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Abstract: The topic of convex and nonconvex mapping has many applications in engineering and
applied mathematics. The Aumann and fuzzy Aumann integrals are the most significant interval and
fuzzy operators that allow the classical theory of integrals to be generalized. This paper considers the
well-known fuzzy Hermite-Hadamard (HH) type and associated inequalities. With the help of fuzzy
Aumann integrals and the newly introduced fuzzy number valued up and down convexity (UD-
convexity), we increase this mileage even further. Additionally, with the help of definitions of lower
UD-concave (lower UD-concave) and upper UD-convex (concave) fuzzy number valued mappings
(FN'VMs), we have gathered a sizable collection of both well-known and new extraordinary cases
that act as applications of the main conclusions. We also offer a few examples of fuzzy number
valued UD-convexity to further demonstrate the validity of the fuzzy inclusion relations presented
in this study.

Keywords: fuzzy number valued mapping; fuzzy Aumann integral; up and down convex fuzzy
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1. Introduction

Many fields make use of the convexity of functions such as game theory, variational
science, mathematical programming theory, economics, and optimal control theory. Convex
analysis, a brand-new mathematics branch, started taking shape in the 1960s. Many writers
have employed related concepts of convexity during the past 20 years and generalized other
inequalities, including h-convex functions (see References [1-10]), log convex functions (see
References [11-19], and coordinated convex functions (see References [20,21]). Convexity
is a fundamental term in optimization theory applied in operations research, economics,
control theory, decision-making, and management. Several writers have expanded and
generalized integral inequalities using various convex functions; see Refs. [22,23]. For more
information, see [24-33] and references therein.

Calculating mistakes in a numerical analysis has always been difficult. The interval
analysis has received a lot of attention as a novel method for resolving uncertainty issues
because of its capacity to reduce calculation errors and make calculations meaningless.
Set-valued analysis, a set-centric approach to mathematics and topology, includes interval
analysis. It deals with interval variables rather than point variables, and the computation
results are expressed as intervals; therefore, it removes mistakes that lead to incorrect
conclusions. Moore [34] first adapted an interval analysis to automatic error analysis to
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deal with data uncertainty in 1966. The work garnered a lot of attention from academics
and led to an improvement in calculation performance. They are helpful in many applica-
tions because of their capacity to be expressed as uncertain variables, including computer
graphics [35], automatic error analysis [36], decision analysis [37], etc. There are numerous
great applications and results for readers interested in interval analysis in other branches
of mathematics; see References [38-53].

On the other hand, a generalized convexity mapping has the potential to solve a wide
range of issues in both a nonlinear and pure analysis. Recently, well-known inequalities
such as Jensen, Simpson, Opial, Ostrowski, Bullen, and the famous Hermite-Hadamard
that are extended in the setting of interval-valued functions (IVM) have been constructed
using a variety of related classes of convexity. Chalco-Cano [54] established interval-based
inequalities for the Ostrowski type using a derivative of the Hukuhara type. Opial-type
inequalities for IV Ms were developed by Costa in [55]. The Minkowski inequalities
for IV Ms were one of the inequalities suggested by Beckenbach and Roman-Flores [56].
According to the literature assessment, the majority of authors used an inclusion connection,
similarly to in 2018, to evaluate inequality. These inequalities were created by Zhao et al. [57]
for the harmonic h-convex IV Ms and the h-convex IV Ms. The authors who came after
used both harmonical (h1, hp)-convex functions and (h1, hp)-convex functions to create these
inequalities; for more information, see Refs. [58-75].

Using the radius and interval midpoint, Bhunia and his co-author defined the center-
radius order in 2014; see Ref. [76]. The following findings for the cr-h-convex, harmonically
cr-h-convex, and cr-h-GL functions were developed in 2022 by Wei Liu and his co-authors;
see References [77-88]. Our examination of the literature showed that inclusion and
fuzzy inclusion relations are the main sources of the majority of these discrepancies. The
fundamental benefit of the up and down fuzzy relation for up and down functions is
that the inequality term generated by employing these conceptions is more exact, and the
argument’s validity can be supported by intriguing examples of illustrated theorems. For
further study related to interval-valued functions and fuzzy mappings, see [89-111].

This study provides an introduced class of convexity based on the fuzzy inclusion
order and is known as UD-convex FNVMs, and is inspired by Refs. [56,57]. We create
new H.H. inequalities with the aid of these innovative ideas, and eventually, the Jensen
inequality is developed. The study includes a variety of examples to help bolster the results
reached.

The article is formatted as follows, in order: Section 2 gives some background informa-
tion. Section 3 each provide an overview of the primary conclusions. A succinct conclusion
is explored in Section 4.

2. Preliminaries

We recall a few definitions, which can be found in the literature and that will be
relevant in the follow-up.

Let us consider that X, is the space of all closed and bounded intervals of R, and that
S € X, is given by

S=1[S., ST={weR|S, <w<S S, SR}, 1)

If S = &%, then S is degenerate. In the follow-up, all intervals are considered non-
degenerate. If S, > 0, then S is positive. We denote by X = {[S,, §*] : [S«, $*] € X,
and S, > 0} the set of all positive intervals.

