling constants {\}, and we interpret

N
(21, 2v)PdAdz - - dzy = |ul*Y [ 1@ =0(2:)PdzidA (5-42)
=1

as the probability of finding N universes with the sizes z; ~ z; + dz;(i = 1,--- | N)
and the coupling constants {\}.**)

Although this probability measure is a straightforward generalization of the or-
dinary quantum mechanics,

|6z, 1)|dx, (5-43)

*) For a review of the various interpretations, see for example 32).
**) Here, we omit the weight of the coupling constants, w()) in (4-6) since it does not play any
important role in the argument.
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there is some criticism. If we evaluate the normalization integral

/ d2lépmo(2), (5-44)

we find a divergence for large z. It essentially comes from the integral over time T'
in the path integral (3-9), which makes the universe a superposition of z. Thus, the
measure (5-42) appears to correspond to the following probability measure in the
ordinary quantum mechanics,

|p(z, t)|*dadt, (5-45)

whose integral is obviously divergent since [ |¢(x,t)|>dz is constant in time.

However, we adopt the probability measure (5-42) as the most natural one.
The reason is the following: Suppose we perform a numerical simulation of some
microscopic model that realizes the emergence of the multiverse. Then, every time we
make an observation, we find an IN-verse which consists of N universes with various
sizes. Therefore, we are naturally lead to consider the ensemble of N universes
with the probability (5-42). The divergence of (5-44) practically does not cause any
problems in the process of the simulation. As we have mentioned, the infrared cutoff
zrg is naturally introduced, for example, as the size of the matrix when we design the
spacetime geometry by matrixes, or the number of the simplexes in the dynamical
triangulation.

In order to understand how the enhancement arises from the measure (5-42),
we first consider the single universe state. The WDW wave function of the universe
upp—o(z) represents the superposition of various universes with size z. As we have
seen around (5-20), the measure |u¢p—o(2)|?dz can be interpreted as the probability
distribution of the time 71" that has passed after the universe emerged,

up=0(2)[*dz ~ |u[>dT. (5-46)

If we integrate it over z, we find that each universe has the weight

/ dzlpdp—o(2)? ~ |u*Th. (5:47)

Here, T, is the lifetime of the universe, which depends on the coupling constants
{\}. Thus, our probability measure counts the universe with the weight |u|>T}.
Similarly, the N-verse state is the superposition of the states each of which consists
of N universes which were created at various times. Therefore, (5-42) is equal to

\p|?NdTy - - - dT, (5-48)

where we consider that the i-th universe was created time T; before the observation.
If we integrate (5-42) over the sizes, the N-verse state is counted with the weight

1
m’ﬂ’zTA, (5-49)

where N! is the symmetry factor. When we evaluate the density matrix (4-6), the
lifetime T becomes exponentiated to

exp (|1PT)) (5-15)
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after summing over the number of the universes. Thus, our enhancement mechanism
essentially comes from the probability measure, which counts each universe with the
weight of the lifetime.

We expect the big fix occurs in such a way that the lifetime is maximized. This
point is completely different from the earlier works based on Lorentzian gravity 3),
6),7),12). In particular, our mechanism has nothing to do with the initial tunneling
amplitude p. As we have seen from (5-38), p in general depends on the various
coupling constants {A} at the planck scale. However, what determines the lifetime
of the universe is not the microscopic parameters themselves but the parameters at
the low energy scale, such as the renormalized cosmological constant and the Higgs
mass, and so on, and there is no reason that y has a strong dependence on such low
energy quantities. Thus, the tunneling amplitude  does not play an important role
in the big fix.

§6. The big fix and the gauge hierarchy problem

One of the notorious problems of the standard model is the gauge hierarchy
problem, which arises from the quadratic divergence of the Higgs mass. In this
section, assuming that the wormhole effect induces the parameters of the Higgs
potential, the VEV v), and the quartic coupling )\, we examine the possibility that
the hierarchy problem is solved by the big fix. Here we take, as the low energy
effective theory, the ordinary standard model with the proton decay at the GUT
scale, and fix the gauge and the yukawa couplings to the observed values. In order
to discuss the big fix, we need to know the universe in the future. Here we assume
that the curvature term balances with the radiation after the baryons decay, which
corresponds to the case of Fig. 7(d) and Eq. (5-11). Such a universe is realized if,
for example, the following conditions are satisfied:

Condition 1. The cosmological constant is time-dependent and decreases to the
asymptotic value before the proton decay.

Condition 2. The lifetime of the dark matter is much shorter than that of
protons.

Condition 3. The curvature balances with the energy density while the decay
products of baryons being relativistic.

