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Abstract

In this article, a hybrid technique called homotopy perturbation Elzaki transform method has been applied to solve
Navier-Stokes equation of fractional order. In the hybrid technique, homotopy perturbation method and Elzaki transform
method are amalgamated. Three example problems are solved with a purpose to validate and demonstrate the efficacy
of the present method. It is also demonstrated that the results obtained from the present method are in excellent agree-
ment with the results by other methods. It is shown that the proposed method is found to be reliable, efficient and easy

to implement for various related problems of science and engineering.
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1 Introduction

Fractional calculus is an important branch of applied
mathematics which deals with the differential and integral
operators with non-integral powers. Fractional calculus
has become popular due to its demonstrated wide range
of application in rheology, viscoelasticity, electrochemis-
try, electromagnetism, fluid mechanics etc. For details, one
may see the monographs of Kilbas et al. [1], some funda-
mental works on various aspects of fractional calculus are
given by Kiryakova [2], Lakshmikantham and Vatsala [3],
Miller and Ross [4] and the solutions method of differen-
tial equations of arbitrary real order and applications of
the described methods in various fields are given by Pod-
lubny [5]. In recent years, many analytical and approximate
methods for solving fractional differential equations have
been developed such as differential transform method [6,
71, finite difference method (FDM) [8], Adomian decom-
position method (ADM) [9, 10], homotopy perturbation

method (HPM) [11-13], Haar wavelet method (HWM)
[14, 15], differential transform method (DTM) [16-18],
variational iteration method (VIM) [19] and many others.
Among all the above-listed methods, homotopy pertur-
bation method which was first proposed by the Chinese
researcher J.H. He in 1998 plays an important role. This is
due to the fact that it addresses a problem directly with-
out the need for any form of transformation, linearization
and discrimination. Elzaki Transform (ET) is a new integral
transform which was introduced by Tarig ELzaki in 2010.
ET is modified transform of Sumudu and Laplace trans-
forms. It is worth mentioning that there are some differen-
tial equations with variable coefficients which may not be
solved by Sumudu and Laplace transforms but may easily
be solved with the aid of ET. Fractional nonlinear differen-
tial equations have been solved by various authors [20]
by means of the combination of ET and ADM. As regards,
Klein-Gordon equations were solved by the authors [21]
by amalgamation of ET and iterative method. Further,
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non-linear partial differential equations are also solved by
different authors [22, 23] using modified HPM.

The primary equation of movement of viscous fluid
flow known as the NS equation has been presented in
1822 [24]. This equation portrays a few projections which
include sea streams, fluid stream in channels, bloodstream
and wind current around the wings of an airship. The NS
equation was first carried out in 2005 in the fractional form
in [25] by El-Shahed and Salem. The classical NS equation
was answered by El-Shahed and Salem [25] by means of
laplace transform (LT), finite Hankel transforms (FHT) and
Fourier sine transform. A nonlinear fractional NS equa-
tion was solved analytically by Kumar et al. [26] by the
combination of HPM with LT algorithm. Also the same NS
equation was resolved by Ragab et al. [27] and Ganji et al.
[28] by adopting homotopy analysis method. ADM was
adopted by Birajdar [29] and Momani et al. [30] for the
solution of fractional NS equation. Sunil Kumar et al. [31]
achieved the analytical result of fractional NS equation
by means of ADM and LT algorithm while Chaurasia and
Kumar [32] solved the similar equation by the pairing of LT
with FHT. The present paper gives an exact or approximate
solution for the proposed problem by using HPETM.

This article is planned as follows: some basic features
of fractional calculus related to the titled problems have
been presented in Sect. 2. Elzaki transform and elabo-
rated form of the HPETM have been included in Sects. 3
and 4 respectively. In Sect. 5, three example problems are
included to validate the effectiveness and exactness of the
proposed method. Lastly, a conclusion is given in Sect. 6.