Let® € R and ® - § be given by

[@S,, ®S*|if® >0,
®-S={ {0} iffe=0, )
[0S*, 08,]if® < 0.
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We consider the Minkowski sum, § 4+ O, product, S x O, and difference, O — S, for
S,0 eX,,as

(0., O*] +[S,, 8% = [0 +S., OF +87], 3)
(0., OF] x [S., §*] = [min{O,S,, O*S,, 0.8*, 0*§*}, max{O.S,, O*S,, 0.S*, 0*S*}] (4)
(0., 0°] = [S,, §*] = [0, — S*, 0" —&.]. (5)

Remark 1.
(i) For given [Oy, OF], [Sx, S*] € Ry, the relation “ D1 ”, defined on Ry by
[Sx, 8] 21 [O4, OF]ifand only if S, < O,, O* < §7, (6)

for all [O., OF], [S«, 8*] € Ry, is a partial interval inclusion relation. Moreover, [S., S*] DO
[0y, OF] coincides with [S«, S*] D [Ox, O*] on Ry. The relation “ D1 ” is of UD order [105].
(ii) For given (O, O*], [Sk, S*| € Ry, the relation “ <1 ”, defined on Ry by [0, O*] <;
[S«, S*|ifand only if O, < Ss, OF < S§* or O, < Sy, O* < 8%, is a partial interval order
relation. Plus, we have [O., O] <p [S«, 8*] that coincides with [O,, O*] < [S«, S*] on Ry.
The relation “ < ” is of the left and right (LR) type [104,105].
Given the intervals [Ox, O%], [S«, 8*| € X, their Hausdorff~Pompeiu distance is

du ([0, O], [Sk, 8*]) = max{|O, — S|, |O* — S*|}. (7)
We have (X,,dy) that is a complete metric space [94,102,103].

Definition 1 ([93,94]). A fuzzy subset L of R is a mapping S : R — [0,1], a denoted membership
mapping of L. We adopt the symbol to represent the set of all fuzzy subsets of R.

Let us consider S € . If the following properties hold, then Sisa fuzzy number:

(1) S is normal if there exists v € R and S(v) = 1;

(2) S is upper semi-continuous on R if for a o € R there exists ¢ > 0 and § > 0 yielding
S(w) — S(y) < eforall y € R with [0 —y| < &;

() S is a fuzzy convex, meaning that S((1 — ®)w + ®y) > min (g(m), g(y)), for all
w,y € R,and @ € [0, 1];

(4) S is compactly supported, which means that cl{m € R‘ S(t) >0} is compact.
The symbol , will be adopted to designate the set of all fuzzy numbers of R.

- ~ 19 ~
Definition 2. ([93,94]). For S € ,, the o-level, or o-cut, sets of S are {S} = {m € R’ S(m)>a}
10 ~
forall e € [0, 1], and [s} = {m € R‘ 5(m)>0}.
Proposition 1. ([96]). Let §, 0Oc o. The relation * <y ”, defined on , by

~ ~ Y} 19
S <g O when and only when [S} < [(’)} , for every o € [0, 1], (8)

is a LR order relation.

Proposition 2. ([79]). Let §, Oc o. The relation * Dy ”, defined on , by

~ ~ 49 19
S DO O when and only when [S} O [(9} , for every o € [0, 1], 9)

is an UD order relation.
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If S,0 € ,and ® € R, then, for every ® € [0, 1],

520" =[] +[o]". o
s00]"=[5]"«[0]", (1)
[008]" =.[5]" (12)

result from Equations (4)—(6), respectively.

Theorem 1 ([94]). For S, O € ,, the supremum metric

12(8, 0) = sup dH<[§}9, [@f) 13)

0<9<1

is a complete metric space, where H stands for the Hausdorff metric on a space of intervals.

Theorem 2 ([94,95]). If H : [b,z] C R — X, isan IV M satisfying H(w) = [H«(w), H*(10)],
then H is Aumann integrable (IA-integrable) over [b, z] when and only when M. (o) and H*(w)
are integrable over [b, z|, meaning

(IA)/:H(m)dm: /bz’}-[*(m)dm, /sz*(m)dro (14)

Definition 3 ([104]). Let H:TC R — , be a FN'VM. The family of 1V Ms, for every o €
[0, 1], is Hy : 1 C R — X, satisfying Hg(0) = [H«(w,9), H*(w,9)] for every vo € I. For
every ® € [0, 1], the lower and upper mappings of Hg are the endpoint real-valued mappings
Hi(-,0), H*(-,0): I — R.

Definition 4 ([104]). Let H:I C R — , bea FN'VM. Then, ﬁ(m) is continuous at ro € I,
if for every ® € [0, 1], Hg (1) is continuous when and only when H. (o, ®) and H*(w, ®) are
continuous at w € L.

Definition 5 ([95]). Let H:[b,z] CR =, bea FNVM. The fuzzy Aumann integral (FA-
integral) of H over [b, z] is

[(BA) [} H(w)dw]® = (14) [} Ho (w)dw = { [ H(w,0)dwo : H(w,0) € S(Hp)},  (15)

where S(Hg) = {H(.,®) — R: H(., 9) is integrable, and H(w,®) € Hg(w)}, for every o €
[0, 1]. Moreover, H is (FA)-integrable over [b, z] if (FA) [ H(w)dw € ,.

Theorem 3 [96]. Let H : [b, z] CR — , be a FN'VM, whose o-levels define the family of
IVMs Hg : [b, z] C R = X, satisfying Hg(w) = [H+(w,9), H*(10,9)] for every w € [b, z]
and o € [0, 1]. H is (FA)-integrable over [b, z] when and only when H. (ro,®) and H* (v, o) are
integrable over [b, z]. Moreover, if H is (FA)-integrable over [b, z], then we have

{(FA) /bzﬁ(m)dm}a = [/: H (10, 9)do, /: H*(m,a)dm] = (IA) /bz He(w)dro  (16)

for every ® € [0, 1].
Breckner discussed the coming emerging idea of interval-valued convexity in [97].
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Anl.V-MH :1=1[b, z] = &, is called convex I.V-M if
H(ow + (1 —o)s) D oH() + (1 —®)H(s), (17)

forallw, y € [b, z], ® € [0, 1], where X, is the collection of real-valued intervals. If (17) is
reversed, then H is called concave.

Definition 6 ([89]). The FN'VM H : [b, z] — , is called convex FN'VM on [b, z] if
H(ow +(1-@)s) <p @ @ H() ® (1 - @) ©H(s), (18)

forallw, s € [b, z], ® € [0, 1], where ﬁv(m) >p 0 forall w € [b, 2]. If (18) is reversed, then
H is called concave FN'VM on [b, z|. H is affine if and only if it is both convex and concave
FNVYM.

