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fuzzy fractional operator. The stated inequalities are supported by a few numerical examples that
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1. Introduction

In the subject of inequality theory, researchers have established hundreds of inequality
types, which have various applications in mathematical analysis and applied mathematics.
Two inequalities that stand out among these types of inequalities in terms of their aesthetic
forms, applications, and functioning will be introduced first. A specific function class
with applications in statistics, convex programming, numerical analysis, and many other
domains are one of the fundamental ideas employed in much of the research on the subject
of inequalities. This article provides information on the Hermite-Hadamard inequality,
which is produced by employing convex functions and has a very complex structure with
inequalities.

In the classical approach, a real-valued mapping ¥ K — R is called convex if

Flsp+ (1—5)z) <s¥(u)+ (1 —1s5)¥(2), (1)

forall u, z € K, s € [0, 1], where K is a convex set.
The HH-inequality [1,2] for convex mapping ¥ : K — R on an interval K = [(,z] is

(+7z 1 z
— | < <
'P( 7 )_V_C/C‘F(u)dﬂ_
forall ¢, z € K.

Fejér considered the major generalizations of the HH-inequality, which is known as
the HH-Fejér inequality. The following is a presentation of the Hermite-Hadamard-Fejér

¥(0) + ¥(z)
2 )

@
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inequality, which has been proven using a weight function and is the generic form of the
inequality (2) (see [3]).
Let ¥: K — R be a convex mapping on a convex set K and ¢, v € K with ¢ < v. Then,

(+2 1 “ O+ ¥
(% )SchS(#)dy/c O A D

If 3(u) = 1, then we obtain (2) from (3). With the support of inequality, a large number
of inequalities can be found using the particular symmetric mapping 3(u) for convex
mappings (3). By taking into account various convex function types, various derivative
and integral operators, new techniques, and other spaces, researchers working on these
two well-known inequalities have generated generalizations, extensions, improvements,
and iterations, see [4-13].

The Hermite-Hadamard inequality has been proposed for operator convex and gener-
alized convex functions (see, for example, [14-28]). The Hermite-Hadamard inequalities
for the products of two operator preinvex functions were created by Barani [29] in 2015.
The Hermite-Hadamard-type inequalities for the operator h-preinvex functions were es-
tablished by Wang and Sun [28] in 2017. The Hermite-Hadamard-type inequalities for the
operator (p, h)-convex functions were proposed in 2022 by Omrani et al. [30]. Research
has expanded because of the variety and uses of Hermite-Hadamard inequalities (see, for
example, [31-45]).

A fundamental idea in applied sciences and mathematics is fractional calculus. Frac-
tional calculus is actively used by researchers to address a wide range of real-world prob-
lems. In the modern era, fractional analysis and inequality theory have coevolved. Over
the years, much attention has been paid to various fractional versions of inequalities of
the Hermite-Hadamard, Fejer, Ostrowski, and Pachpatte types, [46,47]. In addition to the
aforementioned inequalities, several researchers have employed the Riemann-Liouville
fractional integral operators to examine the Ostrowski inequality (see [48]), Simpson-
type inequality (see [49]), and Hermite-Hadamard—Mercer inequalities (see [50]). The
Hermite-Hadamard inequality and its Fejér analog were investigated by Katugampola
et al. using fractional integral operators of the Katugampola type (see [51]). In order to illus-
trate alternate versions of the Hermite-Hadamard inequality, Fernandez and Mohammed
(see [52]) used Atangana-Baleanu fractional operators, and Noor et al. (see [53]) demon-
strated Hermite-Hadamard-type inequalities. The Caputo-Fabrizio fractional integrals
were also used to study the Hermite-Hadamard inequality (see [54,55]). Butt et al. intro-
duced new iterations of fractal-based Jensen- and Jensen-Mercer-type inequalities (see [56]).
For log-preinvex [57] and harmonically convex functions [58], new fractional forms of
Hermite-Hadamard-Mercer- and Pachpatte-Mercer-type inclusions have been created.
Hermite-Hadamard inequalities have been further generalized for convex interval-valued
functions [59] and convex fuzzy interval-valued functions [60]. For more information,
see [61-67].

Each described notion and its definitions, despite initially seeming to be compara-
ble, are wholly different. In the context of interval-valued analysis, numerous academics
have coupled a variety of convex functions with integral inequalities, leading to a num-
ber of notable findings. Roman-Flores established Minkowski-type inequalities (see [68]),
Chalco-Cano researched Ostrowski-type inequalities (see [69]), and Opial investigated
Opial-type inequalities (see [70]). Zhao et al. (see [71]) also established a refinement of
the Hermite-Hadamard inequality and suggested the interval-valued h-convex function.
Zhang et al. (see [72]) and Costa et al. (see [73]) presented left-right interval-valued and
fuzzy interval-valued functions, respectively, to demonstrate Jensen’s inequalities. Recently,
Khan et al. introduced the novel versions of inequalities that are known as fuzzy frac-
tional Hermite-Hadamard, Fejér-, and Pachpatte-type inequalities for UD-convex F TV M
via fuzzy left and right Riemann-Liouville fractional integrals. Many more inequalities
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have been introduced related to real-valued, interval-valued, and fuzzy-number valued
mappings, (see [74-82]).

The article is structured as follows: We cover the necessary prerequisites and relevant
details for the accompanying integral inequalities and interval-valued analysis in Section 1.
Preinvexity and fuzzy UD-order functions are concepts that are explained in Section 2. We
derive the Hermite-Hadamard and any applicable inequalities for the h-preinvex functions
in fuzzy-number valued settings in Section 3. We offer a brief conclusion in Section 4
and go over a number of unanswered research problems that are relevant to the results of
this work.

2. Preliminaries

We recall a few definitions that can be found in the literature and will be relevant in
the follow-up.

Let us consider that X, is the space of all closed and bounded intervals of R, and that
R € X, is given by

N = [R,, R] = {m € R| R, <w < R}, (X, X* €R) 4)

If R, = N*, then N is degenerate. In the follow-up, all intervals are considered non-
degenerate. If X, > 0, then X is positive. We denote by X = {[R,, ®*] : [N,, X*] € X,
and N, > 0}, the set of all positive intervals.

Letu € R and u-X be given by

[uN,, ul*]ifu >0,
wR={ {0} ifu=0, ®)
[ul*, uR, ] if u < 0.

We consider the Minkowski sum, X + @, product, R x 9, and difference, ® — R, for
N9 e X, as

[0+, 97] + [, K] = [0, + Ry, 07+ X, ©)
[“)*/ “)*] X [N*/ N*] = [min{“)*N*/ @*N*/ U)*N*/ “)*N*}/ maX{u)*N*, U)*N*’ “)*N*’ (Q*N*}] (7)
0., 0] = [Re, N] = [0, =N, 0" = R.]. ®)

Remark 1. (i) For the given [9,, 9*], [N, N*| € Ry, the relation “ D1 " is defined on Ry by
[Ny, NX*] D [0y, 9] if and only if 8, < ,, ®* <N¥, )
forall [w,, 9*], [, N*| € Ry, is a partial interval inclusion relation.

Moreover, [R,, 8*] D [@,, 9*] coincides with [N,, X*] D [9,, 9*] on R;. The relation
“ D1 ”is of UD order [72].

