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Synopsis

The X-Y model of a linear chain of spins 3}, introduced by Lieb, Schultz and
Mattisl), is studied in the presence of a magnetic field % along the 7 axis. In section
A the Hamiltonian is diagolalized in terms of fermion operators. In section B the mag-
netization along the z axis is calculated for arbitrary field and temperature. We find
that there is no spontaneous magnetization and that only at zero temperature there
is a phase transition of the second kind, the magnetic susceptibility being of the form
¢-In|h — he| in the neighbourhood of a critical field 4. In section C we derive an
expression for the time-dependent correlation function p%(8, f) of the z-components
of spins separated by an arbitrary number R of lattice sites. Starting from this ex-
pression we will show that there is no long-range order of the z components of the spins
in the absence of the field and that in the presence of a field the long-range order
corresponds with the magnetization. Furthermore we discuss the time-dependent
autocorrelation function of the z component of one single spin, of the total magnet-
ization of the chain, and the possibility that Im p%(, ¢) satisfies a kind of wave
equation, for this special case, as has been proposed by Ruygrok?) for more general
cases. In section D the isolated chain is assumed to be in thermal equilibrium in a
certain magnetic field, after which the field is suddenly changed by an arbitrary
amount, and an exact expression is derived for the temporal development of the
z component of the magnetization, which is found to reach an equilibrium value as
time goes to infinity. In section E this exact time development is compared with the
exact solution of the Kubo formalism3) and it is proved analytically that the Kubo
formula holds for high temperatures and small perturbation, but some numerical cal-
culations show that the development into powers of the perturbation converge very
slowly. We conclude with a short discussion of the approach of Mazur and Terwiel4)
to the relaxation of more general spin systems, in connection with our exact results on
the chain.

Introduction. In 1961 Lieb, Schultz and Mattisl) introduced a model
for an antiferromagnetic linear chain of spins §, with nearest neighbour
interaction, which they called the X-Y model. They considered a chain of
N spins }, governed by the Hamiltonian:

N
H=2] S10+7) S0 + (1 =) 1l J>0

where the operators S} are half the Pauli spin matrices, and y is a parameter
characterizing the degree of anisotropy of the interaction in the xy plane.
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In our case a magnetic field /# along the z axis is added giving rise to an
extra term

N

—2h ¥ 5%

j=1
in the Hamiltonian. We will choose 0 <{ y <. 1 and J < 0, and since we will
only use the fact that J is greater than zero, we take J = }. Furthermore
we will consider the chain to be cyclic, i.e. S | = S/.

It is possible to determine exactly some equilibrium and non-equilibrium
properties of this system in the thermodynamic limit. In equilibrium one
is interested in calculating the magnetization per spin in the z direction as
a function of g, y and A, (f = 1/kT), and in the correlation function
<S1SL.()> B = pi’ (B, t), where the shorthand <A4>4 denotes

m

Tre-HA

TresH
Because the Hamiltonian is invariant under translation by any number of
lattice sites we have p; » = piz—m|. It is the function pu(f, ) which enters
for example into calculations on the scattering of neutrons by spin systems.
For ¢ = 0O, pw(pB, O) contains as special cases the so-called short- and long-
range order, which are defined by:

short-range order = pi'(8, 0) = pi(B, 0)

long-range order = lim p¥ (B, 0), if this limit exists.

TFor arbitrary v and 2 = 0 Lieb, Schultz and Mattis were able to
derive exact expressions for pi(8, 0), p{(f, 0) and pi(B, 0). As to the long-
range order they could prove for the special case y = 0 and 4 = O that

lim p4, (8, 0) = 0.
H-—-ce
For y # 0 their method yielded only very weak results.

In section A the Hamiltonian is diagonalized in terms of fermion operators.
In section B the magnetization (per spin) in the z direction is calculated as
a function of the field and the temperature: <M?(h)>s. It is found that
{M?=(h)ypis a continuous function of g and %, but that at zero temperature the
magnetic susceptibility ¥2(4) shows a singularity at a certain critical field #,.
In the neighbourhood of this point the susceptibility can be written as
X#(h) = c-In|h — h¢|. The ground state shows no spontaneous magnetization.
For y = 1 the model reduces to the one-dimensional Ising chain in a perpen-
dicular field, which has already been studied by Katsural3).

In section C the time-dependent correlation function p%(8, t) =<S{S7 . r(?)>s
of the z components of two spins separated by an arbitrary number R of
lattice sites is calculated. From the result we show that when there is no
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magnetic field there is no long-range order and when there is a magnetic
field, the long-range order corresponds with the magnetization. Furthermore
the autocorrelation functions of the z components of one single spin and of
the total magnetization of the chain are discussed, and the possibility that
the imaginary part of p%(8, ) satisfies a king of wave equation is considered.

In section D the system is taken to be in equilibrium at temperature 7°
and external field A1 for £ << 0. At ¢ = O the field is suddenly changed to a
different value 4 and the temporal development of <M?(#)> is calculated
exactly for all values of . It is shown that (M?%(f)> approaches a limit as ¢
approaches infinity, but no exponential decay is found.

In section E it is proved analytically without making any assumptions
that the usual way of treating relaxation phenomena, the Kubo formalism,
holds, by developing the exact expression (M?(f)) in powers of (21 — hg) and
B and retaining only the first term. In order to get an idea how fast the series
in f and (k1 — h2) converge and to see whether there is an exponential decay
of the magnetization the expressions for <M#(#)>exact and <MZ(t)>gupo Were
computed numerically for some cases. Both solutions behave like damped
oscillations, of which only the first part can be described by an exponential,
but the oscillations are not damped enough to permit the whole decay to be
described by an exponential. It is shown that when the Kubo approximation
is treated in the same way as Terwiel and Mazur?) recently treated more
general spin systems, the use of the combination of their basic assumptions
and the weak coupling limit yields an incorrect result and the possible
reasons for this behaviour are indicated.

A. Diagonalization of the Hamiltonian. We consider a linear chain of N
spins } in an external magnetic field along the z axis, having only nearest
neighbour interaction, governed by the Hamiltonian:

N
H Z'Zl[(l + ) S3S71 + (1 — ) SYSYL, — ASE).
P

The S’s are half the Pauli spin operators. By first performing the trans-
formation
a; + a; a; — 7 *
S§= 0 Sj=——— Si=ajy—1}

and then the transformation

i—1
* s * * *
a; = expliw ¥ cycx] ¢; a; = ¢
k=1
j-1

a; = expl—in ¥ ciexl ¢ a1 = c1,
k=1
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the Hamiltonian is transformed into
Y N
H = }Nh —h ¥ cie; + X (c]ejn -+ yejef ) + he —
i1 i1
N
—H(exer + yeyer) + hee {explim X ¢fey) + 1}
i1

where the ¢’s are fermion operators, i.c. they satisfy anticommutation rules:
lei epf = {cf, 65} = 0, {¢f, ¢} = 0

We have taken periodic boundary conditions, although the chain with free
ends can also be solved exactly (see ref. 1, which we are following closely),
and now we make use of the fact that for large systems the term proportional
to

R

fexp(iz ¥ cfey) -+ 1}

i1

may be neglected, obtaining:

N n
H = } Y {(efesrn -+ yefef ) + hed — b X cjey + INA.
j=1 i1
This Hamiltonian is of the form:
N
H =Y |[ciAuycs + 3(c]Byc; 4 h.c.)]
fi=1
where A is a symmetric and B an anti-symmetric matrix, and the ¢'s are
fermion operators. As is shown in appendix A of ref. 1, a Hamiltonian of

this kind can be diagonalized by the following canonical (i.c. the 4 operators
are again fermion operators) transformation:

N
* *
Ny = X griC; + Mkice
L1
N
Al *
Nk = % gkiCi -+ fkic;
1

i
where the coefficients gg; and kg are real numbers. This transformation
sends H into the form:

N
H == ¥ Ayning + constant.
ko1

The coefficients gi; and hg; are determined by the matrices 4 and B through
the following cquations:

(A + B) @) = A1, Wy

(A — B) Wy = Appi
where the vectors @; and ¥ are defined by:
(Pr)j = grj -+ Jixj
(W)t = grj — Jij.
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The sets of vectors {@;} and {¥'} can (and must) be chosen to be real and
orthonormal. It is permitted to take all the A;s > 0, this can only change
the sign of @4 or ¥y and it simplifies the definition of the ground state [0>
as the state for which % |0> = 0 for every &.

In our case the matrices A and B have the form:

—h 3 o 7 -7
; o —y 0 y
1 1—h Y —y 0

Due to the fact that these matrices are cyclic, the transformation coefficients
®y; and Wy and the corresponding eigenvalues Ay are found rather easily.
It is easy to verify that they are given by:

2 , 7
@k]‘:\/ﬁ cos (7(pk——ﬂk——?) (N

g \/ 2 cos (ipet 2 2
= — C —
Kk s {1wet A —-, (2)
Ax = ++/(cos g — k)2 + p%sin® g (3)
where
27
=k-—, k=1,..,N
Pk N
and
Ay = L arctg {w—} (4)
cos pr — h
In order to avoid ambiguity we define: 0 < iz < .
The Hamiltonian now has finally assumed the desired diagonal form:
N N
H =3 Ak — § 2 (Ae — h). ()
k=1 k=1

The operator M? for the magnetization per spin in the z direction in terms of
the c-operators is:

1 N 1 N 1 N

M= _— 35 =S (@ajag— ) = — T (c; + c)(c; — ¢).