Definition 7 ([105]). The FN'VM H : [b, z] — , is called UD-convex FN'VM on [b, z] if

H(ow + (1—0)s) Jp o O H() & (1 — o) @ H(s), (19)

forallvo, s € [b, z], ® € [0, 1], where ﬁ(m)~21p 0 for all vo € [b, z]. If (19) is reversed then,
H is called UD-concave FN' VM on [b, z]. H is UD-affine FN'VM if and only if it is both
UD-convex and UD-concave FN' VM.

Theorem 4 ([105]). Let H : [b,z] — o be a FN'VM, whose o-cuts define the family of inteval-
valued mappings Hg : [b,z] — X0 C X, are given by

Ho () = [H(w,8), H"(w,0)], (20)
forall w € [b,z] and for all ® € [0, 1]. Then, H is UD-convex FN'VM on [b,z|, if and only i,
forall ® € [0, 1], H+ (1, ®) is a convex mapping and H* (v, ©) is a concave mapping.

Remark 2. If H,(w,9) # H*(w,9) and ® = 1, then we obtain the inequality (17).

If H.(v,9) = H*(t0,9) and ® = 1, then we obtain the classical definition of convex
mappings.

Now we have obtained some new definitions from the literature which will be helpful
to investigate some classical and new results as special cases of main results.

Definition 8. ([79]). Let H : [b,2z] — , be a FN'VM, whose o-cuts define the family of 1V Ms
He : [b,z] = Xt C X, are given by

He () = [H(w,8), H"(w,0)], (21)

forall w € [b,z] and for all © € [0, 1). Then, H is lower UD-convex (concave) FN'VM on [b,z],
if and only if, for all ® € [0, 1], H«(w, 9) is a convex (concave) mapping and H*(r, 9) is an
affine mapping.

Definition 9. ([79]). Let H : [b,2] — , be a FN'VM, whose o-cuts define the family of 1V Ms
He : [b,z] = Xt C X, are given by
Ho () = [H(w,8), H"(w,0)], (22)

for all w € [b,z] and for all ® € [0, 1]. Then, H is upper UD-convex (concave) FN' V.M on
[b, z], if and only if, for all ® € [0, 1], H. (v, ) is an affine mapping and H*(w, ®) is a convex
(concave) mapping.
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Remark 3. Both concepts “UD-convex FNVM” and classical “convex FN VM, see [41]”
behave alike when H is lower UD-convex FN VM.

3. Fuzzy Number Hermite-Hadamard Inequalities

In this section, we propose Hermite-Hadamard and Hermite-Hadamard—-Fejér in-
equalities for UD-convex FN'VMs, and verify with the help of nontrivial examples.

Theorem 5. Let # : [b, z] — , be a UD-convex FN'VM on [b, z], whose o-cuts define the
family of IVMs Hg : [b, z] CR — X, are given by Hg(w0) = [H(10,9), H*(w, )] for all
w € [b, z] and forall o € [0, 1]. If H € FA, 1), o), then

ﬁ(b;z) QFZibG(FA)/:ﬁ(m)dm O w. 23

If H () concave FN'VM, then (23) is reversed.

Proof. Let # : [b, z] — , be a UD-convex FN'VM. Then, by hypothesis, we have

27—7([)—2'—2> Dp H(@b+ (1 —@)z) @H((1 — @)b + 0z).

Therefore, for every ® € [0, 1], we have

2

2H*<b+2’ 9) SHi(@b+ (1 -@)z, 9) + Hi((1 - ®)b+ @z, 9),
zH*(bIZ, 9) > H* (@b + (1 - @)z, 8) + H*((1 — ®)b + @z, 9).

Then
2 [, m(bgz, a)dco < i Ho(@b + (1 - @)z,0)do + [} H.((1 - @)b + @z, 8)do,
2f01 H* (b ;Z,9>dm > fol H*(@b+ (1 — @)z, 8)do + fol H*((1-®)b + oz,9)d®.
It follows that otz ) ]
Ho( 5 2) < =5 Jy Halw, 0)dwo,
H* %, o) > ﬁ Jo H*(w, 9)dro.
That is
{7—&(6—2’_2, 8>, H*(bgz, 9)} 21 zib [/:”H*(m, 9)dro, /bz”;’-[*(m, a)dm}.
Thus,
ﬁ(b;z) S Zib @(PA)/b 7 ()dro. (24)

In a similar way as above, we have

1
Z_

;@ (FA) [ (o) 2 Hb) © Hz)

(25)

Combining (24) and (25), we have

ﬁ(bzz) o 4 © (F4) [ Hw)dw 2 b @ He)
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Hence, the required result. [
Remark 4. The following are some exceptional cases which can be obtained from inequality (23):

If one lays H is lower UD-convex FA'VM on [b, z], then one acquires the following
coming inequality, see [90]:

(26)

If one takes H is lower UD-convex FN' VM on [b,z] and ® =, then one achieves the
following coming inequality, see [98]:

H(b;rz> S /:H(m)dm < w @7)

Let 8 = 1. Then, from Theorem 5, we acquire the following inequality, see [99]:

’H(b;rz) Qﬁ(IA)/:H(m)dmgw_ 8)

Let® = and H.(tv, ®) = H* (o, ®). Then, from Theorem 5, we achieve the classical
Hermite-Hadamard inequality.

