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We prove some common fixed point theorems for F-contractions in 0-complete partial metric spaces. Our results extend, generalize,
and unify several known results in the literature. Some examples are included which show that the generalization is proper.

1. Introduction and Preliminaries

In 1994, Matthews [1] introduced the notion of partial metric
spaces, as a part of the study of denotational semantics of
dataflow network. In partial metric space, the usual distance
was replaced by partial metric, with an interesting property
“nonzero self-distance” of points. Also, the convergence of
sequences in this space was defined in such a way that the
limit of a convergent sequence need not be unique. Matthews
showed that the Banach contraction principle is valid in par-
tial metric space and can be applied in program verification.
Later, several authors generalized the result of Matthews (see,
e.g., [2-29]). O'Neill [22] generalized the concept of partial
metric space a bit further by admitting negative distances.
The partial metric defined by O’Neill is called dualistic partial
metric. Heckmann [21] generalized it by omitting small self-
distance axiom. The partial metric defined by Heckmann is
called weak partial metric.

Romaguera [23] introduced the notion of 0-Cauchy se-
quence, 0-complete partial metric spaces and proved some
characterizations of partial metric spaces in terms of com-
pleteness and 0-completeness. The notion of 0-complete par-
tial metric spaces is more general than the complete partial
metric space, as shown by an example in [23].

Recently, Wardowski [30] introduces a new concept of
F-contraction and proves a fixed point theorem which gen-
eralizes the Banach contraction principle in a different way

than the known results of the literature on complete metric
spaces. In this paper, we consider a more generalized type of
F-contraction and prove some common fixed point theorems
for such type of mappings in 0-complete partial metric spaces.
The results of this paper generalize and extend the results of
Wardowski [30], Altun et al. [17], Ciri¢ [31, 32], and some
well-known results in the literature. Some examples are given
which show that the results of this paper are proper general-
izations of known results.

First we recall some definitions and properties of partial
metric space [1, 22, 23, 25, 33].

Definition 1. A partial metric on a nonempty set X is a
function p: X x X — R* (R" stands for nonnegative reals)
such that for all x, y,and z € X

(P1) x = yifand only if p(x, x) = p(x, y) = p(y, ¥);

(P2) p(x,x) < p(x, y);

(P3) p(x,y) = p(y,x);

(P4) p(x, y) < p(x,2) + p(2, y) = p(2, 2).

A partial metric space is a pair (X, p) such that X is a non-
empty set, and p is a partial metric on X.

It is clear that, if p(x, y) = 0, then from (P1) and (P2)
x = y.Butif x = y, p(x, y) may not be 0. Also every metric
space is a partial metric space, with zero self-distance.



Each partial metric on X generates a T;, topology 7, on X
which has a base of the family of open p-balls {B,(x,¢) : x €
X, &> 0}, where Bp(x, e) ={y e X: p(x,y) < p(x, x)+e} for
all x € Xande > 0.

Definition 2. A mapping f : X — X is continuous if and only
if, whenever a sequence {x,} in X converges with respect to 7,
to a point x € X, the sequence { fx,} converges with respect
to7, to fx € X.

Theorem 3 (see [1]). For each partial metricp : XxX — R*

the pair (X, d), where d(x, y) = 2p(x, y) - p(x, x) - p(y, y) for
all x, y € X, is a metric space.

Here (X,d) is called induced metric space, and d is
induced metric. In further discussion until specified, (X, d)
will represent induced metric space.

Example 4 (see [1]). If p : R* x R" — R is defined by
p(x, y) = max{x, y}, forall x, y € R", then (R*, p) is a partial
metric space.

Example 5. Let (X, p) be a partial metric space; then (X, p*)
is a partial metric space, where p*(x, y) = d(x, y) + p(x, y)
for all x, y € X and d is the metric induced by p.

For some more examples of partial metric spaces, we refer
to [14] and the references therein.
Let (X, p) be a partial metric space.

(1) A sequence {x,} in (X, p) converges to a point x € X
if and only if p(x, x) = lim,, _, , p(x,,, X).

(2) A sequence {x,} in (X, p) is called the Cauchy se-
quence if there exists (and is finite) lim,,,, , ., p(x,,
Xy

(3) (X, p) is said to be complete if every Cauchy sequence
{x,,} in X converges with respect to 7, toa pointx € X
such that p(x, x) = lim, ,, , ., p(x,, x,,).