(ii) For the given [9,, 9*], [R,, X*] € Ry, the relation “ <; ” is defined on R; by
[, 9F] <1 [Ny, X*] if and only if 9, < N,, 9* < X* or 9, < N,, 9* < N, is a partial
interval order relation. Plus, we have that [9,, 9*] <; [R,, 8*] coincides with [9,, ®*] <
[N, R*] on R;. The relation “ <; ” is of left and right (LR) type [72,73].

Given the intervals [9,, 9*], [X,, X*] € X,, their Hausdorff-Pompeiu distance is

du ([0« 97], Ry, R]) = max{[®, — N[, [0" —R*|}. (10)
We have that (X,, dp) is a complete metric space [77,79,82].

Definition 1. [76] A fuzzy subset L of R is a mapping R : R — [0,1], denoting membership
mapping of L. We adopt the symbol £ to represent the set of all fuzzy subsets of R.
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Let us consider X € £. If the following properties hold, then N is a fuzzy number:
1. Nisnormal if there exists ro € R and R(w) = 1;
2. RNis upper semi-continuous on R if for a w € R there exist ¢ > 0 and 6 > 0 yielding

N() — R(y) < eforall y € Rwith |w —y| < 5

3. Wis fuzzy convex, meaning that N((1 — w)w +uy) > min (&(m), &(y)),for allw,y € R,
and u € [0, 1];

4. Nis compactly supported, which means that cl{m € R‘ &(m)>0} is compact.

The symbol £, will be adopted to designate the set of all fuzzy numbers of R.

. - 10 -
Definition 2. [76,77] For R € £, , the U -level, or U-cut, sets of N are {N} = {m S R‘ N(m)>U}
10 ~

forall G € [0, 1], and [N} = {m € R‘ N(m)>0}.
Proposition 1. [78] Let &, W € £,. The relation “ < ”, defined on £, by

- 0 5

N <p ® when and only when {N} <; [#]", forevery U € [0, 1], (11)
is an LR order relation.
Proposition 2. [70] Let &, W € £, . The relation “ Dy ”, defined on £, by

-~ 10 -5

R Dp ® when and only when [N} D; [@]” forevery U € [0, 1], (12)
is an UD order relation.

Proof. The proof relies on the UD relation 21 on X, If &, ® € £,and U € R, then, for every
Uelo 1],

[& ® @] °_ [ﬁ] o [@]°, (13)
[&@ﬂﬁz[&]ax[@]({ (14)
[u@ &]6 =u [&] 6. (15)

result from Equations (5)—(7), respectively. [J

Theorem 1. [77] For &, W€ £, the supremum metric

deo (R, @) = sup dHG&] ° m”). (16)

0<6<1

is a complete metric space, where H stands for the Hausdorff metric on a space of intervals.

Theorem 2. [77,78] If ¥:[(, 2] C R — X, is an [-V-M satisfying ¥(ro) = [¥i(w), ¥ (10)],
then ¥ is Aumann integrable (IA-integrable) over [{,Z] when and only when ¥, (ro) and ¥* (r) are
integrable over [(,z], meaning

V4

(IA)/CZ ¥(1o)dro = /C" ‘I’*(m)dm,/C ¥ (10) o | (17)
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Definition 3. [73] Let ¥ : T C R — £, be a F-N-V-M. The family of I-V-Ms, for every U €
[0,1],is ¥5: I C R = X, satisfying ¥i5(w) = [F(w,0), ¥ (w,U)] for every w € L. For
every U € [0, 1], the lower and upper mappings of ¥i5 are the endpoint real-valued mappings
¥.(-,0), ¥'(,U): I = R.

Definition 4. [73] Let ¥ : I ¢ R — £, be a F-N-V-M. Then, ?(m) is continuous at o € I,
if for every U € [0, 1], ¥i5(w) is continuous when and only when ¥y (v, V) and ¥* (ro, U) are
continuous at w € L.

Definition 5. [77] Let ¥:[¢, 7 € R — £ beaF-N-V-M. The fuzzy Aumann integral (FA-
integral) of ¥ over [(, 2] is

[(FA) /CZ ?(m)dm]U — (1A) /CZ %5 (10)dio = {/CZ Y10, 5)dw : ¥(w, V) € S(‘I’U)}, (18)

where S(¥5) = {¥(.,0) — R : ¥(., U) is integrable, and ¥ (10, V) € ¥i5(w)}, for every U €
[0, 1]. Moreover, ¥ is (FA)-integrable over [, 2] if (FA) fCZ ¥(w)dw € £

Theorem 3. [78] Let ¥ : [(, 2] C R — £, be a F-N-V-M, for which the U-levels define the
family of I-V-Ms ¥5: [, 2] C R — X, satisfying ¥i5(w) = [¥i (10, ), ¥* (0, V)] for every
w € [( 2 and U € [0, 1]. ¥is (FA)-integrable over [{, 2] when and only when ¥, (ro, V) and
¥* (v, U) are integrable over [, z]. Moreover, if ¥ is (FA)-integrable over [(, 2], then we have

Z

{(FA)/: ?(m)dmyj - [/CZ ¥, (10, 0)dw, /CZ‘P*(m,U)dm] - (IA)/C ¥5(w)do (19)
for every G € [0, 1].

Definition 6. [82] Let B > 0 and L([(, 2], £,) be the collection of all Lebesgue measurable fuzzy-
number valued mappings on [(,2Z]. Then, the fuzzy left and right RL fractional integrals of order
B> 00of ¥eL([C 7, £)are

zi ?”“"):r(lﬁ)./cm(m—m)ﬁ“?(m)dm, (v > 0), (20)
and . z
b g = — m — )P ¥ (m)dm
zz,lp(m)_r(ﬂ)/m( 0P ¥ (m)dm, (w0 < 2) 1)

respectively, where T () = [;° m™~le~™"dm is the Euler gamma function. The fuzzy left and
right RL fractional integrals vo based on left and right end point mappings are

[IQ ‘I’(m)}u = sy S (0 — )P s () dm

22
= ﬁ fcm(m - m)ﬁ_l[lp*(m, 0), ¥*(m, U)]dm, (o > ) -

where . N
I§+ ¥i(w, U) = m/c (v —m)P 1, (m, O)dm, (v > Q), (23)

and . .
I§+ ¥ (w, U) = ﬁﬁ)/c (o — m)ﬂ_llf’*(m, O)dm, (w > Q). (24)
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The RL fractional integral ¥ of vo based on left and right end point mappings can be defined in
a similar way.

Definition 7. [75] The FTVM ¥: [, Z} — £, is named as a convex FTVY M on [C, 7] if

F(lp+(1-Mz) <p T ¥(p) @ (1- 1) o ), (25)
forall y, z € [¢, 2], 1T € [0, 1], where ¥(z) > 0 for all z € [C, 2]. If (25) is reversed, then ¥

is named as a concave FXVM on [, 2). ¥is affine if and only if it is both convex and concave
FIYM.

Remark 2. If ¥,(z,U) = ¥*(z,0) and U = 1, then we obtain the classical convex function.