Example 1. Let o € [2,3], and the FNVM H : [b, z] = [2, 3] = ,, defined by

1 _
= 1
0—2+t2 = ]
—— f e ,
1
1—1m2 -
H(r)() = 1 1 (29)

242 -0 =
ﬂ'% 6 c 3,2+m2],

w2 —1
0 otherwise,

Then foraxho € [0, 1], wehwe Ho (10) = [(1- ) (210 ) +30,(1—0) (2+ 1) +30].
Since left and right end point mappings H.(w,9) = (1 —9) (2 - m%) + 39, and H*(w, 9) =
(1—9) (2 + m%) + 39, are convex and concave mappings, respectively, for each ® € [0, 1], then
H(w) is UD-convex FN'VM. We clearly see that H € L([b, z],,) and

’H*<b+z, 9> —’H*(;, 9) = (1—9)747\@—%39,

2 2
H*(b;Z, 9> —’H(g a> :(1_9)“2\@%9.
Note that
1 z 3 1
— /b .. (v, 9)dm:/2 ((1-9)(2—w?) +30)dw ~ 04215(1 — ») + 39,
1 2 3 1
"> /b H* (1o, a)dm:/2 ((1+9)(2+m7>+3s>dmz3.58(1—a)+3a,



Mathematics 2023, 11, 550 8 of 23

and
H(b,0) + Halz, ) :(1_9><4‘ﬁ‘\/§>+39,
2 2
H*(b,8) + H*(z, ®) :(1_a)<4+ﬁ+ﬁ> 3
2 2
Therefore,
[(1_9)4_2‘/E +3a,(1_a)4+2*/E 1 38| O, [;ﬁ)(l—a)—kf-}s,l;og(l—a)—i-f}a]

21

7

(1—9)(4_\/3_\6> +39,(1—a)<4+[§+\@> + 38

Hence,

7

and Theorem 5 is verified.

Theorem 6. Let # : [b, z] — , be a UD-convex FN'VM on [b, z], whose o-cuts define the
family of IVMs Hg : [b, z] CR — X, are given by Hg(1w0) = [H(10,9), H*(w, )] for all
w € [b, z]and foralle € [0, 1]. If H € FA(y, 1, o), then

ﬁ(b;z) Or % O

1 - © (FA) /:ﬁ(m)dm ¢ Ty Ox w

— . (0)

where

% ) :ﬁ(%z-z) @ r}fl(b-&fz)
2 F T2 2
and il = [‘3:1*, Sl*], T = [Sz*, ‘3:2*].

H(b H(z ] z
g g (g

T =

Proof. Take [b, %} , we have

" 1— )btz 1— btz " _
2H<®b+( . ®)73 +( (D)[’Z-HD 2 )Q]F'}'l(@b—i-(l—co)b—zi_z)@H((l—m)b—i—cob_zi_Z),

Therefore, for every ® € [0, 1], we have

o+ (1-0)" 15 (1-epte’l btz b+

2H, + o <t (ob+(1-0) % o)+ ((1-0p+o’lE o),
2 2 2 2
b+ (1-0) 2% (1-a)pte’l o o

2H* 5 + 5 , ® Z’H*<a)b+(1—m) ,9>+7—[*<(1—(D)b+m 5 ,9>.

In consequence, we obtain
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H*<3b4+z’ 9) ) b+z
2
> g — Jo H (v, ®)d,
H*<3BZ—Z’ o . b+z
2 *
> .
> s o H* (o, 8)dro

That is

{KH*(% 8)’ H*(%‘lj 8)} Sz—b[/b“?{ w, 9)dw, /HZ’H (1o, a)dm]

2

It follows that

In a similar way as above, we have

H(j‘f) Or Zib@(m) / 7 (1) dro.

Combining (31) and (32), we have

[%<3b+z>€a7{<h+3z)} o, 1 o (EA) /Zﬁ(m)dru.

2 T z—D0 b

By using Theorem 5, we have

~(b+z ~(13b+z 1b+3z
A(0r) - m(ARg L),

Therefore, for every ® € [0, 1], we have

b+ 3z

b4z 136+z 1
/8)_7-[* E 4 /8
b+z,9 _ gy 13b—|—z+1'b+3z,8 ,
2 4
1 3b+z b+ 3z
< |z
[ (2 e
1 3b+2z 1 b+ 3z
> - * = *
> 2H< . ,8>+2H( ; )
Sz—bf" (tv, ®)dro
Zz—b [o H*(r, 8)dw,
= %o,
=%,
1[H«(b, ®) + Hi(z, 9) b+z
< Z
-2 2 + e 2 ' °
1[H*(b, ®) + H*(z, 9) b+z
>7 *
=2 2 THA )|

= (Zl*’

(31)

(32)
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1[H(b, ®) +Hi(z, 8) | Ha(b, ®) +Hi(z, 9)
= 2 2 + 2

1[H*(b, &) +H*(z, )  H"(b, 8) +H"(z, 8)
25 5 + 5 ,

_ Hi(b, 8) +Hi(z, )

o 2
_ H*(b, ®) + H*(z, )
— 5 ,

that is

H(b; > or T DF%QU:A)/E] ﬁ(m)dm Or %1 OF w,

hence, the result follows. (J

Example 2. We consider the FNVM H : [b, z] = [2, 3] = , defined by,
He () = [(1 - 9)(2— m%) +39,(1+ a)(Z—i—m%) +3a], as in Example 1, then H () is
UD-convex FN'VM and satisfying (10). We have H,(w, 8) = (1 — a)(Z - m%) + 39 and
H*(ro, 8) = (14 8)<2+ m%> + 39. We now compute the following

H.(b, ®) + Ha(z, 8) _ 4+2s—(1_9)(\@+ \@,)

2
H*(b,0) F H*(z,0) 4100+ (1—1—9)([4_\[)

2 a 2

b+z

+H*( > rS) 8+4a_(1—a)(ﬁ+\@+ﬁx¢§)
- 4

H (b, S);H G, 9%+’H*(b;2, 9) 84200+ (1+9)(V2+V3+ V2 x V5)
2 - 1

Bb—I—z b+ 3z
(P55 0) o1 (T 0) s viin-o)
‘IZ*: - 4

2

(3642 (0432
. H( 1 ’9>+H( Z ’9) 11+ 238 + VI1(1+8)
27 = 2 - 4 ’

H(b, ) +Hi(z, 9)
2

gl* ==

’

T =

Then we obtain that

(1_9)4_ﬁ+3 <5+7a—m<1_a>_2000 o) + 30

(1-
<8+4a—(1—a)(f+\f+ﬁx\f <4 N f)
= 4
(1+9)4+\f+3 >11+23a+\f1+a 2?
B0+ (14 )(xf+\f+ﬁxf)

- 4

+ 39

9)+39
4+\/§+\@> s

> (1+9)

Hence, Theorem 6 is verified.