2 Basic features of fractional calculus

Definition 2.1 The operator D* of order a in Abel-Rie-
mann (A-R) sense is defined as [4, 5, 40]

dm
—u(x), a=m

D‘XU(X) = 1 i /)_( u(t)
I'(m—a) dxm ! (x—tyx-m+1

(1

d, m—1<a<m

wherem € Z*, a € Rt and
Du(x) = —— / x =0 ut)dt, 0<a<1 Q)
I'(a)
0

Definition 2.2 The A-R fractional order integration opera-
tor J%is described as [4, 5]
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J%u(x) = ﬁ / x-t)"ut)dt, t>0a>0
0

Following Podlubny [5] we may have

Jatn — MﬂH—a (4)
I'n+a+1)

Do — I'(n+1) pra 5)
I'n—a+1)

Definition 2.3 The operator D* of order « in Caputo sense
is defined as [5, 33, 39]

B — &dt m—1<a<m
CDau(x) ={ [(m-a) 0/ (x—tya-m+1 , ©

dm —
e u(x), a=m

Definition 2.4 [4, 5, 33, 34]:

(@ DyJif(t)=£(1)

m

k
® Jeppy = f0) - Y F9(0%) 1, for e >0,
k=0 :
andm—-1<a<mmeN. (7)

3 Elzaki transform (ET)

The definition of modified Sumudu transform or ET of the
function f(t) is defined as

o

E[f®)] =F@=q / f(r)e?dt, t>0 (8)

0

The Elzaki transform is very effective and powerful
method for solving integral equation which cannot be
solved by the Sumudu transform method. For this, one
may see the Ref. [35].

Integration by parts in Eq. (8) can be used in order to
find ET of partial derivatives as follows [35].

1. [
£ of (x, t)] _ lF(x,q) —gf(x,0)
at q
2. _[0*(x,t) 1 of (x,0)
El—g ] = afe =10 -q=7

3. _[of(x,t) d
= —F(x,
0x ] dx 9
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= —F(x,q).
o0x? dx? )

4. E[a2f(x,t)] a2
3.1 ET of Caputo fractional derivative

Theorem 1 ([36]) IfG(s)is the Laplace transform of f (t) then
ETF(q) of f(t)is given by

1
F(q) = qG( -
@=q <q> 9

Theorem 2 ([36]) IfF(q)is the ET of the function f (t) then

n—-1

Z qk—a+2f(k)(0), n=1<a<n (10)
k=0

E[D“f(1)] = Fa _

(4

4 Homotopy perturbation Elzaki transform
method (HPETM)

In order to clarify the idea of HPETM, the fractional order
nonlinear non-homogeneous partial differential equation
with initial condition (IC) is consider as below

Dif(x,y,z,t) + Rf(x,y,z,) + Nf(x,y,2,t) = g(x,¥,2,t,), 0 <a <1
(1)

f(x,y,2,0) = h(x,y,2) (12)
where D;’f(x,y, z,t)is the derivative of f(x, y, z, t) in Caputo
sense, R, N are the linear and nonlinear differential opera-
torsand g(x,y, z, t) is the source term.

Now by taking ET on both sides of Eq. (11), we have

E[Dff(x,y,z,t) + Rf(x,y,2,t) + Nf(x,y,2,t)| = E[g(x,y,2,1)]
(13)
Using differentiation property of ET, we obtain

n—1

E{f(x,y,2,0} = ) ¢ O 0)1+¢°[E(g(x,y,2, 0}
k=0

—E{Rf(x,y,z,t) + Nf(x,y,z,)}] (14)

Applying inverse Elzaki transform on both sides of
Egs. (14) and (12), we find

fx,y,z,t) = G(x,y,z,t) — E [q*[E{RF(X,y,2,t) + Nf(x,y,z,1)}]]
(15)
where G(x, y, z, t) represents the term coming from initial
condition and source term.
Now, by applying HPM to the Eq. (15), we get

f(x,y,z,t) = G(x,y,z,1t)