Definition 8. [55] The FTVM ¥: [, Z} — £, is named as a pre-invex FETV M on invex
interval [(, Z) if

F(p+ (1 - 1) <p M ¥ & (1-1) © ¥(2), (26)
forall y, z € [, 7], 11 € [0, 1], where all ?(y)~2F 0 for all u € [C, 2). If (26) is reversed, then

¥ is named as a pre-incave FIV M on [(, Z]. ¥ is affine if and only if it is both pre-invex and
pre-incave F TV Ms.

Definition 9. [59] Let i : [0, 1] C [¢,2] — R* suchthat i % 0. Then, FSVM ¥ [c,z} £
is said to be UD-h-pre-invex FTV .M on [(,2] if

F(p+ (1 - 1) (u,2)) 2 A1) © F(u) ® A(1 - 1) © ¥(z), (27)

forall u, z € [(2], 11 €0, 1], where ¥(y) > 0. If ¥ is up and h-pre-incave on [(,7] , then
inequality (27) is reversed.

Remark 3. [59] If one attempts to take h(1l) = II, then from UD-h-pre-invex FTV.M one
achieves U D-pre-invex FTV M, that is

?(ﬂ + (1 - H)d)(]/l,Z)) =F oo ?(V) @ (1 - H) © ?(Z)r v M, 2€ [C/Z]/ e [Or 1] (28)
If one attempts to take h(11) = 1, then from UD-h-pre-invex FTV M one achieves UD-P-
pre-invex F TV M, that is

P+ (1~ (u,2) 25 ¥(p) @ ¥(2), ¥ p, 2 € [¢,7], L e 0, 1]. (29)

Theorem 4. [59] Let h: [0, 1] C [, z] — R be an anon-negative real-valued function such that
h # Oandlet ¥: [, Z} — £9 be a FEV M, for which the U-cuts define the family of TV Ms
¥ 1 [¢,2) = XE C X and are given by

¥i5(2) = [¥«(2,0), ¥'(z,0)], (30)

forallz € [,2) and for all § € [0, 1]. Then, ¥ is UD-h-pre-invex FXVM on [(, 2] if and only if,
forall U € [0, 1], ¥« (2, O) is a h-pre-invex function and ¥*(z, U) is a h-pre-incave function.
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Example 1. If we attempt to take h(I1) = T1, for IT € [0, 1] and the FSVM ¥: [O, 4] — £
defined by

- 0c [o, Zeﬂ

[ 2
F@0) = 14520 0e (27, 407
267

0 otherwise,

2 2
then, for each U € [0, 1], we have ¥5(z) = [ZU e’ ,22-v)e” } Since endpoint functions

¥.(2,U), ¥*(2 ) are h-pre-invex functions with respect to ¢(2, () = v — ¢, for each U € [0, 1].
Hence, ¥(z) is UD-h-pre-invex FTV M.

3. Fuzzy Riemann-Liouville Fractional Integral Hermite-Hadamard Type Inequality

In the results that follow, we investigate how fuzzy fractional operators can be used to
apply up and down functions to integral inequalities; therefore, let us recap the generalized
H.H type inequality for fi-pre-invex 7TV Ms first.

Theorem 5. Let ¥: [(, {+ (2, C)} — £, be an UD-h-pre-invex FEV M on [, (+ $(2,0)],

whose U-cuts define the family of TVMs ¥5: [, C+ $(2,0)] C R — X are given by ¥5(2) =
[¥+(2,0), ¥(z,0)] forallz € [¢, {+ &(2 C)] and for all § € [0, 1]. If ¢ satisfies Condition C

and ¥ € L([C, C+d(z )], £0), then

(20t b (%0 r(g) b 8 -
A © PR o waor © 8 Feromo)eTt, L HO)
or [¥(0) & F(e+¢(2,0))| @ fy IFLR(IL) + (1 — D)4l (31)

Op [?(c) ® fif(z)} © [ TFA(IT) 4 A(1 — IT)]dTT

If ¥(2) is pre-incave FTV.M, then

1 4 20+d(%,0)
Br(1) @ (

) e o 76 Fer o) L oo #(0)|

Cr [#(0) & ¥+ ¢(z,0)| @ fy 1P A(ID) — (1 — ))dIl (32)

Cr [#(Q) @ ¥(»)] © fy P (1) — A(1 — T0)]dI1

Proof. Let ¥: [(, {+ d(2, ()] — £, be an UD-h-pre-invex FTVM. If Condition C holds
then, by hypothesis, we have

1 o 20+ ¢(%,C)
T

Therefore, for every U € [0, 1], we have

) Or H(C+ (1- (2 0) ® H(C+ (3 0)).

iy B (5, B) < (0 (1- 02,0, B) + ¥ L+ T0(2,0), ),

W

[

¥ (zc+¢2>(z,o, U) > V(¢ + (1-1)(2,0), U) + ¥ (L +11d(2 0), ).

NI
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Multiplying both sides by 1! and integrating the obtained result with respect to I
over (0,1), we have

p-1 2&+¢(Zc)
iy o ¥, (254529, 1) dnn
< [y U1 (C+ (1 - 1) (2, ), B)dLL + [ PV ¥, (C + L(z,¢), U)dLL,
1 (lrp— 20+ (%,0)
iy Jo 1P Ly (24RO 1) dir
> [J P19 (0 + (1 - 1) d(2,¢), B)ALL+ [ LA1¥* (¢ + 1 (2, ), U)dII

Letpy =+ (1—1L)d(z ¢) and z = {+ (%, ¢). Then, we have

1 ) v, <2C+d;(zré)’ U) < 1 CC""d)(Z/C)(C + Cl)(Z, C) _ ]/‘)ﬁ_l T*(V/ U)d]/l

Bh(3 = (0(z0)
1 C+¢(Zc) -1y 4
T ozoy O
1 2C+cb ZC C+d(Z0) p-1
s ¥ ( 0) 2 e [P 0 0) - 0P (1,0,
1 C+d(%,0) g1
+(¢( 207 ¢ (z— Q)P " ¥ (z,0)dz
I [7P B
= @@Q)P PT (00, O) T, F(E D)
T'(p) B B
~ (¢z0)f [Z F(e+ o= 0), )+Ic+¢(z )" (& U)}’
that is
20+ (%,0) 20+ (%,0)
gy | (4422 ), ‘F‘( 34, o)
T'(B) B B B
=1 ($(2,0))F [IC+T*(C+¢(Z’C)’ )+IC+<I>(ZC) (6, 0), T, ¥ (C+ 6(2,0), )+Ic+cb(zc) (G U)}
thus,
1 20+ 9(% C)) T(B) [, B
¥ > ¥+ 0(50) + T ¥5(0)]. 33)
ﬁﬁ(%) 2 (dD(Z,C)) [ C+d(Z0)" ]
In a similar way as above, we have
L) [P B
(6(z0)P { + FolCH RO+ T 470y IFU(C)}

‘ (34)
O [¥5(Q) + ¥oi5(C+ d(%,0))] [y TF1[R(IT) + A(1 — 11)]dIL.

