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Abstract. Some characterizations of regular Γ-rings are described by means of fuzzy ide-

als. The concepts of fuzzy interior ideals in Γ-rings and semisimple Γ-rings are introduced.

Some characterizations of semisimple Γ-rings are investigated by means of fuzzy interior

ideals.

1. Introduction

As is well known, algebraic structures play a prominent role in mathematics with
wide ranging applications in many disciplines such as theoretical physics, computer
sciences, control engineering, information sciences, coding theory, topological spaces
and so on. This provides sufficient motivations to researchers to review various con-
cepts and results from the realm of abstract algebras in the broader framework of
fuzzy setting [2, 8, 10, 11, 15, 16].

The concept of Γ-rings is introduced by Barnes [1]. After that, this concept was
discussed further by some researchers. The notion of fuzzy ideals in a Γ-ring was
introduced by Jun and Lee in [6, 7]. They studied some preliminary properties of
fuzzy ideals of Γ-rings. Later in [4] Jun and Hong defined normalized fuzzy ideals
and fuzzy maximal ideals in Γ-rings and studied them. Jun [5] defined fuzzy prime
ideal of a Γ-ring and obtained a number of characterizations for a fuzzy ideal to be
a fuzzy prime ideal. Further, Öztürk et al. [12, 13] gave some characterizations of
Artinian and Noetherian Γ-rings. In particular, Dutta and Chanda [3], studied the
structures of the set of fuzzy ideals of a Γ-ring and characterize Γ-fields, Noetherian
Γ-rings, etc. with the help of fuzzy ideals via operator rings of Γ-rings. In 1987,
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Kyuno et al. [9] introduced the concept of Γ-rings and investigated some related
properties. Further, Rashid et al. defined another type of regular Γ-rings. These
Γ-rings are more significant and more general than that of Kyuno. They have shown
that the class of all regular Γ-rings is a radical class.

This present paper is organized as follows. In Section 2, we recall some basic
definitions and results of rings. Some characterization theorems of fuzzy ideals
of a regular Γ-ring will be discussed in Section 3. In Section 4, we describe the
semisimple Γ-rings by using fuzzy interior ideals.

2. Preliminaries

Definition 2.1([1]). Let M and Γ be two additive abelian groups. Then M is
called a Γ-ring if the following conditions are satisfied for all a, b, c ∈ M and for all
α, β, γ ∈ Γ:

(i) aαb ∈ M ;
(ii) (a+ b)αc = aαc+ bαc, a(α+ β)b = aαb+ aβb, aα(b+ c) = aαb+ aαc;
(iii) aα(bβc) = (aαb)βc.

Throughout this paper M denotes a Γ-ring, and 0M denotes the zero element
of M . We shall write a∧ b for min{a, b} and a∨ b for max{a, b}, where a and b are
any two real numbers.

Definition 2.2([1]). A subset A of M is called a left (resp., right) ideal of M if
A is an additive subgroup of M and

MΓA = {xαy|x, y ∈ M,α ∈ Γ} (resp., AΓM)
is contained in A.

Note that A is called an ideal of M if it is both a left ideal and a right ideal.
A subset A of M is called a interior ideal of M if A is an additive closed

subgroup with MΓAΓM ⊆ A.
We next state some fuzzy logic concepts. Recall that a fuzzy set is a function

µ : M → [0, 1]. For any A ⊆ M , the characteristic function of A is denoted by χA.

Definition 2.3([6], [7]). A fuzzy set µ of M is called a fuzzy left (resp., right) ideal
of M if for all x, y ∈ M , the following conditions are satisfied:

(F1) µ(x− y) ≥ µ(x) ∧ µ(y),
(F2) µ(xαy) ≥ µ(y) (resp., µ(xαy) ≥ µ(x)).

Note that A is called a fuzzy ideal of M if it is both a fuzzy left ideal and a
fuzzy right ideal.

Definition 2.4([5]). For any two fuzzy sets µ and ν of M and γ ∈ Γ, then the
Γ-product of µ and ν is defined by

(µΓν)(x) =
∨

x=yγz

(µ(y) ∧ ν(z))

and (µΓν)(x) = 0 if x cannot be expressed as x = yγz.
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Lemma 2.5([5]). If µ and ν are fuzzy left (right) ideals of M , then so is µ ∩ ν,
where µ ∩ ν is defined by

(µ ∩ ν)(x) = µ(x) ∧ ν(x), ∀x ∈ M.

Moreover, if µ and ν are a fuzzy right ideal and a fuzzy left ideal of M , respec-
tively, then µΓν ⊆ µ ∩ ν.

The following is obvious and we omit the proof.

Proposition 2.6. Let A,B ⊆ M . Then we have

(1) A ⊆ B ⇔ χA ⊆ χB;

(2) χA ∩ χB = χA∩B ;

(3) χAΓχB = χAΓB.

3. Characterizations of regular Γ-rings

We characterize the regular Γ-rings in this Section by fuzzy ideals.

