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Abstract

Owning the concept of complex valued metric spaces introduced by Azam et al,, we
prove several fixed point theorems for mappings satisfying certain point-dependent
contractive conditions. The main results announced by Sintunavarat and Kumam (J.
Inequal. Appl. 2012:84, 2012), Rouzkard and Imdad (Comput. Math. Appl., 2012,
doi:10.1016/j.camwa.2012.02.063), and Dass and Gupta (Indian J. Pure Appl. Math.
6(12):1455-1458, 1975) are deduced from our results under weaker assumptions.

1 Introduction

The concept of a complex valued metric space which is a generalization of the classical
metric space was recently introduced by Azam, Fisher and Khan (see [1]). To mention
this, let us recall a natural relation 3 on C, the set of complex numbers as follows: for
21,20 € C

z21 329 4% Re(z1) <Re(z) and Im(z;) <Im(z,),

~

z1 <2y g) Re(z1) <Re(z2) and Im(z;) < Im(zy).

Definition 1.1 Let X be a nonempty set. A mapping d : X x X — C is called a complex
valued metric on X if the following conditions are satisfied:

(CM1) 0Z2d(x,y) forallx,y € X and d(x,y) =0 <= x =y;

(CM2) d(x,y) =d(y,x) for all x,y € X;

(CM3) d(x,y) 2d(x,z) +d(z,y) forall x,5,z € X.

In this case, we say that (X, d) is a complex valued metric space.

It is obvious that this concept is a generalization of the classical metric. In fact, if d :
X x X — R satisfies (CM1)-(CM3), then this d is a metric in the classical sense; that is, the
following conditions are satisfied:

(M1) 0 <d(x,y) forallx,y € X and d(x,y) =0 <= x = y;

(M2) d(x,y) =d(y,x) for all x,y € X;

(M3) d(x,y) <d(x,z) +d(z,y) forall x,y,z € X.

The following definition is an analogue of several concepts in the classical theory of metric
spaces and they are discussed in [1]. There are also other interesting types of generalization

of metric spaces; for example, see [2, 3].

Definition 1.2 Suppose that (X, d) is a complex valued metric space.
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« We say that a sequence {x,,} is a Cauchy sequence if for every 0 < ¢ € C there exists an
integer N such that d(x,,x,,) < c for all n,m > N.

« We say that {x,} converges to an element x € X if for every 0 < ¢ € C there exists an
integer N such that d(x,,x) < ¢ for all # > N. In this case, we write x,, 4 x.

« We say that (X, d) is complete if every Cauchy sequence in X converges to a point in X.

The following fact is summarized from Azam, Fisher and Khan’s paper [1]. In fact, (b) and
(c) of Proposition 1.3 are their Lemmas 2 and 3.

Proposition 1.3 Let (X,d) be a complex value metric space. Suppose that d = dy + id,
where dy,dy : X x X — R, that is, dy = Re(d) and dy = Im(d). Then the following assertions
hold.

(@) |d| = (d? +d2)V?: X x X — R is a (classical) metric on X.

(b) If{x,} is a sequence in X and x € X, then x, 4 ifand only if x, L

(c) (X,d) is complete if and only if (X, |d|) is complete.

The following common fixed point theorem was also proved by Azam, Fisher and Khan.
This can be viewed as a generalization of the well-known Banach fixed point theorem.

Theorem 1.4 ([1]) Let (X,d) be a complete complex valued metric space, and let X, u be
nonnegative real numbers such that A + < 1. Suppose that S, T : X — X are mappings

satisfying:

wd(x, Sx)d(y, Ty)

d(Sx, Ty) = rd(x,
(Sx, Ty) S Ad(x,y) + T+ diny)

Vx,y € X. 1)

Then S and T have a unique common fixed point.

In this paper, we continue the study of fixed point theorems in complex valued metric
spaces. The obtained results are generalizations of recent results proved by Sintunavarat
and Kumam [4], Rouzkard and Imdad [5]. Moreover, we improve several assumptions on
the involved mappings. It should be noted that there are also some different fixed point
theorems recently proved in [6].

2 Main result
Throughout the paper, let (X,d) be a complete complex valued metric space and S, T :
X—X.

Proposition 2.1 Let xo € X and define the sequence {x,} by

Xon+l = Sx2m
(2)

Xopso = Txopy1, forallm=0,1,2,....

Assume that there exists a mapping A : X x X — [0,1) satisfying
MTSx,y) < Ax,y) and A(x,STy) < A(x,y) forallx,y € X.

Then A(xau,y) < Mxo,y) and A(x, x2,41) < A(x,x1) forallx,y € X and n=0,1,2,....
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Proof Letx,ye Xandn=0,1,2,.... Then we have

X2 ) = MTSx2p-2,9) < A(X2n-2,y) = MTSx2p-2,9) < -+ < Axo, ).
Similarly, we have

A(%, %21) = A, STxp-1) < A, X2-1) = A%, STpp-3) < -+ < A, x1).

Lemma 2.2 Let A, p:X x X — [0,1) and x,y € X. If S and T satisfy

d(x, Sx)d(Sx, TS
d(Sx, TSx) < (e, Sx)d(x, Sx) + pu(, S 2SR TS%)
1+ d(x,Sx)

d(1y, STy)d(y, Ty)

d(STy, Ty) = M(Ty, y)d(Ty, Ty,
(STy, Ty) 2 M(Ty, y)d(Ty,y) + iu(Ty,y) T+ d(Ty,)

then

|d(Sx, TSx)| < Alx, Sx)|d(x, Sx)| + (x, Sx)|d(Sx, TSx)

|d(STy, Ty)| < M(Ty,9)|d(Ty, )| + 1(Ty, )| d(Ty, STy)

’

respectively.