A comment is in order on the above conditions. If they are satisfied, the universe
evolves like in Fig. 10. Conditions 1 and 2 ensure that the cosmological constant and
the dark matter become irrelevant in the energy density, and so the baryons dominate
the energy density. However, around the proton lifetime, the baryons decay and the
radiation such as relativistic electrons are produced after the decay. Finally, as the
universe expands, the leptons become non-relativistic, namely become matter, due
to the red-shift. As we have discussed in §5.1, we need to specify in which stage the
curvature term becomes comparable to the energy density. Condition 3 claims that
it happens in the third stage as is shown in Fig. 10. In general, as we will discuss in
B, the e-foldings of the initial inflation determines when it happens, and the above
scenario corresponds to the values given by (B-7).

In §6.1, we discuss how the proton decay determines S,,q in the far future, and
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today proton decay
Z
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/ radiation )
& Acr =1 Asmd
A & DM baryon curvature

Fig. 10. A sketch of the potential.

we write it in terms of the proton mass m,, the total baryon number Ny, and the
pion mass m,. In §6.2, we will analyze how these quantities depend on A and vy,
and at what values they are fixed. In §6.3, we discuss the strong CP problem.

6.1. Proton decay and the radiation

We denote the proton decay rate by I},, and its inverse by 7,. When the protons
decay into radiation at some large scale factor a, ~ a(7y,), the continuity of the
energy density leads to the following relation,

AM, AS
;natt = Zad — ASr,«ad = AMmatt X Qp, (61)
ap ap

where AM, 44 is the contribution of protons to M., and AS,.q is the radiation
amount produced by their decay. Because AM,,q is expressed as N, x my,, the
second equation of (6-1) becomes

ASyqq = myp X Ny X ap. (6-2)

We assume that the cosmological constant A decreases so rapidly that the uni-
verse is mattar-dominated in most of the time until the proton decay. Then, the
Friedman equation (a/a)? = % determines the evolution of the scale factor as

ap X AM%@J;?/?’ = (mpr)1/375/37 (6-3)
and (6-2) becomes
(ASy0q)*/? = Nim2r,. (6-4)

Tp can be estimated as follows. The effective interaction which induces the proton
decay is given by érp with the coupling constant g/M2, where M, is the GUT scale
and ¢ has the mass dimension two, g ~ Aéc p- Using the formula of the decay rate,

1 d3pﬂ' d3pe 2094 (4) - - )
FP (/ (271')3 /(271_)3)‘/\/” (2 )5 (pp Pr pe)a (65)

~Y
2my,
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where M is the matrix element of the decay process, we have

2
=71 g _ M 66
P 7-p X g myp m2 ) ( )

P
and (6-4) becomes
_ m2\ 72

(AS’,,MZ)?’/2 x Nig *my (1 — m—g) . (6-7)

P

6.2. The big fix of the Higgs parameters
6.2.1. The Higgs vacuum expectation value vy,

Before discussing the big fix of vj,, we note that, since we regard the yukawa
couplings y, 4 as constants in our argument, we can consider the current quark mass
My, q, instead of vy,:

My, d = VhYu,d- (6-8)

Then, what we want to know is the value of m, 4 that maximizes the radiation
amount AS,.,qin (6:7). N does not depend on v, much if we assume the leptogenesis
in which the baryons are mainly produced in the energy scale much higher than vy,.
Therefore, we concentrate on the remaining quantities

g, Mp, M. (6'9)

If m,q > Agcp, a simple quark counting and the dimensional analysis tell us
that the masses and the coupling constant g are given by

2
My ~ 3 X My gy Ma ~ 2 X My, § <My g, (6-10)

which means that AS,,; is a decreasing function for large m,, 4. We thus examine
the possibility that AS;.q becomes maximum at some small value of m,, 4.

We need an expression of the quantities (6-9) for small m,, 4. Firstly, the proton
and pion masses are given by
2 =
™

my = M® + 3Bm, 4, (6-11)

m aMng)mu,d,

where M,§°) is the proton mass in the absence of the current quark mass, and o and (3
are some numerical parameters.”) Both of o and 3 are determined by the dynamics
of massless QCD, and are independent of m,, 4. Experimentally we have

M?) ~ 910 MeV, myq ~ 5 — 10 MeV, (6-12)

and so « takes some value around 2 < o < 4.

