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1. Introduction. The well-known Wishart distribution is the distribution
of the variances and covariances of a sample drawn from a multivariate normal
population assuming that the expected value of each variate remains the same
from observation to observation. For problems such as testing collinearity [1],
comparing scales of measurement [2], and multiple regression in times series
analysis [3], it is desirable to have the distribation of sample variances and co-
variances for observations, the expected values of which are not all identical.
Such a distribution could be considered as a generalization to several variates
of the x”* (non-central x°) distribution, as well as a generalization of the Wishart
distribution to the non-central case. In this paper we shall discuss the general
problem of finding the distribution in question and shall derive this distribution
for two particular cases. We shall start out with the problem in its most general
form and as a result of linear transformations express the distribution as a certain
multiple integral.

We can think of the expected values of the observations as defining points in a
space of dimension equal to the number of variates. If these points lie on a line,
the non-central- Wishart distribution is essentially the Wishart distribution
multiplied by a Bessel function; if the points lie in a plane, it is a Wishart distri-
bution multiplied by an infinite series of Bessel functions. For higher dimen-
sionality the integration of the multiple integral becomes extremely troublesome;
it has not been possible yet to express the general integration in a concise form.
These results are summarized precisely at the end of the paper.

2. Reduction to canonical form. Consider a set of N multivariate normal
populations each of p variates. Let theith (¢ = 1,2, ---, p) variate of the ath
(¢ = 1,2, ---, N) population be z;, ; let the mean of this variate be

(1) E(xiﬂ)_—‘/"ia (7;=172"”’p;a=172,"';N);
and let the variance-covariance matrix (of rank p) common to all N distributions
be

” E[(xia - l-‘ia)(xja - :U'ia)] ” = ” O'ij” (a =12---,N).

Now consider a sample of observations {z;.} one from each population.
The purpose of this paper is to find the joint distribution of the quantities

(2) Aij; = a>=:1 (xia - -’ii)(xia - .1':',»),

1 The results given below were arrived at independently by the two authors. Some
preliminary results were given before the Institute of Mathematical Statistics at Wash-
ington, D. C., May 6, 1944, by Girshick.
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346 T. W. ANDERSON AND M. A. GIRSHICK
where

1 N
Ty = Z—V- az-l Lia
To simplify the notation in the subsequent work we treat the quantities a;
instead of the sample variances and covariances which are simply multiples
(by 1/(N — 1)) of the a;; . ‘
The a:; may be considered as sums of squares and cross products, for there
exists a linear transformation®,

N
x:a = ﬁzl OasZis (2 =1,2:.--, p)a
where the matrix || 6, || is orthogonal (and 8y = Oxz = + -+ = Oyv = 1/4/N),

such that

n
4 7

a;; = Z:]. xiax{q ’
a= '

wheren = N — 1 and
- = U4 ’
Nx;x,- = TiNT;N .

. U . . . . . .
For a given « the z;, have a multivariate normal distribution with the same
variances and covariances as the z’s and with expected values

N
U4 7
E(ris) = g; Ouppis = pia, SBY.
Let
“ ’? ’
Tij = Zl Mia Kja «
Q==

Then it is clear that the 7;; are the same functions of the u’s that the a;; are of
the z’s, namely,

N
@) Tij = ;21 (wia — ) (ja — Bj),
where
1 N
‘ M = ]—V = Mia -
Now consider the two p by p matrices

Z=|oyll
and

T = || 74 ||.

2 See, for example, [4].
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Let «i, k3, -+, k5 be the real, non-negative roots of the determinantal equation

4) [T —AZ|=0.
There exists a non-singular p by p matrix
(5) Vo= |||
such that?
(6) VIV =1
and
ki 0 0
0 « 0
@ YTV = || ,