—p(E7'[q°|[E{RF(x,y, z,t) + NE(x,y,Z,)}]] ). (16)

The homotopy parameter pis used to expand the solu-
tion as

f(XryrZrt)z zpnfn(xryrzr t) (17)
n=0
and the nonlinear term is decomposed as
NEO,y,2,t) = ) P Hy(F) (18)
n=0

where H,(f) is He's polynomials and is given by

_1.0 I
) = o3 lN(IE)p f,,)]. (19)

Substituting Egs. (17) and (18) in Eq. (16), we get

Hy (fofrr .

0

p'f,(x,y,z,t) = G(x,y,z,t)
=0

- p<E“ [q" [E{R Zp”f,,(x,y,z, H+N Z p”Hn(f)}] ] >
n=0 n=0

(20)

Comparing the coefficient of equal powers of p from

both sides of above equation, the following equations are
obtained

n

po . fo(X,y,Z, t) = G(lerzr t)r
p' i fi(y,z,t) = E7q*[E{Rfy(x,y.z,t) + Hy()) }]]
p* i hxy,z,t) = Eq*[E{Rfy(x,y.z,t) + H,())}]]

Continuing in this manner we may find f,(x, y, z, t) and
then the solution is written as

fx,y,z,t) =fix,y,z,) + Ly, 2, t) + 56y, 2, 0) + -

5 Application of HPETM on NS equation

The proposed method is implemented here and then the
accuracy of the HPETM is investigated for NS equation. The

time fractional NS equation with constant density p and
kinematic viscosity v = % is given as [24, 29]

DEU + (U.V)U = poV2U — %Vp, Qx(0,7)

v.U=0, Qx(0,T) @21
U=0, Qx(0,T)
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where U = (u,v,w), t, p represent the fluid vector, time
and pressure respectively. 5 is the dynamic viscosity while
the ratio p, = % represents the kinematics viscosity. Here

Q = (—n,7) X (—x, ) is the domain with boundary 0. In
Cartesian coordinate, Eq. (21) is written as
D“u+ua—u+va—u+wau— o’u +02_u+02_u _1%
ox oy oz P\ o dy?  0z2 pox’
ov . ov ov 0%v 0% o 10p
+ =p| —=+=—+
v (6x2 ay? az2> poy’
LT (TR TR T I

t 0 oy 0z ox2  ay?  0z2 poz'
(22)
If the value of p is known then all the values of
=—l"—pg =-1%2 and g =-1% can be
9 pox' 22 p oy 37 Loz
determined.

5.1 Numerical examples

Example 1 From Eq. (22), 2-dimensional NS equation of
fractional order with g, = —g, = g may be written as

ou ou_ (d*u  d’u
Diu+u—+v —+—)+g
YT UX ay <6x2 dy? ) J

(23)
D"‘v+ua—v+ ov 02_V+02
ox oy Po\ox2 dy?2 —9
with IC[37]
ux,y,0)=—sin(x +y), v(x,y,0) =sin(x + y). 24)

Applying ET on both sides of Eq. (23) with IC (24), we get
E{u(x,y,t)} = —g*sin (x +y)
+ q°E az_u+62_u + —u%—va—u
TEPP G T2 ) T97 %% Ty
(25)
E{v(x,y,t)} = @*sin(x +y)

«f 0’v 0% ov  ov
+ q Po ﬁ+ﬁ —g—ua—x—va

(26)
The inverse Elzaki transform of Egs. (25) and (26) implies
that

ux,y,t)y=—sin(x +y)

+ E7'|q"E 62_u+()2_u +g—ud_ ol @D
TEP G2 T o2 ) 97 Ty
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v(x,y,t) =sin(x +y)