We now obtain some HH-inequalities for the product of UD-convex FN 'V Ms. These
inequalities are refinements of some known inequalities, see [57].
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Theorem 7. Let H,T : [b, z] = o be two UD-convex FN'VMs on [b, z], whose o-cuts Hg,
Ty : [b,z] C R — A" are defined by Hg(w) = [Hi(w,8), H*(w,0)] and Ty(w) =
[Ti(r,8), T*(tv,8)] forall vo € [b, z] and forall® € [0, 1. f HR® T € FAy, 2, o), then

% ® (FA) /bZ’I-N[(m) ® T(w)dw Dp M(b

(33)

where M(b,z) = H(b) © T(b ) H(z) @ T(z), N'(b,z) = H(b) @ T(z) & H(z) ® T(b), and
Mg (b,z) = [M.((b,2), 8), M*((b,z), ®)] and Ng(b,z) = [N.((b,2), 8), N*((b,2), 9)].

Proof. Since H, T € FA(p, 2)), then we have

Hi(cb+ (1—¢6)z, 8) < cHi(b, 8) + (1 - ) Ha(z, 0),
H (b +(1—¢)z, 8) > ¢H"(b, &) + (1 —g)H*(z, o).

And
Ti(cb+ (1 —¢)z, 8) < cTi(b, ®) + (1 —¢)Tx(z, 9),
T*(gb+ (1 —¢)z, 8) > cT*(b, ®) + (1 —¢)T*(z, o).
From the definition of UD-convex FNVMs, it follows that 0 <p ﬁ(m) and 0 <p
T(tv), so

Hi(cb+ (1—¢)z, 8) X Tu(gb+ (1 —¢)z, 9)
< (gH«(b, 8) + (1 —¢)Hu(2, 8)) x (¢Tx(b, ®) + (1 —¢)Ts(z, ®))
= H.(b, ©x)Ti(b, 8)g2 + H.(z, ®) X Ti(z, 8)g?
+H«(b, ®) x Ti(z, 8)¢(1 —¢) + H«(z, ®) X Ti(b, 8)g(1—¢)
H*(cb+ (1—¢)z, ®) x T*(gb+ (1 —¢)z, 9)
> (gH*(b, 8) + (1 —¢)H"(z, 8)) x (¢T*(b, ®) + (1 = ¢)T"(z, 9))
= H*(b, ®) x T*(b, ®)¢* + H*(z, ) x T*(z, 8)¢*
+H*(b, 9)T* x (2, 8)g(1 —¢) + H*(z, ®) x T*(b, 9)¢(1 —¢),

Integrating both sides of the above inequality over [0, 1], we get

fo gb+ (1—9¢)z, 9) ><T*(gb—|-(1—g)z 9)dg
fb ) X Ti(to, ®)dw

< (Hx(b, 9) X T*(b 9)+’H (z, ®) X Ty(z, ®) folgzdg
+(H+ (b a) X Ti(z, ®) + H«(z, ®) X Ty (b, 9)) folg(l —¢)dg,
fo *(gb+(1—¢)z, ) x T*(¢b+ (1 —¢)z, 9)dg

1 * *
:7z—bf"% (to, ®) X T*(ro, ®)dwo

> (H*(b, 8) x T*(b, 8) + H*(z, ®) x T*(z, 9)) [ c2d¢
+(H* (b, 8) x T*(z, 8) + H*(z, 8) x T*(b, 9)) [ ¢(1—¢)de.

It follows that,

L [EH (0, 8) X Ti(w, 8)dw < B.((b,z), 8) [} ¢2dc + €. ((b,z), 8) [ ¢(1 — ¢)dg,

“H*(w, 8) x T*(10, 8)dw > B*((b,z), o) fol c2dc +¢*((b,z), ®) fol ¢(1—¢)dg,

z—b

o) [2Ale22) UG 2], [l o) (). 2))

[/bz H. (10, 8) x Ty(ro, 8)dro, /bz H* (1o, ©) x T* (to, a)dm}
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Thus,

Zib © (FA) /;ﬁ(m) ®T(t‘0)dm o M(;,z) @N(E’Z).

And the theorem has been established. [

Example 3. Let [b,z] = [0,2], and the FN'VMs H,T: [b, z] = [0,2] — o, defined by

% 6c 0, w],
H(w)(0) =320 =0 4 (1 2w,
0 otherwise,
0—1to
2
() (6) 825&79 et
Fyya— 0 e (2 8—ev,

0 otherwise.

Then, for each ® € [0, 1], we have Hg(10) = [otv, (2 — 8)w] and Ty (0) = [(1 — ) + 29,
(1 —9)(8 —e™)+20)] Since left and right end point mappings H. (v, ) = orvo,and H* (1o, ) =
(2 — ®)w, are convex and concave mappings, respectively, and Ty (r0,9) = (1 — 8)10 + 28 and

T*(w, ®) = (1—9)(8 —e™) + 20 are convex and concave mappings, respectively, for each

€ [0, 1], then H(w) and T( ) both are UD-convex FN'VMs. We clearly see that H @ T €
L([b, z],0) and

2

! /ZH (ro,8) x Ty (tv, ®)dw —1/ o(1—9)w? 420 m)dm*ga(z—{—a)
z—b Jo TV R 20 3 ¢

z—b/ H*(w,9) x T*(w,9)dw

N\H

2
/ ((1—9)(2—9)w(8—e")+29(2—9)w)dw
0

_(2—9) (1903 903
¥ (250 N 2509>-
Note that
Ay (b,2) = [Hy(b) X Ti(b) + Hi(z) X Ti(z)] = 4o,
A*(6,2) = [H*(6) x T*(b) + H*(z) x T*(2)] = 2(2 — 8)[ (1~ 8) (8 — ¢?) + 2],
V.(b,2) = [Hi(b) X Ti(z) + Ho(z) x To(b)] = 407,
Vi(b,z) = [H*(b) x T*(z) + H*(z) x T*(b)] = 2(2—9)(7 — 59).
Therefore, we have

1 1
gAa(er) + 6V9(512)

= %[49,2(2— 8)[(1-9)(8—¢) +20]| +%[292, (2 9)(7 - 59)]
= %[2a(2+a),(2—9)[2(1—a)<8—e2) —o+7]].