*) Naively, proton mass is expected to be written as m, = M}f’) + 3my,,q. However, turning on
non-zero my, q affects the chiral condensation. We express the total effect by the parameter 3.
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On the other hand, since g has the mass dimension two, it can be expanded in

ﬁgf) as follows:
My.d
g oc (M2 (1 + 36k @) , (6-13)
MP

where £ is some parameter around 0 < k < 2.*)
Substituting (6-11) and (6-13) into (6-7), we find that

-2
3/2 —2k+1 . ax )
(ASy44)*? o (14 3p2) <1 A 53522 3596)2> , (6-15)

where we have introduced = = %. (6-15) can be expanded as

p
(ASpaq)®? x 1+ (20 — 6k + 38) z + O(a?). (6-16)
which indicates AS,,q is a increasing function for small m,, 4 if
2a.— 6Kk 4+ 306 > 0. (6-17)

If it is the case, since we have seen AS,.qq is decreasing for large m,, 4, we can conclude
that AS,,q takes its maximum at some small m,, q.

In order to determine the concrete value of x, we need the second order term in
(6-16), and more precise analysis of QCD is required. It would be very interesting
to see whether or not AS,..4 really takes its minimum at the experimental value of
z, % <z < %. If it works, the big fix fixes m, 4 to 5 ~ 10 MeV, which implies
the Higgs VEV to be

vp ~ O (100 GeV). (6-18)

6.2.2. The quartic coupling constant and the Higgs mass

Assuming that vy, is correctly fixed at vy, ~ 246 GeV, we next discuss the quartic
coupling constant Ay, and predict the Higgs mass.

The Ap-dependence of AS,..4 is quite simple because A, enters only Np in (6-7) %)
Since in the leptogenesis scenario most of the baryons are produced swiftly in the
symmetric phase, the baryon number does not depend on the Higgs parameters
strongly. However, if we make A\, smaller, the period of the symmetric phase becomes
longer. Thus, the number of the baryons N, becomes slightly increased. Therefore,
Ny is a decreasing function of )\, and smaller A, dominates in the density matrix
(4-6).

However, it is well known that there is a lower bound for \; from a stability
of the Higgs potential. This bound corresponds to the case that the coupling A

*) This range of & seems reasonable if we rewrite (6-13) as

g~ miy (M), (6-14)

**) Although we have neglected v,-dependence of N, in the discussion of the big fix of vj,, we
cannot ignore A, in Nj because Aj, only appears in N, in (6-7).
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vanishes at the Planck scale, or wormhole scale.*) Thus, ), is fixed to this lower
bound by the big fix. As shown in 23), the corresponding Higgs mass my, is around

mp, ~ 140 £ 20 GeV. (6-19)

We note that while we need some assumptions of cosmology in order to discuss
vp, the argument of the Higgs mass seems relatively generic. (6-19) can be derived
only by assuming that the Higgs VEV is vy, >~ 246 GeV and that the energy density
of the universe is a decreasing function of \.

6.3. Strong CP problem

So far we have assumed that the CP violating phase 6 is vanishing since there is
an experimental upper bound § < 10~!'. We can also discuss the strong CP problem
by examining how the non-zero deviation of 8 influences the radiation amount AS,..q
in (6:7).

Fortunately, we can make an argument without knowing the specific #-dependence
of AS,qq4. The baryon number N, does not depend on 6 since NN} is determined at
much higher energy, and the remaining quantities, m,,, m2, g, should respect a
reflection symmetry due to the CP transformation:

0 — —0. (6-20)

Strictly speaking, the real CP transformation flips the sign of the CKM phase as well
as 0. However, the reflection of # is an almost exact symmetry in the hadronic scale,
which is much lower than the weak scale. Thus, AS,,q must be an even function
of 8, and we have only two possibilities: the point # = 0 maximizes or minimizes
AS,qq (at least locally). If the former is the case, and 6 = 0 is the global maximum,
0 is fixed to zero by the big fix. It would be very interesting to examine by QCD
whether it is really the case or not.

We note that this argument is highly generic because it relies only on symmetry,
and so we can still make a similar argument even when a cosmology other than that
we assumed in this section is realized.

§7. Universes with different topologies

So far we have only discussed closed universes with topology S® (K = 1). In
this section, we study the universe with other topologies. We first discuss the case
that all the universes are flat (K = 0), and compute the density matrix. We find
that it has a strong peak at A = 0. We then consider the case that all the universes
are open (K = —1).

Finally, we construct the density matrix in the case where various topologies are
allowed in the multiverse state. We will find that the flat universes dominate in the
density matrix.

*) 'We assume that the wormhole size is almost equal to the Planck scale.
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Fig. 11. (color online) The potential U(z) for the flat universe. The solid line is the potential, and
the dashed line is its asymptotic value —94/2. The red line represents a typical form of the
wavefunction ¢pr—o(z2).