4 B g [po( 2L+ 2L m g u®l
TEP\ o T 52) 797 %% T V|| @8

Simplifying Egs. (27) and (28), we get

t(l
u(x,y,t)z—sin(x+y)+%
v e[, (Puy ) _ou_ou]] P
TEP o2 Toy2 ) “Yox "oy
vix,y,t) =sin(x +y) 9"
V= y T'a+1)

Y S A W |
TE|Po ox2  oy? ox oy

Now applying the homotopy perturbation method, we
have

o0 ta
ZP”un(X,y, H=—-sin(x+y)+ %
h b (31
+p{E-1 lan lz ann(u)] ] }
n=0
S n . gta
ZP V(x,y, )=sin(x +y) — m

n=0

. (32)
+p{E“ lq"E lz ann(V)] ] }
n=0

where H,(u)and H,(v) are He's polynomials which signifies
the nonlinear terms.

o%u  d%u ou  du
”n<“>="[f’°<67+a—yz>‘ x Yoy =0

0%v  d%v ov ov
H = —+— | - —| =0
n(V) pl:p0<aX2 + ay2> u@X Vay:|
where

U=uq+pu; +p’u, +
V=V, +pv, +pPv, +

The first few components of He's polynomials are given
as

o(U) = pO(UOXX + uOyy) UolUox = VoUoy
Ho(v) = po (Vo + VOyy) UgVox — YoVoy
§ Hi(w) = Po(”m + u1yy) UgUqx — Uqlgy — Vol — Vylgy,
Hi (V) = po (Vi + V1yy) UgVqy — UrVox — VoViy — ViV
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Using the above He's polynomials and comparing the
coefficients of same power of p in Egs. (31) and (32) we
have

. . gt*
pO . UO(X,y,t) = —sin (X +y)+ m
VoG D) = sin (x + ) — — 3

oy, )= y T@+1)

p' i uy(xy, ) =E7'[qE[Ho(w)]] = 2p, sin (x +)

T'(a +1)

=E7"qE[Ho()]| = =2p, sin (x +y) s (at: 5

V1(lel t)

2a

T2a+1)
2a

t
T'Qa+1)

p? :uy(x,y, t) =E7'[q7E[H,()]] = —4p] sin (x +y)

Vo, y, 1) =E7 [ E[H,(V)]] = 4p2sin(x +y)

So the solution u(x, y, t)and v(x, y, t) are written as

ux,y, t) = ug(Xx, y, t) + u; (x,y, t) + uy(x, y, t) + -

= —si gy 9 (33)
sin(x +y)e +F(a+1)
vix,y, t) =vo(x, ¥, t) + vi(x, y, t) + vo(x, Y, t) + -+
=si —2pt" _ —gt“ (34)
sin(x +y)e Tt

Fig. 1 Solution plots of Eq. (35)
forp, =0.5, t =3, a = 1and
g=0

Fig.2 Solution plots of Eq. (35)
forp, =0.5 t=3, ¢ =02and
g = 0 (Example 1)

ufx,v1)

Forg =0, a = 1Egs. (33) and (34) reduce to
u(x,y,t) = —sin (x + y)e 2/t
VX, ¥, t) = sin (x + y)e 2/t (35)

This solution is in good agreement with [37]. The plots
of Eq. (35) are depicted in Figs. 1, 2, 3 and 4, for different
values of ¢ =1, 0.2, 0.4, 0.6, p, = 0.5,t = 3. The com-
parison plots of U,, U;, U,, U3, U, and V,, V,, V,, V5, V, with
their exact solution (35) for @ = 1are depicted in Fig. 5 and
solution plots of Example 1 are given in Fig. 6 for different
values of a.