(4) A sequence {x,} in (X, p) is called 0-Cauchy sequence
if lim,, ,, , oo p(X,> X,,,) = 0. The space (X, p) is said
to be 0-complete if every 0-Cauchy sequence in X
converges with respect to 7, to a point x € X such
that p(x, x) = 0.

Lemma 6 (see [1, 23, 25, 33]). Let (X, p) be a partial metric
space and {x,,} any sequence in X.

(i) {x,,} is a Cauchy sequence in (X, p) if and only if it is a
Cauchy sequence in metric space (X, d).

(ii) (X, p) is complete if and only if the metric space (X, d)
is complete. Furthermore, lim,, _, . d(x,,,x) = 0 if and
only if p(x,x) = lim, _, ,p(x,,x) = lim,,, . p(x,,
Xy

(iii) Every 0-Cauchy sequence in (X, p) is Cauchy in (X, d).

(iv) If (X, p) is complete, then it is 0-complete.

The converse assertions of (iii) and (iv) do not hold. Indeed,
the partial metric space (Q NR", p), where Q denotes the set
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of rational numbers and the partial metric p is given by
p(x, y) =max{x, y}, provides an easy example of a 0-complete
partial metric space which is not complete. Also, it is easy
to see that every closed subset of a 0-complete partial metric
space is 0-complete.

The proof of the following lemma is easy, and for detail
we refer to [34] and the references therein.

Lemma7. Assumex, — zasn — o0 in a partial metric space
(X, p) such that p(z,z) = 0. Then lim,, _, . p(x,,, ¥) = p(z, ¥)
forall y € X.

Analogous to [30] we have following definitions.
Definition 8. Let F: R* — R be a mapping satisfying:

(F1) F is strictly increasing, that is, for &, f € R" such that
a < Bimplies F(a) < F(B);

(F2) for each sequence {«,} of positive numbers
lim, _, &, = 0ifand only iflim,, , . F(w,) = —00;

(F3) there exists k € (0, 1) such that lima_,owckF(oc) =0.

For examples of function F, we refer to [30]. We denote the
set of all functions satisfying properties (F1)-(F3) by #.

Wardowski in [30] defined the F-contraction as follows.

Let (X, p) be a metric space. A mapping T : X — X is
said to be an F-contraction if there exists F € & and 7 > 0
such that, for all x, y € X, p(Tx, Ty) > 0, we have

T+ F(p(Tx,Ty)) < F(p(x, y)). o

The following lemma will be useful in proving our main
result.

Lemma9. Let (X, p) be a partial metric spaceand f,g: X —
X two mappings. Suppose there exist F € F and T > 0 such
that, for all x, y € X, p(fx,gy) > 0, one has

7+ F(p(fx. gy))

SF(max {p(x,y%p(x,fX),P(%gy), 2

P(x,gy)zp(y,fX)})

If f has a fixed point u € X, then u is a unique common fixed
point of f and g, and p(u,u) = 0.

Proof. Letu € X beafixed point of f. Suppose p( fu, gu) > 0;
then by (2) we obtain

T+F@(W4WDSF<mM{PWM%P@Lﬁ04%%g@>

plugy:plesa])

2
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T+ F(p(u gu))

p(u,u)+p(u,gu)})

sF(max{p(u,gu), 5

T+ F(p(ugu)) < F(p(u gu)), .

a contradiction (as 7 > 0). Therefore we have p( fu, gu) = 0;
thatis, fu = gu = u. Thus u is a common fixed point of f and
g. Again, if p(u,u) > 0, then by a similar process as above we
obtain

T+ F(pww)=7+F(p(fu gu)) < F(p(u gu))
= F(pwu),

a contradiction (as T > 0). Therefore, p(u, u) = 0. For unique-
ness, let v be another common fixed point of f and g; that is,
fv=gv=v.1If pu,v) > 0, then by (2) we obtain

7+ F(p(u,v))
=7+ F(p(fu.gv))

< F(max {p(u,v),P(u)f”))P(V’g")’

p(ugv) +P(v,fu)}>

2

= F<max{P(”’V))P(u,u),p(v,v),M})

2
=F(pwv),
(5)
a contradiction. Therefore, p(u,v) = 0; that is, u = v. Thus a
common fixed point is unique. O

Now we can state our main results.

2. Main Results

The following theorem extends and generalizes the results of
[30] in partial metric spaces.