N;'§1 j N?'g]( ] ) 2) 2N jgl(y + f)(j ])

Since @ and ¥ are orthogonal matrices (where the £’th column of @ is
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defined to be the vector @y, and accordingly for ¥), we can casily invert the
relations:

AY
N+ 0y = X Prglci + ¢f)

i=1

N
ne — np = 2 Priles — ¢3)
i=1
to obtain:

¢ + ¢ = L %(m + )

N

¢i — ¢ =X ¥Yrilyr — ny)

k=1
so that M? takes the form:
1N
M= - % (Dmcl}IM(W:L + "/m)(7/n - 71;:,) (6)
2N c,m,n=1

B. Magnetization and susceptibility. We are now ready to evaluate the
magnetization as a function ot §, v and %, where § = 1/kT, in the canonical
ensemble. This is most easily done not by differentiating the explicit ex-
pression for the free energy with respect to the external field, but by directly
calculating <M?%>5, where we use the abbreviation

Ve Tr e-8HM=
(M#pg = - Tr oot
Using formulae (5) and (6) this is:

Mz =

1 TI [(“Yp ﬁ z-l A]n] V/j + (/L - 1]} ZJ ¢"Llll ﬂl(’r/m ‘* ”/m) (7//1 '/:)]

——e =1 e (7)

T 2N

Tr exp ﬂ{L Aming + $(h — AJ)}
Because of the simple form of the Hamiltonian, one easily verifies that:

Tr e_ﬂH(ﬁ:L + nm) (77:: - 7]:) )
- Tr e—BH - — = —tgh YA S

Inserting this into equation (7), one obtains:

1N
<Mz(h)>ﬁ = TSNy Z Qjmllpnl tgh é’,BAm (3mn,
2N Lm,n=1
1 ~ 7 i
= - l > 1 cos | lpm — Am — ) eos bpm + Am — 4 tgh 14, (7))
,m=
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The summation over I can be explicitly evaluated, and taking the thermo-
dynamic limit, so that ¢, = m(2x/N) becomes a continuous variable ranging
from O to 2z, and the summation over # can be replaced by an integral, one
finds:

27
1 [ sin(N 4 1) ¢ sin Ng ;
4n sin @

0

M2(h)ys = — gh $8A(p) dp —

27

1
- ICOS 2A(p) tgh }A(g) dg
TT

0

The first integral is zero, since its integrand is an odd function of ¢, so we
have:

1 y sin ¢
M)y = — j cos{arctg(m)} teh A dp (@)
0

One easily shows that

lim (M#(h)>5 = 0

h—>0

for all values of § so there is no spontaneous magnetization. Furthermore
one sees from (8) that the magnetization is a continuous tunction of g and 4.
On differentiating the magnetization with respect to the field, we obtain
the magnetic susceptibility, for y # 0:

Xp(h) = X1 + Xg =

1 i in ¢ tgh 34
_ sin Jarctg 7 507 vsin ¢ tgh 3fA(y) dp +
27 cosp — k) (cosp — A2 + »2sin2 ¢
0

1 r y sin g B(cos ¢ — h)
* ?ﬂf [C"S{‘“Ctg cos g — h} cosh? (%ﬁA(q)m.ZA(w)]d‘p'
0

For T > 0 both integrands are finite for all values of %, and x(§, /) is a
continuous function of both g and 4. For T = 0, however, the integrand of
x1 has a singularity when %=1, since for 7 = 0 in the point ¢ = O the term
sin @/(cos ¢ — A)2 is no longer compensated by the term tgh 184(¢). We will
study y; p—o a little closer near -~ = 1 and put 2 =1 4 4', with 4’ > 0.
Splitting the integration interval into two parts [0, 6] and [4, =], where ¢
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is a small positive number, we can write:
’ Az’ "
g o) =2+ 2" =

v (. 3 sm in ¢
= _ - ||sin [drctg S - 1 yeme oo |de+
1 cos ¢ — -1 f (Cos ¢ — - - 1)2 + y¥sin ¢?

L_

1 . y sin ki Y sm g
— | {sin<arct - e - de.
- Zn‘[_ { & cow;//z — 1} (CO\(//]Z — 1)2—}—y35in2q/ 4

The integrand of X” is finite for every ¢ = [0, #] and cvery 4’ so Z7(h') is a
continuous function of %. Since 6 is a small number we can write in the
integrand of X': sin ¢ = ¢ and cos ¢ = 1 — g2, obtaining:

b DA
/ , v -
XpoW) = 2'-[ VAR ST TN T
7 p* Lo ns dg —
0 I+ (1" 0 11"7)37 (22 + A)

o

=7 v o dg.
21 ( 3+]z) —+ th\z;,

Y]

——

Since 8 is small we can neglect ¢4 with respect to ¢2, obtaining

D

’ (ll/ ‘ ‘}}27 (I)Z 77777 d
welD = g | g

fH
This integral is easily evaluated to yield:

72 1

d

e -

A olh') =

M

+ log{é - /52 + *iz ,,:/ —1 <‘)h£ >]
W22 + 2 )]

The last term of this expression is seen to equal

2

2

. (2log k' — log(k'®
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and diverges logarithmically as 4’ approaches zero, or % approaches the
critical value %, = 1, the asymptotic behaviour of y,_,(#) being:

1
Areol) =~ — ——log (|h — 1]) with  A=~1.
2y

The total susceptibility can be written as:

I‘_ h —
Xr—ol#) o

1
log (1A — 1) + (k)
v
Where f(%) is a continuous, finite function of h.
When % is large compared to 1, we can write the magnetization as:

T

1 1
(M2(h)>g = —— tgh 3Bk j ————— dy
2n y2
Jr+ sty

0

1 1 y2
. tehlBh-K|—
1+ p2/h2 gh s p <yz+hz>

where K is the complete elliptic integral of the first kind. In fig. 1 the
magnetization is plotted for y %40, 7= 0 and T > 0, and in fig. 2 the
susceptibility is plotted for T = 0.

This behaviour of X ,_ (%) corresponds with a phase transition of the second
kind at zero temperature. It can be considered as an extension to a spin
system with anisotropic interaction of the so-called theorem of Jacob-

23
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|
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|
|
I
!
h

< ——m=h

Fig. 1. <M?> as function of # for T = 0 Fig. 2. x?(h) as function of  for T = Q.
(solid line) and T > O (dashed line).
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sohn!l), which states that a system of spins § in an external magnetic field
h, governed by the Hamiltonian

~ N
H=7% ]88+ X 8:-h, J >0,
Pien o
where {z;} is the collection of neighbours of the ¢-th spin, has a discontinuity
at zero temperature in either the magnetization or the magnetic susceptibi-
lity at a certain critical field. For y = 0 the magnetization of the ground
state is found to be
1
j—-—arccosh for 0 </h <1
(Mzh)>, = 7

for h =1

)

The magnetization and susceptibility of the ground state are sketched in
fig. 3 and fig. 4:

»

—— T

p=

l

i

I

|

[

I

!

|

{

|

I

I

! ,

L L " |
he —_ ah he ————— h

Fig. 3. Susceptibility of the ground state Fig. 4. Magnetization of the ground state
for y = 0 as function of A. as function of 2 for p = 0.

The spins line up gradually when the field is increased, above the critical
field A, = 1 they are all parallel and the susceptibility again shows a dis-
continuity at /.. The case of y = 1 corresponds to the familiar antiferro-
magnetic Ising chain, but with a perpendicular field. Upon rotating the
coordinate system the Hamiltonian becomes:

N
H = ¥ [S557,., — hSj]]
=1
whereas usually the case

N
H = X [S757.1 — hSj]
~1
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is considered. The transverse magnetization of the Ising chain has been
calculated by Katsural3). It follows from the foregoing that this is

<M=(h)>s =

4

1 sin
= — — j [cos {arctg
2n cos
0

—%};} tgh 1B/ (cos ¢ — )2 + Sin2¢:l dg (10)

For T = 0 the magnetization and susceptibility in the x and z directions are

plotted in figures 5 and 6:

Fig. 5. Magnetization in the » and 2
direction of the Ising chainat T = 0,
resp. dashed and solid line.

8-peak

he ~—=h

Fig. 6. Susceptibility in the x and y direction

of the Ising chain at T = O, resp. dashed and

solid line.

For more practical purposes, if chains of this structure actually appear
in nature, it is necessary not to work with dimensionless quantities, and we
can indicate conditions under which the susceptibility behaves almost
logarithmically as a function of the external field. If we had started from
the Hamiltonian:

N
H = 2].21[(1 +¥) S357 + (1 —») SYSY,,) — guwH X 5]
j= i
where J is the exchange energy, g; the Landé-factor, ¢ the Bohr-magneton
and H the external field, we would have found for the magnetization:

1

Mz(H)>g = — ETC—J‘cos {arctg i }
0

cos ¢ — 2qiuH

ot o

2giuH

) + y2sin2 @-dg
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Introducing

ie 1 o
2gip
this becomes

T

Metayy — | coslaret ysing |
Mz#(a)>p = _— | cossarcty : s
P on 1 87 (U)s @ — 1 — a) |

0
-tgh 1/3]\/ (cos ¢ — 11— a) + ;/~ sin? ¢ - dg

For 0 < a <€ 1 the larger part of the susceptibility again is given by:
&

= [
e ~— | oy etgh T e dy
2my p L2 + (a?y?) i 4 y?

where d againis chosen to be a number so small that we could write sin ¢ >~ ¢
and cos ¢ =~ 1 — {¢2, so that

a2.