Example 2 Consider the NS Eq. (23) with IC [37]
u(x,y,0) = -, v(x,y,0) = e (36)

Applying ET on both sides of Eq. (23) subject to IC (36),
we get

o’u  d’u ou  du

— 2%ty a ou _,ou _ou

E{u(x,y, )} g’ e +q E[”°<az+ay2>+ uaX Vay]
(37)

E{vix,y,t)} = ¢?&" + q°E ﬂJrﬂ —a—udv_ o
Yo =a TE|Po\ ox2 dy? 975 %
(38)

The inverse Elzaki transform of Egs. (37) and (38) implies
that

vixy.t)

. | i |
‘Hunll um’ "I! H
| mmm “hnn '1'1,

A"‘wha
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Fig. 3 Solution plots of Eq. (35)
forp, =0.5, t =3, a =0.4and

g = 0 (Example 1 | /////’? W””////W //?/7!( rr fm "‘ m
Y W | ‘""wmii'? '“'m

i 1 ”“liﬂn

—_—
——
":'-“-.__--

i oy Hllr

Fig.4 Solution plots of Eq. (35)

forp, =0.5, t =3, a =0.6and w '“
g = 0 (Example 1) 4 FH liffi

il
”Ilm '*""'lllu||"“|||
|||'|f “”H”” |||H
' LN —

”“Nw‘

n 7 x K I X
=3 T T ~ 4 2 X
4 2 ] 4 4 mr—
4 4
o <
\ x
3 2
3 _3_":
e 4
— -1
vo —T11 02 =113 =1 —) —T Vi ——— N3 —q
—— exact exact

Fig.5 Comparison of the approximate solution U,, U, U,, U;, U, and V,, V;, V;, V5, V, with their exact solution (35) for p, = 0.5, x = 2 y =2
(Example 1)

Simplifying Egs. (39) and (40), we get
0%u  d%u u
R e YCR IR
ox2  dy? 0x gte
t)y=—-e" +
39) Uyt T ( ey ;
vouy 0 = e + 67 |gE | po [ LY 4 TV _ gy + £ ?u _ a_u_ ou “n
4 0 ox2 ayZ ox ay 0x2 2
(40)
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-01-
-021
-031
-041

o ~05

_0_?.

o=l T o=02———o=04 — o=06
— o=0.8

Fig.6 Solution plots of Eq. (35) for different values of « (Example 1)

L
Ta+1)

42)

_ 0%v  d%v ov ov (
E1 “F i Z ) = —_y=

* [q [”°<ax2+ay2> Yox VayH

Now applying HPM, we have

V(lel t) = ex+y -

gt*
T@+1)

o (43)
+p{E‘1 lq"E lZ p”Hn(u)] ] }

n=0
ool e Zono| |}

(44)
where H,(u) and H,(v) are He’s polynomials that denotes
the nonlinear terms and are given as

0%u . d%u ou ou
H = ) u=—vZ=]l =0
n(U) =p [po < 0x? + oy? > ”ax Vay]

Ho) = ’v | 0%v ov  ov
=P\ G oy ) TV Ty

where

Zp”un(x,y, = —e*" +

n=0

Zp”vn(x,y, t) = -
n=0

0

U=uy+pu; +p’u, +
v =v,+pv, +pPv, +

109
099\,

04
0.34
021
0.1
X =x J= x 3% 3% Iv x
] 4 8 2 8 4 8
L
o=l — o=0.2 o=0.4 — o=0.6

The first few components of He's polynomials are given
by

Ho(U) = po(Uow + uOyy) UgUgy — Vol
HO(V) O(VOXX + VOyy) UoVox — VOVOy

J Hi(w) = Po(“m + u1yy) UgUqx — Uqlgy — Vol — Vqlgy
Hi(v) = pO(V‘Ixx + V‘Iyy) UpVix = UaVox = VoVay — ViVyy

Using the above He's polynomials and comparing the
coefficients of same power of p in Egs. (43) and (44) we
have

o gy, 9
Pl Uy )= =€ 4 o
by _ 9t
ooy, ) =€ = 1T
P w0 =E7" [aE[Ho(@)]] = ~200€ 15
_ a t
ity ) =E [q"E[Ho)]] = 2p°ex+ym
) i t2a
Pt uyx,y, t) =E7'[q°E[H,(w)]] = _4p2ex+ym
Vo, Y, t) =E7 [an[H1 (V)” = 4p2ex+ym

