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SOME A POSTERIORI ERROR BOUNDS FOR REDUCED-ORDER
MODELLING OF (NON-)PARAMETRIZED LINEAR SYSTEMS

L1HONG FENG!, ATHANASIOS C. ANTOULAS? AND PETER BENNER!

Abstract. We propose a posteriori error bounds for reduced-order models of non-parametrized linear
time invariant (LTI) systems and parametrized LTI systems. The error bounds estimate the errors
of the transfer functions of the reduced-order models, and are independent of the model reduction
methods used. It is shown that for some special non-parametrized LTI systems, particularly efficiently
computable error bounds can be derived. According to the error bounds, reduced-order models of both
non-parametrized and parametrized systems, computed by Krylov subspace based model reduction
methods, can be obtained automatically and reliably. Simulations for several examples from engineering
applications have demonstrated the robustness of the error bounds.
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1. INTRODUCTION

The technique of model order reduction (MOR) has been successfully applied in many fields, e.g., mechanical
engineering, structural engineering, fluid dynamics, optimization, control, circuit simulation, microelectrome-
chanical systems (MEMS) simulation, uncertainty quantification, inverse problems etc.. The robustness of MOR
has been revealed in all the above application areas.

The purpose of MOR is to reduce the number of degrees of freedom in the original large-scale systems
described by algebraic equations, ordinary differential equations (ODEs), or differential algebraic equations
(DAEs) while attaining good accuracy. These systems usually come from (time-)spatial discretization of partial
differential equations describing the underlying process, devices, structure or dynamics, etc.. Sometimes, the
mathematical models are described directly by ODEs/DAEs, for example, the many models obtained based on
modified nodal analysis (MNA) in circuit or MEMS simulation.

Parametric model order reduction (PMOR) is an advanced MOR technique for more complex mathematical
models, where some variables, called parameters, are entries of the system matrices that are allowed to vary, such
that the systems are parametrized. For a parametrized system, PMOR methods aim to preserve the parameters
as symbolic quantities in the reduced-order models, such that a single reduced-order model is sufficiently accurate
for all possible variations of the parameters.

Keywords and phrases. Model order reduction, error estimation.

1 Max Planck Institute for Dynamics of Complex Technical Systems, Sandtorstrasse 1, 39106 Magdeburg, Germany.
feng@mpi-magdeburg.mpg.de; benner@mpi-magdeburg.mpg.de

2 Department of Electrical and Computer Engineering, Rice University, Houston. aca@rice.edu

Article published by EDP Sciences © EDP Sciences, SMAI 2017


https://doi.org/10.1051/m2an/2017014
http://www.esaim-m2an.org
http://www.edpsciences.org

2128 L. FENG ET AL.

Krylov subspace based moment-matching MOR and Gramian based MOR are popular MOR methods for
non-parametrized LTI systems. The very basic method of Gramian based MOR is balanced truncation, which
is well-known for its global error bound. Recent algorithmic progress has made this method applicable to truly
large-scale systems, see, e.g., [7]. As these advances include certain approximations, the global error bound is
not computable exactly, and therefore should be confirmed by an a posteriori error bound. Moment-matching
MOR methods are computationally efficient, and are widely used in large-scale problems arising from circuit or
MEMS simulation. However, they suffer from the lack of a global error bound, which leads to the fact that the
reduced-order model cannot be generated automatically and reliably.

Some attempts have been made to get error estimation for moment-matching MOR methods applied to non-
parametrized LTT systems [8,12,20,29,33,43]. While showing the efficiency of their error estimators, these are
more or less heuristics [8,12,20,29,33]. Based on systems theory, an error bound is derived in [43], but faces
high computational complexity. The residual of the state vector is simply used in [29] as the error estimator of
the reduced-order model. All these error estimators are limited to non-parametrized systems. An a posteriori
error bound for parametrized LTI systems is proposed in time domain in [30]. Although it is stated that it can
be seen as a posteriori error bound for the Krylov subspace based method (e.g. moment-matching MOR), it is
hardly computable

In recent years, numerous model order reduction methods for parametrized LTI systems have been devel-
oped, for example, the Krylov subspace based (multi-moment matching) PMOR methods [16, 18,19, 21], the
interpolation based PMOR methods [3,5,6,37], the Loewner approach to parametric model reduction [35], and
the reduced basis methods [14,28]. A survey of PMOR methods can be found in [10]. Among these methods,
only for the reduced basis method a posteriori error bounds are known. These enable automatic generation of
a reliable reduced parametrized model.

Error bounds/estimators have been intensively studied in the context of the reduced basis method for
parametrized systems. Many error estimators developed for the reduced basis methods estimate the error in the
state vectors (field variables) [24,31,32,40], not for the outputs of the systems. In many applications, the output
or the transfer function (output in the frequency domain) of the system are of interest. The error estimations for
the state vectors often tends to overestimate the output errors. Nevertheless, output error estimators for reduced
basis methods are proposed in [39,42], which are only applicable to steady state systems. In [25], an output error
bound for linear parabolic equations is proposed, which estimates the output error of the reduced-order model
in time domain. Output error bounds in time domain are also introduced in [48-50] based on space-time vari-
ational formulation of the original system. Output error estimation in time domain for projection based MOR
and for general nonlinear systems is proposed in [51]. However, direct application of those time-domain error
bounds to the frequency-domain PMOR methods, such as the Krylov subspace based multi-moment matching
PMOR methods [16,18,19,21], is unclear. Typically, almost all the error bounds for the reduced basis methods
necessitate the bilinear forms of the PDE models [24, 25, 28,31, 32, 39,42, 48-50].

The above observations motivate us to derive output error bounds for dynamical systems in the discretized
vector space C"™. We propose several a posteriori error bounds for the reduced-order models of both, non-
parametrized LTI systems and parametrized LTI systems. The error bounds are the bounds for the difference
between the transfer function of the original system and that of the reduced-order model, and are applicable to
(P)MOR methods based on Petrov—Galerkin projection [16,18,19,21] and other methods that allow efficient
residual evaluation of the output quantities.

The basic idea of the proposed error bounds originates from the output error bounds for the reduced basis
methods [14,39,42]. The main theoretical contributions of the newly derived error bounds are firstly, the error
bounds are independent of the discretization method (finite difference, finite element, finite volume) applied to
the original PDEs. Secondly, the error bounds can be directly used in the discretized vector space C™, without
going back to the PDEs, and especially to the bilinear form (weak formulation) associated with the finite
element discretization. This is typically useful when only discretized systems are available in some situations.
In particular, most of the dynamical models in circuit and MEMS simulation are derived using commercial
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software, where the usable mathematical models appear directly as ordinary differential equations (ODEs), or
differential algebraic equations (DAEs). The bilinear form of the PDE models are usually unknown.

Technically, the proposed error bounds provide a way of automatically generating reliable reduced-order
models computed by the Krylov subspace based (P)MOR, methods, which is desired in design automation
for circuits and MEMS. Although Krylov subspace based (P)MOR methods have been integrated into some
simulation tools [41], the reduced-order model cannot be guaranteed to satisfy the required accuracy due to the
lack of an robust error bound. We are making the design automation reliable by proposing some a posteriori
error bounds for both non-parametrized and parametrized linear systems.

The paper is organized as follows. In the next section, we present the transfer function of an LTI system,
and the reduced transfer function of the reduced-order model. Our goal is to propose error bounds for the
error between the two transfer functions. We further show several examples of LTI systems, for which the error
of the corresponding reduced-order models can be measured by the proposed error bounds. In Section 3, we
propose an a posteriori error bound which has strong limitations on the system matrices. a posteriori error
bounds for more general LTI systems are proposed in Section 4. How to efficiently compute the error bounds
is discussed in Section 5. Section 6 relates the error bound analysis in Section 4 to a new reduction method.
In the section that follows, the basic idea of moment-matching MOR/multi-moment matching PMOR methods
are reviewed. One will see that automatic generation of reduced-order models relies on adaptive selection of
expansion points. Algorithms for automatic selection of the expansion points according to the a posterior: error
bounds are proposed. Simulation results are presented in Section 8. Conclusions and future work are given in
the end.

2. PRELIMINARIES

In this paper, we consider a posteriori error bounds for model order reduction of LTI systems, whose transfer
functions are of the form

H(p) = C(n)G™ (1) B(p).- (2.1)

where p = (p1,...,4p)" € CP is a vector of parameters or a vector of functions of parameters, e.g., p; :=
®i(p1,...,pq) : C1 — C,i = 1,...,p. B(n) € R"™ is the input matrix associated with the input signal
u(t) € R™  C(p) € R™2*™ is the output matrix defining the output response y(t, 1), and G(u) has different
forms depending on the systems considered, see the examples below. Assume that the transfer function of the
reduced-order model is,

)T

() = C() G (1) B(w), (2.2)
the goal of this paper is to present some a posteriori error bounds A(p), so that
1H (1) = H (1) | max < Ap), (2.3)

where || - |lmax denotes the max norm of a matrix, B(u) € R, C(u) € R™2%7 G(u) € R™*". We consider
general multiple-input and multiple-output (MIMO) systems, i.e. m; > 1 and mqy > 1.

2.1. Systems that can be evaluated via the proposed error bounds

We consider several examples of the systems whose reduced-order models can be evaluated via the proposed
error bounds for the transfer function. Firstly, the transfer function of a first-order LTI system, e.g.,

da(t, i)

E(pn) = A(p)x(t, o) + B()u(t),

dt (2.4)
y(t, 1) = C(p)x(t, 1),

can be written as in (2.1), with G(u) = sE(ji) — A(ji). Here and below, the entries in g could be certain
functions of the geometrical or physical parameters fi := (ji,...,fi3)T € D C R? and the Laplace variable s,
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e.g., i = ¢i(fi1,..., iy, s), where D is the feasible parameter domain. E(ji) € R™*™ A(f) € R™™ ™ are the
system matrices. € R is the state vector.