(cosp — 1 — a)? + p2sin? ¢ >~ y2¢2 +

Under the condition that fJa - 1 we can write for all ¢ in this interval:

-, .
h ﬁfl \/([2 + ,,,ai) ~ tgh {A,]a
Y-

bl

SO

This is easily evaluated to be:

- ﬂ]a 1
y1(a) ~ tgh— 4 [ —r8nﬁ;710g~

1
8my
0

Wor + @) <‘5 i J e )H

Thus we have found that under the conditions

BJas>1 and 0O<a<l

=R

N~

or
B> 1 and 2guH ~]
we can write for the susceptibility:

ﬁ,] (2guutl — 1) 10g<2g§,‘H _ 1> + f(H)

H) ~ — tgh
x(H) 1

where f'(H) again is a finite, continuous function of H.
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C. Correlation functions. In this section we will study the time-dependent
correlation function of the z components of spins on different places, of one
single spin and of the magnetization. We will discuss the result and some
related subjects. The time-dependent correlation function of the z com-
ponent of two spins, respectively on lattice points / and / 4 R is defined by:

P, l+R(ﬁ 1) = <Sle+R( Ps.

Since the Hamiltonian is invariant under translations, it turns out that it is
easier to write:

Tr e=AH S5 ettt S7 . e~iHt

N 1 N
pr(B, 1) = § <SISir()s = - §

N Tr e—s8H
1 )
= AN L, qzrs ) D i@y, 1+r s, 148 (0, + 110) (Mg — 17 HL,
“(nr + nr) (s — n;) e7HEYg (11)

Again on account of the simplicity of the Hamiltonian, the trace which
occurs in this expression is found to be:

Kl + 1p) (g — 1g) €8 + nr)(ns — n;) e~ HEY g =
= tgh {4, tgh $fA:0pe0rs + [H(@p) [T (@qg) Sprdgs —
— [~ (p) I~ (¢p) Opsdar (12)

where

fH(p) = cos Afgp) t + 4 sin A(g) ¢-tgh $4(g)
and

f~(p) = ¢ sin A(g) ¢ + cos A(gp) ¢-tgh $84(gp) (13)
Inserting this into equation (11) we get:

1 N
PBt) = = T (Pu¥piPq,14r¥q, 141 tgh }p4, tgh 344 +
4N i,p,g=1
+ Opi¥ Py, 1+r¥ g, 14k (@) [T (@g) — PP qi@q,14+8¥ g, 148 (@) [~ ()]
1 N

=¥ i T [On¥pbenPum teh 16y tgh 1pAs +

+ Pp¥ i Pgm¥amf™ (@) [1(Pg) — DY u@ym¥amf~(9p) f_(%)] Om—1,R (14)
For the Kronecker delta we can write:
1 27
Om—1. R = —— ige(Bt1=m) =k —Fk=1,..,, N,
m-h R N kzl ¢ Ve N

and introducing a matrix B(pz) by

N
Bi(px) = Eled% Yudy (15)
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we can rewrite (14) as:

N

L ("R'”HZ.« Bpplex) tgh 342 +

(B, ¢
PR(B, 1) = 4N2 =

S Byalgw) BL(ex) (@) /g

pa=1
N
= X Byolgs) Bly(px) 1-(en) 1-wa)l= [ 12— 15, (16)

where the abbreviations are obvious. We will compute the functions I3, I»
and I3 separately. In formula (15), inserting the values of ¥y and @y, the
summation over I can again be performed explicitely, and introducing the
abbreviations:

N —1
A=—=litlt @ —pi—g) B=4—%+ (¢ + @i + 1)

/ —

i N —1
C=l+ %+ T @+oitq), D=—k—4+- 5 (@ — i+ @1)

we can write for the matrix element By(g):
l . . .
Bily) = o5 sin A-Slg —¢i —gy) —sin B-Slg + ¢ + ) -
+cos C-S(g 4 @i — @5) + cos D-S(g — @i + ¢j)]

4 [cos A-Slg — qi — 1) + cos B-Sly + gi+ ) +

2N
+sinC-Slg + g5 — ¢5) + sinD-Slg — i + ¢5)] (17)
where

. N
sin - p

. eyt

Slp) =~
sin ,gp

We can now deal with /. Inserting (15) into /; one has
1

=5 k%, S lE Byy(pk) tgh 3412 =
_ L oS ¥ [sm [y 1 (¢ — 2¢ )} Slp — 2¢5) —
8N3 =, A l () U2 ')
. N — N —1
- sm{ @ + 2%} Sle + 2¢5) + cos (21; + o fp) S{g) +

N —1
+ cos( 227—}— — (p> S{g) — 7 cos *2—— (¢ — 2(p]‘)} Slg — 2¢5) +
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N—1 . N —1
+ cos ——— (@ + 25) S(p + 2¢4) + isin (2/1; s <p> S(p) +

o N -1
+ 1sm(-—2}.j+ 2 q)) S((p)].

The first, second, fifth and sixth term change sign under the inversion
@3 — —¢y and can be omitted. For large N the summations can be replaced
by integrals:

n n

I ! {Ro 24 N—| 22 N—l
1= 5 |e cos| 24 + > @ |+ cos| —24;+ 5 @)+

—n —7

N+1 N-—1
+1 sin<2/'Lj + —JZL qv) + isin<~211 + Tw)]‘s () tgh $8A(@y) dopy

n

2473

-

2
de

2
de

N — 1 .. N —1
J cos 21y {cos s ! qa}sup) tgh 3 (@)

1 21 : ,
|4 | o 200 e 30 e [ L [ et ap = cansit
where expression (8) has been used in the last step.

We can calculate I, using expression (17) for By(pk):
| A : . .
Iy=—pr % e [{sin4-S(p — i — ¢5) —sin B-S(p + ¢4 + @)
BN4 i,5,k-1
+ cos C-S(p + @i + @5) + cos D-S(p — @i — ¢y)}?

4 {—cos A-S(g — @1 — @) + cos B-S(p + @1 + @) +

+ sin C-S(p + @i — ¢g) + sin D-S(p — @i + ¢)}2] F+(@i) FHigy).

The underlined terms change sign under the inversion ¢; - —g¢;, @; - —@;,
the other ones are invariant; so for large N we obtain:

1 ¥ ) .
B i | [ [ emotiin 45t = = ) — sin 556 + g1+ 9

+ {cos C-S(p + ¢i — @) + cos D-S(p — ¢i + ¢)}2
+ {—cos A-S(p — @i — ¢5) + cos B-S(p + @i + ¢4)}2
+ {sin C-S{p + @i — @) + sin D-S(p — @i + ¢9)}%] [H@d) F{gs)

n

”-[ RS2 —@i — @5) + S¥e + @i + @) + Se — @i + 1) +

—n

1
= 2873N



392 TH. NIEMEIJER

+ S+ i — ) — 2cos (4 —B) (‘P“h“%) ((P + @i+ ) + 2cos(C—D)-
Sle @i — @) Sle — gt gl o) [+(gs) do dyi dg;.

The underlined term chdnges sign under the transformation ¢; — —g¢;, and
S0

SHe — @i — @)
I = —72—;1% , f f elfe = N” == [Hpa) 1) dg dgs 1dgy

Since the integrand is periodic in ¢, we can extend the integration interval
of ¢ from [ —=, 7] to[—2m, 27], and introducing new variables 1 = ¢; + ¢;
and o = @; — @; we obtain:

= 26;5‘[” <p — ) # { (lp%_‘/’z)} f+ {M ~ ¥y } de dify dipa
(18)

In the limit N — oo the function S2(0)/N behaves like a delta function,
the norm being determined by:

J; sin2N 0

- -dfl = N=n (Fejér’s integral).
sin20

{

Inserting this into equation (18), and putting

4 +l/jl = (1 and (P:—Il‘l =0,
2 2 )
we finally obtain:
Iy — o ‘ et ) A6y A0y = |- b 4'62R¢ fHg) dg ’ (19)
2= a2 1 b=, ¥

In the same way we can deal with /3. Introducing the abbreviations

N —1

N1 ,
hi—dpt e g = AT e g et ey = C

— 1

N-—1 ) , N ,
—hit Akttt =B =k et ey =D

we can write:
R 1
Bij(‘P) Bji(‘p) ‘4N2

+ cos C-S(g + ¢ — @) + cos D-Slg — ¢ + ¢3)}
+i{—cos A-S{p— gi—g@j) +cos B-S(p + @i + ¢5) +sinC-Sg + ¢ — ¢5) +

[{sin 4-5(p — @i — ¢y) — sin B-S(g + ¢; + ¢5) +
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+sin D-S(p — ¢ + @)}

-[{sin 4" -S(p — @i — @s) — sin B"-S(g + @i + ¢5) + cos D"+ S(@ + g1 — ¢y)
+cosC" Slp — @i + ¢5)

—i{—cos A"+ S(p — @i — ¢j) + cos B'-S(p — ;s — g5) + sinD"-Slp + @1 — ¢5)
+sin D"~ S(p — @i + ¢1)}].

