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SOME FIXED POINT THEOREMS IN BANACH SPACES

BY

K. GOEBEL anxpo E. ZLOTKIEWICZ (LUBLIN)

Let B denote a Banach space with the norm || {| and let € be a closed
subset of B. The transformation F: C -> C is called contraction if there
exists a constant 0 < k << 1 such that for arbitrary «, y «C the inequality
|[Fx— Fy|| < k|lx—y| holds. 1t is called non-expansive if the same con-
dition with ¥ =1 holds. By the Banach contraction principle each
contraction of C has exactly one fixed point. The same is true if we
assume that only some powers of F are contractions, but it is not true
for non-expansive mappings. However, Browder [1] has proved that
every non-expansive mapping of a closed, bounded, convex subset
of a uniformly convex Bapach space has at least one fixed point.
Kirk [3] proved similar theorem in the space with the so called normal
structure.

It is natural to raise the question whether these results can
be extended to the case of transformations with a non-expansive
iteration. The answer is in general negative. Klee [4] showed that even
in Hilbert space some convex sets admit continuous transformations
without fixed points and even such that F* = I, where I denotes
identity mapping. '

In the present note we shall give the proofs of some fixed point
theorems for involutions and a generalisation of Browder’s result.

THEOREM 1. If C i3 a closed and conver subset of B and if F: C - C
satisfies conditions 1° F* = I and 2° |Fo— Fy|| < k|lx—y||, where 0 < k < 2,
then F has at least one fiwed point.

Proof. Let @ = }(F+I) and let « be an arbitrary point of C. Put
y =Gz, 2z = Fy, and z* = 2y—2z, We have

k
le—a|| = ||Fy— F2x|| < k|ly— Fz|| = Ellw—l”wll
and
k
le*— @ = |2y — Fy—2| = | Fo— Fy| < klz—y| = Ellw—Fﬂvll;
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thus 2z and z* are contained in the ball of radius }k|z— Fz|, centered
at . Consequently,

1 k
le—2z¥| < klle— Fz|| and |y—Fy| = Ellz"’a“*ll < EIIGﬂ*FwII,
hence

k
62— Gal < 5 |Ga—al

Since by assumptions we have 0 < k/2 < 1, distances between con-
secutive powers of transformation G converge to zero as rapidly as the
sequence (k/2)" does and so the sequence z, — G"x converges. Putting
x* = limz, we obtain x* = Gz*. Hence 2* = Fz*.

n—>o0
Suppose now that B is uniformly convex., Then there exists an in-
creasing function é(e): {0,2> — {0, 1) such that for each pair of points
@, Yy ¢ B which are subject to conditions ||z|| < R, |lyl| < R, and ||z—y|| = Re,
the inequality
z+y
2

” <(1—é(e) R

holds.
In this case we can obtain a stronger result.

THEOREM 2. If B is a uniformly conver Banach space and if C is
a closed and convex subset of B, then each transformation F: C — C satisfying
conditions 1° and 2° of Theorem 1 with k such that k6~'(1—1/k) < 4 has
at least one fized point.

LEMMA. If B is a uniformly convex Banach space and if x,z, 2*eB
are subject to conditions

le—2|| < R, [2*—2| < B and

then

lo—2%| < B8~ ( R; ’").

Proof of Lemma follows immediately from the inequality"

R—r
=1— R
o

(@—2)+ (w—2)
2

and from the above described property of the function 6.

Proof of Theorem 2. Let G,z,y,z 2* be the same as in
Theorem 1.



We have
k
le— 2]l < 5 llo— Fall,
k .
le*—all = o lw— Fal,

2*t-z
2

— &

1
= 5 llo— Fa].
Putting

L 1
R=_|z—Fz| and r =—|z—Fz|
2 2

we obtain, in view of our Lemma, the inequality

lz—2*|| < b o1 1 ||z — Fxl||
T2 k ’
Hence

k 1
j6°a— Gl < 071~ 1Go—al,

and the same argument as in Thecrem 1 gives the result.
Remark 1. The spaces I”, L” (p > 1) are uniformly convex [2] and so

d(e) = 1— (1—(5)8)1/3,

where s = max(p,¢q),p '+¢ ' = 1. In this case the assumptions of
Theorem, 2- are satisfied for k < (1-42%)'%.

Remark 2. The following problem is still open: are the evaluations
for & in both theorems best possible ? Or, does there'exist an involution
of & convex closed set in Banach space which has no fixed points and
which satisfies condition 2° of Theorem 1 with ¥ = 2 (or, in uniformly
convex space, with k¥ such that ko~ '(1—1/k) = 4)? (P 732)

THEOREM 3. Suppose B is umiformly convex and C is closed, bounded
and conver subset of B. If F: C — O satisfies conditions 1° |[F*z— F*y||

< |le—yl and 2° |[Fo— Fy| < klie—vy||, where k is such as in Theorem 2,
then F has at least one fized point.

Proof. By Browder’s theorem [1], the transformation F? has at
least one fixed point in C. It is easy to verify that the set " of fixed
points of F* in C is convex and closed. Moreover, F(C*) = C* and F* =1
on C*. Hence Theorem 2 implies that F has a fixed point in C”.
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