Secondly, second-order LTT systems,
d*a(t, i)

o SR gyt i) = Bay(),

ar (2.5)
y(t, p) = C(p)a(t, i),
have transfer functions H(p) as in (2.1), with G(u) = s?M (i) + sK (1) + A(f1). Therefore, the error of the

reduced-order model of either a first-order LTI system or a second-order LTI system can be evaluated via (2.3).
Finally, steady-state systems without time evolution can be written in the form

G(p)z(p) = B(p)
y(p) = Ci)z,
The output y(jz) of (2.6) has the same form as H(u) in (2.1). Therefore, the output error of the reduced-order

model of (2.6) can also be evaluated via (2.3), by replacing H(u) with y(j), and H (p) with §(ji), the approximate
output computed from its reduced-order model.

M (p) + K ()

)

(2.6)

3. ERROR BOUND FOR SPECIAL LTI SYSTEMS

The technique of deriving the error bound in this section is motivated by the method in [39], where an output
error bound for the reduced-order model is derived based on the weak formulation of certain PDEs. The error
bound in [39] is derived in functional space, and is only valid for parametrized systems with real parameters.
Here, we consider estimating the error of the reduced-order model directly in the vector space C". Further
extensions have been made, so that the derived error bound is applicable to systems with complex parameters,
and finally, it can be used for adaptive selection of the multiple expansion points discussed in Section 7.1.1.

In Section 5, we will see that the error bound derived in this section is only valid for some special systems. For
example, for non-parametrized systems with G(u) = sE — A, E is required to be symmetric positive definite,
and A needs to be symmetric negative definite. For parametrized systems, there are more limitations on G(u).
This will be discussed in detail in Section 5.

3.1. Derivation of an error bound for SISO systems

We only consider single-input single-output (SISO) systems in this subsection. The results will be used to
get an a posteriori error bound for MIMO systems in the next subsection.
To derive the error bound, we define the norm || - || ;: C* — R for a complex vector « as

o] 5 = (x" Ax)"/2

Here, the matrix A is assumed to be symmetric positive definite. In the following, no further assumptions on
A are made during the proofs of the propositions and theorems. It can be simply taken as the identity matrix,
then the norm reduces to the standard 2-norm. z* is the conjugate transpose of x € C". The norm || - || 5 is
actually associated with the inner product: (-,-): (x1,22) = xﬁflxl, Vi, xo € C™.

We also assume that the matrix-valued function G(p): CP +— C™*™ satisfies the following coercivity conditions?

Re(z*G(p)z) > a(u)(z* Ax),Vx € C*,x # 0,Re(s) > 0,V € D C RP, (3.1)

3we assume that the systems considered are stable, i.e. the system eigenvalues A for the system in (2.4), [AE(iZ) — A(i)]z = 0,
and for the system in (2.5), [N2M (i) + AK (i) + A(ji)]x = 0, where ji is defined in (2.4), (2.5), are in the open left plane, V/i. Note
that the entries of the vector p are functions of the parameters fi and the Laplace variable s, i.e. ji; := ¢;(fi1,. .., fip, s), as defined
n (4). As a result, to avoid defining G(p) on the eigenvalues, we restrict s to be on the closed right half plane, i.e. G(u) is assumed
to satisfy (3.1) and (3.2), Vs on the closed right half plane: Re(s) > 0,Vji € D C RP. The domain D of the parameters ji may be any
subset of R?, it is only implicitly restricted by the coercivity assumptions. That is, our results are valid only for those parameter
domains D for which (3.1) and (3.2) are satisfied.
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and
Im(z*G(p)z) > v(p)(x* Az), Yo € C", z # 0,Re(s) > 0,Vji € D C RP. (3.2)

where Re(-) means the real part of *G(u)z, and Im(-) it’s imaginary part. a(u) > 0,v(x) > 0 may depend on

the parameter p. Efficient computation of a(u) > 0,v(u) > 0 is given in Section 5. Our goal is to derive an

error bound for the error |H (1) — H(p)|, where | - | means the absolute value or modulus of a complex number.
We first define an auxiliary primal system in the frequency domain,

G(u)z(n) = B(p),
y(p) = C(p)x(p),

Tt is easy to see that the output y(u) in (3.3) equals the transfer function H(u) of the original system (2.1).
Note that (3.3) is an instance of the original system for a particular input function (impulsive excitation). It is
only used to derive the transfer function error bounds, and it is not the target of our consideration. Assume that
the transfer function H(u) in (2.2) corresponds to the reduced matrices* G(u) = WTG(u)V, B(u) = WTB(u),
and C(p) = C(p)V. Then the reduced-order model for the primal system (3.3) is defined as

(3.3)

WEG(u)V2(p) = WTB(u),

(3.4)
y(p) = C(p)Vz(p),

where W,V € R™*" are the matrices used to obtain }AI(A/A) Here &(p) := Vz(p) is the approximation of x(u)

n (3.3). Analogously, §(u) equals the transfer function H (u).
To assist the derivation of the error bound, we need a dual system in the frequency domain,

G ()t () = —C* (),

(3.5)
y¥ () = B ()™ (u).
The reduced-order model for the dual system is defined as
VTG* L WZdu — —VTC* ,
(1) (1) (1) (3.6)

g7 (1) = B* ()W 2" (),

where G*(u1) is the conjugate transpose of G(u). 2% (u) := Wz%(u) is the approximate solution to the dual
system, x9%(p) ~ 29 ().

Let 77" (p) = B(u) — G ()2 (1) be the residual of (), and 79 (u) = —C(p)* — G*(1)2% (1) be the residual of
#9(p1). In order to make the final description of the error bound as concise as possible, we use the representations
of 77" and 7% in terms of another basis in C”. Since A is positive definite, its column vectors are a basis in C".
Therefore, 7" and 7% can be represented by the column vectors of /1, i.e.

() = A€ (p) 3.7)

and
P () = AE™(p). (3.8)

For the sake of brevity, in the following we will leave out the dependency of 77" (u), r4%(p), P (), £ (1), z(),
x4 (p), &(n), 29 (p), z(p), 2% (1) on p, which will be clear from the context. We first propose a relation between
H(p) — H(p) and the errors of the approximate state vectors & and #%*. This relation will be repeatedly used
to derive the error bound.

4Since we assume that the systems matrices in (2.4)—(2.6) are all real matrices, it is usually preferred that the reduced-order
models also have real system matrices. Therefore, we choose real projection matrices W,V € R™*" to guarantee this condition.



2132 L. FENG ET AL.

Proposition 3.1. If the reduced-order model (3.4) of the primal system and that of the dual system (3.6) are
obtained by the same pair W and V', then

H(w) — H(p) = Clu)x — Clu)i = — () G(p)e,

du — gdu _ gdu gqnd /" = ¢ — .

where €

Proof. From (3.4), we have WT'B — WTG ()2 = 0, i.e.

WTG(uw)zr —WTG(u)z =0
S WIG(u)(z—12)=0
= (24 WTG(p)(x —2) =0 (3.9)
& (%) Gu) (@ —7) =0
& (29)*G(p)er” = 0.
From (3.5) and (3.9), we get
Clp)r — Cp) =C(p)e™

== (@) (G (W) e
== (@) G + (&) G(u)e . (3.10)
=— (") G 0

Since the computation of €?* and P involves computation of 2% and x, the solutions of the full dual and the
full primal systems, |(e?*)*G(u)e?"| cannot act as a computable error bound for |H (1) — H(u)|. Next, we will
use Proposition 1 and the assumptions on G(u) to derive computable error bounds for the real and imaginary
parts of H(u) — H (1) separately. The final error bound can be obtained from the error bounds for the real and
imaginary parts.

Proposition 3.2. If the reduced-order model (3.4) of the primal system and that of the dual system (3.6) are
obtained by the same pair W and V', and G(u) satisfies (3.1), then

—Skr — Br < Re(H () — H(p)) < Sk — Br-

Here,
b= gy [ A%+ @A) Sn= s (@) AgT + L ehydet,
and i s
(&) Ager
Proof. We begin by defining an auxiliary vector e, = ﬁgm — ml(u) €9, Here and below, x > 0 is a variable

to be specified. We first derive an upper bound for Re(H () — H(u)). Since a(u) > 0,

0 < ka(u) <e” T %ea> = ra(p) (e” - %%) A (e”’“ - %%)
= wa(n)(em) Ao+ B (e ey B (e e B e e (3.11)

e}

Ka(p)
2

= (5;)*A€pr + %(M)(epr)*gec—y < /‘QOZ(,U/)(GPT)*AéOT n KO[(,LL) (Eg)*ge_,

4 a
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From the property of the inner product

(€) AP = (er7)* Aegy, (3.12)

we only have to estimate (e?")*Ae, in the last inequality of (3.11). From the definition of €,
and (3.7), (3.8), (3.10), we get

(@) Aes = a(lu) (e Agrr %(M) () dei
- a(lu) S m(ﬂ)w
= a(lu) (€)*(B(u) = G(p)a) — ml(ﬂ) (—C"(p) — G (p)adu)err
- Cv(lu) () (G — Gu)) — ml(m (G ()T — G () 2wy err (3.13)
- a(lm (ePm)*G(p)er™ — ml(mW
— a(lm (ePm)*G(p)er™ — HOi/,L)W
- a(lﬂ) (eP")*G(p)e + =~ (Clp)z — Clp)a).