The underlined terms again change sign under the inversion ¢; — —g;,
@; — —g; and so we obtain, also using the fact that we need only retain
the real part of ByBj;:

ByBj; = [cos(4 — A’) S%p — @i — @) + cos(B — B') S*(¢ + ¢i + ¢))

L

4N2
+ cos(C — D') S¥@ + @i — @) + cos(D — C7) S*g — @i + ¢1) +
+ {cos(C — C') + cos(D — D')} Slp — @i + ¢) Slp + s — ¢5) +
+ {cos(4 — B’) + cos(B — A)} S(g + ¢ + ¢1) Sl — 91 — ¢4)]

Under the transformation ¢; — —¢;, one finds that:

C—»>an+4+4, C —-a—+ B

D—>a+B, D ->za+ d

so the last two terms cancel each other and we obtain :

Big) Bjilp) = % cos(2A(p) + 2A(gs)) S2@ + @i — @3)-

Inserting this into the expression for I3 we obtain:

1 : )
o= sy | | [ e cositon+ 200000 5% + 90— )

f(ga) 1(9s) dp dg; dgpy

k4

f J JeiRw cos 2A(pq) cos 2Mey) S2(e + @i — @5)

-7

1
T 26N

‘(@d) 1~ (pg) dp de; des +

1 . .
S j j j oo sin 24(py) sin 22(¢) S%p + 91 — 93)-
i f(@s) F(9s) dp deps dey,
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which in the limit N — oo, analogous to I», reduces to:

k4 7T

1 2 1 2

I3 =|--——|eiRecos 24(¢p) [ (¢) dg | -+|-— |eiBesin24(¢) [(¢) dg |-
4 . 4z

So we have found an explicit expression for the time-dependent correlation

function of the z components of two spins in the chain that are separated

by R lattice points:

1 . 2
palp 0 = et + [ [empigran | -

B [41 f eiRe cos 24() /() d")T N [‘417 J et sin 24g) ty) d¢]2 20

Starting from this formula we will discuss the following subjects:

a. The long-range order

b. The time-dependent autocorrelation function of one spin
¢. The autocorrelation function of the magnetization

d. The possibility that in p%(f, ¢) satisfies a wave equation.

a. The long-range order is usually defined in terms of sublattices, but
since the Hamiltonian is invariant under translations, this is not useful in
our case, and the quantity limg_, p5g(f, ¢) is used.

The well known theorem of Riemann-Lebesque?d) states, that if the
integral [% f(x) dx exists and f(x) has a limited total variation in the range
(a, b), then, as 1 — oo, one has

b b
lim { f{x) sin 2x dx = lim § f(x) cos ix dx = 0.
l—o0 « A-—»o0 @

Since these conditions are clearly satisfied by the functions.
ciRe F+(g), iR cos 2A(¢) F~(p) and eiR%sin 24(g) [~ (@),

we have:

lim p5(8, f) = <M2(h)>%. (21)
R—o0

Since (Mz#(0)>s = O there is no long-range order when there is no magnetic
field. In the next section it will be shown that

2 9 1
M ()0 — <M} = 0

so we can write (20) as:
lim p2(B, ¢) = <MZ(h)>p (22)

T-»00
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From (22) it can be seen that in this model the magnetization is the square

root of the long-range order (in this way one also calculates the spontaneous

magnetization of the two-dimensional Ising lattice), since in the expression
N

¢ B . 1
M2(h)>3 = M (h)p = lim — T <SiSps
Nooo N2 ij=1
AT

= lim — X p%(B. ¢
Lim =7 2 Peb Y
the devision by N eliminates all except the long-range correlation.

b. For R = 0 the formula (20) reduces to the autocorrelation function
of one arbitrary spin:

g

JT

p?(B, t) = <M*(h)>% + [ 21 J{cos/lt + ¢sin At tgh $4} dqp:r

1
— [2— jcos 2A(@) {2 sin At 4 cos At tgh 3pA} d(p]

JT

2
. (23)

Making use of the theorem of Riemann-Lebesque one sees that the last two
terms vanish as ¢ approaches infinity, so:

lim (S3S3(t)>s = <SBH2.
t—o0

Thus the correlation for one single spin is seen to vanish and the autocorrela-
tion function simply goes over into the square of the expectation value of the
operator SZ. This is an expression of the fact that the memory of one single
spin is completely destroyed by the interaction with the rest of the chain,
if this chain is infinite. Further on we will also consider the autocorrelation
function <M2M?(f)>g; in this case there is a memory effect and the reason
for this will be explained.

We want to study the time dependence of p?(f, ¢) a little better and con-
sider the special case that there is no magnetic field. The integrands in
expression (23) are even functions of g, so the integration can be restricted
to the interval [0, =]. Since
y sin ¢

2A(p) = arctg cosg

with 0 < 4 < & by definition, we can now without ambiguity write

_ cosg
cos 2A(p) 1)
and so:
1 2 1 2
w0 =[5 [0 | 5 [ o oo
0 0



396 TH. NIEMEIJER

For the case # = 0 we have A(p) = A{x — ¢) and since cos(w — ¢) = —cos ¢
the second term is seen to vanish. Going over to /1 as integration variable
in the first term we obtain:

p¥(B, 1) = DB, 1)

with
1

AdAa

1
— o P R, ,‘ ~ N Q] . ¥ 1 ¥4
D(g, 8 - j Jo —7;/2)7(1* 1) fcos At 4 7 sin At-tgh 1A} (24)
Y

As a check we easily verify that D(8, 0) = %, or p#(f, 0) = { as it should be.
For high temperatures we need only to retain the term which is linear in §:

1 Ada o]
D{p, t) = - e e < COS AL - — - sin AL
) VA2 — A 277
= D1+ D2
where
1 1
I A cos At-dA P A2 sin A¢-dA
D]_ —_ J T T e ey D2 _ B e
R N U 2 ) A=y Ay

"
For the case v == 0 these integrals reduce to:

1

D 1 cos At " 1ol)
= - = C == 9J0 H]
Ta ) -
0
and
1
1 AsinA i
Dg —_ "[):’ [ ———— dA - **/' jl(t)
2n ) 1 — A2 4

where Jo(t) and J1(¢) are Bessel functions of the first kind, respectively of the
order zero and one, so for y = 0 one obtains for the high temperature limit
and no external field:

. B :
P8, 8) = | 1Jolt) -+~ Tl
Using the approximations for Bessel functions for small and large arguments

Talt) = ()T + 1) for ¢ <1
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we find for p#(8, ¢) for large or small times:

= 2nt
1 J 2
:E;t—[cos(t—%>+-f;sin<t —%):I for > 1

If we had not made the Hamiltonian dimensionless but had kept the factor
J in front, this would be:

M&0=%P+J?ﬁr for 1] <1

p#(B, 1) = 47:]¢ l:cos<2]t — ~> + —ﬁsm <2jt — Z)] for > 1.

If y = 0, we have

N
[XS2 H) =0, but [S%H]+0,
=1

and as a consequence one can see directly that p#(f, #) still depends on ¢, even
when y = 0.

For y # 0 one can approximate the functions D; and D for either small
{, by expanding in powers of ¢ and retaining only the linear part, or for large
¢, by using the stationary phase approximation, obtaining

(6, 1) = {-w%a+wf S

and
“(B, 1) ~ : (2y)tcos g + cos PR +
= gl =y |\ T i

v B Lopisin(vt — SYrsin(t— TV dor i1
TVVQSHQ’—T‘FU —T) or t>

It is clear that p?(8, {) shows no exponential decay; except for the super-
imposed wiggles it is proportional to ¢~ for large ¢.

Fory =0and < < 1 we can examine p?(8, £} a little better since then it is
given by p#(B,t) = 1J2(t). On differentiating we obtain dp?/di = — Jo(¥).
Since Jo(f) and J1(¢) are tabulated one easily checks, that dp?/d is a negative
decreasing function in the interval 0 <¢ < 1, reaching a minimum for
¢t~ 1.1. So in the interval 0 < ¢ < 1.1, where p?(f) drops almost exactly to
half its initial value, we have d2p?/df2 << O and the behaviour of p?(f) can
never be described by a linear combination of exponentials 37 ™.
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At ¢ = 2.4 p*(t) = O after which it rises again to a maximum O0.16p#(0)
at ¢ = 3.9. The decay of p#(¢) from its value at # = 1 to where it first takes on
the value 0.16 p#(0) at £ ~ 1.8 can be rather well described by an exponential,
namely e~ 1-95¢=D At times later than £~ 1.8 this is of course impossible
since p#(f = 1.8) = p?(t == 3.9).