00 - &

where I is the identity matrix and ¥ is the transpose of ¥. Suppose the rank
of T is ¢; then ¢ of the roots are non-zero and p — ¢ are zero. For the sake of
convenience we shall choose «; , &3 , - -+ , k: to be the non-zero roots. If T is of
rank ¢, then the means u;, lie in a ¢ dimensicnal sub-space of the original p
dimensional space. Let us make the transformation

i
) Zia = El ViiTia -

=
The z;, are normally and, because of relationship (6), independently distributed
with unit variances. The mean value of z;, is

y 4
’ .
E(zi) = ’z; Vijlja = Via ,

say. Asaresult of (7)

(9) 2 Via = K} G=12--,p),
a=1

(10) D ViaVia = 0 G # j).
a=1

Let the new sum of squares of cross-products be
(11) b,',- = Z Zia%ja «
a=1

We shall first find the joint distribution of the b;; and then obtain the distribution
of the a:; by using the fact that the b;; can be considered simply as a linear

3 See, for example, [5].



348 T. W. ANDERSON AND M. A. GIRSHICK

transformation of the a;; in a $p(p 4 1) dimensional space. For we can write
b; 7 as
n ?
(12) bis = 2 D Vo¥iaTralia = 2 Vit .
a=1 hk=1 hyk=1

The transformation (8) is performed on all variates of each observation. The
next transformation, which is the one that results in the canonical form of the
problem, is performed on all observations of each variate. We wish to construct
the n by n matrix of this transformation

® = || das ||
in the following manner: Let
ga = 22 (@=1,2 - ,m;n=1,2, - ,10.
Ky
In view of (9) and (10)
§¢Ea¢na=5£n; (57’7‘_‘1;2;"’:0

where §g, is the Kronecker delta. The remaining elements in & are chosen in

any way to make & orthogonal.
Now make the transformation

y.-u=';¢aszw ('i=1,2,---,p;a=1,2,---,n).
Because @ is orthogonal,
(13) bis = 21 YiaYja »

and the y’s are independently normally distributed. By virtue of the construc-
tion of ® and the properties of || »:a || the expected value of each y;, is zero except
for ¢ of the variates, namely,

E(yim)="ﬂ (77=1)2)'°')t)_
Now the problem can be put in this form: Find the distribution of b;; (given by
(13)) when the distribution of the ¥’s (in the canonical form) is

P n
1 -3 El(Via“‘iaia)z

=1 a=

@mye © ’

where 1, k2, -+, &, are different from zero.
The solution of our problem can be expressed as a certain multiple integral of

tp variables. Let

bij= 2 YiaYja-
a=t+4+1
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Since the b;; have the Wishart distribution with n — ¢ degrees of freedom (we
assume n > ¢t 4 p) we can write the joint distribution of the bﬁ,' and y;, (2 =
L2 yPin=1,2,.-- f)as

’,

2lp(n—t)7rhv(p-l) I'I I‘(%[n —t41 - z])

te=1

P 1
1 - 2 2 (V‘q-‘nain)z
i=17=1

X Gmyon ©
Considering the equations
t
biy = biy + 2 YU
n=1
as a transformation of the b;; we immediately obtain the joint distribution of the
bsand they;,(t: = 1,2, --- ,p;9=1,2, --- , t) as

¢
-3 «2
e "!

(14) 2§pn1r}p(p—1)+h¢ lj; I‘(i-[n —t+1 - z])

i
| bij — E YinYin | ¥nmp=t=1
=1

P ¢
-4 2 begt+ 2 Kn¥Unn
Xe 7t 7t

To find the distribution of the b;; we must integrate out the y,,, where the
range of integration is such that the matrix

t
[| bsj — "Z} YinYsm |

is positive. For ¢ = 1 or 2 we can integrate (14) and express the results in a
convenient form. However, for higher values of ¢ the integration affords con-
siderable difficulty and has not been done for the general case. In terms of
geometry the case t = 1 is the case in which the expected values of the observa-
tions lie on a line in the p dimensional space. In the case of ¢ = 2, similarly the
expected values lie in a plane in this space. Hence, we shall call these two cases
the linear and planar cases, respectively.