Using the relation in (3.12), and substituting the last inequality in (3.13) into the last inequality of (3.11) yields

KO ¢y e 4 B (@ < ma() ey Ao + " ey e

& & [2Re((@)"Glu)er) + ZRe(Cu)e — C(u)d)| < mau(ery Aer + " () e

& rRe((e")*G(u)e”) +Re(Clu)r — C(n)E) < ma(u)(e)* Ae” + M(G’

. o)+ Ae (3.14)

& Re(C(p)z — C(u)i) < —wBe((e ) G()er) + ra(u)(em) Ao + " () Ae

= Re(C(p)zr — C(p)z) < %('M)(GE)*AQ;’

1
ro(p)

€% into the last inequality

where the last inequality holds due to (3.1). Substituting e, = ﬁgm —
of (3.14) gives

IN

Re(C(p)r — C(p)2) 1 (€a)"Aeg
K DI\ A ¢pr du\* A¢cdu 1 pryk Aedu 1 du\* A ¢pr
(€A o () At — () At - s (et A

IN

da(p)
& Re(H(u) — H(p)) < fr(x) — B,

where fr(k) = ﬁ(u)(gpr)*flfpr + L (gdu)y* Agdu,

dra(p)

dra(p)

(3.15)

Next we derive the lower bound, Re(H (i) — H(u)) > —fr(k) — Br. We now define a second auxiliary vector

- ﬁgw + ml(u)fd“. Replacing €, in (3.11) with €}, we obtain a similar expression for €},

RO ey derr 4 KO () et < e e + KA (e e (3.16)
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It is not difficult to see from (3.13) that

1 p?"* p?"_ 1 $_ ‘%
T @ G — s (Ol — COl)e). (3.17)

(ePr)* Aef =

Using the relation (€})*Ae?” = (er)* Aef, substituting (3.17) into (3.16), and following calculations similar
to (3.14), yields

(3.18)

1
a(w)
to (3.15), we can assert that

Substituting ef =

&P+ mfd“ into the last inequality of (3.18), and following calculations analogous

~Re(Cu)r — ) < “2U ey et
& Re(H (1) — H(p)) > —fr(k) — Br.

>

(3.19)

Combining the last equality of (3.15) with that of (3.19), we have |Re(H (u) — H(u)) + Br| < fr(k). It is not
difficult to check that when x = ko, fr(k) reaches the minimum, and fr(xo) = Sg. O

Proposition 3.3. If the reduced-order model (3.4) of the primal system and that of the dual system (3.6) are
obtained by the same pair W, V, and G(u) satisfies (3.2), then

=81+ Br < Im(H(p) — H(p)) < Sr+ Br-

Here,
_ 1 r\k A ¢cdu du\* J epr - 1 S
m—Mm@MAs+@>&ﬂ, S = 0 mole) Ag +

and kg is defined as in Proposition 3.2.

(gdu)*jfdu :

1
Ko

Proof. We first derive the upper bound for Im(H (1) — H(11)). Similar to the proof of Proposition 2, let us define
an auxiliary vector e = ﬁf”r — #(N)fdu. In the following discussions, 7 = v/—1 is the imaginary unit. Since

v(p) >0,

J J J o\« J
< prog L prog L — proy L )x pry 2
0 < ky(p) <e + €€ + 5 > Ky(w)(eP” + 26"/) A (e + 26,7)
= ry(p)(ePr)* Aerr ’Wi )(6"7)*‘%; 3572( )(6"7)*‘1€pr J’WQ( )(epr)*je; (3-20)

JRY N\ fopr _ IF T\% A o — e Aopr 4 B =V A —
= 2(“) ()" Aerr — #(ez’ ) Aes < ry(p)(er)* Aer + #(67) Az

Since the only difference between e, and € is the denominator, from (3.13) we see

pr\* ~€7 _ 1 €PT)* ePr
(er)" Aey 7(/UL)( )" G(p)e +

1 W)~ C)2) (3.21)
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We proceed analogously to the proof of Proposition 3.2. Using the relation (e;)*/iepr = (epr)*zzle;, and substi-
tuting (3.21) into the last inequality of (3.20), yields

kY (1) (e;)*;lef”" _ w(em)*gq < ,W(M)(epr)*;kpr + M(G—)*Ae

ol

2 4 v
& L0 |2t ((@ )y Guer) + ZIm(Clue — C(w))| < mr(u) (@) Aer + ’”j“) (e7)" Ae;
& KIm((e")* G(p)er) — Im(C(p)z — C(p)E) < ry(p)(er)* Aerr + %“”(e;)*fie; (3.22)

& —Im(Clu)e — C()3) < —wIm(e@ ) Glu)e™) + () derm + LU (2 e

= —mm(C(p)e - O < () e,

where the last inequality holds because of (3.2). Substituting €, = ﬁgm — mgd“ into the last inequality
of (3.22), and following calculations similar to (3.15) gives

Lm(H (u) — H(u)) = — f1(r) + fr, (3.23)

where fr(k) = gt (err)* AgPr + 4m1(u) (£dw)* Agdn,

We continue to prove the next claim Im(H (u) — H(p)) < fi(x) + 8. Defining a second auxiliary vector

+ 1 T 1 du 3
& = 3w &+ K/’Y(N)g yields

0 < wy(p) (e + et e+ L) = wy(u(e@r + Sy A (@ + 2t ) s
3.24
IRV e 7 opr IRV e 7 R L1 (1) e
& T(efyr) AP — T(ep VAT < rry(p)(€P7)* AeP” + T(ei) Aef.
From (3.21), we know
(epr)*;le:y“ = ﬁ(em)*G(u)em - ml(u) (C(p)x — C(p)2). (3.25)

Using the relation (ej)*ﬁe’” — (err)* Ael, substituting (3.25) into the last inequality of (3.24), and follow-
ing (3.22), we obtain

Im(C(p)z — C(p)) < S (e )* Aet. (3.26)
Substituting eff = ﬁfm + ml(ﬂ)gd“ into (3.26), it follows immediately
Im(H (1) — H(w)) < fr(x) + Br. (3.27)

From (3.23) and (3.27), we have [Im(H (1) — H (1)) — B1] < f1(k). When k = kg, n}qi/n fr(g) = fr(ko) =Sr. O

Based on Proposition 3.2 and 3.3, we can immediately get the error bound for |H (1) — H ()| given in the
following theorem.

Theorem 3.4. The error of H(p) is bounded by A(p) defined as below:

(H (1) = H(w)| = \/[Re(H (1) — H(u)[? + | Im(H(1) — H@)P < \/B4+ B? == A(w). (3.28)

Here, Br = max{|Sg — Brl,| — Sr — Brl} and Br = max{| — St + B/, |S1 + Br1l}-
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3.2. Error bound for MIMO systems

For MIMO systems, the transfer function H(u) is a matrix. The ikth entry H;x(p) corresponds to a SISO
system, whose input is ux(t), the kth entry of the input vector u(¢), and whose output is y;(t) = C'(u)(7,:)z(t),
the ith entry of the output response y(t). The transfer function H (1) of the reduced-order model is also a
matrix. The ikth entry I;[ik(/i) is an approximation of H;x(u) for the corresponding SISO system. Therefore,
the error between H;j(p) and Hy (1) can be measured by A (x), which can be computed from (3.28) as

(1) — Hir ()] </ (BiF)? + (BiF)? =t A (),

To compute B, B corresponding to A;x(u), the output matrix C'(x) should be replaced by C(u)(i,:), the ith
row in C(u). The input matrix B(u) should be replaced by B(u)(:, k), the kth column in B(u), V1 < i < my,
1 S k S mao.

Once all Aji(p), 1 <i<mq,1 <k < mgy are computed by (3.28), the final error bound can be taken as the
maximum of them, i.e.

|1 (1) = H (1)l [maae = e | Hig (1) — Hig (11)| < max Aig (p). (3.29)

In the next section, we propose an a posteriori error bound for H (1), which does not require the coercivity
assumption on the real part and the imaginary part of G(u), respectively. Instead, only an inf-sup condition
suffices, which implies the error bound is valid for more general LTI systems.

4. ERROR BOUND FOR GENERAL LTI SYSTEMS

In this section, we derive an error bound for more general LTI systems. Instead of (3.1) and (3.2), the
matrix-valued function G(p) is assumed to satisfy an inf-sup condition of the following form?:

el ~
inf sup wGluv = G(u) > 0,Re(s) > 0,Vr € D C RP. (4.1)
weC" yecn [|wll2][v]]2 '
w#0 v#£0

We still rely on the primal system in (3.3) and the dual system in (3.5). The reduced-order model for the

primal system is of the same form as the system in (3.4). The reduced-order model for the dual system can be
constructed more flexibly as

(W) G (V42 () = — (W) T C* (p),

(4.2)
g (n) = B (u)V ¥z (p),

where W and V can be different from V and W for the primal system, that means it is allowed that
W £V and VI £ W,

Again, we define two auxiliary variables e(u) = (29)*rP" and §(u) = C(u)@ — e(p). Here 29 = Vduzdu ig
the approximate solution to (3.5).

Theorem 4.1. For a SISO LTI system, if G(u) satisfies (4.1), then |y(u) — §(p)] < Ag(n), Ag(p) =
|

WLl A5 pesult, [H(p) — H ()| = |C(p)e — C(u)i| < Ag(p), Aglp) = Aglpr) + lep)].

5Same as before, the entries of the vector u are functions of the parameters fi and the Laplace variable s, i.e. p; :=
oi(fi1, ..., fig,s), as defined in (4). Here we also restrict s to be on the closed right half plane: Re(s) > 0,Viai € D C RP, to
avoid defining G(p) on the system eigenvalues (See footnote 3).
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Proof. The dual system G*(p)z? = —C*(u) implies that

(2 — &) G" ()a™

From the definition of the residual r*” = B(u) — G(p)@ = G(u)(z — &) for the primal system, we get

(l,du)* PP — (l,du

Combining (4.3) with (4.4), it is obvious that

Then
ly(p) —

= —(x— &) C ().

) G(p)(x —2).