Definition 3.1([9]). A Γ-ring M is said to be regular if for each x ∈ M , there
exist a ∈ M and α, β ∈ Γ such that x = xαaβx.

Lemma 3.2. If A and B, are respectively, a right and a left ideal of a Γ-ring M ,
then AΓB ⊆ A ∩B.

Proof. Let x ∈ AΓB, then there exist a ∈ A, b ∈ B and α ∈ Γ such that x = aαb.
Since A is a right ideal of M , then aαb ∈ M , that is, x ∈ A. Similarly, x ∈ B.
Thus, x ∈ A ∩B. Hence AΓB ⊆ A ∩B. 2

Lemma 3.3. A Γ-ring M is regular if and only if for any right ideal A and any
left ideal B, we have AΓB = A ∩B.

Proof. Set x ∈ A ∩ B, then x ∈ A and x ∈ B. Since M is regular, then there exist
α, β ∈ Γ and a ∈ M such that x = xαaβx. Since A is a right ideal of M , then
xαa ∈ A, and so (xαa)βx ∈ AΓB, which implies A ∩ B ⊆ AΓB. By Lemma 3.2,
AΓB = A ∩B.

Conversely, set x ∈ M , then xΓM and MΓx is a right ideal and a left ideal
of M , respectively. Then x ∈ xΓM ∩MΓx = xΓMΓMΓx ⊆ xΓMΓx. Then there
exist α, β ∈ Γ and a ∈ M such that x = xαaβx. Therefore, M is regular. 2

Lemma 3.4. A fuzzy set µ of M is a fuzzy left (resp., right) ideal of M if and
only if for all x, y ∈ M and α ∈ Γ, it satisfies (F1) and (F3) χMΓµ ⊆ µ (resp.,
µΓχM ⊆ µ).

Proof. We only prove the case for fuzzy left ideals. The case for fuzzy right ideals
can be similarly proved.

Let µ be a fuzzy left ideal of M , for any x ∈ M , if (χMΓµ)(x) = 0, it is clear
that (χMΓµ)(x) ≤ µ(x). Otherwise, there exist u, v ∈ M and γ ∈ Γ such that
x = uγv.
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Thus,
(χMΓµ)(x) =

∨
x=uγv

(χM (u) ∧ µ(v))

=
∨

x=uγv
(µ(v))

≤
∨

x=uγv
(µ(uγv))

=
∨

x=uγv
(µ(x))

= µ(x),

which implies, χMΓµ ⊆ µ. This proves (F3) holds.
Conversely, assume that the given conditions hold. For any x, y ∈ M and α ∈ Γ,

we find

µ(xαy) ≥ (χMΓµ)(xαy)
=

∨
xαy=uγv

(χM (u) ∧ µ(v))

≥ χM (x) ∧ µ(y)

= µ(y).

This proves that µ is a fuzzy left ideal of M. 2

Now, we characterize the regular Γ-rings by fuzzy ideals.

Thoerem 3.5. A Γ-ring M is regular if and only if for any fuzzy right ideal µ and
fuzzy left ideal ν, we have µ ∩ ν = µΓν.

Proof. Let M be a regular Γ-ring, µ a fuzzy right ideal and ν a fuzzy left ideal.
Then by Lemma 3.4, we have

µΓν ⊆ µΓχM ⊆ µ and µΓν ⊆ χMΓν ⊆ ν. Thus, µΓν ⊆ µ ∩ ν.
For any x ∈ M , there exist a ∈ M and α, β ∈ Γ such that x = xαaβx since M

is regular. Thus
(µΓν)(x) =

∨
x=uγv

(µ(u) ∧ ν(v))

≥ µ(xαa) ∧ ν(x)

≥ µ(x) ∧ ν(x)

= (µ ∩ ν)(x).

Thus µ ∩ ν ⊆ µΓν, hence µ ∩ ν = µΓν.
Conversely, let A and B be, respectively a right and a left ideal of M . Then,

it is easy to see that their characteristic functions χA and χB are, respectively, a
fuzzy right ideal and a fuzzy left ideal. Thus, by Proposition 2.6, we have

χAΓB = χAΓχB = χA ∩ χB = χA∩B .
Thus, by Proposition 2.6, AΓB = A ∩B. It follows from Lemma 3.3 that M is

regular. 2

4. Characterizations of semisimple Γ-rings

In this Section, we first introduce the concept of fuzzy interior ideals in Γ-rings.
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By this kind of fuzzy ideals, we characterize the semisimple Γ-rings.

Definition 4.1. A fuzzy set µ of M is called a fuzzy interior ideal of M if for all
x, y, z ∈ M and α, β ∈ Γ, it satisfies (F1) and

(F4) µ(xαy) ≥ µ(x) ∧ µ(y),

(F5) µ(xαyβz) ≥ µ(y).

The following theorem is obvious.

Thoerem 4.2. Every fuzzy ideal of M is a fuzzy interior ideal.

Example 4.3. If G and H are additive abelian groups and M = Hom(G,H),Γ =
Hom(H,G), then M is a Γ-ring with the operations pointwise addition and com-
positions of homomorphisms.