3. The linear case. In the linear case there is one root of the equation (4)
which is not equal to zero, that is, there is simply one « in the distribution (14)
and one set of y’s, namely ya(z = 1,2, ---, p). The problem is to integrate the
ya over the range for which the matrix

” bij — yaya ”
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is positive; the integrand we are interested in is (dropping the subscript “1”
from the ; and ¥, and neglecting the part not involving the y’s)

4
(15) | bs; — yiy; |27 1] dys .
=1
The determinant in expression {15) can be expressed as
p ..
[bij — yiy;| = |b.-,-|(1 - _Zl b”yiyf),
i,i=
where
1671 = 11017
The inverse exists because the probability is zero that || b.; || is singular. There
is a linear transformation
yd
Yi = 21 Qi Uj
=
such that

yd ) D 2
2. by = Zl uj
=

t,j=1
and
ky1 = lug,
where I’ is the one non-zero root of the equation:
(16) [AB™ — @En| =0,

where B! = || b/ || and Ey, is the matrix with unity in the upper left hand corner
and zeros elsewhere. This fact is a result of the well-known theorem concerning
diagonalization of pairs of quadratic forms.* The Jacobian of this transformation

1S
| gii | = | bis |,

P
and the range of integration is ) ui < 1. The integrand is transformed into

i=1

L p . Hn—p-2) P
| by | H P <1 -2 ui) e 1T du; .
il

1=1
Now let
u; = sin w,

Ui = COS W Vi =23 --,p)

4 The transformation is the so-called ‘‘regression transformation.” See Madow [6].
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The Jacobian of this transformation is cos” w and

p—1
I—Zu§=cos2w(1—- va)

=1
The integration is over the ranges of ’2" <w< ;'and
p—1
<L
Te=]
We integrate the following expression
p—1 {(n—p—2) p—1 .
R [(1 - v?) II dv,-] {cos" 2 we' ™™ * dw}.
1=1 t=1
The integral of the quantity within the brackets is simply a Dirichlet integral [7]
and its value is

LGl — ph»'*™
LGln—1) -

The integral of the expression within the braces is a multiple of a Bessel function
of purely imaginary argument [8, p. 79]; that is,

I:(%Eln/—;*(ﬂ)z—)\/—w Iy (D).

Hence, the integral of (15) is
() [0 X" P00 — ) (1/2) " P Lynn (D).

Multiplying equation (16) by the determinant |B| one can easily show that the
non-zero root, I, is simply «*b;; . The distribution of the b;; in the linear case
then is
P
i L DR TH
e e ! Hn—p—1)/ 23 \—}(n—2) —
p—1 I b"f l (K bll) Il(ﬂ—2) (K'\/bll))
2ipn-—i(n—2)7rip(p—l) H P('li n — 2])
1=l

In §5 we shall give the distribution in terms of the original variables, namely,
the a;; .

4. The planar case. The case of two non-zero roots of equation (4) can be
handled by continuing the process of integration of §3 another step. The
essential problem is the integration of

2

2 D
(]8) [ b” _ z:l Yin Ui [ i(n—P—3)ekwu+‘2!/22 H H dy;,,
n==

il =1
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over the range of y’s for which the matrix
2
I Bs; — ﬂz_; YiaYs ||

is positive. The integration is done in two stages, first with respect to the v ,
then with respect to the y.» . Letting

bij = bij — Yoiye;,

i, =n—1,
K =k,
g‘ = Ya,

and omitting for the time being

(19) e 1T g,

we can write the first stage of the integration of (18) as
f 1By — s |70 6 .I;le i

over the range || b;; — §:J; || positive. But, the only difference between this and
the integration of (15) which has been shown to be (17), is that we are now writing
all variables with “~’’ signs. Keeping this in mind, changing back again to
our other variables of Section 4 and inserting again (19) we ecan write the first
stage of the integration of (18) as

Kf(bu — yfz)]'“"'a)

I‘(%[n -p - 1])7!'“’ Ibt‘j — YiaUn | t(n—p—2) enzuzz[ 1

(20) V »
Ty (Vi by — Kyhs) ,-H, dyss .

Now we must integrate (20) with respect to the yi» over the range || bi; — yiy;2 ||
positive. The determinant in (20) can be written as

p ..
| b;,’| (1 - i;l b Yi2 y,-:») .

