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Abstract: As a mixture of randomness and un-
certainty, uncertain random variable is a measur-
able function from a probability space to a collec-
tion of uncertain variables. This paper will propose
an uncertain random process as a generalization of
both stochastic process and uncertain process. Spe-
cial types of uncertain random process such as inde-
pendent and stationary increment uncertain random
process and uncertain random renewal process will
also be discussed.
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81 Introduction

Probability theory has been used to model ran-
dom phenomena for a long time. A premise of apply-
ing probability is that the obtained probability dis-
tribution is close enough to the real frequency. How-
ever, due to economic reasons or technical difficulties,
we are often lack of observed data to estimate the
distribution via statistics. In this case, some domain
experts are invited to evaluate their belief degree of
the possible events. However, the belief degree usu-
ally has a much larger range than the true frequency,
and probability theory is not applicable by Liu [6].
In order to deal with this problem, an uncertainty
theory was founded by Liu [1] in 2007 and refined by
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Liu [5] in 2010 based on normality, duality, subaddi-

tivity and product axioms.

In order to model dynamic uncertain phenom-
ena, a concept of uncertain process was proposed
by Liu [2] in 2008. Following that, as an uncertain
counterpart of Wiener process, canonical process was
proposed by Liu [4] in 2009. It is a stationary inde-
pendent increment uncertain process, and the incre-
ments are normal uncertain variables. In order to
model the sudden jumps in an uncertain system, an
uncertain renewal process was proposed by Liu [2]
in 2008. After that, Liu [5] proposed uncertain re-
newal reward process, and applied it to an insurance
model. In 2012, Yao and Li [9] proposed uncertain

alternating renewal process.

Sometimes, randomness and uncertainty exist
simultaneously in a complex system. In order to
model such a system, Liu [7] proposed uncertain ran-
dom variable and derived its chance measure in 2012.
Meanwhile, Liu [7] defined expected value and vari-
ance for uncertain random variable. Following that,
Liu [8] presented the operational law of uncertain
random variable, and proposed uncertain random
programming as a branch of mathematical program-

ming involving uncertain random variables.

In this paper, we will propose uncertain random
process. The rest of this paper is structured as fol-
lows. The next section is intended to introduce some
concepts of uncertain random variable. Then uncer-
tain random process is proposed in Section 3. As a

special type of uncertain random process, stationary
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increment uncertain random process is proposed in
Section 4, and law of large numbers for uncertain
random variables is proved. After that, a concept of
uncertain random renewal process is given in Section

5. At last, some remarks are given in Section 6.

82 Preliminary

Uncertainty theory is a branch of axiomatic
mathematics to deal with human uncertainty. In or-
der to model a system with both randomness and un-
certainty, a chance theory was founded by Liu [7, 8]
in 2012. In this section, we will introduce some use-
ful definitions about uncertain variable and uncer-

tain random variable.

§2.1 Uncertain Variable

Definition 1 (Liu [1]) Let L be a o-algebra on a
nonempty set T'. A set function M : L — [0,1] is
called an uncertain measure if it satisfies the follow-
g arioms:

Aziom 1: (Normality Aziom) M{T'} =1 for the uni-
versal set I'.

Aziom 2: (Duality Aziom) M{A} + M{A°} =1 for
any event A.

Aziom 3: (Subadditivity Axiom) For every countable

sequence of events Ay, As, -+, we have

M{GA} < iM{Ai}.
i=1 i=1

Besides, the product uncertain measure on the prod-
uct o-algebre L is defined by Liu [4] as follows,

Aziom 4: (Product Aziom) Let (T'y, Ly, M) be un-
Then the product

uncertain measure M is an uncertain measure satis-

fying

certainty spaces for k = 1,2,---

M{ﬁAk} = 7\ My {Ax}
i=1

k=1
where Ay are arbitrarily chosen events from Ly for

k=1,2,---, respectively.

An uncertain variable is essentially a measur-
able function from an uncertain space to the set of
real numbers. In order to describe an uncertain vari-
able, a concept of uncertainty distribution is defined

as follows,

Definition 2 (Liu [1]) Let £ be an uncertain vari-

able. Then its uncertainty distribution is defined by
P(z) = M{¢ <z}
for any real number x.