Combining (33) and (34), we have

1 20+P(20) T(p) [zF p
ﬁﬁ(%)%( 2 2 (6(z0)F [IU B ¥o(0)]

D1 [¥5(Q) + s (C+ d(2,0))] fy TTB-L[A(IT) + A(1 — IT)]dIT

that is

1o (2030 r(p) 7 p 3
ity © F(559) 25 iy © [7 ¥t o) e, FO)

or [¥#(0) @ F(C+ b(2,.0))| © fy IFIA(IT) + k(1 - ID)]dII

OF [sv(c) @ ¥z ] © [ TFLA(IT) 4 A(1 — 1T)]dIT
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the theorem has been proved. [

Remark 4. If one attempts to take p = 1, then from inequality (31) one achieves the result for
UD-h-pre-invex F TV .M, see [59]:

1 fIf(ZC+¢2)(Z,C))

(D) 5
Ok gg @ (FR) [£H%9 ¥(z)dz Op [Eff(c) F(C+ d(z,0) }@fo

If one attempt to take A(II) = II, then from inequality (31) one achieves the result for
UD-pre-invex FTVM, see [59]:

o[ 20+ d(z,0) rg+1)

Let one attempt to take p = 1 and A(II) = II. Then, from inequality (31) one acquires
the result for UD-pre-invex FTVM given in [59]:

—(20+ d(z, C)) L1 CH(Z0) 5 ¥(0) @ ¥(z)
qf( > 2 5y @ (FR) /C Pz op — 2 (37)
If one attempt to take ¥, (%, U) = ¥*(z, U) and U = 1, then from inequality (31) one

acquires coming inequality given in [54]:

1 20+(2,0) T(B) p
ﬁﬁ(%)qj( 2 ) = @@ [ ST yzo

< [¥(Q) + F(C+ d(2,0))] fy TPLA(IL) + fi(1 — I1)]dIL

¥(0) @ ¥(C+ $(2,0))
2

O] 2 (36)

¥(0)] o

Let one attempt to take p = 1 = U and ¥« (2, U) = ¥*(z, U). Then, from inequality
(31) one acquires coming inequality given in [80]:

1
2h(%

%0)
j T<2C+‘§(2f C)> < ¢(z1, 5 ® /CH) ) )iz < [¥(0) + H(C+ 0(2,0))] /01 R(ID)d1L. (39)

Example 2. If we attempt to take p = 1, K(I1) = 11, for all 11 € [0, 1] and the FTVM
Y[, C+d(z0)] =[2 2+ d(3,2)] — £, defined by

1
0-2422 g ¢ [2—z%,3]
1+722

_ 1
F@)O) = 2220 g (3, 2+z%}
Z2-1
0, otherwise.

Then, for each U € [0, 1], we have ¥;5(z) = [(1 - 0) (2 - Z%) +30,(1-0) (2 + Z%)
—|—3U} . Since left and right end point functions ¥, (z, U) = (1 — U) (2 - Z%) +30, ¥(z, U)=
(1-0) (2 + Z%) 4 30, are hi-pre-invex functions for each U € [0, 1], then ¥(z) is UD-h-pre-
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invex TV M with respect to ¢(z,¢) = v — {. We clearly see that ¥ € L([C, C+ $(z 0)),

£0> and
‘thl) IP*<2C+(;)(Z,C), U) =Y, (g, U) :2(1—0)(4— \/E> 1120
2
ﬁﬁé) 'F*(ZC-H;(Z, C), U) = IF"G U) =2(1— U)(4+ m) 1120,

[%,(0,0) + ¥(C+ (2, 0), /Hﬁ HR(IT) + (1~ D)1 = 2(1 - ) (4~ V2 - V/3) 4120

[¥*(,0) + ¥ (¢ + d((z 0), V)] /01 LAY [R(11) + A(1 — I)]dII = 2(1 — U) (4+ V2 + \/5) +120 .

Note that
L'(p) B B
w{zﬁ Y*(C"‘d)(z C) )+IC+¢(ZC)7 *(C,U)}
= r(z%)ﬁ S3-2)7 . ((1—0)( —22) +3U)dz
YL Pa-2? (1-0v)(2-2) +30)a
- (-0 [+ 5] + 120
= (1-0)52% +120.
r(p) p B
T[22 e a0, 0+ T ()]
1 -
= F(Zz)ﬁf;g—z)% . ((1—15) (2-1—27) +3U)d2
P P27 (a-v)(242) + 50)
— (-0 [ + 18] + 120
= (1-0)45y +120.
Therefore

[2(1-0) (4= V10) +126,2(1 - 1) (4 + VI0) +120]
; [(1 — )87 1 125, (1 — 15) 1309 +1zzs}
1 [20-0) (4= V2= V3) +126,2(1 - B) (44 V2 + V3) +120]

and Theorem 5 is verified.

We get various fuzzy fractional integral inequalities connected to fuzzy-interval
fractional H-H-inequalities from Theorems 6 and 7 via products of two UD-/i-pre-invex
FIVYMs.

Theorem 6. Let ¥, : [C, T+ d(z, C)} — £o be UD-hy-pre-invex and UD-hy-pre-invex F TV Ms

on [¢, ¢+ §(z,C)], respectively, whose U-cuts ¥i5, St < [, C+ $(2, )] € R — X are defined by
¥5(z) = [¥(2,0), ¥ (2 0)] and S5(2) = [S«(2,0), S*(2,0)] forallz € [¢, C+ &(2,0)] and
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for all B € [0,1]. If ¢ satisfies Condition C and ¥ @ § €
£, ) , then

L([¢ c+o@0),

oo [2 Moo 0) oS+ b0 e, HO @S]
Op &(C1C+¢(Z/ C))Qfol Hﬂfl[ﬁl(ﬂ)ﬁz(ﬂ) +ﬁ1(1 — )fiz( _H)]dﬂ (40)

BM(L, L+ b(2,0) © fi A1 Ay (1) Aip (1 — 11) + Ay (1 — 1) Fip (11)]dIL.

wﬁereN(C,Q+¢(Z 0)) = HQ) ©S(0) & F(L+ P(20) @S(L+ b(2,0), M(L, L+ $(2,0))
=¥(0) ® S(C+(z0) & F((+d(z0) ® (), and Rp(,+ (%)) =
[N ((C, T+ d(2,0)), U), R*((L, L+ d(2,0)), B)]  and  My(C, 0+ d(2,0)) =
[Mi((& 0+ (2 0)), B), M*((¢, L+ $(2,0)), U)].

Proof. Since ¥, $ both are UD-i;-pre-invex and UD-i-pre-invex FTVM then, for each
U € [0, 1] we have
Fu(C+ (1 - (z0), U)
< () ¥ (¢, 0) + (1 - M) ¥ (C+ $(2,0), O)
F(C+ (1 -1)d(z0), U)
> I () ¥ (6, 0) + (1 =M ¥ (C+ (2 C), V).

and

S:(C+ (1 -)d(%0), U)

< Tp(I1)S4 (¢, 0) + hp(1 = )V (¢ + $(7, C), U)
S*(C+ (1-1)d(%0), U)

> B (INS*(C,0) + ip (1 — )S*(C+ $(2, ), V).