There is a transformation
Y4
(21) Yir = Z; 9iiSi
=
such that
B, 2,
2 Yynyp =2 s,
1 j=1

(22) b=

2 2 2 2
K1y12=f81,

KalYar = dist + dase ,
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where f* is the one non-zero root of the equation
IJ\B"’ - KfEuI = O,

where B~ and Ey are used as in equation (16). Since this equation
is similar to (14), then f> = «iby;. The values of di and d; will be considered
later. This result is deduced from an extension of the theorem concerning the
diagonalization of pairs of quadratic forms.* The Jacobian is

[gis| = | bs; [},
b
and the range of integrationis ) s? < 1. The integrand (20) is now changed to

tm]
P Hn—p—2)
I‘(%[n -p - 1])7'_!1: l bﬁ_l!(n—p—l) (1 - Z 83) ghntdn

t=1

201 — o) it ?
[&1*4——3—12] Iy (\/f’(l - s'f)) E ds; .

Next the following transformation is made:
8 = sin wy,
§2 = cos w; sin wq ,
8i = COS Wy COS Wli—g (G=3,4,---,p).

The Jacobian is cos” wy cos® 'w, , and

p=—2
1 — > s¢ = cos® w; cos® ’LUz(l - v?).

Sl

We now integrate

-2 $(n—p—2) p—2
I3 — p — 1) [ by | ¥ [ 1-3 v II dv.-]
=1 3

=]

—$(n—38)
(23) '{COSn_z wy cosn-3 wzed; sinw;+dy coswysinw,y (_2.,_' cos wl)

I ya—9{f cos wy) dw, dwa} .

The integral of the expression within the square brackets is another Dirichlet
integral; its value is

IGn — p)«t®?
I'3n—2) °

8 Again the ‘“‘regression transformation’” is used. See footnote for Section 3.
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Similar to Section 3 the integration of the quantity within the braces with respect
to w, is

~}(n—3)
rGn — 2DV« (dz €08 wl) Iin_3 (ds cos wy)

s duei f —(n—3)
ccos"C wy ettt 3 €08 w1 Iin-3(f cos w).

Since the range of integration of w; is — 7/2 < w; < 7/2 and since sin w; is an
odd function and cos w;, is an even function, the integral of the above expression
can be transformed into an integration over the range 0 < w; < 7/2 by replacing
e *" ¥1 by 2 sinh (d; sin wy). In view of the relationship between the Bessel
functions of purely imaginary argument and sinh (d, sin w,) [8, p. 54] we can write
the integral of the above expression as

I(in — 2)v/7 (dz)_w_s) NI

X _L‘ I_y(dy sin wy) Iyn—s)(ds cos wi)Iyn—3)(f cos wy) sin % w; cos wy dw; .

This integral can be expressed in another form by virtue of a formula in Watson’s
Bessel Functions [8, p. 377] as
2o [[leo(Vdt + d + 5 = 2duf cos W) gposy gy,

o (di + & + f* — 2dof cos u)}"?

Letting d: 4+ d5 + f° = z and dof = y and using an expresion formula for Bessel
functions [8, p. 140] we can write (24) as

_ y)? co U~ N . e
2a(n 2) A E ( J) cos” 3 ””I;(,.-z)ﬂ (\/x) sin™® u du.
=0 .

(24)

Since the integral of cos” u sin™ *u where v is odd is zero, the result of the integra-
tion (using the ‘“duplication formula” for T functions and letting vy = 2w) is

0 (y )m —3(n—2)+2w _
I’(%[n - 2])?"2}("_2) Z Iitn2)420 (\/x)

=0 22“w!I‘(n —1 + w)

From the relationship (22) it is clear that the equation
(25) | 26:; — N7 | =0 (! =0fori=3,4,--,p)
is transformed by (21) into

fP4di— N ddy 0 0
dids -\ 0 0
0 0 - 0
(26) . . . = 0.
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Expression (25) is equivalent to
(27) Ikikjbij - )\5.‘,’[ = 0.