7.1. Flat universes

We consider the case that the multiverse consists of flat universes. For K = 0,

the potential U(z) is given by
_ 2Mmatt _ 2S’rad
P 24/3 "

If A > 0, the whole region of z is classically allowed, and the integral of the wave
function can be evaluated as follows by using the solution (3-16) with K = 0:

[ delon-a = [ d— e sin’ ( / kE:o<z'>dz'>) S 1)

which is divergent and we regulate it by an infrared cutoff z;r as before. Then it
behaves as

2U(z) = —94 (7-1)

ZIR 1
/ dZ’¢E:0(Z)’2 ~ \/%—2A10g21R—|—--~ . (73)

On the other hand, if A < 0, ¢p—o(z) damps exponentially for large z, and the
integral gives a finite value. Therefore, this region can be neglected in the density
matrix.

Then we obtain the following density matrix (4-6),

RN 22 2
p~ /0 X |ul*e” 2 ¢pp=0(2') pr=0(z) exp (\/|9L;|r—2/1 x log Z[R> o (T4)

which has an infinitely strong peak at A = 0. Then, A-integration can be performed
simply by substituting A = 0 in the integrand, and the exponent in the density
matrix can be written as
ZIR 1 ZIR 1 1 1/2
dz —— ~ / dz ~ 275 (7-5)
/e zk(2) 2/ Mpatt/2 vV Mmau m

where we have assumed that the universe becomes matter dominated for large z.
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7.2. Open universes

For K = —1, the potential U(z) is given by

91/3 _ 2Mmatt _ 2Srad’ (76)
22/3 2 24/3

2U(2) = —k%_o(2) = =94 —

where the second term comes from the negative curvature. As in the case of the flat
universe, this potential is always negative for A > 0, while for A < 0 it becomes
positive for large z.

If all the universes are with K = —1, the density matrix again has a strong peak
at A = 0. The exponent in the density matrix then becomes

1/3

ZIRd 1 ZIRd 1 77
/e ‘ zk(z) N/ Zsz_2/3 YR (77)

7.3. Summing over topologies

So far, we have considered the cases that all universes have the same topology.
However, we can consider a situation where universes with various topologies appear
in the multiverse. In such cases, we should sum over topologies in the multiverse
wave function.

To sum over topologies, it is convenient to denote the pair (z;, ;), the size and
the topology of the i-th universe, collectively by (;. Since the probability amplitude
1 may also depend on the topology of the universe, we denote that with topology «;
by fta;, or ;. Then, for the multiverse wave function with various topologies, (4-4)
is generalized to

N

ON(Cry-o- 5 CN) = /dX <H M(Cz‘)) X ¢p—0(C1)pE—0(C2) -+ dr—0(Cn) w(N)|X).
(7-8)

We compute the density matrix of our universe from this multiverse wave function.
By introducing a notation

/dg = Z/dz, (7-9)

it is given by

!/ = dCN * /
p(¢, Q)= /WQSNJA(C NCTEEERIO\) L S (SYCTEERING\)
N=0 '
[ee) o) N
=3 [ R uconlcy ea(6) % ([ ' Incroe-als")P)
N=0" "77%
£S /_ dXw(X) 8 pcdp=0(C')* dp=0(C) exp (Z / dz”mamE-o(z”;Ka)F).

(7-10)
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We note that, compared with the single topology case (4:6), the exponent becomes
the sum over various topologies.

By comparing (5-10), (7-5) and (7-7), we find that the flat universes dominate in
(7-10). Therefore, if universes with any topologies are allowed to emerge, the big fix
occurs in such a way that M, in the asymptotic universe with K = 0 is minimized.
In this case the cosmological constant problem is again solved, but the situation for
the other coupling constants differs much from the case of S3 universe. At this stage
we cannot tell which case is more realistic, because we have not specified the details
about the microscopic dynamics of how universes emerge from nothing with a small
size z = e.

§8. Conclusion

In this paper, we have studied the effect of wormholes on the wave function of
the multiverse and the density matrix of our universe. The wormholes make the
multiverse wave function a superposition of states with various coupling constants
{A\i}. We have shown that by examining the density matrix {)\;} are determined in
such a way that they make (5-15) as large as possible. In particular, it is predicted
that the cosmological constant becomes very close to zero in the far future. If we
believe the presently observed value of the cosmological constant, which is a non-zero
positive value, then our analysis suggests that the cosmological “constant” will move
towards zero such as in the quintessence scenario, where the cosmological constant
is the energy of a scalar field rolling down in a runaway potential.