_ From the definition of UD-fi-pre-invex FTV Ms it follows that 0 <p ¥(z) and 0 <p
X(z), so

¥, (C+ (1-1)(2,0), U) x Su(C+ (1 - I)(3,0), U)
< (I (1) 72 (2, 0) x 34(L,B)

(1 (1~ ) (L + 0(2,0), B) x Su(C+ $(7,0), U)
Hhir (I)fa(1— 1) ¥4 (4,8) % S (G + §(2,0), U)
iy (1= I (1) ¥ (C+ (2, 0), T) % S (C,0)

¥ (2 + (1-1)d(2,0), B) x S*(C+ (1 - W)(3,0), U)

> Iy () (1) ¥°(2, ) x S*(£,0)

+hn (1= (1 - ) ¥ (L + (2,0), B) x 3* (0 + $(2,0), U)
+h (I (1 1) ¥ (L,8) x $* (L + ¢ (2,0), U)
+hi(1 = IRy (I (L + (2,0, T) x §*(2, V).

(41)
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Analogously, we have
Y (C+ (2 0), U)S(C+ (7 ), U)
< ﬁl( H)ﬁz( H)T*(C, U) X %*(C,U)
+h (I Az (I ¥s (C+ $(2,0), B) X Su(C+ (2, 0), U)
(

+h1 (1= ) Ay (1) ¥4 (G, U) X S (C+ $(7, ), U)
+iy ()72 (1 — ) ¥ (C+ $(2, 0), U) x (¢, V) @)
¥ (C+ (2, 0), U) x I*(C+ (7 0), U)
= (1 - M)hp(1 - 1) ¥ (C0) x (V)
+h1 (I A (I1) ¥ (C+ (2, €), U) x S*(C+ $(2,0), U)
+i (1 = I () ¥7(C, ) x $*(C+ b (%,0), U)
+h (I (1 — L) ¥ (¢ + d(2 ), U) x I*(¢, V).
Adding (41) and (42), we have
Fe(C+ (1 =1)d(z 0), U) x S (C+ (1 -1 (20), U)
+¥(C+1d(z ), U) x S (C+ (2 C), U)
< [ (I (1) + 7 (1 = A (1 = I][#:(C,B) x 34(C,0) + Fu(C+ 6(2,0), U) X 3:(C+ (2, 0), U)]
+ [ (M)A (1 = I0) 4 Ay (1 = I (][ ¥ (C+ d(2,C), T) X (G, 0) + ¥ (G, U) X 3 (C+ (%, 0), U)] @)

¢+ (1 -1)d(z ), B) x 37(C+ (1 -M)d(2 ¢), U)
T (C+ (2 0), B) x 3*(C+ (2 0), U)
> [fn (I () + F (1 = A (1 = IH][¥7(C, B) x (¢, B) + ¥ (C+ b(2,), U) x I(C+ d(2,¢), U)]
+[n ()72 (1 = 1) + Ay (1 = M)A (I][F(C + $(2, C), B) x I(C,0) + ¥7(¢,0) x S7(C+ b (%,0), U)].
Taking multiplication of (43) with I1~! and integrating the obtained result with
respect to I over (0,1), we have
Jo TEYEL(C+ (1= TD(2,0), U) x S(¢+ (1 - 1)d(2,¢), V)
+IP1Y(C+ (7, 0), U) x 3.(¢+ (7, ), U)dII
R (@ 2+ 6(5,0)), ) fy 18l (I)a(11) + Fir (1~ 1Dip(1 — L)l
M((C, T+ (2,0)), B) [y Ty (I (1 — 1) + i (1 — 1) i (11) |11
fo TP 1 (0 + (1 - I (3,Q), B) x $(C+ (1 - )§(2,0), U)
+IPA ¥ (C+ (2, C), U) x S*(C+ (7, ), U)dL
> N (6, ¢+ 0(3,0)), U) fy TP 1Ay (I A (T1) + Fig (1 = T)y(1 — T1)]dIT
FM((Q, 0+ 6(2,0)), B) i Tl (I (1 — 1) + iy (1 — 1) (I1)]IL.
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It follows that

o [ ¥ (C+9(2,0), B) x S0+ 9(3,0), B) +TF #.(6,0) x 3.(¢U)]

($(2,0))P C+o(Z,0)”

R, (¢, ¢+ $(2,0)), U) [y TP Ay (L) Fip (IL) + fig (1 — L) (1 — I1)]d1IL

ML (G, C+ d(z,0)) fo A=Ay (1) Aip (1 — IT) + Ay (1 — 1) Ap (11)]d1T
A [zﬁ F (L 02,0, U) x $(C+0(1,0), O) +IF - ¥ (L0) x 3L 0)]

>R (6, 0+ b(2,0)), B) fo TFL [ (I Fip (I1) + Fiy (1 — ) fip (1 — I1)]d1T
FMH((L T+ b(2,0), U) fo T A () Fip (1 — L) + Ay (1 — L) fip (L1)] 1L

It follows that

Gy T T (L 62,0, B) X Su (L 95, 0), V) +T7 ) FlG D) X 820 0), TL ¥ (L4 6(5,0), )

xS (C+ 6 (2,0), )+I§+¢(zc ¥(3,0) x (¢, V)]

D1 [Re((6 0+ 6(2,0)), B), R*((C, ¢+ $(7,0)), U)] fy L1 [fig (L) Aip (11) + fig (1 — L) Fip(1 — L1)]dILL
HML((G T+ $(7,0)), B), M* (6, 0+ d(2,0)), U)] fy T [Ag (L) Aip(1 — LL) + fig (1 — LL)fip (L1)]dLL

that is
r'(g) B B o
i |Z6 ol 0 0) x Su(Lr 0 0)+T], ) ¥ol0) x F(0)
D1 Ros (6, G+ $(2,0)) fo TPy (T g (IT) + iy (1 — TT)ip (1 — 1) dTE
+Mis (G G+ 0(2,0)) fy TP [y (L) Fip (1 — I0) + Fig (1 — L) Fip (IT)] 1.
Thus,
L'(B) B ~ =
m{ P+ d(2,0) @S(C+ d(z C))@ICW(ZC) 1}/(@)@\;(5)}

Op R(G, ¢+ (2,0)) @ fo TP [ (L) Aip(11) + Ay (1 — )i (1 — I1)]d11
DM(C, C+ b(z,0)) @ [y P [Ay (L) Aip(1 — LL) + g (1 — L) Aip (11)]dLL.

and the theorem has been established. [J

Theorem 7. Let ¥, S : [C, C+ d(z C)} — £, be two UD-hy-pre-invex and UD-hy-pre-invex
FEVMs, respectively, for which the U-cuts define the family of TVMs.
Yo, Su 1[0 0+ d(2,0)] CR — XK are given by ¥i5(z) = [¥«(2,0), ¥(z,0)] and S5(2)
=[S%(z,0), S*(z,0)] forallz € [¢, {+ &(2,0)] and for all U € [0, 1]. If ¢ satisfies Condition

Cand ¥ S € L([¢, ¢+, £ ), then

1 2C+¢(ZC) &(2¢+9(%0)
mmm © ¥ )3 (3

r(p) 8 -
F o@0)F ©) I+Y’(C+¢ (z,0) ® 3(z )@Ic+¢(zc)j(g)x

ML C+d(2,0) @ fy [P+ (1= Iy () (1 - )T

OR(C, C+ 6(2,0)) ® fy [+ (1= 1P| Ay (1 = 1) a1 — T,
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where N(C C+¢(z0) =
¥(z) @ 3(0), and N5 (¢, C+d> z,

( 5), R (L, L+ 6(2,0)), O)] and
M (G 0+ d(2,0)) = [Ms((G,

Z,C))
(G ¢+ d(z ), U)].