It follows that

Soa20), B2 (T8 - 20 )1 21 S 202+ 9), (2 ) [2(1 - ) (5 2) 0 +7]],

and Theorem 7 has been demonstrated.
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Theorem 8. Let H,T : [b, z] =, be two UD-convex FN'VMs, whose o-cuts define the
family of IVMs Hg, Ty : [b, 2] C IR — Xt are given by Hg (o) = [Hy(ww,9), H* (1, 9)]
and Ty (w) = [T.(r,9), T*(ro,0)] for all vo € [b, z] and for all ® € [0, 1], respectively. If
HRT € f‘A([b z, ® then

Proof. By hypothesis, for each ® € [0, 1], we have

b+z b+z
18 /8

H X Ty

H* b;Z,a x T* b;z’a

<1"H*(mb+(1—m)z, 9) X Tu(®b+ (1 - @)z, 9)
T4 |+H(0b+ (1 - @)z, 8) x To((1— )b+®z )]
_i_}'?-l*((l—m)bjunz, a)xT*(m[H- 1-®

4 |+H«((1 —®)b+ @z, 8) x T ((1 b+mz a
S 1 Hi (@b +(1- o)z )xT*(cob+(1— ®)z,
*4_+H*(®b+(1—o) 9) x T*((1 — ®)b+ @z, a)_
+1 [ (( ®)b+ oz, 8) X T* (@b + (1 — @)z, o) }

4 |+H* (1 -@)b+ 0z, 8) x T*((1 —@)b+ @z, )]’
< 1{ @b+ (1—@)z, 8) x Ty (@b + (1 — @)z, 9)
“4|+H. (1-@)b+ @z, 8) x To((1— )b—i—coz, o)

(@H+(b, ®) + (1 - ®)Hu(z, 9)) ]
L1 (=) (b, 0) +OT.(z 0))
1| +((1- @) (b, o) + 0H. (2, 0)) |"
% (0T, (b, 0) + (1- ®)T(z o)) |

S 1[ H*(@b+ (1 — @)z, 8) X T*(®@b+ (1 — @)z, 9) }
T4 +H (1-@)b+ @z, 8) x T*((1 —®)b + @z, 9)
(@H*(b, 8) + (1 —@)H"(z, ®)) |
+1 X((1—®)T*(b, ®) +98T*(z, 9))
3+ (b, o) +oH' (2 o)) |
<(@T" (b, 0) + (1~ 0)T (2 9))_
1] He(@b+ (1 - @)z, 8) X Tu(@b+ (1 — @)z, 9) ]
T4 |+H((1-@)b+ oz, 8) x T.((1 —®)b+ @z, 9)
1 {@+(1- @)’ N.((0,2), )
2| +{o(1-0)+(1-0)o}M.((bz), 8)]|
1[ H*(@b+ (1 - @)z, 8) x T*(@b + (1 — @)z, ) }
4 |+H (1 -@)b+ @z, 8) x T*((1 - ®)b+ ®z, 9)
1 {®2+(1—®)2}N*((b,z), 9)
2[+H{o(1l- @)+ (1-@)o}M*((bz), 9)]

Taking integration over [0, 1], we have

) X Ti(ro0, ®)dro +

M.((b,2), 8)  N((b,2), o)
6 + 3 ’

2 /8> X T*(bz—zla) 2 1 fb H* m,B) % T*(m,S)dm+ M*((béz), 9) _’_N*((b,Z), 8),

z—Db 3
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that is

2ﬁ<b;rz> M("“) or 10 () [ Aw) @ Tmjar @ M2 5 02

2 3

Hence, the required result. [

Example 4. We consider the FN'VMs H, T : [b, z] = [0, 2] = ,. Then, for each ® € [0, 1],
we have Hg () = [o10, (2 — 8)w] and Tg(w) = [(1 — ) +20,(1 —9)(8 —e™) + 28], as in
Example 3, then H and T both are UD-convex mappings. We have H,(w,9) = aro, H* (1, 9) =
(2—9)roand Ty(w,9) = (1 —9)w+28, T*(1v, 8) = (1 —9)(8 —e™) + 29, then

2H b—gz,a> X T*([l—zkz,s)) =28(1+09),

2H*<bJ2rZIS> x T*(bszZ/B) = 2[16 — 200 + 687 + (2 — 30 + 82)e¢],

1
z—b

2
/b H.(10,8) x Ty (10, 8)dw = ;0/ (9(1 — 9)w? +282m)dm = %8(3 —9),

1
z—b

Z
/b H*(rv,9) x T*(,9)dw =

2
%/((1 —9)(2—9)w(8—¢e™) +298(2— 9)w)dw
0

_ (2—9) (1903 903
T2 250 250 )°

Ay (6,2) = [Hs(B) X To(b) + Ha(2) x Tu(2)] = 4o,
A*(6,2) = [H*(6) x T*(b) + H*(z) x T*(2)] = 2(2— 8)[ (1~ 8) (8 — ¢?) + 2],
V.(b,2) = [Hi(b) X Tu(2) + Hai(z) x Ti(b)] = 402,

Vi(b,z) = [H"(b) x T*(z) + H*(z) x T*(b)] =2(2 — 9)(7 — 59).