~C(p)(x — &) = (a®)"r?".

y(w)| =

Clu)a

= C(p)a + (&%) "]

| _ (:L’du)*TpT + (i’du)*TpT|

— | _ (l‘d“ _ i‘du)*Tpr‘

<

Replacing w in (4.1) with 29 — 29 yields

@@ = 2|2 |r"]]2-

(xdu —i'du)*G(,u)U
sup — > B(p),
A P AT
i.€. J p
pdv _ pduyx v A
sup L= L VG gt — it
vecn ||v]
Since p . J .
(‘T Y-z u)*G(M)U < HG*(/’L)(l‘ Y- u)HQHUHQ _ HG*(;U')(xdu
[[ol]2 [[ol]2
and with the choice v = vy = G*(p) (2% — 39v),
(l‘d“ _ i‘du)*G(u)’Uo . -
= [|G* () (2™ — 27)][2,
[[vol |2

it suffices to make the following observation:

(l'du _ i’du)*G* (,u)v

sup
veCn

Combining (4.6) with (4.7) shows that

|[v]|2

= |G* (u) (2% — &%)|2.

1G* () = 2™)]]2 = B(w)| |29 — 2|2

From the definition of 7% = —C*(u) — G*(p)2% = G*(u)x¥ — G*(n)2%, we get

Substituting (4.8) into (4.5) we obtain

[Ir9e]l2 > Bl — 29|2.

[ o]l ]2

B(n)

~du

— T

)2

2137
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Since §(p) = C(p)@ — e(p),

[l 2l |2

|C(p)z — C(u)z| — le(u)] < y(p) —g(p)] < 1)

Finally,
[l 2]l 2

B(w)

Remark 4.2. For MIMO systems, we can use a similar technique as in Section 3.2 to get the final error bound
for the reduced transfer matrix.

[H(p) = H(p)| = [C()x — C(u)i] < +le(u)] =: Ag(n)- m

Remark 4.3. If W% =V and V¥ = W, and WTG(u)V is invertible on the imaginary axis, then e(u) = 0,
since

e(n)
Vst (B - Glu)V2)

_ (atuyepor
—(

— (Wz1)*(B - G(u)V2)

(4 WT[B = GV (WTG(u)V) "W B

= () WTB = WTG(u)V (W G(n)V) ' W B]
= 0.

In this case, the error bound reduces to

el Y e P

Blp)

and it can actually be straightforwardly derived based on the error analysis in [23] (see Sect. 5.2 in Chap. 5).
The above assumption on WT'G(11)V is reasonable, since in systems theory, we usually assume that no poles of
the transfer function are purely imaginary. As the error is usually measured on the imaginary axis (frequency
response), a ROM with eigenvalues on the imaginary axis would be a poor approximation with infinite error.
Thus, we may assume the ROM to be invertible on the imaginary axis without loss of generality.

Although the matrix pair W =V, V4 = W implies |e(u)| = 0, they are not always the optimal choice for
the dual system in the sense of making the residual r* as small as possible. As a result, the error bound which is
also influenced by % decreases probably much slower than using an optimal W%, V4 possibly different from
W, V. In this situation, although no contribution of |e(x)| = 0 to the error bound, the contribution of 7#* is much
bigger. Take the dual system in (3.5) for a non-parametric LTI system as an example. If only Galerkin projection
is used to get the reduced-order model, i.e., W = V' then based on the idea of model order reduction and
moment-matching MOR (see Sect. 7.1.1), the subspace V¥ which includes the trajectory of z%* in the frequency

domain should be V¥ = K41 ((E.(80)), C(s0)) as defined in (7.2), so that range(V) = K11 ((E.(s0)),C(s0))
is the proper choice for the projection matrix V%, rather than V¥ =W =V = qu+1(Eb(so), B(s0)) defined
n (7.1). Simulation results in Section 8 also support our analysis. However, if Petrov—Galerkin projection is
used to obtain the reduced-order model, the choice W% =V and V% = W is optimal for moment-matching

MOR.

|H(p) — H(p)| <

Remark 4.4. Note that, for non-parametric systems, u = s. In the following, we use Ay(s) to denote the error
bound A, (i) for non-parametric systems.
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Remark 4.5. For the error bound A(u) proposed in Section 3, a global W which is independent of the parame-
ter p, is needed in order to prove Proposition 1. For the error bound derivation in Proposition 2 and Proposition
3, W,V do not appear in the proofs, no requirement on the global property of W,V is needed.

For the error bound A, () proposed in Section 4, the three main ingredients for computing the error bound
are the two residuals and (u). For any PMOR method, regardless of the choice of global W,V or local W, V' [3],
the finally derived reduced-order model is global, which means the two residuals should be available, even if
the reduced-order models of the primal system and the dual system are not in the form of (3.4) and (4.2),
respectively. What we only need is the solution of the reduced-order models of the primal and the dual systems,
from which we can compute the residuals. Therefore (3.4) and (4.2) can be written in a more general form:

54 (1) = Bau ()2 (1),

Those reduced-order models are obtained not necessarily using the projection framework in (3.4), (4.2) with
global W, V| instead, they can be obtained by, e.g. matrix interpolation using local W, Vs [3]. The error bound
Ag(p) is still valid for such reduced-order models. However, to be consistent throughout the paper, we prefer
to use the projection framework in (3.4), (4.2).

5. COMPUTATION OF THE ERROR BOUNDS

5.1. Computation of A(u)

In Section 3.1, the error bound A(yu) is derived for special LTI systems, where the matrix G(u) is required
to satisfy the two coercive assumptions (3.1) and (3.2). A(y) is determined by the two vectors P and €%, and
the two variables a(u) and v(u).

5.1.1. Computation of a(p) and ~v(u)

For parameterized LTI systems, to compute o(p) and 7(p), we have to compute Re(z*G(u)z) and
Im(2*G(p)x). It is easy to see that if G(p) has no special form, Re(x*G(u)x) and Im(x*G(u)z) are almost
impossible to be computed. Therefore, we assume that G(u) is in the affine form,

G(p) =FEo+ Eypn+ ...+ Eppp. (5.1)

Even with this assumption, it is still not easy to identify Re(x*G(u)x) or Im(z*G(u)z) from a*G(u)z, if one has
no insight into the structure of the vector p of parameters. For a general vector p € RP, it is hard to compute
Re(z*G(p)z) or Im(z*G(u)x). However, for some special y, it is possible. For example, if u = (s, i)T, where
i € R is the only geometrical or physical parameter. Such a p could come from a parametrized first-order LTI
system (2.4) with only one parameter i associated with the matrix A, so that G(u) = sE — R A.

In the following, we assume that A and E are symmetric and G(u) = sE — 1A, then for any s = o¢ + jw,

Re(z*G(p)x) _ Re(z*(yJwE + <~70E — pA)x)

* Az x* Az
A
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where A(fi) = 0oF — jiA, R*R = A is the Cholesky factorization of A, and & = Rz. Amin((R™1)*AR™!) is the
smallest eigenvalue of (R™!)*AR™L. If A and F are symmetric, * A(ji)x is the real part of z*G(u)x. Therefore,
from the property of the Rayleigh quotient, we can take () as the smallest eigenvalue of the symmetric matrix
(R"H*A()R~'. As a result, A needs to be positive definite to guarantee that a/(p) > 0. If A = I, the identity
matrix, then a(u) simplifies to the minimal eigenvalue of the matrix A(ji). Taking use of the special form of
A(j1) = oo E— 1A, we can see that (R™1)*A(i)R™! = oo(R"Y)*ER™'—i(R™1)*AR~!. Here, both (R~})*ER™!
and (R™1)*AR™! can be precomputed independently of fi. In any case, smallest eigenvalue of the symmetric
matrix (R~1)*A(f) R~! must be computed for each value of fi.

Remark 5.1. For first-order LTI systems (2.4), one choice of A might be A= soF — figA, where sg and fig are
chosen so that A is symmetric positive definite. In the non-parametric case, where fi disappears, A = soF — A
and A = 0gF — A. Then if 09 = sg, we obtain the simple case a(s) = 1. Often, s = jw, and o¢ = 0, then we
can use A = —A to define the norm, if A is symmetric negative definite. In this situation, A = —A too, so that
a(s) = 1.

For the estimation of v(u) with G(u) = sE — 1A, we have

Im(z*G(p)r)  wr*Ex
o Az Az
wi*(R~Y*ER™ 'z
T*T

> wAnin((R™1)*ER™Y) = 7(p),

Amin ((R™H*ER™1) is the smallest eigenvalue of (R™1)*ER™!. Since it is assumed that «(u) > 0, E must be
symmetric positive definite. Since A = AT needs to be positive definite, it implicates that oo > 0, i > 0 and
A = AT < 0. This means that the error bound is valid for frequencies on the closed right half plane: Re(s) > 0
and for nonnegative parameter g > 0.

In summary,

e for non-parametrized first-order LTI systems (2.4), once we have computed the smallest eigenvalue of
(R"H*AR™! (A = 0gE — A), we have obtained «a(s). Furthermore, Apin((R™1)*ER™!) can be computed
a priori. Thus, for each value of s, y(s) is equal to Apin((R™1)*ER™!) multiplied by w. That means, the
two eigenvalue problems are solved only once, and can be computed independently of s. The computation
of the smallest eigenvalue of a positive definite matrix can be cheaply computed using the Lanczos process
which requires only a small number of sparse matrix-vector multiplications. Note that when the real part of
s changes, i.e. when oy changes, a(s) has to be nevertheless recomputed. This rarely happens, since we are
often interested in the frequency response, where gg = 0.

e If the system is in second-order form (2.5), but is non-parametric, successful computation of a(s) and v(s)
will depend on the properties (e.g., symmetry, positive definiteness) of all the three system matrices F, K, A.
The analysis is similar to that for the first-order LTI systems.

e However, for parametrized LTI system, even with the simplest case G(u) = sE — 1A, a(p) has to be
recomputed whenever ji varies. For more general parametrized LTI systems (2.4)(2.5), where both E(u) and
A(p) are parameter-dependent, it is almost impossible to compute a(p) and y(u).

e As a conclusion, the error bound A(u) is particularly efficient for non-parametrized first-order LTT sys-
tems (2.4) with E symmetric positive definite and A symmetric negative definite.