Proof. Consider ¥, S [C, C+ d(z, C)} — £, are UD-hy-pre-invex and UD-hp-pre-invex
FZTVMs. Then, by hypothesis, for each U € [0, 1], we have

¥, (2c+¢> (%,¢) ) (2C+¢> U)
(

T*(ZC-HP (Z,0) ) Qe 20+ (% )

¥ (C+ (1 -1Md(z0), U) x 3:(¢+ (1 -1d(2¢), U)
+¥(C+ (1 -1)$(%0), U) x S (C+ Ud(% C), U)
¥ (C+ (2, 0), U) x S (C+ (1 -1 (2, C), U)
+ ¥, (C+ (2, 0), B) x S (¢ + (2, 0), U) ]

V(4 (1= 1)d(z,0), U) x S*(C+ (1 - 1Dd(z,0), V)
+¥(C+ (1-1)d(% 0), U) x I*(C+ (7 C), U)

&N

o =

¥ (L + 11 (2, 0), B) x S*(+ (1 - W)(7,0), V)
+P(C+TI(2,0), U) x S (¢ +119(3 0), U) 1
¥ (L (1 - 1)(2,0), B) x Su(C+ (1 - 1)d(7,0), U)
v)
v)

+ ¥ (C+ Ud (% 0), U) x S (C+ Ld(% 0),

(i (ID) ¥« (¢, O) + (1 =) ¥ (¢ + d(2,0),, U))
)

x (M2 (1 =) (C, ) + I (L) (C+ $(2,0),, U))
1 1
Ml(z)ﬁz(Z) F(h (1= D) ¥, (C, O) + I (ID ¥ (C+ (2, 0),, U)) (45)
X (M (1) (C, U) + hp(1 = S (C+ d(2,0),, U))
P+ (1-M)(z0), U) x I*(¢C+ (1 -1)d(z¢), U)

LY TI0(3,0), O) x (¢ + TT(2,0), U)
(I () ¥°(, ) + 1 (1~ T (0 + 6(3,0),, T))
< (a1~ IS (¢, B) + (DS (¢ + 6(2,0),, 1))
(1)) - o)+ T o0, 0|
< (RIS (¢, B) + (1~ IS (¢ + 6(2,0),, )
(0 (1 Do), 0) x S0+ (1 M(z0), )
+¥.(C+1d(z ), U) x S (C+ Ld(z0), U) 1
(i (a1~ 1) + Ay (1~ (I} M. (0, 0+ 6(2,0), )
() (T) + iy (1~ (1~ T}R((G ¢+ 6(2,0)), U)]
(04 (1- (3,0), B) x (¢ + (1~ M(z,0), V)
LY TI0(2,0), O) x (¢ + TT(2, ), B) ]
{fn (A (1 — IT) + 7 (1 — M)A (1) JM*((C, T+ (2, 0)), U)
() + (1~ (1~ IR (6,€ + 6(2,0)), T))

n(n()
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Taking multiplication of (45) with IIf~! and integrating over (0, 1), we obtain

1 20+ (Z,0) 20+¢(%,0)
/Shl(%)hz(%)lff*< 3 ,U)X%*( 3 ,U)
< (¢f§,ﬁ£))ﬁ T8 (0 0) xS 6@ O +TE (0 X S(0)]

M. (6, C+ 6(2,0)), ) fy [P+ (1= 1P [y (1) ha(1 — )L
R.((6C+ 6(2,.0), ©) fo [+ (1= 1P A (1 = )ha(1 — 11T

1 20+ (%,0) ok 26+ (%,0)
ﬁh(%m(%)‘”( FE8,0) x o (2R v)

)
D28 P 0m0) X 3+ 9B+ T, F(O) X 8]
M (&, ¢+ $(z,5)), 1) fi [F1 4 (1= 1Py (1) (1 — I

R (6, C+ 6(2,0)), B) fy [0+ (1= 1Pl (1 = 1) p (1 = 1),

It follows that

1 ZC+¢>( Q) o (28+(Z,0)
(I ()Y’U( ) x (25
_T(B) [+B B o
> p@)f 2 Fo(e+ 9(2.0) < J(C+9(2,0)) L pme Tol0)x 35(0)]

Mo (6, 8+ §(2,0)) fo [P+ (1= TP i (1 = I (1 — )Tl
(G C+ D(7,0) fy 171+ (1= )P i (1 = ) (1~ )T

that is

W o T(zc+¢(2 c)) ® §(2c+q£(z,<:))

F(C+ P(2,0) ©S(L+ b(%,0)) @Ifw(z o)

r(B)
B)
=F $@0)P [

MG CH+0(2,0) © fy [T+ (1= 1P i (1) in(1 — 1)1

ER(L,C+ (2 Q) © fy [+ (1= P i (1 - ) p (1 — T

¥(0) @ 3(0)]

Hence, the required result. O

In upcoming outcomes, we will obtain new versions of H-H-Fejér inequality using a
fuzzy Riemann-Liouville fractional integral. A nontrivial example is also given to discuss
the validation of the first and second fuzzy fractional H-H-Fejér inequalities for UD-A-pre-
invex FEVM.

Theorem 8. Let ¥ |¢, ¢+ §(2,0)| — £ be an UD-hi-pre-invex FTV.M with { < v, for

which the U-cuts define the family of TV Ms. ¥is:[(, (+ $(%,0)] C R — X are given by
¥5(2) = [¥(z,0), ¥ (z,0)] forall z € (¢, {4 b(2,0)] and for all 5 € [0,1]. If ¥ €
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L([C, C+d(z,0)], £ ) and 3:[0, C+ $(2,0)] = R, 3(2) >0, symmetric with respect to
72“(2(2’(:) , then

(B B B
(0Z0))F ©) [IU Y3(C+ d(z0)) @Ic+¢ 7.0)- Y’B(C)}

or (¥(0) & FC+b(2,0) © fo A + A1 - T]3(0+ (2, ))dll (46)
p (¥(0) @ ¥(2)) © fy WL [A(IT) + h(1 — I]3(C + (2 0))dIT

If ¥ is pre-incave FXVM , then inequality (46) is reversed.