For S3 universes, the coupling constants are determined in such a way that
they maximize the lifetime of the universe (5-15). However, it is difficult to search
the maximum point of (5-15) in the parameter space of {\;} because (5-15) highly
depends on which parameters are induced by the wormhole effect and also depends
on the cosmology and the physics beyond the standard model such as the dark
matter and inflation. As an illustration of the big fix, we made some assumptions
on cosmology and studied the possible solution of the gauge hierarchy problem and
the strong CP problem. In particular, our study suggests that the Higgs mass may
be fixed at my, ~ 140 £ 20 GeV.

Although we have mainly studied S® universe in this paper, there is a possibility
that universes are allowed to have the other topologies as in §7. We found that in
such a situation our density matrix is determined only from flat universes, and also
found that {\;} are determined such that M, in the far future becomes minimized.
This naively seems to predict an empty universe and contradict with our universe.
Therefore, if the universes are allowed to emerge from nothing with any topologies,
there might be some reason in the quantum gravity that forbids such empty universe
to emerge as the initial condition.

In conclusion, the wormhole mechanism is a fascinating scenario since it can
solve naturalness problems in the standard model and the current cosmology without
introducing new physics such as supersymmetry or extra dimensions. Although we
only have presented an illustration of the big fix scenario, it is interesting to explore
the precise prediction further, and, for this purpose, the deeper understanding of the
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quantum gravity is indispensable.
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Appendix A
—— Normalization of the Wave Function

In this appendix, we check the wave function (3-15) satisfies the normalization
(3-10a),

/0 " 026y (2)6n(2) = 5(E — E).

Substituting the wave function, the left-hand side is

exp <ii / T (o () — k:E(z’))> A

o 1
/o dzﬂ'z\/kE(z)kE/(z)

Note that the delta function can arise from the integral over the asymptotic region

z — 0. For large z, kp(2)km (2) ~ 94 and kg — kg ~ BE(E'—F) ~ T (B = E),
where we have used k% ~ 94 + % + ---. From these, we can check (A-1) indeed

gives,

/ ~ d(log z)ﬁ exp (ii\/%(E’ ~ E)log z) — §(F' - E).

Appendix B
——— The Relation between the Curvature and e-Foldings

In this appendix, we relate the e-foldings of the initial inflation to the time
when the curvature term becomes comparable to the energy density. In §6, we have
studied the specific case that the curvature term becomes important while the decay
products of protons are relativistic. We will find that this case corresponds to the
e-foldings given by (B-7).

We denote by a, the scale factor of the universe when AS,..q balances with the
curvature. From (5-5) and (6-1), a4 is given by

e ~ ASM2 = (4, AMipar)¥/?, (B-1)

T

where AM, 44 is the total mass of protons in the whole of the universe. It can be
expressed using the current values of the scale factor ag and the energy density of
protons pproton =~ 1 GeV/ m?:

AM i = agpp'roton . (BQ)

220z 1snbny |z uo1senb Aq 80098 1/689//.Z | /e1one/did/woo dnoolwepese)/:sdyy wol pspeojumoq



720 H. Kawai and T. Okada

When the scale factor is around a,, the protons decay, and the decay products,
especially electrons, are relativistic at that time. However, as the universe expands,
the energy of these relativistic electrons scales as Fejectron ¢ 1/a. And when the scale
factor becomes about 103 times as large as ap, they will become non-relativistic.*)
However, from Condition 3 in §6, the curvature term must become comparable to
the energy density before it happens. Thus, we have the following constraint on ax,

ap < ax S ap x 103 (B-3)

Substituting (B-1) and (B-2) into the above equation, we obtain

N ‘/ — % 10°. (B-4)
ag +/ Pproton 0 +/Pproton

Next, we estimate the ratio a,/ag. Since we have assumed that the cosmological
constant A is decreasing from the current value to the asymptotic value Ag ~ 0,
the secondary inflation, which is currently going on, ends within a finite time. We
denote the e-folding during this inflation by N. After A gets sufficiently small and
the inflation ends, the protons dominate the energy density, and the universe scales
as a  t?/3. Thus, a,/ag is given by

ap/ag ~ €N10(36_10)X§, (B-5)

036

where we have estimated the proton lifetime as 7, ~ 1 yr and the age of the

universe today as 10'° yr. Using (B-5) and ppr/ ~ 10" ly,*) (B-4) becomes

oton —

N N
/2 % 10%/3 < 011 L Se /2 % 10%6/3+3, (B-6)
where 10! ly is the same order as the size of the observable universe and corresponds
to the lower bound on the e-foldings of the initial inflation, Ne-foq > 55. Thus, the
above inequality implies™*)

N N
5 1 75 S Ne-fold S 5 T 82. (B-7)
Therefore, if N,- fold 18 in this range, the cosmological assumption we made in 86 is
realized.
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