Theorem 10. Let (X, p) be a 0-complete partial metric space
and f,g : X — X two mappings. Suppose there exist F € F
and T > 0 such that, for all x, y € X, p(fx, gy) > 0, one has

7+ F(p(fx.gy))

<t (mox o) p (o i)

p(x,gy);p(y)fx)})_

If (i) f or g is continuous or (i) F is continuous, then f and g
have a unique common fixed point u € X, and p(u,u) = 0.

Proof. Let x, € X be arbitrary. Define a sequence {x,} by
Xope1 = fXop and x5, = gxy,,, foralln > 0.If x,,,,, = x,,
for any m € N, for example, let x,,,, = x,,, then it follows
from (6) that

T+ F (P (Xa0415 X2042))

=7+ F(p (fxom 9%2041))

<F (max ‘{P (%2 X241) > P (%2> [X20) s P (Xap1> G%41) 5

P (%2 GXoni1) + P (X20015 f%2,) } )

2

=F (max {p (xZn’ x2n+1) > P (x2n> x2n+1) ’P (x2n+1’x2n+2) >

P (X X312) + P (X2015 Xoi1) } )
2

=F (max {P (%2 X31) > P (X2 X3) » P (K> X242) »

P (%2 X242) + P (X0 X3,) } )
2

= F (p (%210 Xon42))

7)
that is, F(p(xy,, X5p12)) < F(p(xy,, X5p00)) — T. As, T > 0,
we get a contradiction. Therefore, we must have F(p(x,,,
Xyni2)) = 05 that is, x5, = X5, = X,,,,,. Similarly, we obtain
Xon = Xopy1 = Xopsy = Xopes = -5 a0 80 Xy, = X5, = gXp,,.
Thus, x,,, is a common fixed point of f and g. Now, we assume
that x,, # x,,,,, for all m € N; then it follows from (6) that

T+ F(p (X001 X2,))

=7+ F (p (fxzn: ngn—l))

<F (max {P (xZn’ xZn—l) > P (‘x2n’ fon) ’P ('xZn—l’g'xZn—l) >

P (%2 9%1) + P (X901 fX2,,) })
2

=F (max {P (%25 X2-1) > P (%2> X211 ) > P (X215 %2) »

P (%2 X3) + P (X315 X241) } >
2

<F (max ‘{P (%20 X2-1) > P (%2> X241 5

P (%215 %) + P (X0 X241) } )
2

= F (max {p (X5 X3-1) » P (X2 X301} - ®)



If max{p(xy, X 1)> P(X2s Xpne1)} = P(Xop Xp11)> then it
follows from the above inequality that 7 + F(p(x,,,;,X5,)) <
F(p(x,,> X3,41))> @ contradiction (as T > 0). Therefore, we

must have max{p(xy,, X5,-1)s P(Xgp> Xpp41)} = P(Xgs X3p1)-
So, setting p, = p(x,,x,,;) from the above inequality we
obtain that

F(pyn) < F(pypy) — 7. 9

Again, using (6) we obtain

7+ F (P (X242 X241))

=7+ F(p(9%ms1> [X20)) = T+ F (P (fX000 9%2011))

<F (max {P (x2n’x2n+1) > P (x2n’ fx2n) >P (x2n+1’gx2n+1) >

P (%2 G%3n11) + P (Xai1> [%2,) })
2

=F (max {P (%2 X241) > P (%2> X241) s P (Ko 1> X2i2) 5

P (%2 X342) + P (Xai1> X2011) } )
2

<F (max {p (xZn’ x2n+1) > p (X2n+1’ x2n+2) >

P (X2 Xoi1) + P (%2015 Xoi2) } >
2

= F (max {p (X5 X341) » P (X415 Xoms2)}) -
(10)

If max{p(x5,» X211)> P(X2pi1> X2ni2)} = P(X2p415 X2042)> then
it follows from the above inequality that T + F(p(x,,.2
Xor1)) < F(p(x5,42> X5441))> @ contradiction (as 7 > 0).
Therefore, we must have max{p(x,,» X5,,:1)> P(X2541> Xoni2)} =
P(%5, X11)- SO from the above inequality we obtain that

F(pyps1) < F(py,) — 7. (11)
Using (9) and (11) we obtain
F(psn) < F(Pau) -7
(12)
< F(pys) - 21 <+ < F(p,) — 2nt.
Similarly
F(py1) < F(pon) -7
(13)

SF(pZn—l)_ZTS"'SF(po)_(zl’l‘Fl)T.