Therefore, we have
£8o((6,2), 8) + Vo ((b,2), )

_1
~3

2

20,2 0)[(1—0)(8—¢) +20]] + 3 |20% (2~ 0)(7 ~ 50)|

= %[28(14—28),(2—8)[(1—8)(8—62) —88+14H.

It follows that

2[8(1+ o), [16 — 209 + 687 + (2 — 38 + 8%)e]]| D Ea(Z—f— 9), (2;8) (% - %a)}

1 2
+ g[29(1+29),(2— o)[(1-9)(8—¢?) —80+14]],
and Theorem 8 has been demonstrated.

We now give HH-Fejér inequalities for UD-convex FN 'V Ms. Firstly, we obtain the
second HH-Fejér inequality for UD-convex FN' VM.

Theorem 9. Let # : [b, z] — , be a UD-convex FN'VM with b < z, whose o-cuts define
the family of IVMs Hg : [b, z] C R — X, are given by Hg () = [H.(10,8), H*(10,9)] for
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allw € [b, z) and forall ® € [0, 1]. If H € FA(p, 2, 0)and B :[b, z] = R, B(w) >0,
symmetric with respect to %, then

1
z—b

® (FA) /:H(m)@SB(m)dm Op [H(b)@?—l(z)]@/ol ®B((1— ©)b + ©z)de. (35)

Proof. Let H be a UD-convex FNVM. Then, for each o € [0, 1], we have

Hi(®b+ (1— @)z, 8)B(ob+ (1 —®)z)
< (@H. (b, 0) + (1— ®)Ha (2, 9))B(@b + (1 - 0)2),
H*(@b+ (1 — @)z, 9)B(®b+ (1 —®)z)
> (@H*(b, 8) + (1 —@)H"(z, 9))B(@b + (1 — @)z).

(36)

nd
A Hi((1—@)b+ @z, 9)B((1 — ®)b+ ®z)
(1 —®)Hi(b, 8) + 0H.(z, 8))B((1 — ®)b + @z),
(( ®)b+ @z, 8)B((1 —®)b+ ®z)
> ( (1-
)

1—®)H*(b, 8) + @H*(z, 8))B(

1-—-
{- @7)
( ®)b + @z).

After adding (36) and (37), and integrating over [0, 1], we get

Jo M mb+ 1—) 8)B(@b + (1 - ®)z)do
+f0 ®)b+ oz, 9)B((1 —®)b+ @z)do
f[ (6, s{o% ob+ (1-®)z) + (1 - @)B((1 - >b+mz>}] .
-0 +H( o){(1-@)B(@b+ (1 -®@)z) + @B((1 - @)b + ®z)}
fo ®)b+ oz, 9)B((1 - ®)b+ 0z)d®
+f0 cob+(1— ®)z, 8)B(@b+ (1 — ®)z)d®
. p [H*b o) {0B(@b + (1 - ®)z) + (1 - @) B((1 - >b+mz>}}dm
— 0 o){(1-@)B(@b+(1-@)z) +0B((1-@)b+oz)}]

=2H.(b, 9) fo ®B(®b + (1 - ®)z)d® + 2H..( fo ®B((1 - ®)b+ ®z)dw,
=2H*(b, a)fol ®B(@b + (1— )z)dm+27—[* fo ®B((1 - ®)b + @z)do.

Since ‘B is symmetric, then

3 He (@b + (1 - @)z, 8)B(0b + (1 — ®)z)d®
+ [ Ho(@b+ (1 - o)z, )sz;(canr (1-0)z)do
< 2[7-{, (b 9) + H.(z, 9) fo ®B((1—®)b+ 0z)do,
JiH (1 - @)b + @z, 8)B((1 - ©)b + ®z)d®
+ [ H (@b + (1 - @)z, )sB(mb +(1-@)z)d®
> 2[H*(b, ®) + 7—[* (z, 9)] [} ®B((1 - ®)b + 0z)do.

(38)

Since

fo (@b +(1-@)z, 9)B(0b+ (1 - ))d@

—fo b+®z a)%((l— ®)b + 0z)do = A5 [ H. (1, 9)B(w)dw
fo ®)b+ oz, 8)B((1— )b+®z)dm

= 1 (0b+ (1- o ) )%(mer(lf J2)do = Lo [ZH* (1w, 8)%B(1w)dw

(39)

Then from (38), we have

=5 Jo M B (w)dwo < [H(b, 0) + H.(z, 0)] [y @B((1-0)b + @z)do,
= e 7—[* ) (w)do > [H*(b, 8) + H*(z, 0)] [} 0B((1 - ©)b + @z)do,
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that is
L om0 m (i)
D1 [H«(b, ®) + Hi(z, ®), H*(b, 8)+
H*(z, 9)] fol ®B((1-®)b+ oz)do,
hence
Zib ® (FA) /:ﬁ(m)@%(m)dm Or [ﬁ(b)@ﬁ(z)} @/01 ®B((1 - ®)b + @z)d®.

Next, we construct first HH-Fejér inequality for UD-convex FN' VM, which general-
izes first HH-Fejér inequalities for classical convex mapping. [

Theorem 10. Let H : [b, z] — , be a UD-convex FN'VM with b < z, whose o-cuts define
the family of IVMs Hg : [b, z] C R — X' are given by Hg () = [H.(t0,8), H*(10,9)] for
allwo € [b, z] and forall ® € [0, 1. If H € FA(p, 2, 0) and B:[b, z] > R, B(w) >0,
symmetric with respect to *3%, and | bz B (t0)dw > 0, then

b4z z
7—[( >_F R @(FA)/h (1) © B (10)dw. (40)