Proof. Let ¥ be an UD-h-pre-invex FTVM and Hﬁ_13(c + (1 -1 (% ¢)) > 0. Then, for
each U € [0, 1], we have

P (C+ (1 - Db (%,0), B)3(¢+ (1 - 1)d(z0))
< PRI ¥ (G, U) + A1 = INF(C+ 6(2,0), U)3(C+ (1-1)d(z,0)  (4)
A1 (O + (1 - D (2,0), B)3(C+ (1 - 1) (2 C))
> TP~ (R(IT) ¥ (¢, U) + A(1 = ) ¥*(C+ &(2,¢), U))3(¢+ (1 - D) d(% 7)),

)3
(
)
and
P (C+ 1d(2,¢), B)3(C+11d(2 0))
< P11 — L) ¥, (¢, U) + A ¥ (C+ $(2,0), U))3(C+ 1 (z, Q)
P19+ 11 (2, C), U)3(C+ (% Q)

= WL (A1 = I ¥7(, B) + (I #7(C+ ¢ (2 0), U)3(C+ (2, 0)).
After adding (47) and (48), and integrating over [0, 1], we obtain

(48)

Jo YL (C+ (1= T (2,0), B)3(C+ (1 - D) (z ))dIT
+ [T (C+ TTd(2,€), B)3(C+ Ld(z,0))dll
A1, (¢, B){A(ID3(¢+ (1 - )b (2,¢)) + (1 — I3 (¢ + (2, 0))}
+IP1Y, (04 d(2,0), 0){h(1 —)3(C+ (1 - 1) (2, ¢)) + A(I)3(C + Ld(z,0))}
= ¥.(¢, U) [y TAL[A(IT) + A1 — ID)3(¢ + (1 — ) (2 ¢))d1I
+ ¥ L+ (2,0), B) o TEI[A(IT) + A(1 — TD]3(C+ 1T (2, ¢))dIl
Jo P19 (L + TT(2, 0), T)3(C + (2, ¢))dIT
+ oy BT (C+ (1 - T (2,0), B)3(C+ (1— I)(3 ¢))dIT
IA-1¥* (¢, B){A(ID)3(C+ (1 =) (2, 0)) + A(1 —I1)3(C+ (2 )}
FIF19(C+ d(2,), U){A(1 - ID3(C+ (1 — )b (2 0)) + A(ID)3(C + (2, )}
= ¥ (¢, U) [y TAL[A(IT) + A1 — ID)3(¢ + (1 — ) (z, ¢))dII
¥ (C+ 0(7,0), U) fo TFI[A(IT) + (1 — T1)]3(C + (2, C))dIT

dalt,

1
<Jo

(49)

dll,

> Jy
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Taking right hand side of inequality (49), we have

Sy A1, (C+ (1 - 1D d(2,0), U)3(C+ (7 ¢))dL
+ fo TP, (C+ (2, Q), U)3(C+ (3, 0))dIT

_ 1 b (Z0) fo1 -
~ wroF e (z— 0P .20+ 9(2, ) —2,0)3(2)dz

tozoy SHEO - f 1 ¥.(2,0)3(2)dz

1 C+d(%0)
(b(z0)P ¢

(C+ P(z,0) —2)P 1 ¥.(2,0)3(20 + d(2, C) — 2)dz
(50)

L+ (Z,0) -1
+omgr o Y E= 0P (2 U)3(2)dz
)

B B
{I F3(C+o(z0) +Ic+¢(z Q)”

_T(B
 (e(z0)f

Sy AL (04 (1 - 1) (%, ), B)3(C+ (2, ¢))dlT
+ fo TP (C+ 1T (2, Q), U)3(C+ 11 (2 ¢))dIT

¥.3(0)],

() 8
-~ (@20) [ » F3(C+0(0)) +Ic+¢(z a° WB(C)}'
From (50), we have
I [7P B
G0 [ L Y30+ (7 C))+Ic+¢(zc) yf*g,(c)}

Fo(& O F (et @) B) P L1p=1 [3(I1) + (1 — 1)) 3(¢ + T (2, C))

() b
T AR (G ()R AN . 1(a]

IN

> Yo+ 2< QELLO) (1A=L [R(IT) + A(1 — 11)] 3(C+ (7, 7)),
that is
rp) [8 p f
(©Z0)F [IC+Y’*3(C+¢(ZIC))+Ic+¢(2(:) .3(0), I0. 3L+ 0 (7, N+ Teio@o T*B(C)}

o) [Y*“'“”Y*z(”“)(zfc” 0), e 0¥ (eroo). 8 ]fo I8 (1) + (1 — I)]3( + (7, ¢) )Tl

hence
T'(g) B B
iy © |Th Bl o)) eI, 0 F3(0)]
=F Y(C)i Lo [ AT [R(ID) + fi(1 — L)]3(C + (2, ¢))dll
0

Theorem 9. Let ¥: {C, C+ ¢(z C)} — £, be an UD-h-pre-invex FIVM with { <

¢+ &(% C), whose U-cuts define the family of TVMs. ¥ :[C, (+d(2,0)] C R — XL are
given by ¥i5(2z) = [¥+(2,0), ¥ (2, 0)] forallz € [¢, (+ &(2,0)] and for all B € [0, 1]. Let
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¥c L([C C+d(z,0), £ ) and 3:[C, 4+ ¢(%,0)] — R, 3(z) > 0, symmetric with respect
to M If ¢ satisfies Condition C, then

2ﬁ(11) © 1NP(ZCHS(Z,C)) [ +3(C+ (2 0)) +I§+¢ 3(6)}
’ (51)

2F [I§+‘~I’3(C+¢(Z'C))@I§+¢ z,0) 73(¢C )}

If ¥is pre-incave FIVM , then inequality (51) is reversed.
Proof. Since ¥is an UD-h-pre-invex FTVM, then for U € [0, 1], we have
¥ (2529, 5) < A1) (F(C+ (1= )$(2,0), ) + Fu(C+116(3,0), U))
2 Z, (52)
# (2558 6) = b(1) (P (c+ 1 - (z,0), V) + ¥ (C+114(2,0), V).
Since 3(C+ (1-1)dp(z ) = 3(C+Ld(z)) then by multiplying (52)
by 1A~13(¢ + 11d(2, ¢)) and integrating it with respect to 11 over [0, 1], we obtain
qf*(%, U) Jo TIB13(0 4 11 (2, ¢))dIT

) JIITEL (¢ (1- (2, 0), U)5(C+H¢(z,6)>dﬂ)
+ TP (4 116(2,0), 0)3(C+ (z ¢)dll )
w(% )f IP13(¢ + 1d(z, ¢))dIT
) Jo IP1 9 (4 (1 - 1) (2, C), U)3(C+ L (2, C))dlI
+ fy P (4 T10(7, ), B)3(2+ 1 (z,0)dll )

N—

<

(53)

> h(

NI—

Letz = (+ L{(z, C). Then, for the right hand side of inequality (54), we have

Jo P10+ (1= 1) (2, 0), B)3(L + (2, ¢))dlL
+ fo TPV, (0 + (2, Q), U)3(C+ (3 ¢))dIT

1 (7,0 f-1 -
T wroP ¢ (2= OP .20+ (3, Q) —2,0)3(2)dz

tomop JOT - 0T R B)3 @

_ 1 T+ (Z,0) p-1 B
~ ror e (z— )P ¥ (2,0)3(20 + $(2, C) — 2)dz

bt S0 0P 2 )3 @
)

_ T [P s
= @@O)P |70 3+ 06z NHT o0

S AT (- (1 - 1)d(2,0), B)3(C+ (7, 0))dIT
+ [l IEL (0 + 116 (2, ), B)3(C+ L (z,¢))dlT

r(p) )
R [ - T ORI L 4z IF*S(C)]

(54)

.3(0),
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Then, from (54), (53) we have

zh%%)Y*GHd;(Z'C) )[ 3L+ o C))+I€+¢ 2,0)3(C >}

<[z w3 o) +18 L E30)]

20+ (¢ p

zﬁé)w( 5, )[ 3L+ o C))+Ic+c1>zc -3(¢ )}

> [ ¥3(c+ 90+ 2 ¥3(0)],

from which, we have
Zhg%) {Y*(ZCer)(ZC) U), T*(ZCJHB(Z,C)’ U)}{ 3(C+¢(Z C))+I§+¢ 10y 3( )]

o | T8 H3(C+ 0@ ) +TF W30, TE I+ eE )+, ¥,

it follows that

th%) T”(2C+§(Z'C)>{ E3(CtomO)+T0 0 3(0] 21 [T F3(Ct o)+ T Fs3(0)]
that is
1l © T(2C+<;>(Z c)) |Z8.3(c+ 6(2.0)) +70 C),3(C)] o 7. ¥3(C+9(2,0)) 07!, C)quy,((;)],
()

This completes the proof. [
Remark 5. If one attempts to take 3(2) = 1, then from (46) and (51) one achieves Theorem 5.