Define a fuzzy set µ of M by µ(0M ) = 0.5 and µ(f) = 0.3, ∀f( ̸= 0M ) ∈ M . By
routine calculations, µ is a fuzzy interior ideal of M.

Definition 4.4. A subset A of M is called Γ-idempotent if A = AΓA.

A Γ-ring M is called semisimple if every ideal of M is Γ-idempotent.

Lemma 4.5. Let M be a Γ-ring. Then the following are equivalent:

(1) M is semisimple;

(2) a ∈ MΓaΓMΓaΓM , for all a ∈ M ;

(3) A ⊆ MΓAΓMΓAΓM, for all A ⊆ M ,

Proof. (1)⇒(2) Let M be a semisimple Γ-ring. For any a ∈ M , we have aΓM +
MΓa+MΓaΓM+Na, where N = {0, 1, 2, . . . }, is the principle ideal ofM generated
by a. Thus,

a ∈ (aΓM +MΓa+MΓaΓM +Na)Γ(aΓM +MΓa+MΓaΓM +Na)

⊆ MΓaΓMΓaΓM,

which implies, a ∈ MΓaΓMΓaΓM .

(2)⇒(3) Obviously.

(3)⇒(1) Let A be any ideal of M . Then

A ⊆ MΓAΓMΓAΓM

⊆ AΓMΓA

⊆ AΓA.

The converse inclusion always holds. Thus, A = AΓA. Therefore, M is semisim-
ple. 2

Next, we discuss the relationship between fuzzy ideals and fuzzy interior ideas
in semisimple Γ-rings.

Thoerem 4.6. Let M be a semisimple Γ-ring and µ any fuzzy set of M . Then µ
is a fuzzy ideal if and only if it is a fuzzy interior ideal.

Proof. If µ is a fuzzy ideal of M , then by Theorem 4.2, µ is a fuzzy interior ideal.
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Conversely, suppose µ is a fuzzy interior ideal of M . Set x, y ∈ M and α ∈ Γ.
Since M is semisimple, by Lemma 4.5, there exist a, b, c, d ∈ M and βi ∈ Γ(i =
1, 2, 3, 4, 5) such that x = aβ1xβ2bβ3cβ4xβ5d, and so xαy = aβ1xβ2bβ3cβ4xβ5dαy.

Thus, µ(xαy)
= µ((aβ1xβ2bβ3c)β4xβ5(dαy))
≥ µ(x).
This proves that µ is a fuzzy right ideal of M . Similarly, we can prove that µ

is a fuzzy left ideal of M . Therefore, µ is a fuzzy ideal of M . 2

Finally, we give a characterization of semisimple Γ-rings.

Thoerem 4.7. A Γ-ring M is semisimple if and only if for any fuzzy interior ideals
µ and ν, we have µ ∩ ν = µΓν.

Proof. Let M be a semisimple Γ-ring. If µ and ν are fuzzy interior ideals of M ,
then by Theorem 4.6, µ and ν are fuzzy ideals of M . Thus, µΓν ⊆ µΓχM ⊆ µ and
µΓν ⊆ χMΓν ⊆ ν. Thus, µΓν ⊆ µ ∩ ν.

For any x ∈ M and α ∈ Γ, since M is semisimple, by Lemma 4.5, there exist
a, b, c, d ∈ M and βi ∈ Γ(i = 1, 2, 3, 4, 5) such that x = aβ1xβ2bβ3cβ4xβ5d.

Thus, we have

(µΓν)(x) =
∨

x=uγv
(µ(u) ∧ ν(v))

≥ µ(aβ1xβ2b) ∧ ν(cβ4xβ5d)

≥ µ(x) ∧ ν(x)

= (µ ∩ ν)(x),

i. e., µ ∩ ν ⊆ µΓν, whence µ ∩ ν = µΓν.
Conversely, let A be any ideal of M , then it is an interior ideal. Thus, its

characteristic functions χA is a fuzzy interior ideal. Thus, we have
χA = χA ∩ χA = χAΓχA = χAΓA,
which implies, A = AΓA. Thus, M is semisimple. 2

5. Conclusions

In the study of the structure of a fuzzy algebraic system, we notice that the
(fuzzy) ideals with special properties always play an important role. In this paper,
we describe some characterizations of regular Γ-rings by means of fuzzy ideals. The
concepts of fuzzy interiors of Γ-rings and semisimple Γ-rings are introduced. Some
characterizations of semisimple Γ-rings are investigated by means of fuzzy interior
ideals.

We hope that the research along this direction can be continued, and in fact,
some results in this paper have already constituted a platform for further discussion
concerning the future development of Γ-rings. In our future study of fuzzy structure
of Γ-rings, may be the following topics should be considered:

(1) To describe soft Γ-rings and its applications;
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(2) To establish three isomorphism theorems of soft Γ-rings;
(3) To investigate rough fuzzy ideals in Γ-rings.
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