An uncertainty distribution ® is said to be regular
if its inverse function ®~1(a) exists and is unique
for each a € (0, 1). Inverse uncertainty distribution
plays an important role in the operation of indepen-

dent uncertain variables.

Definition 3 (Liu [4]) The wuncertain wvariables
517 527 T

M{ﬂ(fz € Bz)} = /\ M{& € B;}
k=1

i=1

, &€m are said to be independent if

for any Borel sets By, By, -+, By, of real numbers.

§2.2 Uncertain Random Variable

Definition 4 (Liu [7]) An uncertain random vari-
able is a function £ from a probability space (2, A, Pr)

to the set of uncertain variables such that
M{¢(w) € B}

is a measurable function of w for any Borel set B of

R.

Random variables and uncertain variables can
be regarded as special cases of uncertain random
variables. Let 77 be a random variable, 7 be an uncer-
tain variable. Then n+47 and nx 7 are both uncertain

random variables.

Definition 5 (Liu [7]) Let & be an uncertain ran-
dom wariable on a probability space (2,.A,Pr), and
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let B be a Borel set of R. Then the chance of an

uncertain random event & € B is defined by

Ch{geB}:/O Pr{we Q| M{¢w) € B} > r}dr

Chance measure for an uncertain random vari-
able agrees with the probability measure for a ran-
dom variable and uncertain measure for an uncertain
variable, i.e., for any given Borel set B of real num-

bers, we always have

Ch{n € B} =Pr{n € B}
for a random variable 1 and

Ch{r € B} = M{r € B}

for an uncertain variable 7. Besides, Liu [7] proved
that a chance measure satisfies normality, duality,
and monotonicity properties, that is

i) Ch{¢ e R} =1

ii) Ch{¢ € B}+Ch{¢ € B°} =1 for any real number
set B.

iii) Ch{¢ € By} < Ch{{ € Bs} for any real number
set B1 C Bs.

Definition 6 (Liu [7]) Let £ be an uncertain ran-
dom wvariable. Then its chance distribution of £ is
defined by

o(x) = Ch{¢ < 2)

for any x € R.

The chance distribution of a random variable
is just its probability distribution, and the chance
distribution of an uncertain variable is just its un-

certainty distribution.

Definition 7 (Liu [7]) Let £ be an uncertain ran-

dom variable. Then its expected value is defined by

“+o00 0
E[¢] = / Ch{¢ > r}dr — / Ch{{ < r}dr
0 —0o0
provided that at least one of the two integrals is finite.

For a random variable 1 and an uncertain vari-
able 7, Liu [8] proved that E[n+ 7] = E[n] + E[7]
and E[n x 7] = E[n] x E[7].

83 Uncertain Random Process

This section aims at proposing an uncertain ran-
dom process to model a dynamic uncertain random
system. Generally speaking, an uncertain random
process is in fact a sequence of uncertain random

variables indexed by time or space.

Definition 8 An wuncertain random process is a
function X; from an index set T to a collection of
uncertain random variables, i.e., for each t € T, the

function Xy is an uncertain random variable.

Remark 1 Since M{X;(w) € B} is a measurable
function of w, the function M{X;(-) € B} is a

stochastic process.

Example 1 A stochastic process is a special type
of uncertain random process, because any real value

is a special uncertain variable.

Example 2 An uncertain process is a special type
of uncertain random process, because for any given
time, it is a function from a probability space to an

uncertain variable.

Example 3 Let Y; be a stochastic process, and Z;
be an uncertain process. If f is a measurable func-
tion, then

Xt = f(y;th)

is an uncertain random process.

Definition 9 Assume X; is an uncertain random
process on a chance space (2, A,Pr) x (T',L,M).
Then for each fized w* € Q and v* € T, the function
X (w*,v*) is called a sample path of the uncertain

random process of X;.

Note that each sample path is a function of ¢.
An uncertain random process can also be regarded
as a function from a chance space to the collection

of all sample paths.
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Definition 10 Assume X; is an uncertain random
process and z is a given level. Then the uncertain

random variable
E=inf{t >0|X; =2z}

18 called the first hitting time that X; reaches the level

z.