Then the solution u(x, y, t) and v(x, y, t) are given as
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u(x,y, t) = ug(x,y, t) + u,(x,y, t) + uy(x, ¥, t) + -

ot I (45)
e T Tt
vy, t) = vo(x,y, t) + vy, t) + vy (X, y, t) + -
— et _ 98 t* (46)
T'(a+1)

Forg =0, a = 1Egs. (45) and (46) reduce to

{ ux,y,t) = — XY +20ot
ot (47)

v(x,y, t) =yt
This solution is same as the solution solved in [29]. The
behavior of the solution (47) are depicted in Figs. 7,8and 9
for different values of @ = 1, 0.4,0.8,p, = 0.5,t = 0.05.The
comparison plots of Uy, U;, U,, U;, U, and V, V;, V,, V3, V,

Fig.7 Solution plots of Eq. (47)
for py = 0.5, t = 0.05, a = 1 (g
and g = 0 (Example 2)

ufx.yt)

-6004

- 8004

- 10004
="

Fig.8 Solution plots of Eq. (47)
forp, = 0.5, t = 0.05, « =04
and g = 0 (Example 2)

Fig.9 Solution plots of Eq. (47)
forp, = 0.5, t =0.05, « = 0.8 0
and g = 0 (Example 2)

ufyl)  — 6004
- 800
= 1000+
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with their exact solution (47) for « = 1are depicted in
Fig. 10 and solution of plots of Example 2 for different val-
ues of a are illustrated in Fig. 11

Example 3 Finally let us consider 3-dimensional NS Eq. (22)
with g, = g, = g3 = 0 with IC[37]

uix,y,z2,00=—-05x+y+2z v(x,y,z0)
=x-05y+2z w,y,z0)
y y (48)
=x+y—05z
Applying ET on both sides of Eq. (22) subject to IC (48),
we have

E{u(x,y,z,t)} = ¢*(—0.5x + y + 2)

a 0%u  d*u  d’u ou  odu ou
+qE[Po< +_+_>—U§—VW—WE

ox? oy? = 0z2

vix v i)

14004
12004
1000
vix o) 800+
600+
400+
2004

o

vix.ya)
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__,d_
=]
5

w
=

ala moln |

x m 3x o«
1 4 2 4
t
.
uvg —7ut 2 U3 —14
exact

Fig. 10 Comparison of the approximate solution U,, U,, U, U;, U, and V;, V;, V,, V3, V, with their exact solution (47) for p, = 0.5, x = f, y=

(Example 2)
4
x x 3x x 5z 3x Ix
8 4 g 2 8 4 8 n
_20.
-401
u 604
_80_
_1{}0.
ol o= —o=04 — o=06
— o=038

Fig. 11 Solution plots of Eq. (47) for different values of @ (Example 2)

E{v(x,y,z,t)} = ¢°(x — 0.5y + 2)

+ g“E &4.& ﬂ _uﬂ_\/av WaV
TE|Po ox2  oy?  9z2 170 oy 0z

E{w(x,y,z,t)} = g*(x +y — 0.52)

2 2
+ an[Po<a 2+ orw

’w Pw _ ow W
ox2  ody?  0z? 0x ay 0z

+ | = |u|;1 e

/
. in fﬁ R w 3n s
= Y (5. i3 L 2%
I 2 ] 4 2 4
/ 4 ¢
-'f 2.8
/' "2
/ 3w ]
/ i
I} —
i —Vi V2 V3 — V4
- g&xact

z
4

100+

80

The inverse Elzaki transform of Eqgs. (49)-(51) implies
that

ux,y,z,t) = (0.5x +y +2)