If one attempts to take /(11) = I, then from (46) and (51) one achieves the following
inequality.

P(2ED) o [7F, 30+ 0 0) +TE 3]

F {Ié ¥3(C+d(z, C))Galf-&-d) Z,0)” #3(¢ )}

(55)

o Yf(c)@‘F(2§+¢(2,c)) ® [ L 3(C+ ¢(3,0)) +I§+¢(zc) 3(0}

2 HOE & (28304 62, 0) + 22,y - 3(0)

Let one attempt to take /(1I) = Il and B = 1. Then, from (46) and (51) one achieves
coming inequality for UD-pre-invex FTVM, see [59].

;{«,(2& + ci(z, C)) o

¥ e ¥ 56

1 L) o
CCJF‘QI)(Z,C) B(Z)dZ © (FR) /C IF(Z)B(Z) ZF
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Let one attempt to take A(II) = ITand B = 1 = 3(%). Then, from (46) and (51) one
achieves the following inequality for UD-pre-invex FTV.M given in [59]:

¥( 220 o (rry [T a0 HAZTE 67)

If one attempts to take ¥, (z, U) = ¥*(2, U) and 1 = U and A(I1) = 11, then from (46)
and (51) one achieves the following inequality given in [81]:

PR 28 30+ 7, 3(0] < |70 ¥+ b ) +TE, o ¥3(0)]

< ‘I’(c)+‘1’(zé+¢(2,é))[ L3+ d(z, C))+I§+¢ZC 3(¢ )} 8)
< w[sz 3(C+(z,0)) +I§+¢ 7,0)” S(C)}

If one attempts to take ¥, (z, U) = ¥*(z, U) and p =1 = U and A(II) = I, then from
(46) and (51) one achieves the classical HH-Fejér inequality.

If one attempts to take ¥.(z, U) = ¥*(z, U) and 3(2) = p =1 = U and A(IT) =11,
then from (46) and (51) one achieves the classical HH-inequality.

Example 3. If we attempt to take FTVM ¥ : [0, 2] — £, defined by,

Bét\%/z 0c2-vz3]
¥(2)(0) = ngﬁe, 0c (3 2+,
0, otherwise.
Then, for each U € [0, 1], we have ¥5(z) = [(1 - U)(2 — vZ) + 30, (1 - U) (2 + V2)

—I—%U} . Since endpoint functions ¥ (z U), ¥*(z,U) are h-pre-invex funct10ns foreach U €
[0, 1], then ¥(2) is UD-h-pre-invex FTVM. If

vz, 08el0,1],
-
2-z7, 0¢(1,2],

then 3(2 —2) = 3(z) > 0, forall z € [0, 2]. Since ¥4 (2 U) = (1 —U)(2— /) + 30 and
¥ (2,0) = (1 - U)(2+ 2) + 30. If i(1l) = l and B = 1, then we compute the following:

[#.(8, O) + ¥+ D(2,0), U)] fo TP YA(ID) + A1 — T1)]3(¢+ T (2, C))
=(1fU)\/E(‘—)+§\/EU,

[#(C, V) + ¥ (C+ §(2,0), U)] [y A [A(LD) + A(1 — I1)]3(C + L (2, C))
= (1-0B)Va(*572) + 3V,

(59)

[¥.(C, U) + Fu(C+ d(C+ D(2,0),0), B)] fy TELAID) + (1 — ID)]3(C + (2, C))
~o)VA(152) + By

[#(¢, U) + ¥ (C+ b(G+ 0(2,0),Q), U)] fy TP [A(IT) + A(1 — TD]3(C + (2, C))
o)1) + 3y
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T'(B) B B _ 11 4-8V2 3
,))ﬁ[zc+lff*3(c+q>(z,c))+z (Z’C)_‘I’*S(C)}_ﬁ(l o) (2 + 52 + 2o m0,

(b (Ze i+ 22 (60)
<¢fé,ﬁc))>f‘ ZE 3+ 0@+ F3O)] = 501-0) (2m 4 85 42
From (59) and (60), we have
La-v)(2m++52) 1§70, (1-0) (27 + 254) 4§70
21 VA|(1-0)(452) + 30, (1-0)(¥52) + 36|, for each & € [0, 1].
Hence, (46) is verified.
For (51), we have
B B
I+ ¥3(C+ d(%.0)) +Ic+¢(m, ¥.3(0)
— ﬁ f02(2 —Z)fTl 3(2)((1-0)(2—v2) + 30)dz
+2= [@) 7 3()((1-0) (2= v7) + 30)dz
= \% {(1 ) (27r + 4’§ﬁ) + %nU} 6D
0 ¥3CH 0@ O) + I - P30
=L [72-97 3(2)((1-0) 2+ v2) + JU)dz
+-L 27 3(2)((1-0)(2+ v2) + J0)dz
= L[ -v)(2m+852) 4 Jv5]
zﬁ(l%) ¥, (2c+d;(z,c), U) [Icﬁ+ 3(C+d(z0) +I§+¢(z,c)* 3((:)} = (1-0)y/m+ 370, @

1 20+ ¢ (%,0) B B _ _ 3
sy ¥ (T O) [T 3 0@ )+ TE o - 3(0)] =301 - U) VA +3VAD,

From (61) and (62), we have

[(1-0)v/7+ 370, 3(1 - U)y/7 + 3/70]
O ﬁ {(1 - 0) (27r+ 4*2\5) + 370, (1- U)(2n+ 8\/?:&) + %n(ﬁ},for each U € [0, 1].

4. Conclusions

Fuzzy-number valued mapping is a good method for incorporating uncertainty into
prediction systems. We demonstrated fractional versions of the Hermite-Hadamard-, Fejér-,
and Pachpatte-type inequalities using a novel concept from [59]. We showed that our results
can lead to a few new results for the h-preinvex mapping and the h-convex mapping in
fuzzy-number valued settings. The well-known Riemann-Liouville fractional integral
was used in a novel method for solving UD-fuzzy ordered inequalities. Some numerical
examples were also looked at to help explain the findings. Future work could adapt
this strategy to include other fractional operators such as tempered, Atangana—Baleanu,
Caputo-Fabrizio, and generalized fractional integral operators. Various non-symmetric
functions can also be used using these methods.

Future presentations of various inequalities, including those of the Hermite-Hadamard,
Ostrowski, Jensen—-Mercer, Bullen, and Simpson types, can be obtained using this new this
idea. A variety of interval-valued quantum calculus, fuzzy calculus, and fractional calculus
can all be used to establish related inequalities.
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