5.1.2. Computation of &P" and &%

Next, we show how to efficiently compute the two vectors " and &% Since A is assumed to be positive
definite, P" is uniquely determined by: {P" = A=LrPr. Similarly from (3.8), €% can be uniquely determined by
fd“ = A 1lpdu,
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The two vectors &P" and £ are functions of u. For each value of p, two full-size linear systems must be
solved to get &P", and £, which looks expensive. However, some p-independent terms in A=1rP" or A~1rdu
can be precomputed. For example, for a non-parametrized first-order LTI system, G(u) = sE — A, so that

£ (s) = A1 (s),

A=Y(B —sEVz + AV2),
A" B - sEV(sWTEV —WTAV)'WT B+

AV(sWTEV —WTAV)"'WT B,
= A 'B—sA'EV(sWTEV —WTAV)"'WTB

+ATTAV (sSWTEV — WTAV)'WTB.

The terms WTEV, WT AV, WT B need to be computed only once, and can be repeatedly used for any value of
s. Although (sWTEV — WT AV) needs to be factored for each possible value of s, this is done in the reduced
state-space, which is therefore quite cheap. The matrix V' usually has few columns, therefore, the terms A*IEV,
A1YAV, A~1B can be computed by solving 2r +m; linear systems. Here, r is the number of the columns in V,
which is also the size of the reduced-order model, and m; is the number of columns in B. As a result, the
estimation of £P" at any fixed value of s can be done efficiently. Likewise, £%* can be computed by following a
similar strategy. Furthermore, when the standard 2-norm is used, A reduces to the identity matrix. Then there
is no need to solve linear systems.

5.2. Computation of Ag(u)
The key for computing Ay (p) is how to compute 3(u). The condition (4.1) is equivalent to
w*G(p)v
sup LGB _ gy (5.2)

in
weC [|wl|2 vecn  |[|v]]2

On the one hand,
wG(p |G (wlla|[v]]

loll2 — [[v]]2
On the other hand, when v = G*(u)w,

=[G (wwl]2-

WEW 6= (uwlle.

[[v]]2
Therefore,

w*G(u)v .
sup LAY 6y,
veCn HUHQ
Substituting this into (5.2), we get
G (p)wl|2

inf = .
T
From the Courant-Fischer theorem, we obtain,
- wG(p)GT (Ww
- - :>\m1n G G* )
mip AW (GG ()

i.e. B(1t) = \/Amin(G(1)G*(12)). The error bound A, (u) includes the two residuals 7" and r?*. For the compu-
tation of 7P” and 7%, the affinity Assumption (5.1) on G(u) is preferred. With the affine form, it is not difficult
to see that rP" and r9* can be efficiently computed [28].



2142 L. FENG ET AL.

Remark 5.2. Clearly, for each value of p, the minimal eigenvalue of G(u)G* (1), or equivalently, the minimal
singular value of G(u), must be computed to get S(u). It is impractical if G(u) must be estimated at many
samples of p. The method proposed in [31] can be used to compute a lower bound Srp(p) of 5(p), such that
Brp(i) could be computed efficiently through solving a sequence of small optimization problems. Without
solving any large-scale problems, 8r5(1) is expected to be quickly available for each sample of u. However,
since it is a lower bound of 3(u), Ag(p) computed by B (1) would over estimate the real error of the reduced
transfer function I;T(,u) It is observed that when the range of p is very large, Srp is not close to G(u) at
all. Furthermore, the accuracy of 51, (r) highly relies on the optimization solvers, which cannot guarantee to
converge to an optimal solution for each sample of 1. The method in [31] becomes complicated for parametrized
systems, and may easily lead to a meaningless lower bound (1 5(u). More efficient methods for computing or
estimating 3(u) will be future work.

Remark 5.3. As compared with A(p), no strict limitation on the systems matrices E(u), A(n), such as sym-
metry, positive definiteness, is required. Therefore, A, (p) is valid for more general LTI systems.

6. REFORMULATED REDUCED-ORDER MODEL WITH TIGHTER ERROR BOUNDS

It is discussed in Section 4 that except for some special cases, the value of |e(x)| in the error bound is nonzero
in general. Motivated by the analysis in [2], we show in this section that a different reduced-order model can be
constructed from g(u) in Theorem 4.1, so that e(u) in the error bounds disappears.

From the definition of e(u) = (24)*rP" (1) and 7P" = B(p) —G(p)V (WTG(p)V) T WT B(p), 29 = Vduzdu =
— V(WG (p)V ]~ H (W) T C* (1), we observe

y(u) — y(p)

= C(p)z — C(p) + (@) rPr

= C(p)z — C(p)i — C(R)(WH)[(VI)TG()W ™| (V)T [B() — Gw)V (WTG()V) "' W B()]

= C(W)G (w)B(p) = C()VIWTG(w)V) ' WTB(u)~ (6.1)
Cl)WH (VI G(n)W =1 (V)T [B(u) — Gu)V (WG (u)V) " W B(u)]

= C(W)G~ (W) B(u) = C(W)VWTG(n)V) "W B(n) — C(m)W [(VE)TG()W =1 (V)T B(n)

—C(WWH[(V)TGp)W = (VI TGV (WTG(n)V) " W B(p).
The right-hand side of the last equality in (6.1) can be written in matrix form as below,

T WTB()

WTG(u)V 0
C(u)G™ () B(n) = [C()V C(p)W ] 1 (V44T B(p)
W

(VT GV (V) G

H(p)

_ Clearly, y(p) = H(p) and g(p) = H(p). Using H(p) to approximate H(u), the error bound for H(u) is
Ag(p), d.e. |H(u) — H(p)| < Ag(p). There is no additional term |e(u)| in the error bound.
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Next we consider constructing a reduced-order model whose transfer function is H (1). From H (1), the
corresponding system with zero initial condition®, can be written as

WTG () 0 21 WTB(u)
(VTG (u)V (Vd")TG(u)Wd“] Lz] Ly B e (6.2)
y=[cv cuw] |

in frequency (Laplace) domain. Here and below, u,(-) is the Laplace transform of the input signal w(t).

If the parametrized LTI system in (2.4) or (2.5) is considered, then G(p) can be written as G(p) = sE(ji) —
A(i) or G(p) = s*M (1) + sK (i) + A(f1). Inserting, e.g. G(n) = sE(fi) — A(f), B(n) = B(f), C(u) = C()
from (2.4) into (6.2), we get

8E11(~) — 12111(~) 0 z1 ~
o ][y e

sE (1) — Ag1(f1) sEna (1) — Aga(f1) | L 72

9

y=[C(R)V C(nyw] [

z2

where By (i) = WTE(@)V, Ani(i) = WTA(R)V, Ex = (VITE(R)V, Ay (i) = (VI)TA(L)V, Ex(i) =
(VI E(@)W ™, Az (i) = (V)T A(R)W .
Using inverse Laplace transform, the reduced-order model in time domain is

En(i) 0 [Zl(t)] N {1{111('&) 0 } [Zl(t)] N
Ear (i) Bna(it) | L22(0) A) Azl Z2<t>( |
Z1 t ]

zZ9 (t)

WTB(j1)

u(t)v
(V)T B ()

(6.3)
i =[C(EV c(mw™] [

It shows that for the original system in (2.4), a reduced-order model as in (6.3) can be derived, whose transfer
function is H (s), satisfying |H (u) — H(u)| < Ay(p). For the second-order parametrized system in (2.5), the
corresponding reduced-order model can also be obtained in a similar way. Notice also that the reduced-order
model (6.3) cannot be obtained by means of an explicit Petrov—Galerkin projection applied to the original
system in (2.4). Instead, the projection

. w . V ]
W = =
Vdu Wdu
is applied to a non-minimal realization of the original system, namely
E@) 0 {a:cl(t)} _ {A(;}) 0 } 1 (1) . B(p) ”
B(w) B(w) | #2201 [AW A@D ] | 4, B(i

6Here, we assume that the original system (e.g. (2.4) or (2.5)) has zero initial condition. For a system with nonzero initial
condition, one can use coordinate transformation & = z — x(0) to get a transformed system with state vector #, and with zero
initial condition Z(0) = 0. A reduced-order model with zero initial condition can be obtained by applying MOR to the transformed
system [17].
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In summary, there are two reduced-order models available for the original system in (2.4), one is the reduced-

order model,

WTEEVE = WTARV= + WTB(@Eu(),

@(t, Ia) = CV([L)Z,

constructed directly from the original system; the other is the reformulated reduced-order model in (6.3). On
the one hand, if using the same stopping criteria e, in Algorithm 2, the reduced-order model in (6.4) is usually
less accurate than the one in (6.3) (though both satisfy the error tolerance e1), because the error bound A, (u)
for H(p) is less sharp than A, (u) for H(u). On the other hand, the reduced-order model in (6.3) could be of
much bigger size than the one in (6.4). From this point of view, the reduced-order model in (6.4) is practically
preferable, since it is of much smaller size and also satisfies an acceptable error tolerance. The analysis is aided
by an example in Section 8.

(6.4)

7. AUTOMATIC GENERATION OF THE REDUCED-ORDER MODELS

We explore algorithms of automatic constructing reliable reduced-order models in this section. In particular,
we show that the moment-matching MOR methods can be adaptively implemented using the proposed error
bounds. To this end, we first present a brief review of the MOR methods, and point out the necessity of
adaptively implementing the methods.