¢. From formula (20) one can also calculate the time-dependent auto-
correlation function of the z component of the magnetization. The quantity

N
2 (B t)
Lomn=1

will be of the order V2, but in the Kubo-formula (34) we use

24 pl m(ﬂ t) - <Z Sz>/ﬁ

lon=1
this quantity should be of the order N. So the function R(g, ¢} defined by:
N

(/3 t N’ {l 'F 1pl m(ﬂ t) - <§1 F)f} (25>

o~

should, on taking the limit N — co, be a finite function of # and ¢, which
1t indeed turns out to be. By substituting (28) into (25) we find:

1 N .
RED = o 50 1) e e
1 v .
— g & e cos 20(gy) cos 24(gy) f(9i) 1 (99)
4N2 R,i5=1
1 AY

. 21\727 ; l.z; ; eilieiras) gin 2]((]31) sin 2/1(()01) fﬁ(fpi) f—(%)
1
= — j[(f+ )) {COSZ 21( ) -— sin2 21((1,)} (](_ ((p))aj d(/‘,‘

1

=4 f (@) = G- ()% + 2sin® 24(9) (= ()2 dg

0

One can split this autocorrelation function into a timedependent and a con-
stant part as follows:

1 : cos? 24(p) 1 : .
R = — —— 2 1 .
0.0 = 4 [y g+ s f sin? 2A(p) tgh 48A(¢)

0 0

{z sin 24()  + :;; 211/31/(1‘%} d
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For y = 0 the time-dependent part is zero, since then sin 2A(p) = 0. This
agrees with the fact that for y = 0 the operator for the magnetization in the
z direction commutes with the Hamiltonian. The constant part is not equal
to zero, not even when there is no external field. By means of the Riemann-
Lebesgue theorem the time-dependent part of R(p, ¢) is seen to go to zero as
t — oo. The fact that the autocorrelation function reaches a non-zero value
as ¢t — oo at first looks disturbing, but it turns out that (section E) it is
actually necessary and due to the circumstance that we consider thermally
completely isolated system.
In section E we will need the high-temperature limit of R(f, ?), i.e.

RO, t) = —4]—J‘{1 — 2 sin2 2A(p) sin? A(p)#} de (26)
" 0
We will not yet comment upon the way this function depends on time, this
will be done in section E.

From the fact that the autocorrelation function is not of the form ae=% + &
we may not conclude that, if the external field is changed a little, the change
of the magnetization cannot be described by a Markoff process. We can
conclude, however, that the change in the magnetization cannot be de-
scribed by a Gaussian Markoff process, since one can prove that for such
process the autocorrelation function is an exponential.

(For more general spin systems a master-equation, which governs the
temporal behaviour of the magnetization, was constructed by Tjoné)).

b. The possibility that Im p% is determined by some kind of wave equation.

In an article on the quasi-elastic magnetic scattering of slow neutrons?2),
Th. W. Ruygrok has studied the tunction p%(8,¢), where the coefficients 1
and § may stand for the coordinates %, v and z respectively. He showed that
Im p%(B, ¢) in a three-dimensional crystal, can be interpreted as the change
in the §/ component of the local magnetic moment, at the time £ and place R,
due to the flashing on and off at time zero and place R = 0 of a neutron
which is polarized in the 7 direction.

So, from the point of neutron scattering, it is important to know what
kind of function Im p%(8, £) will be, or what kind of equation it satisfies. For
the case of a ferromagnet, magnetized in the z direction, Van Hove8) derived
exact expressions for p¥j(8,7) in the spin wave approximation. From these
Ruygrok showed that Im pF(B, #) satisfies the following “wave equation”
in the spin wave approximation:

0% 25 \2
e = —(50) 3 paalp 0 - 2Im 00,0 +
+ Tmp’ (8, 9)}

where the summations Y, are over nearest neighbours. Considering only
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unmagnetized ferromagnetic, cubic materials, so that the full cubic symmetry
is preserved, he argued that at higher temperatures than those at which
the spin wave approximation is applicable, the lifetime of a spin wave is
shortened. He tried to take this effect into account by adding a damping
factor and postulated for £ > 0 an equation of the form (putting p? = pf):

o2 , L, @ ; Ly
2 Im pp(B, 4) + o7} e Impp(f, ) + 7,7 X

[ I
{Im P§e+al—+—ag(ﬂr ) — 2Im P;e+ol(ﬁ) {) + Im P}e(ﬁ: t)y =0,

where 71 and 73 are suitable parameters, and suitable boundary conditions
are chosen.

In the case of the X-Y model, where we know Im p3,(8, £) exactly, it will
be found that for the case that there is no external field we can write:

{
Im p%(B, t) = Ar(p, 1) 'z “I Ap+o(f, 7) dr

where Agr(B, f) satisfies a “wave equation” for all temperatures if y is small
e.g. vy < 14 From formula (19) one easily verifics that we have:

1 ke
Im p5,(8, £} = 23;{3[ fcos Ry -cos Ry cos A(g) t-cos A(p) ¢

‘tgh 1A (@) tgh 1A — cos 24(¢) cos 22(f)} de dip.

We will consider the case that I is an even number, for odd R one gets
analogous results. Since 2 = O the second term between the curly brackets
in the integrand is odd in ¢ and ¢ and we obtain:

Eed

1
gl 0 = s f cos Rp cos A(p) ¢ tgh 16A(g) dg-

-j”cos Ryfs sin A(f)¢ tgh 1A () dib.

Since y is supposed to be small we can write cos A(p) £ =~ cos([cos ¢] £) and
sin A(g) ¢ ~ sin (|cos | 1), so:

Im p%(p. t) = ARr(B, 1) Br(B, 1)

where we have introduced

in

Ar(B, t) = %fcos Re-cos{(cos @) t}-tgh 1A (p) do
0
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and
in

Br(B, t) = 2 J cos Ry -sin{(cos ¢) £} -tgh $8A(p) dib.

0
Obviously one has:

Bx(B, Y
ot

= Ap1(8, t) + Ar(p. t), with Br(p,0) =0
SO
ImpR(B t) = Ar(p, 1)- j{AR+1(/3 )+ Ag- 1(8 }d‘T

Thus for # = 0 and small y, Im p%(B, {) can be expressed as a function of
ARg(B, t), and it is easily seen that it is this function which satisfies the follow-
ing wave equation:

2 A : .
i—gff—t’— + HAr-2(B,t) + 24r(B, t) + Arsa(B, £)] =0, (26a)

In a certain sense equation (26a) can be considered to be an extension of
equation (38) of ref. 2. We have found that Im p%(8, £) is completely de-
termined by a function Ag(B, {) which satisfies a wave equation like (38)
in ref. 2, only in ref. 2 we have Im p%(8, {) = Ag(8, ). The fact that in our
case we no longer have Im p%(B, t) = ARg(B, t) is probably due to the fact
that the derivation of (38) of ref. 2 is heavily dependent on the isotropy of
the Heisenberg interaction; the fact, however, that our wave equation is
valid for all temperatures probably comes about because the diagonalization
of the Hamiltonian of the chain is not dependent on temperature, whereas
the diagonalization of the isotropic Heisenberg Hamiltonian to non-
interacting magnons is only valid at very low temperatures. Still, the
equations for Agr(f, ) or Im p%(B, £) may radically change for larger values
of ».

D. Behaviour of the model in a non-equilibrium case. Due to the fact that
the Hamiltonian of the model can still be diagonalized in the presence of an
external magnetic field along the z axis, it is possible to solve exactly a
non-equilibrium situation, which has been considered by many authors!2)
for more general spin systems, including for example dipole-dipole interaction.
We will consider the following situation: let the chain be in thermal e-
quilibrium at temperature T in an external magnetic field /4y at time ¢ < O.
Working in the Heisenberg representation we denote the canonical ensemble
corresponding with this situation by the symbol |[E>. At £ = O the external
field %, is suddenly changed to A2 and since the operator for the 2 component

1
of the magnetization M? = — ¥V . S% does not commute with the
g N “i=11
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Hamiltonian, the expectation value <M#(¢)> will be a function of time for
t > 0, since in the Heisenberg picture M#(¢) is a time dependent operator.
In section A we have calculated the quantity <M#g = <E |M? E> for
t < 0. We now propose to calculate the quantity:

M(t)y = (E |M2(t)] E>
— (E |etHt Mz e~iHI| E>  for ¢ > 0 (27)

to determine the time dependent behaviour. Since the Hamiltonian is given
by:

N
SO 4 p) SEST L 4 (1 — p) SUSY, — InS3] for £ <O

j=1

I

H

and

N
H = X [(1 +7) SIS, 4 (1 — y) SUSY, | — heST]  for >0,
i=1

the transformation coefficients needed to diagonalize the Hamiltonian for
¢t < 0 will differ tfrom those at # > O, if k1 5 hs. The coefficients @5, and
¥y, the corresponding eigenvalues /; amd the operators #; etc., for the
initial field %, will be denoted without a prime, those corresponding to the
field A9, will be denoted by a prime:

H, @y, Wiy, 25, Aj,my for £ <0,k =1y
H', @y, Wi, M, Af, i for  t>0,h=hy
So we have:
M?(hy)>g for t<<O
N
KM2(t)y =1 Tre6H gill't 3 S% o—iH't

=1
— for t>0  (28)

We will follow the following procedure: first express the operator M# in
terms of the #' operators to determine the time dependence and next
transform the #’ operators, which appear in the matrix elements, into the
n operators, via the M=z operator, in order to be able to calculate these matrix
elements. In formulae this goes as follows:
)
1