(52)
v(X,y,z,t) = (x — 0.5y +2)
+E [Q“E[po(az—v + v, ﬂ) A Wa_VH
ox2  oy?  0z2 ox oy 0z
(53)
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wix,y,z,t) = (x +y — 0.52) Using the above He's polynomials and comparing the

coefficients of same power of p in Egs. (55)-(57) we have

_ ’w | *w . *w ow  ow ow
+EGElp( 2 + 2+ 28 ) — v v EE
[q [p °< w2 oy "oz > Yox "oy Tz H

(54) p- :ux,y,z,t) =(=05x +y +2)
Now applying the homotopy perturbation method we Vo(X,y,z,t) =(x — 0.5y + 2)
obtain Wo(X,y,z,t) =(x +y — 0.52)
Z pu,(x,y,z,t) = (—0.5x + y + 2) o
— 1. _-1[, —
n=0 ) - p'u(x,y,z,t) =E7[qE[Hyw)]] = —(2.25x)m
+p E7'| g E "H_(u) 1] _ t*
p{ lq Lg,)p n vi(x,y,z,t) =E7[q*E[H,(V)]] = —(2.25y)r(a+ 5
a
o . wy(x,y,z,t) =E7[q“E[HywW)]] = - (2-25Z)ﬁ
Zp”v,,(x,y,z, t)=(x — 0.5y +2)+ p{E‘1 [q"E [z p”Hn(v)] ] } *
n=0 n=0
56 _
(56) p* i uy(x,y,z,t) =E7q“E[H, (u)]]
. 2a
=(—2.25 45 452)——
3 P Wy (x,y,2,1) = (x +y — 0.52) (222X 4 Aoy + 45D s 1)
i - (57) va00y,2,0) =7 [q"E[H, ()]
_ 2a
+p4 ET G E| ) P Hy(W) =(4.5x — 2.25y + 4.57)—
{ l n;; " (45X = 2.25) + 45 T )
wy(x,y,z,t) =E7[q“E[H,(W)]]
where H,(u), H,(v) and H,(w) are He's polynomials that 12a
i =(4.5x + 4.5y — 2.252) —
represents the nonlinear terms as (4.5x y Z) TGat 1)
%u  d*u  du ou du ou
Hy(u) =P[/’o<ﬁ Ev E) U Vo Wg] = P’ us(xy,z,t) =E7' [qE[Hyw)]]
- Pv v v _ v ov_ ov|_ =~ (2025 +5.0625 F(Z““)) Xt
Hn(v) _p[p()(axz oy? azz) ox oy Waz] - < T+ 1)?*) T'Ga+1)
H (W) =plp ()2_W ()Z_W + aZ_W — ua_W — va_W — W()_W =0 V3(X,y,z, t) :E_1 [an[HZ(V)”
" o\ ox2 " oy ' 022 ox dy 0z rQa+1) yie
=— (20.25 +5.0625 - ) TGt
where (F@+1)
ws(x,y,2,t) =E71[q"E[Hyy (W) ]
e 2 eee a
U=ug+pu;+pu;+ -, __ <20‘25 + 50625 L0+ 1)2> zt?
V=v0+pv1+p2v2+---, T(a+1)*/ T'Ba+1)

W =W, + pw, + pPw, + -,

The first few components of He's polynomials are given
as

-

Ho(u) = pO(UOXX + Ugyy + quz) — Uglgy — VolUgy — WolUo,

Ho(V) = po (Voe + Voyy T Vozz) = UoVox — VoVoy — WoVo,

Ho(w) = pO(WOXX + Wy, + WOzz) — UgWox — VoWpy — WoWq,

0

§ Hi(u) = Po(”1xx + Uy, t u1zz) — Uglyy — Uyl — VoUqy, — Valg, — Wolly, — Wqly,
H'I ()= pO(V1xx + V1yy + V1zz) — UgVix — UpVox — V0V1y -V vOy — WoVqz — WiV,