It follows from (12) and (13) that lim, _, . F(p,) = —o00. As
F € & by (F2) we have

lim p, = 0.

n— 00

(14)
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Again, by (F3), there exists k € (0, 1) such that

lim piF(p,) = 0. (15)
From (12) and (13) we have
P [F (02) = F(po)] < —2nph, 7 <0, 16)
Pt [F (Panin) = F(po)] < = 21+ 1) ph 7 <0,
Using (14) and (15) in the above inequalities we obtain
lim n(p,)" = 0. (17)

n— 00

It follows from above that there exists 1, € N such that
n(p,)¥ < 1foralln > ny; that s,

Pn < m, Vn > 1. (18)

Let m,n € N with m > n > ng; then it follows from (18) that

p (xn’xm) <p (xn’xn+1) +p ('xn+1’xn+2) toeetp (xm—l’xm)
- [P ('xn+1’xn+l) +p (xn+2’xn+2)
+o ot p (X X1

SPutPurto

(o)
1
= Zm.
i=n

(19)

As k € (0, 1), therefore the series Z,O:On 1 /il/ k converges; so it
follows from the above inequality that lim, _,  p(x,,x,,) =
0; that is, the sequence {x,} is a 0-Cauchy sequence in X.
Therefore, by 0-completeness of (X, p), there exists u € X
such that

Am e p(x,,x,) = lim p(x,u) = pwu)=0. (20
We will prove that u is a common fixed point of f and g. We
consider two cases.

Case 1. Suppose f is continuous. Using continuity of f, (20),
and Lemma 7 we obtain

p (u’ fu) = nll,néop (x2n+1’fu)
= lim p(fx,, fu) = p(fu. fu).

We claim that p(fu, fu) = 0. Suppose p(fu, fu) > 0. If for
each n € N there exists k, such that p(x; ,,, fu) = 0 and
k, > k,_, with k, = 1, then by Lemma 7 and (20) we have
fu = u, and so, by Lemma 9, u is a unique common fixed
point of f and g.

(21)
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Now suppose there exists #;, € N such that p( fu, gx,) > 0
for all n > n,. Then, since p(fu, fu) > 0, there exists ¢ > 0
such that p(fu, fu) > e.

For any n > n; we have

7+ F(p (fu, 9%3011))

sF(mu{pwaﬂxpokwxpwhﬂgaﬁn,

P (1, g%201) + P (X5015 f14) } )
2

=F (max {P (s X3011) > P (fts f1) s p (Xp1> X2042) 5

P (1 %05) + P (X541, f14)
5 .

(22)
Using (20) and (21), there exists n, € N such that p(u,

Xn+1)> P(Xapi1s Xonea) < €/2 and p(xy,4y5 fu) < p(fu, fu) +
g/2 for all n > n,; therefore, it follows from the above
inequality that

T+ F(p (fu, 9%311))
< F(max {g,p(fu,fu), g,
(23)

e/2+p(fu,fu)+s/2}>,

2

F(p (fus 9%211)) < F (p (fu, fu)).
As F e &, by (F1) we have p(fu, gx,,,;) < p(fu, fu) for
all n > max{n,, n,}, a contradiction. Therefore, we must have
p(fu, fu) = p(u, fu) = 0; that is, fu = u, and by Lemma 9,
u is a unique common fixed point of f and g. Similarly, if g
is continuous, then u is a unique common fixed point of f
and g.

Case 2. Now suppose that F is continuous. We can assume
that there exists n; such that p(x,, fu) > 0 for alln > ny;
otherwise we get fu = u (similar as in previous case).

For any #n > n,, we obtain from (6) that

7+ F(p (fus x3,45))
=1+ F(p(fu, gxsn41))

<F (max ‘[P (1 %2e1) > P (s f11) s P (%3115 GXope1) »

P (1, gx51) + P (X50115 f11) })
2

<F (max ‘[P (1 X31) > P (w6 f1a) s P (Xg15 Xo12) >

P (U X305) + P (X915 1) + p (14, fur)
2

(24)

5
From (20), there exists 1, € N such that
ma {05300 6 i) (i )
p(uxy.0) +p (x22n+1’ u) + p(u, fu) } = p(u fu),
(25)

for all n > n,. Therefore, it follows from (24) that

T+ F (p(fur x3012)) < F (p (us fu))

Vn > max {n;,n,} .
(26)

Using continuity of F and letting # — o0 in the above ine-
quality we obtain

T+ F(p(fuu)) < F(p(u fu)), (27)

a contradiction (as T > 0). Therefore we must have p(u, fu) =
0; that is, fu = u. Again by Lemma 9 u is a unique common
fixed point of f and g. 0

The following corollaries are immediate consequences of
Theorem 10.