Hence, z and 3, which are the sum and product, respectively, of the non-zero
roots of the two equivalent equations (26) and (27), are given by

z=f 4+ di + di = «kibu + xzba,
yz =f ng = K“;Kg(bubzz - bfz).

In view of this result we can now write the integration of (23) as

0 2 2 B2 \@
PGl — p — TG — phr" 2 by 102 x 32 LaeCuba = bl
e 22"wlI‘(n 3 +w)
(kb k3ba) RO 00 (V by + KR Dag)-

Finally, by multiplying in what was left out of (18) we obtain the integral of (14)
which is the solution to the problem as stated in the canonical form:

»
-t 2 bis
—h(x2+x2 —p— )
e $(x3+x2) | bij Ii(ﬂ P l)e =1

p—2
(28) 2hm—§(n—2) 7l_izr(zr—l) ;[=Il I‘(%[n -1 - 1'])

X i [K% Kg(bllbﬂ - bf2)]w (bell + Kgb”)—i(i(ﬂ—m'{'ﬁw)

aso?“w!I‘(n _2- 1 + w)

X Tin—9)+20 (\/m .

6. Final form. To answer the problem as stated originally it is necessary to
make the transformation (12) and obtain the distribution in terms of the a;; for
the linear and planar cases.

It is clear that equation (25) is equivalent to
(29) |T — A" =0,

where A7 = || ai; ||, for T is the transform (by (5)) of || «38:; || and A™" is the
transform of || b;;||. The sum and product of the non-zero roots, which are the
arguments of the infinite series in (24), remain unchanged.

P
Since the quantity 2 «} is the sum of the roots of (4) it can be expressed as
=1

D N
Z K= Zl 0" (pia — i) (ja — ),

vd
t=1 ,§=1 a=

where || /|| = || o3 || Furthermore we have

[bii| = 2|+ ]ai]
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and

p o
E bis = tr || by || = tr (¥ ai; || ¥) = 2 o ay;.

Typml
Moreover, the Jacobian of the transformation (12) is®
(30) | JI = I\I, |p+l = I ) l—i(p+1).

Hence, we have the following results:

Given N multivariate normal populations each of p variates with identical variance-
covariance matrices || oi; || and with expected values of the pN variates xio given
by (1). Let a;; be defined by equation (2); let the rank of the matriz || 7:; || defined
by (3) be t.

(1) Whent = 0, the joint distribution of the a;; is given by the Wishart distribution.

(ii) When t = 1, the joint distribution of the a:;is

? N 3
= T 2 otipia—hi) (ja—Ps) | o P(N_l) | 0 I“N—p—z)

e Si=la=1

p—1
2§p(N—1)—§(N-8) T&p(p—-l) z; I‘(%[N -1 — ’L])

k
31 83 ote [ & & v
( ) . X e #i=1 [ 0 Zl a.-,-(p;a — ﬁi)(ﬂja - ﬁj)]
i,j=1 a=
¥4 N
X Tyn—9) ( 2 Z; @ii(pia — ) (Hja — ﬂi))
=1 a=

(ili) When t = 2, the joint distribution of the a;; is given by
N

»
=4 2 2ot ia—he) Wja—Bi) | o oaon o
e timla=1 lo,u Ii(N n | ai; |i(N p—2)

2&17(N—1)—}(N—8) ﬂ_h’(p—l) ﬁ I‘(%[N - 92— 't])
fom]l

P
-t 5 oiig © Uy Un)®
32) X e wim (]\‘,22
=0 22"’(.0!1‘(

5 T

) (ul + u2)—}(§(N-—3)+2w)

X I}(N—3)+2w('\/u1 + ),

where uy and us are the two non-zero roots of (29).
(iv) When t > 2, the joint distribution of the a;; can be written by means of
expression (14) as a multiple integral. The explicit form of the distribution has not

yet been obtained.

¢ One method of demonstrating this fact is to apply (8) to centrally distributed variates
and compare the Wishart distribution of the transformed variates with the Wishart dis-

tribution of the original variates.
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