N N
= = X OpWucE [{expit X AT n m* + nm)
2N lm,n=1 j=1

L\r
eiH't 3 §7 o—iH't
7
N =1

Me(t)y = <E

N
(2 — ma”) {exp —it X Am;'ns}l E>

j=1
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Using the fact that for fermion operators one has
N N
fexp it 3 Ajnnj} ni* {exp —it 3 Ajnj*nj} = ni* exp itdi
ji=1 j=1
and
- N - N * .
{exp it 3L Ani'nj} nic{exp —it X Afnins} = niexp —itAi
j=1 i=1

we can take the time-dependent part out of the trace, and, introducing the
abbreviation {4 = ay, we obtain:

1 N
M2R)y = SN Z_l(p;_nllp;tl [cOS am COS an <E |(nm* + nm)(mn — na’™)| E>

+ sin ap, sin oy <E |(nn* — 7m)ma + na") E>
-+ 7 sin oy c0s ay <E |(nm* — nm)(mn — na”")) ED
— ©.COS oy Sin ap <E |(n* + nm)(nn + na”)| ED)

Upon transforming from the 5’ operators to the 5 operators by means of

N N
Nm + Nm” = Elqj;np(c;; + ¢p) = X PmpPyp(ng + ’7;)

p= p,g=1
N N
e — it =2 Parler —¢7) = X PurPer(ns — ;)
r=1 r,8=1

and assuming that <M?(¢)> does not change discontinuously in the point
t = 0, one gets:

1N
—on 2 [cos am cos an®iu ¥y Pap¥arPurtgh 164a-dus

D,q,7,8=1

(Mz(t)y =

+ Sin oA Sin an¢‘,’nl¥l7’llqyy,nplllqp¢nf¢3r tgh %ﬂAq '6qs
+ 1 Sin o4y COS and);nlwﬁlw;np‘}’qulfhrwgr'aqs

Using the orthogonality of the matrices ¢ and ¥ the imaginary part of this
expression is easily found to equal zero:

N
S [sin ey c0s en@PmiPriPmp P ap P nrVerdys —
l,m,n
».g,7,8=1 COS om Sin an¢7,nl Tnl¢1/np¢qp¢nr¢sraqs]
since

Y WepPor = 0pr and X DypPgr = dgr
? q

this expression reduces to zero:

N
Y [sin ap cos an@mi¥nidm, n — COS oy Sin ag@Pmi¥nidmn] = 0
m,l,n=1
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This should be the case of course, since (M?(t)> is real. The expression for
(M=(#)> now simplifies to:

1 A
M) = — — 2 [cos oy cos 0y @pi P i@ p¥ Wi o tgh 304, +
2N Lom,n
Pt r=1

+ sin ayy, Sin «y PtV 51V mp W pPnr@sr tgh 1644 (29)

The rest of this section consists mainly in showing that this sixfold sum
reduces, as N — oo, to one single integral. Substituting the explicit form
of the transformation coefficients we get

4 N .
Mty = — —+ 2 | cos oy cos oy cos( lpm — X (pm) — —
N4 Lm,n=1 4

”.4,7
\

’ 24 , TT
cos (m + V(ga) — ~4> cos (ybgvm — Vlpa) =, )
JT , JT
-COS (ﬁ(}?q — Mpq) — 4> Cos <7(Pn + A (pn) — Z)
11
cos(ra — 2ipa) — 7 ) teh 45,

. . , 7
| SIn oy, SIN oy COS <l(])m — X em) — 4)

/ 7 , 4
Cos <Z‘Pn + Vlgn) — 4 >C‘)S <75<Pm + Algm) — 4>'

T , T
'COS(M@ + MHrd — )COS <an — Mga) — 4>'

T
cos <wq —Agg) 4> tgh ;ﬂAq]

As in the former section the summations over /, p and » can be performed
explicitly, and, on replacing the summations over m, » and ¢ by integrations
over ¢1, g2 and ps, ranging from O to 2z, we obtain:
1
Mzt = — .- L Lo
CME(E)> oy L1t L2
where:

Ly= " f fd¢1 dgs dps cos a(@1) cos a{gps) tgh }BA(¢ps) -

N+ 1

. [sin {l'(tpz) — Ag1) + “‘—2— (g1 + ipz)} S(p1 + @2) +

L.
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11
2

cos{—}.'(qal) — Vp2) + N (p1 — wz)} S(p1 — <P2):|'

. [sin

{ N 41
cos{/'t(tp;g — V(1) N 1 (pr — <,‘03)} Slpr — ‘Pa):l'

2

(¢1) — Algs) + ~ (g1 + <P3)} S(g1 + ¢3) +

2

1
[sm Mp2) + Alps) (p2 + ?93)} S(p2 + ¢3) +

N 1
cos s A'(p2) — Algs) ;_ (p2 — <P3)} Slpz — ‘P3):|

and

Fi4

Lo = J J Jd(pl d(pz d(p3 sin oc((pl) sin oc((pz) tgh %ﬂA(tps) .

—n

_ N1
. [sm {—Z’(tpl) + X(p2) + 5 (1 + <Pz)} S(p1 + @2) +

N+ 1
coss —A' (1) — A'(g2) + 2 (1 — 9‘02)} S(g1 — <pz)]
1
j (1 + <;03)} S(p1 + @3) +

41

(p3) +
N
0s 44 (g1) — Ags) + —— (g1 — ws)} S(p1 — <P3)}

5
: [Sln {l'(q)l) + Ags
1

(
)
)
(

N+ 1
[sm{ —A(p2) — Alps) + 5 (p2 + (P3)} S(pe + @3) +

1

N +
coS {—l’((pg) + Mes) + 5 (p2 — <P3)} S(pz — <P3)]

Again the abbreviation

Slp) =

has been used.
It turns out that the expressions for L1 and L can be greatly reduced, due

to certain symmetry properties of the coefficients. Since by definition 0 < 4
< 7, we have A(—¢) = n — Ap).
We will perform the reduction of L;; Lg can be treated in the same way.
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Introducing the abbreviations:
, : N+1 |
—2(p) ~ Mga) + (o) = 4,

, N +1
Meps) — A1) + B (g1 — ¢3) = B,

, N+ 1 ‘
(ps) + Agps) + “*2’*‘(‘7724“7’3) =C,

|

, N +
Kipe) = Hys) + -y (p2 — ) = D,

the part between the last two pairs of brackets of the integrand of L;, which
we will call X, becomes:

X =sin A4 sinCS(p1 + ¢3) S(p2 + ¢3) + cos B cos DS(p1 — ¢3) S{g2 — ¢3)
+sin A cos DS (g1 + @3) S{p2 — @3) + cos Bsin CS((pl — @3) S(p2 + @3).

In the second and fourth term of this expression we now perform the trans-
formation @3 — — @3, this has the effect that

B->A4A+4+n C—->a+D D—->C—=n
yielding, on rearranging the terms:

X =cos(4 — C) S(g1 + ¢3) S(pz2 + @3) + sin(4 -+ D) S(p1 + ¢3) S(pz — @3)

In this way we obtain for Lj:

n

Li= f f f den A dgs cos a(pn) cos algs) teh 1 (s)-

—7

. [Sin {l’((pz) — A1) + N%—} (g1 + ‘Pz)} S(pr + @2) +
N
cos{-l’(qn) — A (p2) ‘—%l}m (g1 — 902)} S(pr — 992)]

N+
[cos{ =00 — 200 — 28090+ = 572+ 90

S(p2 + g3) + sin {~z'<¢1) ¥ () — 2(ps) +

N + 1]

Tt

(p1 + <P3)}(5¢1 + @3) (Spz — <P3)]

Between both pairs of brackets the first terms change sign under the in-
version, ¢; — —@1, P2 —> —@2, @3 — —@s, the other terms are even. This
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reduces L1 to:

L1 =1 j J jd{pl d(pz d(p3 COS a((pl) COS oc((pz) tgh %—ﬂ/l(¢3) .

+1
2

: [sin { N{ps) — (1) + N (1 + 992)} sin{—l’(wl) + A(p2)

— 2A(gs3) + : (1 + qu)} S{g1 + @2) S(ep1 + ¢3) S(pz — @3)

2

+ COS{—l’(fpl) — N (p2) + R ;_ : (1 — <P2)}COS{—1'(<P1) — X(pe)

N+1

—22(ps) + (1 — w} Stgs — g2) S(or + #9) Slg + (Ps)}

Now, performing a last substitution @2 — —¢2 in the last term of this
integral, we arrive at:

b= j J _[d¢1 dge des cos a(p1) cos a(ps) tgh $84(ps)

S(p1 + @2) S(e1 + @3) S(p2 — @3)

The function L can be simplified in an analogous way, resulting in the
following expression for (Mz{f)):

Mz(t)y =

27z3N j .[d(pl dgga des [cos a(p1) cos a(ps) cos 24(ps) +

+ sin a(g1) sin a(pz) cos 2(A(g1) — A'(p2) + 4'(@3))]-
-tgh §8A(ps) S(pr + @2) S(p1 + @3) S(pz — @s)

Introducing new variables

Pt ¥, gLtes ¥, g3 = s,
2 2 :
and defining:
f(gjl, Wz) = j [COS tA/(ZTZ — g’3) cos tA'(le - 2'}’2 —+ ’{,3) CcOoS 21(?’3)