Corollary 11. Let (X, p) be a 0-complete partial metric space
and f,g : X — X two mappings. Suppose there exist F € F
and T > 0 such that, for all x, y € X, p(fx, gy) > 0, one has

T+ F(p(fx,gy)) < F(max{p(x,y),p(x fx), p(y g{z)g :

If (i) f or g is continuous or (ii) F is continuous, then f and g
have a unique common fixed point u € X, and p(u,u) = 0.

Corollary 12. Let (X, p) be a 0-complete partial metric space
and f,g : X — X two mappings. Suppose there exist F € F
and T > 0 such that, for all x, y € X, p(fx,gy) > 0, one has

T+F(p(fx.gy)) <F(p(x.y)). (29)

If (i) f or g is continuous or (i) F is continuous, then f and g
have a unique common fixed point u € X, and p(u,u) = 0.

Taking f = g in Theorem 10 we obtain the following
corollary.

Corollary 13. Let (X, p) be a 0-complete partial metric space
and f : X — X a mapping. Suppose there exist F € F and
T > 0 such that, for all x, y € X, p(fx, fy) > 0, one has

T+ F(p(fx fy))

<#(max{p(s2) 0 00 B) g

2

plef) p0n) )

If (i) f is continuous or (ii) F is continuous, then f has a unique
fixed point u € X, and p(u,u) = 0.



The following is a fixed point result for F-contraction in 0-
complete partial metric space and follows from Corollary 13.

Corollary 14. Let (X, p) be a 0-complete partial metric space
and f: X — X a mapping. Suppose there exist F € F and
T > 0 such that, for all x, y € X, p(fx, fy) > 0, one has

T+ F(p(fx fy) < F(p (%)) (31)

If (i) f is continuous or (ii) F is continuous, then f has a unique
fixed point u € X, and p(u,u) = 0.

The following are some examples which illustrate the
above results and that the generalizations are proper.

Example 15. Let X = [0,1] N @, andlet p: X x X — R" be
defined by p(x, y) = max{x, y} for all x, y € X. Then (X, p)
is a 0-complete partial metric space, but it is not complete
partial metric space. Indeed, the induced metric space (X, d),
where d(x, y) = |x—y|forall x, y € X, is nota complete met-
ric space. Define f: X — X by

, ifx €[0,1);

fx = (32)

X
4
l, if x=1.

8

We note that f satisfies the condition (31) of Corollary 14 with
F(t) =logt forallt € R*, 7 € (0,log4], and 0 € X is unique
fixed point of f with p(0,0) = 0. On the other hand, the
metric version of Corollary 14 is not applicable because (X, d)
is not complete metric space. Also, this example shows that
the class of F-contraction in partial metric spaces is wider
than that in metric spaces. Indeed, for x = 1, y = 9/10, there
isnoF € & and 1 > Osuchthat t+F(d(fx, fy)) < F(d(x, y)),
where d is usual as well as the metric induced by p.

The following example illustrates the case when
Corollary 11 is applicable, while Corollary12 is not, as
well as the metric versions of Corollary 11 are not applicable.

Example 16. Let X = {0,1,2,3},andlet p: X x X — R" be
defined by
p(x,y) =|x—y|+ max{x, y}, Vx,yeX. (33)

Then, (X, p) is a 0-complete partial metric space. Note that
the metric induced by p is given by d(x, y) = 3|x — y| for all
x,y € X.Define f,g: X — Xby

f1=0, f2=1,
gl =0, g2=0, g3=1

f0=0,
g0 =0,

(34)

Now, by a careful observation one can see that f and g satisfy
the condition (28) of Corollary 11, with F(t) = logt for all
t € R", 7 € (0,log(3/2)],and f and g have a unique common
fixed point, namely, 0 € X with p(0,0) = 0. While, f and
g do not satisfy the condition (29) of Corollary 12. Indeed,
for x = 2, y = 2, thereareno F € &% and 7 > 0 such that
T+ F(p(fx, gy)) < F(p(x, y)). Again, f and g do not satisfy
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the metric versions of Condition (28) of Corollary 11. Indeed,
x = 2, y = 1 are the points where the induced metric and
usual metric versions of condition (28) of Corollary 11 are not
satisfied.
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