7.1. Review of moment-matching MOR methods
7.1.1. Moment-matching MOR for non-parametrized LTI systems

For moment-matching methods, the matrices W, V are constructed from the transfer function (matrix) H(s).
Taking the system (2.4) as an example. If it is non-parametric, then the system matrices are all ji-independent,
so that H(s) can be expanded into a power series about an expansion point sy as

H(s) = C’[(s — So + So)E — A}le
=Cl(s—s0)E+ (soF — A)]"'B
=C[I+ (soE — A)7 E(s — s0)] ' (soE — A)~'B

_ 26[—(30E — A) U EJ(soE — A) 1B (s — so),

:=m; (so)
then m;(sg), ¢ = 0,1,2,... are called the ith order moments of the transfer function. The columns of V' span
the Krylov subspace
range{V'} = Kys1(En(s0), B(s0)) := span { Bso), .. (By(50))"B(s0) } (7.1)

where Ey(so) = (soE — A)"'E, B(sg) = (soE — A)~'B. The columns of W span the Krylov subspace
range{W} = Kyi1(Ee(s0), C(50)) := span {é(so), . (Ec(so))qé(so)} : (7.2)

where C(sg) = (soF — A)"TCT, E.(s0) = (soE — A)"TET. Obviously, W and V span two Krylov subspaces. It
is proved in [23], that the transfer function of the reduced-order model H(s) matches the first 2¢ + 1 moments
of the original transfer function H(s). It is obvious that the accuracy of the reduced-order model depends
on the expansion point sg. In many cases, only a single expansion point is insufficient to attain the required
accuracy. Multiple-point expansion is preferred such that the large error caused at frequencies far away from the
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expansion point can be reduced. A reduced-order model of better accuracy and smaller order can be obtained by
multiple-point expansion. Therefore proper selection of multiple expansion points is important. Previous studies
on multiple-point expansion are found in [1,12,13,20,26,29]. In [26], the expansion points are chosen such that
the reduced-order model is locally optimal. A binary search is used in [1,12,20] for adaptive, but heuristic
selection of the expansion points. In Section 7.2, we readdress the problem of selecting multiple expansion
points by using the global a posteriori error bounds proposed in Section 3 and Section 4.

7.1.2. Review of multi-moment matching PMOR methods

Multi-moment matching PMOR methods can be found in [11,16,18,19,44,45]. All these methods are based on
Galerkin projection, i.e. W = V. In this section, the robust PMOR method from [11,19] is reviewed. The method
applies to the systems in (2.4) (2.5) or (2.6). It depends on series expansion of the state x in the frequency
(Laplace) domain. Note that for the steady system with algebraic equations (2.6), direct series expansion of x
in (2.6) suffices. Assume in the frequency domain,

z =GN () B(p)uc (),

with G(u) being of the affine formulation in (5.1). Then given an expansion point u® = [uf, u3,- -+ , o], « can
be expanded as B
xr = [I — (01M1 + ...+ UpMp)}ilBM’LLE(,u)

8

= 0(01M1 4+ apMp)iBMuL(u),

where BM(M) = [G(E°)'B(p), M; = —[G(u°)]'E;,i=1,2,...,p,and 0; = p; —p¥,i = 1,2,...,p. We call the
coefficients in the above series expansion the moment matrices of the parametrized system. The corresponding
multi-moments of the transfer function are those moment matrices multiplied by C(u) from the left.

To get the projection matrix V', instead of directly computing the moment matrices [16], a numerically robust
method is proposed in [11,19]. The method combines the recursions in (7.3) below, with a repeated modified
Gram—Schmidt process so that the moment matrices are computed implicitly.

Ro = By, Ry = [MiRy, ..., M,Ry),
Ry = [MiRy,..., MyRy],

R, = [MiRy 1,..., MyR, 1],

where By = By, if B(p) dose not depend on . Otherwise, By = [BMl, . 7BgMp], if B(p) can be approximated
by an affine form, e.g., B(n) ~ Bipi+...+ Bpp,. Here By = [G(p°)] 7' By, i = 1,...,p. The computed V = V,,0
is an orthonormal basis of the subspace spanned by the moment matrices,

range{V,,0} = span{Ro, R1,..., Ry} 0, (7.4)

and depends on the expansion point 1°. The accuracy of the reduced-order model can be improved by increasing
the number of terms in (7.4), whereby more multi-moments can be matched.

It is noticed that the dimension of R; increases exponentially. If the number p of parameters in a parametrized
system is larger than 2, it is advantageous to use multiple point expansion, such that only the low order moment
matrices, e.g. R;, j < 2, have to be computed for each expansion point. As a result, the order of the reduced-
order model can be kept small. Given a group of expansion points p?,i = 0, ..., m, a matrix Vi can be computed
from (7.4) for each u’ as
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range{V,:} = span{Ro, Ry, ..., Ry} .

The final projection matrix V' is a combination (orthogonalization) of all the matrices V,,,
V =orth{V,o,...,Vm}. (7.5)

Here, selecting the expansion points p* is unavoidable. Algorithm 2 is proposed in Section 7.2 for adaptively
selecting the expansion points '’ using the a posteriori error bound A, (u) from Section 4.

7.2. Algorithms for automatic generation of reduced-order models

The algorithms in this section follow the idea of the greedy algorithm widely used in the reduced basis
community. A large sample space Zian of the variable s or the vector of parameters pu, covering the whole
interesting frequency/parameter domain, must be initially given. During each step of the algorithm, a point §
or fi in Eyain, which causes the largest error (indicated by the error bound A(s), Ag(s) or Ag(n)), is chosen
as the next expansion point. The process continues until the largest error among all the samples in Ziain is
smaller than an acceptable error tolerance e, for the reduced-order model.

Algorithm 1. Automatic generation of the reduced-order model by adaptively selecting expansion points § for
non-parametrized LTT systems.

Require: Initial expansion point: §; Zirain: a large set of samples of s, taken over the interesting frequency range.
Ensure: V, W.

LW=[V=I[;

2: Set e(> €t01);

3: while € > €401 do

4 range(Vs) = Kqr1(Ep(3), B(5));
5. range(Ws) = Kqy1(Ee(5), C(39));
6:  V =orth{V,Vi}; W™ =V;

7. W =orth{W,Ws}; V& = W;
8 §=arg max A(s) (or Ay(s));

SE€EE¢rain
9: &= A(8) or (Ay(3));
10: end while.

Remark 7.1. Petrov—Galerkin projection with W # V is used in Algorithm 1. One can certainly use only V
to get the reduced-order model, which reduces to the Galerkin projection method in [38]. It is discussed in [3§]
that by using the Galerkin projection, the reduced-order model preserves the passivity of the original system,
which is an important property in circuit simulation. To compute the error bound A, (s), W V4% are needed.
In the algorithm, we use W9 =V and V¥ = W, such that the second part |e(s)| in the error bound reduces
to zero. However, as is discussed at the end of Section 4, if for Galerkin projection where only one projection
matrix V% is needed for the dual system, it is preferred to use

range(Vi") = Kq41((Ee(3)), C(3)), (7.6)

for a chosen expansion point §, rather than V% =V, i.e. V9 should be computed based on the trajectory of
the state % of the dual system.

In the following, we consider an algorithm for parametrized LTI systems. Since the multi-moment match-
ing PMOR method in Section 7.1.2 is a Galerkin projection method. We use also Galerkin projection in the
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algorithm, though the algorithm can be straightforwardly extended to any other Petrov—Galerkin methods.
From (7.5), we see that the reduced-order model depends on the expansion points y;,i = 0,...,m. Algorithm 2
adaptively chooses the multiple expansion points, which cause the largest errors at the subsequent iteration steps.
The next expansion point /i = (fi1, ..., fip) is chosen as the point at which the current reduced transfer function
H (1) has the biggest error measured by the error bound Ag,(u). The projection matrices for the dual system
at a particular expansion point [ are chosen as Wg“ = fo“ = span{Rg“, R Rg“}ﬂ, where Rg“, e Rg“ are
composed of the moment matrices of the dual system, and are defined analogously as for Ry, ..., Rq in (7.3). In
particular, R}i“ = [M™R;_1,...,MMR;_1],j =1,...,q. R* = [G*(2)] ' (=C*(n)), and M = [G*(p)] ' ET,
1=1,...,p.

Algorithm 2. Automatic generation of the reduced-order model by adaptively selecting expansion points i for
parametrized LTT systems.
Require: Initial expansion point: [i; Sirain: a large set of samples of p, taken over the interesting range of all the
parameters pi,..., fp.
Ensure: V,W.
LW=[;V=I;
2: Set e(> €401);
3: while € > ¢, do

4: Vi =span{Ro,...,Rq}p;
5.V =orth{V,V,}; W =V,
6: ﬂd“ = span{RS“, cee RZ“}ﬂ;
7. Vdu — orth{Vd“, V;{iu}’ W(iu — Vdu;
8: f=arg max Ag(u);
HEZtrain
9: &= Ag(p);

10: end while.

Remark 7.2. Note that the dimension of the training set Sy ain in Algorithm 2 may grow exponentially with
the number p of the parameters in p € RP if the tensor product sampling approach is used. However, one can
use sparse grids or other adaptive sampling techniques [15,27,47] to avoid the exponential growth. Nevertheless,
suffering from curse of dimensionality is a common problem with almost all PMOR methods and algorithms.
Furthermore, the error of the reduced-order model computed by Algorithm 1 and Algorithm 2 cannot be
guaranteed to be below ey, everywhere in the frequency/parameter domain, but just at the samples of the
frequency /parameters in =y ain, at which the error bound is evaluated.

8. SIMULATION RESULTS

In this section, we use four examples exhibiting different properties to show the performance of the error
bounds. Three of them are non-parametrized LTI systems. The last example is a parametrized LTI system with
four parameters. We use Galerkin projection W =V to get the reduced-order models for all the examples. Note
that in the following, complex samples of s are included in Sy, of Algorithm 1 and Algorithm 2, leading to
a complex V. To obtain real reduced-order matrices, we use V= {Re(V),Im(V)} to transform V' into a real
matrix.