Hy(w) = Po(W1xx + Wy, + Wiy, ) = UgWsy — Uy Woy — VoWsy — VqiWoy, — WoWy, — Wi W,
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So the solutionsu(x, y,z, t),v(x,y,z, t)andw(x, y, z, t)are This solution is same as solution solved in [38]. The plots
given as of Eq. (61) are depicted in Fig. 12fora = 1,p, = 0.5, t = 0.1
ux,y,z,t) = ug(x,y,z,t) + u;(X, ¥, 2, t) + Uy (X, ¥, 2, t) + U3(x,y, 2, t) - = (=055 +y + 2) + —(2-25)()%4‘

(58)

{20 rQa+1)\ xt*
—2.25x + 45y + 452)—— + —( 2025 + 5.0625
( Y et ) < )

Ta@t)?)TGarn)

VX, Y,Z,t) = Vo(X, Y, Z, ) + vy (X, Y, 2, 0) + Vo (X, Y, 2, 8) + v (X, Y, 2, 1) - = (x — 0.5y + 2) + —(2-25Y)ﬁ+
(59)
2 I'Qa+1 t3
(45x — 225y + 457 —— 4 _ <2o.25 + 5062522+ )2 > Y 4o
I'Qa+1) T(@+1)?) T'Ga+1)
wx, y,z,t) = woX,y,2,t) + wi(X,y, 2, t) + wy(x,y,Z, t) + wi(x,y,z,t) - = (x +y — 0.52) + —(2.252)ﬁ+
(60)
2a I 1 3a
(45X + 45y — 2.257)—— 4 _ (20.25 + 5062525+ )2 > LS
I'Qa+1) (T(a@+1)*) IF'Ga+1)
Fora = 1Egs. (58)-(60) reduce to and the comparison plots of Uy, U;, U,, U, Vo, V,, V5, Vs,

—0.5x +y+2z—225xt
u(x,y,z,t) =(=0.5x + y + 2)(1 + 2.25t> + 2.25%t* + -+-) — 2.25xt (1 + 2.25t* + --+) = Y

1 —2.25¢2
X — 0.5y +z — 2.25yt
VOGY,Zt) = (x — 0.5y +2)(1 4 22562 + 2,252t + +--) = 225yt (1 4+ 2.25¢2 + ) = 1y SO Y (61)
X+y—0.5z—-225zt
WX, y,Z,t) =(X +y — 0.52)(1 4 2.25t> + 2.25%t* + -+-) — 2.252t (1 + 2.25t> + ) = y1 250

Fig. 12 Solution plots of
Eq.(61)fort =0.1anda = 1
(Example 3)

ulx, v, 05 1)

wixy 0.5
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-x 3= 7 n 0 n n in n "R _3m ®m T 0 I x 3nr =
T Fs 2 8 4 2 4 4 2 4
i 4
— U0 —— Ul — U2 U3 exact | Vo — V1 V2 — V3 exact|
® e & x ¢ x =x 35 =
4 2 4 4 2 4
I
] W0 —— W1 —— W2 —— W3 — exact

Fig. 13 Comparison of the approximate solution U,, U;, U,, Us, Vo, V;, V,, V5 and W, Wy, W,, W5 with their exact solution (61) for

po=05x=2

Zy= %,z = ;—’(Example 3)

and W,, W,, W,, W5 with their exact solution (61) fora = 1
are depicted in Fig. 13.

6 Conclusion

In this paper, HPETM is applied for solution of time-frac-
tional NS equations with IC. HPETM provides the solution
in term of convergent series. Three example problems are
addressed in order to validate and test the efficacy of the
proposed method. One may see that the obtained results
are in excellent agreement with HPM [28] and ADM [29].
The major benefit of this method over HPM and ADM is
that this is a powerful and effective method in finding the

SN Applied Sciences

A SPRINGER NATURE jourmal

analytical and approximate solutions for fractional order
nonlinear partial differential equations in place of Ado-
mian’s polynomials.
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