Theorem 1 Let X; be an uncertain random process
and z be a given level. Then the first hitting time &,
that X reaches the level z has an uncertainty distri-
bution
Ch{ sup X; 22}, if Xo <z
0<t<s
D(s) =
Chq inf X; > if X .
{ogth t_z}, if Xo >z

84 Stationary Increment Process

Definition 11 An uncertain random process X; is
said to have stationary increments if, for any given
t > 0, the increments X¢ys — X5 are identically dis-

tributed uncertain random variables for all s > 0.

Example 4 Wiener process W; is a stationary in-

crement uncertain random process.

Example 5 Canonical process Cy is a stationary

increment uncertain random process.

Example 6 Let 71,72, be a sequence of iid ran-
dom variables, and 71,79, -+ be a sequence of iid
uncertain variables. Assume f is a measurable func-

tion, then
Xo = fln,m) + f2,m2) + -+ [, ™)
is a stationary increment uncertain random process.

Theorem 2 Let X; be a stationary increment un-
certain random process. Then for any real number a

and b, the uncertain process
Y =aX;+0

18 also a stationary increment uncertain random pro-

CESS.

85 Renewal Process

Definition 12 Let £1,&o, - -
tive uncertain random variables. Define Sy = 0 and
Sp=&+&+ -+ &, forn>1. Then

be a sequence of posi-

Ny = max{n|S, <t}
n>0
is called an uncertain random renewal process.

Example 7 A stochastic renewal process is an un-
certain random renewal process, because a random

variable is a special uncertain random variable.

Example 8 An uncertain renewal process is an un-
certain random renewal process, because an uncer-

tain variable is a special uncertain random variable.

Theorem 3 Let 71,12, -- be a sequence of iid ran-
dom wariables with a common uncertainty distribu-
tion ®, 11,72, -+ be a sequence of iid uncertain vari-
ables, and f(xz,y) be a positive measurable function
and monotone with respect to y. Assume that Ny is
an uncertain random renewal process with interar-

rival times f(§1,m), f(&2,n2), - Then

([ fﬂx,n)d@(x))

in the sense of convergence in distribution.

-1

Proof: It follows from the definition of renewal pro-

cess that

Ch {]\f < y} = Ch{N; < ty} = Ch{N; < [ty]}

= Ch{S|py)+1 >t}

Slty)+1 t }
— Ch >
{LtyJ+1 ~lty] +1

for any y € (0,1) where [ty] represents the maximal

integer less than or equal to ty. It follows from the
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law of large numbers that

lim Ch {Nt < y}
t—-+oo t

:M{/+Oof(x,71)d¢(x) > ;}

—0o0

Y { ( / jﬂx,md@(m))l < y}

for almost all y € (0,1). Thus N/t converges in

distribution to

(/_:o f(a,m) d<I>(m)> -

§5.1 Renewal Reward Process

Definition 13 Let &,&s,---

interarrival times, and (y,(o, - -

be uncertain random
be uncertain ran-

dom rewards. Then

Ny
Ry = Z Gi
i—1

is called an uncertain random renewal reward pro-
cess, where Ny is a renewal process with uncertain

random interarrival times &1,&s, - - -

Theorem 4 Let N; be a renewal process with
1id random interarrival times ni,m2,--- and let

T1,To, -+ be iid uncertain rewards. Then

Rt = E Ti
i=1
s an uncertain random renewal reward process, and

Ry T1
—_—
t Elm]

in the sense of convergence in distribution.

Proof: Let ® denote the uncertainty distribution of

1. It follows from the definition of chance distribu-

tion that

:/OlPr{<I)<;Vt>>r}dr

Since Ny is a random renewal process with iid inter-

arrival times 11,79, -+, we have
! — Em]
E a.s.
Nt 771

It follows from the Lebesgue dominant convergence
theorem that

Jm Ch {1? < x}
:/01 e {q) (;@) > r} dr
:/01 Pr{® (E[m]z) > r}dr
=@ (E[m]x)

which is just the uncertainty distribution of 71 / E[n].

The theorem is thus verified.

86 Conclusion

This paper first proposed a concept of uncer-
tain random process. As a special type of uncertain
random process, this paper also proposed stationary
increment uncertain random process. In addition,
this paper studied uncertain random renewal pro-

cess, and proved the fundamental renewal theorem.
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