When computing A, (s), the projection matrix V¥ for the dual system is computed by (7.6). When computing
A(s), we take A = I, such that the norm || -|| ; reduces to the standard 2-norm. In this case, the two coefficient
vectors &P7, €% equal to the two residuals, therefore, there is no need to solve the two linear systems in
Section 5.1.2.

The error bounds derived in the above sections are designed for the absolute error, e.g. e () = |H (1) — H (1))
for a SISO system. In the following results, we also show the performance of the error bound for the relative
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TABLE 1. Spiral inductor, i1 = 1073, n = 1434, r = 24.

Iteration 3/(2my) Emax AT¢(3)
1 1 0.23 1.86 x 10*
2 1 x 10%° 0.04 2.85 x 103
3 4%x107  6.6x107° 0.3
4 380 x 108 4x107®% 35x107*

error defined as ™ (p) = e /|H(p)|. Accordingly, A™ (1) = A(p)/|H(p)|, AP () = Ay(w)/1H ()| are used as
the error estimates for the relative errors, since H(u) is never computed in practice.
For a MIMO system, the true error is firstly defined entry-wise, then the maximum is taken, so that *(u) =

max | Hy;j (1) — Hyj ()| is the absolute true error, and £'°(u) = max is the relative true error, i =
1] 3

[Hij ()]
1,...,mi,j=1,...,ma. The error bound for the absolute error is already defined in (3.29), A(p) = max A;;(p).
ij
The error bound for the relative error is defined as A™(u) = max % The same definitions also apply to
17 ij (K

Ag(p). For both SISO and MIMO systems, when there are no parameters, 1 = s in the error bounds as well as
in the true errors.
At each iteration step of Algorithm 1 and Algorithm 2, the maximal error bound in =iy, is computed, and

is used as the error bound for the reduced-order model. Therefore, the maximal true error €2° = max *(u;)
i €E
or 1o = ;rzng}é £ (u;) is used for a comparison. In the following, = in the definitions of €2 or £, may

refer to Etjmin or I, =1,2,3,4. When the error bound for H () of the reformulated reduced-order model

in Section 6 is studied, the corresponding true errors are denoted by £2 and ¢, respectively.

8.1. Results for A(s)

The two non-parametrized LTI systems involved in this subsection are in the form of (2.4), and have symmetric
positive definite matrix E and symmetric negative definite matrix A. One is a SISO system, a PEEC model of
a spiral inductor. The other is a single-input, multiple-output (SIMO) system, the model of an optical filter.
They can be found in the Oberwolfach MOR benchmark Collection”. The model of the spiral inductor is of
size n = 1434, and the size of the optical filter model is n = 1668. There are 5 outputs for the filter model.
The working frequency range for the spiral inductor is f € [0, 10GH z], numerically f € [0,10'°]. The optical
filter is assumed to work in the range of f € [0, 1K Hz|, numerically f € [0,10%]. For each example, the variable
s = 2myf is sampled in the above frequency interval to form the sample space =i iy in Algorithm 1.

8.1.1. Example 1: The spiral inductor

For this example, we take the sample space as:

St {51 = 20 fi = 1097190 = 1, 1000 |
Z} - The first 6 moments (¢ = 5 in Algorithm 1) are matched for each chosen
expansion point §. The initial expansion point is taken as § = 2wy f = 27y, with f = 1. Three more expansion
points are adaptively selected by Algorithm 1. Finally, a reduced-order model of order r = 24, and with sufficient
accuracy, is derived. The results are listed in Table 1. A™(8) in the table is the relative error bound at the selected
expansion point §, which is also the maximal error of the reduced-order model in =}, estimated by A™(s).
ere . is the true maximal relative error of the reduced-order model in =L, , at the current iteration step. The
final reduced-order model is obtained at the last iteration step, and this is also the case for the results in all

where s; are the samples in

TURL: http://portal.uni-freiburg.de/imteksimulation/downloads/benchmark.
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TABLE 2. Spiral inductor, i1 = 1073, n = 1434, r = 24.

Iteration  §/(2my) €2 A(8)
1 1 0.02 252.8
2 14 x 10" 19x107* 2.42
3 1x10° 36x107% 25x1072
4 1.2x10% 75x107° 92x107°
1078
4 T T T
3 - .
2 - .
1 - .
| | | |

|
ot 10* 10° 107 10°
Frequency (Hz)

FIGURE 1. Spiral inductor, the true relative error over =}

ver"*

the Tables (Figures) below. The data shows that A™(s) is a bound for the true error of the reduced-order
model at all the samples in =, . The results for the absolute error are listed in Table 2, where A(8) has been
demonstrated to be a rigorous bound for €22 . the maximal absolute error of the reduced-order model in =}, .

In Figure 1, we further show that A™(s) can actually bound the true error £'(s) of the final reduced-
order model in the whole frequency range. That means, if we use more densely distributed samples, e.g., 2000
exponentially distributed samples,

sﬁgr;{si::2wlﬁ,i::1,“.,2000,fi::10“/”m)}

to represent the whole interesting frequency interval [0,10°], the errors of the reduced-order model at those
sample points are still smaller than A™(3) = 3.5 x 10~* at the last iteration step in Table 1, which is the error
bound for the final reduced-order model.

Similar results can be given by the absolute error bound A(s), and will not be repeated.

It is interesting to see that the training sample space Ziain does not have to be too rich. If 2000 samples are

taken to form the training space (instead of the previously used 1000 samples in =}, ):

sk {fi = 1007290 s = 9myfi i =1, 2000}

—train
the results in Tables 3 and 4 are the same as those in Tables 1 and 2.

8.1.2. Example 2: The tunable optical filter

The second example is a SIMO system, so the definitions for true errors and the error bounds of the MIMO
systems are used.
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TABLE 3. Spiral inductor, e = 1073, r = 24, Etr;';}ll;
Tteration 5/(2my) Eroax A*(8)
1 1 0.23 1.86 x 10*
2 1 x 10%° 0.04 2.85 x 10°
3 4 x 107 6.6 x 107° 0.3
4 3.80 x 105 4x107% 35x107¢

—rich;

TABLE 4. Spiral inductor, et = 1073, 7 = 24, {00

Tteration  §/(2my) €% A(38)
1 1 0.02 252.8
2 14x 107 1.9x107* 2.42
3 1x10° 36x107% 25x1072
4 12x10% 75x107° 9.2x107°

TABLE 5. Optical filter, ¢, = 1073, n = 1668, r = 12.

Iteration  §/(2my) Emax A(8)
1 1 2.5 3.2 x 10°
2 966 3.8 x 1073 21.1
3 4624  3.4x107° 0.17
4 676 48x107% 7.9x1072
5 1884 93 x107% 87x107*

For this example, we choose 600 sample points in the interesting frequency interval f € [0,10°] to form the
sample space,
=2 {fi —100/200) 5. — 9myfsi=1,... ,600}.

—train

Finally, 121 samples are selected as the expansion points. The reduced-order model is of order r = 12. In
Algorithm 1, we take g = 1, i.e. the first 2 moments are matched for each expansion point.

The dashed line in Figure 2a shows the absolute error bound A(8) at each of the selected expansion points §,
which bounds the true maximal absolute error 2%, plotted by the solid line.

In order to validate the error bound, the true errors £%°(s) of the final reduced-order model at more dense

sample points are plotted in Figure 2b. There are 2100 exponentially distributed sample points taken in [0, 103]:
Sl {fi =100/700) g, = 2n\/=1f;i=1,.. .,2100}.

The true error at each sample point is also below the error bound at the final iteration step in Figure 2a.
The results of the relative error bound A'™(s) are presented in Table 5. Here the final reduced-order model
with good accuracy is obtained within 5 iteration steps, and 5 expansion points s are used.

8.2. Results for Ay(s)

We use the model of an interconnect® to demonstrate the behavior of A,(s). The model is a non-parametrized
LTI system in (2.4), and is of size n = 6134. Since the matrix F is singular, the error bound A(s) is not valid
anymore. The interesting frequency range is f € [0,3GHz], i.e. f € [0,3 x 107].

8The detailed description for the example can be found in [20].
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FIGURE 2. Optical filter, ¢ = 1, g1 = 1073, n = 1668, r = 12.

TABLE 6. RLC tree, €01 = 1073, n = 6134, r = 24.

Iteration 5/(2my) €. Ag(3)
1 0 0.3916 2.93 x 10°
2 3.0000 x 10° 5.4495 x 10™*  3.93 x 10°
3 1.7665 x 10°  4.1075 x 1078 31.54
4 1.1146 x 10°  4.1076 x 1078 3.11
5 2.1733 x 10°  4.1073 x 1078 0.23
6 2.4385 x 10° 4.1070 x 1078 3.3 x 1073
7 0.3525 x 10°  4.1077 x 107®  6.64 x 1078

TABLE 7. RLC tree, eqo1 = 1073, n = 6134, r = 26.

Tteration 5/(2my) Eroax AL (3)
1 0 1.25 6.07 x 107
2 2.67 x 10°  1.4660 x 107*  6.08 x 10*
3 1.77 x 10°  3.3174 x 1078 22.69
4 9.27 x 10 3.3161 x 1078 8.23
5 3.00 x 10°  8.7115 x 1071 1.47
6 1.34 x 10°  8.7809 x 10~ 1° 1.32
7 3.44 x 108 8.6021 x 1071%  9.70 x 10~¢

A training sample space containing 900 samples,

=3 {fi — 3% 10W/100) g — 97y f, i = 1,...,900},

—train

2151

is used to compute the expansion points. We take ¢ = 5 in Algorithm 1. The simulation results of Ay(s) and of
AP (s) are listed in Table 6 and Table 7. A reduced-order model is successfully found by using either Ay(s) or
AYe(s) after 7 iteration steps.
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FIGURE 3. RLC tree, the true absolute error over =3,
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ith expansion point

FIGURE 4. RLC tree, the behavior of AJ(s) with V% =V,

To test the rigorousness of the error bound A,(s), we plot in Figure 3 the true absolute errors of the final
reduced-order model at 2700 exponentially distributed samples in f € [0,3 x 10°]:

Eiﬁ{ﬂ:SX1Nmm%&:2mﬂqﬁjzlw”ﬂﬂm}
The errors are all below the error bound A, (8) = 6.64 x 10~ in Table 6, the error bound for the final reduced-
order model derived at the last iteration step.