+ sin tA'(2Ws — Ws) sin tA'(2W; — 2%z + Ps).
cos 2{1'(2Ws — Wy) — A’ (2%; — 2Ws + W3) + A(ps)}] - tgh 184(¥s) A¥5  (30)
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we can write

e 1 s %) I sin N¥; sin N¥,
¢! () - 87‘&3 L2 N Sinrgjl WSiIl qj:;ﬂ
4 :. ]V BU o yj‘
SN =),
sin(¥y -— ¥s)

As one may easily check, the function

1 sinN¥; sin N¥, sin N(¥1 — W)

N sn%  sin¥  sin(¥; — %)

1

behaves like a series of d-functions in the ¥1¥s plane as N goes to intinity,
the peaks lying in the points (naz, maz), with # and s integers. Since a few
peaks are lying on the integration boundaries, we shift the integration area a
little in the right upward direction (see figure 7), which is allowed since the

| ufeiiadi e !
e |
i H S1
i |
1 1
1 1
] t
i ]
I |
! 1
1 I
! L1
I Tl
! 4 ik
] [}
] ]
! i
i §
i i
IS R | i
Fig. 7

integrand is a periodic function, in order to get only contributions from the
points (0, 0), (=, 0), (0, =) (x, =), so obtaining

¢

M)y = — 5 [/0,0) + A0, 7) + f=, 0) + f(, )] (31)

where ¢ is the normalization constant of the d-function. Substituting (30)
into (31), one finds:

CMA(l)y = — _2;—3 f [cos 22(g) — sin? #4"(g){cos 24(¢) —

— cos(22(g) — 44(¢))}] tgh $pA(g) de
Since, at ¢ = O, this must be equal to <M?(/)>s, which is given by formula
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(8), we find for the normalization constant: ¢ = a2/2, so:
1 11
M)y = — e J [cos 2A(p) — sin? tA'(p) {cos 2A(p) —

JT
0

— cos(2A(g) — 44'(9))}] tgh $pA(@) dp  (32)
Another way to determine ¢ would be to put 41 = hs = h, since then we
should also have (M?(t)> = <M?*(h)>g; it gives the same value for c.
So we have found the exact evolution in time of a macroscopic observable
of a many-body system in a non-equilibrium situation. We can split <M#(t)>
in a constant and a timedependent part:

My =~ j [c0s 24(y) + cos(24(¢) — 47'(¢))] tgh 16A(g) dg
0

_ 21; [cos 2tA’ (p){cos 2A(g) — cos(2A(p) — 44 (¢))} tgh 3BA(p) dg
0

(33)
where the time-dependent part is seen to go to zero, by means of the theorem
of Riemann-Lebesque, as { — oo, s0:

lim M2(f) = — 21; J {cos 24(p) + cos(2i(p) — 44'(¢))} tgh $pA(p) dg

{—c0

0

This is obviously not equal to <M?#(h2)>s (compare eq. 8), but that could
hardly be expected, since the system is isolated.

Unfortunately we have not been able to evaluate the integral of the time-
dependent part of <M#(#)>, but it is clear that there is no exponential decay.
By developing in powers of ¢ one finds that for small values of ¢ the time-
dependent part is proportional to #2, and, by using the method of stationary
phase, that for large times it is proportional to 1/ Jt. In the next section some
numerical results will be considered, to investigate whether there are inter-
mediate time scales for which the decay is exponential.

E. Comparisonof the Kubo approximation tothe exact solution, somenumerical
vesults and comparison with some other methods of solving the Kubo approxi-
mation. The relaxation of more general spin systems has been considered
before12)4). One usually considers a crystal composed of particles of spin 3,
where the spin system is isolated from the lattice and the Hamiltonian is
supposed to consist of a Zeeman term, exchange and dipole-dipole inter-
action. A constant magnetic field H is applied along the z axis, plus a field
% which is small compared to H and the system is supposed to be in e-
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quilibrium at time ¢ < 0. At time ¢ = 0 the small field 4 is suddenly switched
off and one studies the temporal development of the magnetization in the
in the z direction (M?(¢)>. Since 4 is small compared to H, or, if we had taken
H = 0, small compared to the exchange energy, one usually restricts oneself
to the response of the magnetization which is linear in 4, i.e. one studies:

M#(t)y — <M2(H)pg = Doa(t) I (34)

where (M#(f)> is the average magnetization at time ¢, <M?(H)>g is the static
magnetization in presence of only the field H, f = 1/RT and Pf(f) is the
z — z component of the relaxation tensor. Using first order perturbation
theory Kubo and Tomita3) derived a general formula for @,(f), given
by, the expression:

(xo)ﬁ t <0

(Dzz (t) = (35)

il
Uj dA Tr poMzMz(t + ihd) — B<M®%, 1> 0

where y,, is the z — z component of the static susceptibility tensor, pg the
equilibrium density matrix at temperature T(§ = 1/kT) and external field
H and M? is the Heisenberg operator for the magnetic moment in the
z direction. One usually considers the case where the temperature is so high
that one can expand expression {35) in powers of 8, and retaining only the
first term one obtains:

Tr MzM=(t)
- Trl

(pzz(t) = ﬁ T o= 6 <<MzMz(t)>>, (36)

or
M#(E)>gave = hB KM2M=(E)Yy + <M=(H)>s.

Obviously, for the case of the linear chain we are studying the expression
{M=M*(t)y is nothing but the function R(0, #) of section C. So for the chain
we have an exact solution of Kubo’s high-temperature approximation of
the z — z component of the relaxation tensor. On the other hand we have
shown how to calculate the exact time development of the magnetization
in the former section. We now want to compare the exact solution to the
Kubo approximation. Since we are looking at cases with a high tempera-
ture we can expand expression (33) in powers of # and retain only the first

term
Fi 4

W egpe = — 1 | <05 2alg) — 220) co5 20 ) )
0

+ Tfj{ f cos 2tA’(p) sin(2A(¢) — 24'(p)) sin 24'(p) A(g) dg  (37)
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where

sin sin
4 ? , 2A'(p) = arctg 4 L4

2A(p) = arct Tty
@) arcgcosqa——H—h cosep — H

A(p) = V(cos g — H — h)% + y? sin’p, A'(g) = V(cos ¢ — H)? + y2sinZg.

This exact relaxation of the magnetization at high temperatures clearly is
an analytic function of %, so in order to compare it with the Kubo formula
we only have to develop (37) in powers of 4 and again retain only the first
term. We then obtain the linear part of the exact time development at the
magnetization:

<Mz(t)>exact,lin. = <Mz(t)>exact,h=0 + h(
j{l — 2sin2 24’ (p) sin2 A'(p) £} dp — ——Jcos 22'(@p)A' (@) dp (38)
0

On the other hand by inserting (26) and (8) (after replacing tgh }84(¢) by
1BA(p)) into the Kubo formula (36) we get:

3<M z (t) >exact
oh h=0

h
47:

M) gupo = J{l — 2 sin2 24’ (¢) sin24'(g) ¢} dg

B
4n

jcos 24 (@) V(@) de  (39)

Formulae (38) and (39) give us the result that <M2()> e a0t 1in. = <M?()> gubos
for all times.

Since the exact solution contains a constant part, it is natural that the
approximation or R(0, #) also contains a constant part. It is due to the fact
that when the external field is made smaller, the spins are not as much
forced to align, which in turn, if the system would tend to thermodynamical
equilibrium for ¢ — oo, would correspond to a higher temperature, so:

lim <M3(t)> = <M?#(H)>s.
t—>oc0

This means that we must have lim, ., R(0, #) # O as is indeed the case.

As a peculiar feature, which is a freak of the model, we mention the fact
that for 2> 1 and H< 1 the exact solution and the Kubo approximation
are equal to a very high degree, for in these cases we have (writing H + 4 =
= h]_, H = hz):

hl — hz o~ h]_

A((p) ~ hl
2Mp) ~=n
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Inserting this into formula (39) we obtain:

F24

J
) rcamo = ﬁ;li f (1 — sin2 22'(¢) sin2A’(g) &} dg +
TT

0
4

hy — T
+ (Ma(ho)>g >~ Bl — ZZ)J {1 — sin? 24 {(g) sin2 A'(g) ¢} dg + O(hs),

47
G
and in formula (33):
1 T
{MEE)D exnct = — g j [cos 24(p) — 2 sin2 ¢4’ (g){cos 24 (¢) —
7
0
— cos(24(p) + 44'(¢))}] tgh $pA(p) do
1
=~ — | [ 1 = 2sin2 2 (g){—1 + cos 42 (¢)}] tgh $pA(p) dy
7
0

ﬂ(hlf¥ ]Zz)

~

j{l — sin2 24/ (¢) sin2 A'(p) ¢} dg + O(hs).

0

o 47
So one sees that under these circumstances
<‘Mz(t)>exact = <sz(t) Kubo-

For several cases the integral expressions for

[<Mz(t)>cxa‘(:t - <Mz(h2)>ﬁj and [i<‘7‘/lz(t)>1{ubn “ <‘7V[z(h‘2)>ﬁ]

° 1 L 3
10 10 t 10
Fig. 8. [(MA(t)> — (M (ha)>a)ddnns = [<M3(t)> — M2(h)>){ite

for hy = 10, ha = 0, 8 = 0.033 (solid line), p = 0.020 (dashed line) and f = 0.005
(dash, point, dash); y = 0.25.
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have been calculated numerically by Drs. E. H. de Groot in order to get
an idea how these functions behave. In fig. 8 we have plotted

[<Mz(t)>Kub0 - <Mz(h2)>ﬂ]

for the cases § = 0.053, 0.020 and 0.005 with %1 = 10, A3 = O and § = 0.25.
We saw that under these circumstances

[<Mz(t)>Kubo - <M2(h‘2)>ﬂ] = [<M2t)>exact - <Mz(h2)>ﬂ]

It is seen that the magnetization behaves somewhat like a damped oscillator,
whose amplitude becomes smaller as the temperature is increased.