Proof. Since H is a UD-convex, then for ® € [0, 1], we have

H. b;rz, o) < %(H*(wu(l—@)z, 9) + Hi((1 - @)b+ @z, 9)),
(41)
1
He % o) = S(H'(@b+ (1 -®)z 8) + H'((1 - @)b + 0z 9)),

Since B(ob+ (1 - ®)z) = B((1 —®)b + ®z), then by multiplying (41) by
B((1 — ®)b+ ®z) and integrating it with respect to ® over [0, 1], we obtain

b+z )fo )b+ @z)d
1( mb+ 1-a)z )%(cob+(1co)z)d®>
-2 b+f0 ®)b+ oz, 8)B((1 - ®)b + @z)dw )’ 42)
7 8) fo ®)b + 0z)d®
>1 f(}H* ®b+ 1-®)z, 8)B(@b + (1 — ®)z)d®
-2 f ®)b + 0z, 8)B((1 - ®)b +0z)do |
Since
fo (@b + (1 - @)z, 8)B(@b + (1 - @;)z)d®
= fo H((1-@)b+az, 8)B((1-@)b+@z)do = L [*H B (10)dro (43)
fo *(1-o)b+ 0z, 9)B((1— )b+ 0z)do
= fo H*( mb+(1— ®)z, 8)B(0b + (1 - ®)z)do = Lo [FH*(1v,9)B(1)dw.

Then from (43), we have

b+z
’H*< 3 ,9) Sf[, %(m fb B (1v)dro,

Btz 1 “(
7-{,( > ,S)mebH (v, 9)B(1v)dro,
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from which, we have

[H*("iz/ 9>, H*("?Zf °)

1 [fb B (10)dro, fb *(tv, 8)B(1w)dw],

21 fb

that is

L.
H<b+z) @(FA)/ i (10) © B(1)dw.
fb b
This completes the proof. [J

Remark 5. From Theorem 9 and Theorem 10, we clearly see that:

If W(w) = 1, then we acquire the inequality (23).

If H is lower UD-convex FN'VM on [b,z], then we acquire the following coming inequality,
see [90]:

b+z z H(b) ®H(z)
7—[( ) =SRE (PA)/b H(r0) © W(r)dro <p -2

(44)

If H is lower UD-convex FN'VM on [b,z] with ® =, then from (35) and (40) we acquire
the following coming inequality, see [99]:

H(b;z) SE 1 - (14) /:H(m)dm <, H<b>+’ﬂ(2) s

If H is lower UD-convex FN'VM on [b,z] with ® =, then from (35) and (40) we acquire
the following coming inequality, see [99]:

H(b+z) < (IA) /ZH(m)W(m)dm < H(b) +H(z) (46)
fb b
Let ® =. Then from (35) and (40), we acquire the following inequality, see [56]:
H(b ~|—z> 1 — (14) /Z’H(m)W(m)dm S ) +H(z) )
Jow : '

Let 8 = 1 and H. (o, ®) = H*(w, 8). Then, from(35) and (40), we obtain the following
classical Fejér inequality:

b+z 1 z H(b) + H(z)
7—[( ) RE /E]H(m)W(m)dmgi. 48)

Example 5. We consider the FN' VM H : [0, 2] — | defined by

0—2412 ! 3_

—_ m —
- = 2 =
rent [
5—2—m2 B
H(w)(0) = 1 17
2+1w2 -0 3 =
= 2
T 96(2,2+m '
2412 — = -

0 otherwise,
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Then, fraxch o € [0, 1], uehme Hg () = [(1 —») (z - m%) +38,(1+9) (2 + m%) + ga}.
Since end point mappings H. (1o, ®), and H*(w, ®) are convex and concave mappings, respectively,
for each ® € [0, 1], then H (1) is UD-convex FNVM. If

_ | Vw, € [0,1],
B(w) = {\/2—m, Z—e 1,2,

then B(2 — ) = B(w) > 0, forall o € [0, 2].
SinceH«(w,9) = (1 — o) (2 - m%) + 3oand H*(w,0) = (1 +9) (2+ m%) + 38. Now
we compute the following:

i
>

T N S
=
g] “ls
=/
|
IR AN

—
«8
+

(1-®)b + @z)do

[fo o@do+f1 m\/fdo

(1—09) —|—39)
B((1-®)b+ oz)do

38 {fo o\/27®d®+f1m\/rd®
8) + V2(1+9) +38).

+31
$ 9
I—lm

&

_1<(

[H*(b, ) +H* (2, 8)
{4(1+a)+\f1+

_1<(

From (49) and (50), we have
113 _a], I 7] 1[19 7], [, %
413 2 4 6|43 2 4 6

oy {;(4(1—9) ~V2(1-9)+30), ;(4(14-8)+\f2(1+8)+38)},fora118 €0, 1].

(50)

f
+

Hence, Theorem 9 is verified.

For Theorem 10, we have

b+z B 2+
m( o) =H(L 0) =,
H*(b;rz, a) H (1, 8) = 221 39)

V4 . 1 2 . 4
/b % (rv)dro = /O Viodio + /1 V2= wd = 3, (51)
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1 z 313 m] 38w 1
T B (wydw Jo 7L 0)Bl)do =5 [3 - z] 7 [8 - 12] o

Z g% 3|19 = 3a[m 31

T s = 32 7|+ 2[5 ]

From (51) and (52), we have

240 3(2+3s)]21 {3[13 n%f&a{n 1} 3[19 “}+38[ﬂ 31”.

2 2 "8 s

8

3 2

2

8 12

3+2

218 " 12

Hence, Theorem 10 has been verified.

4. Conclusions

This paper provides the introduced class UD-convex concept for FA'V Ms. The H.H.
and Jensen-type inequalities were developed utilizing this idea and a fuzzy-inclusion
relation. This study expands on several recent findings made by Zhao et al. [56,57] and
the writers who came after them, Refs. [61,62]. Furthermore, some nontrivial cases are
provided to verify our primary conclusions” accuracy. In the future, it will be fascinating
to look into how analogous inequalities are established for other convexity types and by
employing various integral operators. Our study of interval integral operator-type integral
inequalities will broaden their practical applications because integral operators are widely
used in engineering technology, such as various forms of mathematical modeling, and
because different integral operators are suitable for different forms of practical problems.
Convex optimization theory may take a new turn as a result of this idea. Other researchers
working on a range of scientific subjects may probably find the idea useful.
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