It is analyzed at the end of Section 4 that for Galerkin projection, the error bound A,(s) using V4 computed
from (7.6) should perform better than the error bound, say Ag(s), using V% = V. Here we show the behavior of
AY(s) in Figure 4. With the same inputs for Algorithm 1, we compare A (s) in Figure 4 with A,(s) in Table 6.
It is obvious that A)(s) decreases much slower than Ag(s). Using A,(s), the algorithm constructs the final
reduced-order model within 7 iteration steps; while using Ag(s), it takes 84 iterations. It is observed that the
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residual of the dual system ||r?"||o decreases at least as fast as ||7P"||2 if V9 2 V. However, |[r?“|| stagnates
at around O(1) for the case V9% =V, while ||rP"||2 keeps decreasing.

8.3. Results for Ag(p) and A, (p)

In this subsection, we show the behavior of the error bounds A, (u) and A,(u) in Theorem 4.1 by using the
parameterized system for a MEMS model, Butterfly Gyroscope ?, as an example. It is of the following form

M(d)i + D0, o, 8,d)E + T(d)x = Bu(t),
y = Cux.

Here, M(d) = (Ml + dMQ), T(d) = (Tl + éTg + dT3), D(Q,O[,ﬁ,d) = 0(D1 + dDQ) + aM(d) + ﬂT(d) S Rnxn’
n = 17,913. The parameters are d, 6, a, 3.
After Laplace transform action, the system in frequency domain is

s?M(d)x + sD(0,, B,d)x + T(d)x = Bur(s),
y = Cux.

The above system can be rewritten into the affine form,

G(p)z = Bug(p),
y = Cz,

where G(,u) =T1+ i My + poMs + pus D1 + pa Do + s My + pe Mo + p7Th 4 psTo + pols + p10T2 + p1173. Here
= (p1,...,p11)7 includes the newly generated parameters, ju; = s2, us = s2d, pz = s6, pg = s6d, ps = sa,
pe = sad, pr = 883, ug = sB/d, po = spd, p1o = 1/d, p11 = d.

The transfer function of this system is of very small magnitude, which is in the interval [1077,107%] [21].
Therefore, the tolerance e, for the absolute error of the reduced-order model is assigned a small value e, =
10~7. The tolerance et for the relative error is taken as ¢ = 1072.

=4

For this example, the training sample space is taken as =f,,;,:
{3 random 6 € [1077,107°], 10 random s, 5 random d € [1,2],and a = 0,3 = 0} .

The frequency range for s = 2myf is f € [0.025,0.25]K Hz, numerically f € [25,250]. There are totally 150

samples of u = (p1,...,p11). It is indicated in [46], that @« = 0 and 8 = 0 do not affect the accuracy of the

reduced-order model, therefore they are taken as zeros in S, .

8.3.1. Behavior of Ay(p)

Figure 5 shows the error bound Ay(u) and the true absolute error £28

max

at each iteration step of Algorithm 2.

The plot on the right is the effectivity Agfib(” ), which shows the sharpness of the error bound. It is already below
10 at the final iterations in Algorithm é‘:a)éhowing the error bound is close to the true error. Here Ry, R;, R
in (7.3) are used for each expansion point u’ to generate the projection matrix V, the resulting reduced-order
model is of size 804, where 33 expansion points have been selected.

To further reduce the size of the reduced-order model, one may use only Ry, R; for each p?. The case is shown
in Figure 6. The computed reduced-order model is of a much smaller size r = 210, and 36 expansion points have
been selected.

To verify the reduced-order model obtained by the above two cases,

e Case 1: V,,; =span{Ro, R1, Ra} i,
e Case 2: Vi = span{Ro, R1} 1,

9Benchmark available at http://modelreduction.org.
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FIGURE 5. V)i = span{Ro, R1, Ra},i,i=1,...,33. €401 = 1077, r = 804.
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FIGURE 6. V,,; = span{Ro, R1},i,i=1,...,36, ey = 1077, r = 210.

a much denser sample space is taken as
=4, {5 random 6, 50 random s, 10 random d,and o = 0, 3 = 0}.

There are totally 2500 samples of @ = (u1,...,111). The data of the two reduced-order models are listed in
Table 8. In the table, A, (ufi"2!) is the value of the error bound Ay (u) at the expansion point pfina! selected by
Algorithm 2 at the final iteration step, which is the error bound for the final reduced-order model. The true
error of the reduced-order model is very close to but below A(uf"®) in each case, indicating that the error
bound is both rigorous and sharp. The number of iterations indicates the total iteration steps implemented in
the greedy algorithm. To evaluate the transfer function over =2 , one needs 1295 seconds if the reduced-order
model of size 804 is used. Instead, only 29 seconds are needed, if the reduced-order model in the second case is
used.

The relative error bound AgF(u) behaves as well as the absolute error bound. The corresponding results in
Figure 7 are computed using Ry, R; for each expansion point. The reduced-order model is of order » = 216, and
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TABLE 8. Verification of the final ROMs over =2
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FIGURE 7. V,,; =span{Ro, R1},:, 1 =1,...

Cases  Agy(pfina) Enx iterations ROM size  time
Casel 7.4x107% 1.77x107° 33 804 1295 s
Case2 7.1x107% 1.4x107° 36 210 29 s
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.34, g4 = 1077, 7 = 429.

39 expansion points have been selected after 39 iterations. The figure again shows the robustness of the error

bound.

8.3.2. Behavior of Ag(u)

In Section 6, we propose a reformulated reduced-order model, whose transfer function is exactly ¢(u), so that

the error bound for the transfer function of the reformulated reduced-order model is Ay (u). Figure 8 shows the
decay of ANg(u) with the iterations in the greedy algorithm, Algorithm 2. When compared to the error bound
A,(p) for the reduced-order model in (6.4), the error bound A, () for the reformulated reduced-order model
is sharper. When A~g () is used in the greedy algorithm, there are 34 iterations used, instead of 36 iterations
for Ay(p), shown in Figure 6. However, the difference is not that big. The big difference is the size of the
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TABLE 9. CDplayer, €0 = 1073, ¢ = 5, r = 60.

iteration  §/(2my) Emax AT (8)
1 0 61.02 8.3 x 10°
2 3.61 28.43 2.10 x 10°
3 48.8 8.88 3.86 x 10°
4 11.8 0.74 513.7
5 94.4 0.73 199.6
6 615 0.0019 0.27
7 482 9x 1074 0.02
8 1000 44 x107° 1.27x 1074

reduced-order models. The reformulated reduced-order model is of size r = 429, while the reduced-order model
obtained using Ag(u) is of size r = 216.

8.4. Sharpness of the error bounds

It can be seen that for the examples studied, the error bounds A(s) and Ay (s) are not sharp at most iterations
of the greedy algorithm. One key reason might be the values a(s), 7(s) in the denominator of A(s), and the value
B(s) on the denominator of A,(s) are too small. In Section 8.1, a(s) is around O(107?) and ~(s) is at O(10713)
for the second example, the optical filter. For the first example, the spiral inductor, y(s) is at O(10~*?), though
a(s) is around O(1073).

In Section 8.2, 3(s) in Ay(s) is around 1 x 10~%. If we use another example to check Ay(s), it behaves much
better. The example is a model of a CD-player, of size n = 120. We use a sample space of 200 samples:

Elrain = {si =27y _1fzvfz € [03 1000]31 =1,.. 7200}3

in Algorithm 1. Here f; are logarithmically equally spaced points generated using the command
logspace(0,3,200) in MATLAB. It is observed that the values of 3(s) at all the samples of s are between 0.2
and 700. The decay of the error bound Ag,(s) with the iterations in the greedy algorithm is listed in Table 9.
Compared with the results of A,(s) in Table 7, the error bound is much sharper.

Notice that in the beginning, either the error bound A,(u) or A,(u) for the parametrized LTI systems
is actually not sharp at all, this is also because the smallest singular value §(u) of the matrix G(u), which
appears in the denominator of the error bound, is very small, around O(10~%). With the iterations in the greedy
algorithm going on, the two residuals in the numerator decrease very fast, so that the error bound quickly
becomes much sharper.

It should be pointed out that the greedy algorithm is used to construct the reduced-order model, hence
the final reduced-oder model is only available at the last iteration step of the algorithm. The reduced-order
models at the intermediate iterations are less important than the reduced-order model at the final iteration
step. What does matter is that the error of the finally derived reduced-order model is not only below the
acceptable tolerance eio1, but also closely estimated by the error bound. Therefore, the sharpness of the error
bound at the last iteration step is of most importance.

9. CONCLUSIONS

In this work, we proposed some a posteriori error bounds for reduced-order modeling of linear (parametrized)
systems. The error bound A(s) for non-parametrized first-order LTT systems with symmetric negative definite A
and symmetric positive definite ' can be cheaply computed, so that the reduced-order model can be constructed
efficiently. Computation of the error bound A, () requires solving an eigenvalue problem for each sample in the
training sample space. More efficient and robust methods for computing or estimating Ag(u) will be studied
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in the future. The error bounds are rigorous. The sharpness of the error bounds depends, nevertheless, on the
properties of the system matrices. It is demonstrated that with the guidance of any of the proposed error bounds,
the reduced-order models computed with moment-matching MOR, methods can be generated automatically and
reliably. It is possible that the error bound A(p) or Ay(p) may realize automatic implementation of other MOR
methods which are based on approximation of the transfer function.
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