When £ and &g are both much larger than 1, (M#(#)> is almost independent
of time, since then we have: sin 2A{p) =~ sin 24'(p) =~ 0 and cos 2i(p) ~
~ cos 24'(p) =~ —1. Upon inserting this into (33) and (39) the time de-
pendent parts of the integrands are seen to vanish.

An interesting case arises when both %1 and %3 are not too large, so that
the time dependence does not vanish, and 4; — %3 is small compared to
ha, while p < 1, since under these conditions the Kubo approximation is
supposed to be a good one for more general spin systems. For the X-Y
model we can compare the exact solution to the Kubo approximation. We
have plotted the following cases:

fig.9a: h1=1; by =0.9; § =0.033; y = 0.75
fig. 96: the same with y = 0.25
fig. 10a: by = 1; ho = 0.9; § = 0.005; y = 0.75
fig. 105: the same with y = 0.25

In figures 9¢ and 10c we have plotted {{[<M=(t)> — <Mz(h2)>g — <M?(c0)>]}
on a logarithmic scale versus ¢ for #;1 = 1, hp = 0.9; § = 0.033 and 0.005;

o L 1

10 102 . 10°
Fig. 9a. [(M2(t)) — (M=(h2) 5] 006 and [<M2()> — Mz(ha) sl ino" s

resp. solid and dashed, for 23 = 1.0; k2 = 0.9; y = 0.75and g = 0.033.
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o 1 I |
10 102 N 103

Fig. 9b. The same as in fig. 9a but y = 0.25.

10 102 N 10?

Fig. 10a. [<M(t) — (M?(ha)>g)d2% + and [(M2(2)> — <M=(h2)>a)}ho

exact

for 1 = 1.0; Az = 0.9, § = 0.005 resp. solid and dashed line y = 0.75.

4 1
) S k,_L__.‘_w.Ah"
° 10 102 R 10°

Fig. 10b. The same as in fig. 10a, but y = 0.25.
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10
ctx

i d®
6

R T W |

11 S N S SN I
o 86 100 150 1 0T 100 200 300 400 500 { 600
Fig. 9c. [<M?(t)) — (M?(c0)>p] on a logarithmic scale versus ¢ for 21 = 1.0; g = 0.9;
f = 0.033; the solid line represents the exact solution, the dashed line is the Kubo
solution. Left: y = 0.75; right; y = 0.25.

ctx ‘g T n T =
M*cel _ ]
6 - ]
i 4
4 . .
] 4
2 - 4
, | L 5 I T SR T S
o 86 100 180 ‘ G 100 200 300 400 500 {600

Fig. 10c. [(M=(t})> — <M?(o0)g>] on a logarithmic scale versus ¢ for 2y = 1.0; kg = 0.9;
f = 0.005; the solid line represents the exact solution, the dashed line is the Kubo
solution. Left: y = 0.75; right: y = 0.25.

y = 0.75 and 0.25, in order to see by the straightness of the curve in how far
the decay is exponential.

One can observe that the Kubo approximation converges rather slowly.
In all cases it is seen that the magnetization first makes a ,,main drop” after
which there are oscillations which die out gradually. For large times the
Kubo approximation appears to be rather bad, which probably corresponds
to the fact that the Kubo approximation relies on first order perturbation
theory. It improves fastly when y becomes smaller, which is understandable
since y characterizes the strength of the non-secular part of the Hamiltonian.
For y = 0.25 one observes that a part of the ‘“‘main drop’’ can be considered
to be exponential, but the following oscillations are too large to consider
the whole process as an exponential decay. The same is seen in curves for
smaller 4y — hg and y. This provides a good example of the danger of using
the weak coupling limit, as developed by Van Hove?), in order to obtain
an exponential decay for more general spin systems as was done by Terwiel
and Mazur4). The X-Y model can serve as an example that their treatment
of spin-spin relaxation probably cannot be extended to spin systems with
an anisotropic exchange interaction, since their basic assumption together
with the weak coupling limit yields an incorrect result for the case of the
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X-Y model. The possibility that the use of the weak coupling limit may
obscure the fact that after some time the exponential decay is submerged
in the non-exponential part has been pointed out already by Zwanzigl9).

We can easily apply the method of Terwiel and Mazur to the X-Y model and
we will shortly reproduce their argument. The Hamiltonian is split into a
secular part H; and a non-secular part Ha (of which the strength is charac-
terized by the parameter y) which respectively commute and do not commute
with the operator Mz:

Hl Z [S’ ]I‘+l "" S!;{S}I+1 * hqﬂ
Fe1

Ji

Hy = y Z [(S9S71 — SUSEA

We will study the function ((1112Mz(t)>> = R(0, {) which appears in the Kubo
equation (36). In section D it was shown that R(0, ) reaches an equilibrium
value R(0, oo) as £ goes to infinity. Following Terwiel and Mazur we define:

BR) = D (t) — Dz(00) = ﬂ(ﬂ/‘(t)»
where
= Mz — {[710D,,(c0)]t.

(In our notation we would have Q(f) = R(0, ) — R(0, co)). Without making
any further assumption they derive an exact integral equation for £(f) b
a technique introduced by Zwanzigl9)

12

Q) ol
= ~y3J dr G(r, y) Q(t — 7) (40)
o
where
Lul’ {eXp Lo+ 1iL(1 — P )yL' L ,u>>
Glry)=————"— " ——
Lud
L is the quantummechanical Liouville operator which is split into two parts:
L=1Ly+yL
where
)
Lo = —[H;,-
0= [Hy,-]
Z
L' = - [Hs,-
5 o]

and P, is a projection operator defined by

Puplly = u — -
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Introducing the Laplace transforms of 2(¢) and G(¢, ):

Qp) = [ dr e=p7 Q1)
0
and
G, 7) ZOI dr e=?7 G(r, y)
equation (40) can be written as
A 2(0)
Q)= A
P+ yG(p.7)
They then deal with equation (41) in the so-called weak coupling limit, i.e.

they take the limit y — 0, ¢ — oo, while keeping »2¢ finite. Equation (41)
then takes the form:

(41)

20 £(0)
lim y2Q(y2p) = — 42
lim. *p) 5+ Tim GO, ) (42)
y—=0
Their basic assumption now is
lim G(y%p, y) = lim G(y2p, 0) (43)
y—0 y—0
so that (42) reduces to
~ 200
lim y2Q(y?p) = = © (44)

P+ 6‘ dr G(=, 0)

yielding a simple exponential decay for £(t), with a relaxation time r,, defined
by
ol =92{dr G(r,0).
0

For the case of the X-Y model the validity of equation (44) can be checked
since we can give explicit expressions for the quantities occurring in (44)
and assuming that

fdrG(r, 0) =a
0
is finite. From (26) one immediately finds that Q(¢) is given by

o) = — fsinz 24(p) cos {24(g) £} dg
0

T dn

so we have

12

0Q(0) = 74I;Z-Jsinz 2(p) do (45)
0
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and for the Laplace transform:

n (==
~
~

1
Q) =~ J sin2 21(@{ j e~Pt cos 24 (g) tdt} do
JT
0 ¢
which reduces to:
A o sin? 2A(g

;bz i 412*“ de (46)

The integrals (45) and (46) can in principle be evaluated by using the sub-
stitution cos ¢ = x and the so-called “third FEulerian substitution”

VI — 22 = t(x 4+ 1) whereupon the integrands become rational functions
of ¢. It turns out, however, that the denominators are of such a high degree
in ¢ that they are quite intractable. If we confine ourselves to the case that
the constant magnetic field is zero the integrals (45) and (46) are easily
evaluated yielding:

n

1 ) 14
00) = - 2 200g) dpp — — -
(0) 4ﬂ0fsm (p) dp = a0+ )
and
N ~ sinfg
2p) = 7 f [$% + 4{cos? ¢ + 2 sin? g}]lcos? ¢ + y2 sin? ] d
0

Py 1
PP+ Ry VR L4+ VP 4
So the lefthand side of (44) is

py3 1

lim e e 47
0 BV (VR 4+ P 4 4 )
and the righthand side
1
oy (48)
41+y) p+a

It is easily seen that (47) tends to zero when y - 0, whereas the right side
is unequal to zero, nor does (47) take the shape of (48) for very small values
of y. So after we have made assumption (43), the weak coupling limit does
not give us the correct result, as we could have expected, since the asympto-
tic time behaviour of <M?(¢)> is governed by a time dependence ¢,

This makes it probable that the use of the weak coupling limit together
with assumption (43) is not correct for spin systems with dipole-dipeol
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interaction and anisotropic exchange interaction since it is not correct for
the X-Y model which is a special case of the foregoing class of systems for
vanishingly small dipole-dipole interaction.
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