Proof We can write

d(x, Sx)d(Sx, TSx)
1+ d(x,Sx)

d(x, Sx)
1+ d(x,Sx)

< Ax, Sx)|d(x, Sx)| + p(x, Sx)|d(Sx, TSx)|.

|d(Sx, TSx)| < |Alx, Sx)d(x, Sx) + pu(x, Sx)

< Ax, Sx)‘d(x, Sx)} + p(x, Sx) ’d(Sx, TSx)‘

Similarly, we get
d(Ty, STy)d(y, Ty)
1+d(Ty,y)

d(y, Ty)
1+d(y, Ty)

< MTy,9)|d@, )| + w(Ty, 9)|d(STy, Ty)|.-

|d(STy, Ty)| < |M(Ty, )d(Ty,) + 11Ty, y)

< MTy,9)|d(y, Ty)| + M(Ty,y)‘ '|d(Ty,STy)|

Lemma 2.3 Let {x,} be a sequence in X and h € [0,1). If a,, = |d(xy, %,11)| satisfies
ay <ha,,, forallneN,

then {x,} is a Cauchy sequence.

Proof Let h €[0,1). Then

ay <ha,1 <h*a,,<---<h'ay, forallneN.

3)

(4)
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For m, n € N such that m > 1, we have

|d(xn:xm)| <a,+ayq+---+au

Sh"(l+h+h2+...+hrf4—n—1)a0

Thus, we have |d(x,, x,,)| — 0 as n — 00, and hence {x,} is a Cauchy sequence. (]

Theorem 2.4 Let (X,d) be a complete complex valued metric space and S, T : X — X. If
there exist mappings A, i,y : X x X — [0,1) such that for all x,y € X:
(@) AM(TSx,y) < Alx,y) and M(x,STy) < A(x,),
u(TSx,y) < ulx,y) and p(x,STy) < u(x,y),
y(TSx,y) < y(xy) and y (x,STy) < y (x,y);
(b) A(x,y) + mlx,y) + vy (xy) <1;
(©

d(x, Sx)d(y, Ty) Y (5.9) d(y, Sx)d(x, Ty)‘ ©)

d(Sx, Ty) 2 A, y)d(x,y) + n(x, ) T+ d@y) + T+ dy)

Then S and T have a unique common fixed point.

Proof Let x,y € X. From (6), we consider

d(x, Sx)d(Sx, TS
d(Sx, TSx) < A(x, Sx)d(x, Sx) + 1, Sx) 0 SD)AS% TS%)
1+d(x,Sx)

d(Sx, Sx)d(x, TSx)

.S
(@ 5%) 1+ d(x,Sx)

= Ax, Sx)d(x, Sx) + u(x, Sx)%

From Lemma 2.2, we have
’d(Sx, TSx)‘ < Alx, Sx)‘d(x, Sx)| + lx, Sx)‘d(Sx, TSx) | 7)

Similarly, we get

d(Ty, STy)d(y, T3
dﬁwﬂwsAUywmnwmﬂunJyL%_lLQ_ﬂ
+d(Ty,y)
d(y, STy)d(Ty, Ty)
Y )T Ty
a1y, STy)d(y, Ty)

= Iy ATy ) + Ty ) =~

From Lemma 2.2, we have

|d(STy, Ty)| < M(Ty.9)|d(Ty, )| + w(Ty,9)|d(Ty, STy)|. 8)
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Letxo € X and the sequence {x,,} be defined by (2). We show that {x,} is a Cauchy sequence.

From Proposition 2.1, (7), (8) and for all k = 0,1,2,..., we have

|d(%2ies1,%2) | = |A(STx2s-1, o) |
< MTxak-1, %2k-1) | A Tooo1, Xic1) |
+ 11Tk -1, %2k-1) | A Togg 1, STk 1) |
= Mok Xak1) | d (o1, %20) | + (205 X2k1) | A2k X2s1) |

< (%0, %ok1) | Aok, %0ic) | + 1150, Xk-1) | A (Xies1, %2k |

< Moo, %1) | d (a1, %21) | + (0, 1) | (241, Xk)

which implies that

Ax0,%1)

|d(x2k+1:x2k)| = 1= i(xor ) |d(x2k—1,x2k)|~

Similarly, we get

|d(%2ics2s X2kcs)| = |d(TSxtr S|
< Mook Sk | (ks Sxok) | + 4 (ke S ) | A (Stak, TSz |
= )\(xzk:xzkﬂ)’d(xzerzkﬂ)‘ + M(x2k:x2k+l)‘d(x2k+l;x2k+2)|

< Mo, Xaks1) | A2k Xas1) | + 10 (K0, Xoies1) |22 %2141 |

< Moo, 1) |d o, Hkan) | + (0, 21) | (Kserzs Xka1)

which implies that

A(x0,%1)
|d(ags2, k1) | < —— | A0t Xokr) |-
1 — pu(x0,x1)

Let h = 2%0%)_ 1 Then we have
1-pu(x0,%1)

|d(xn+1:xn)| = h|d(xn—1;xn)

, forallmeN.

)

(10)

(11)

From Lemma 2.3, we have {x,} is a Cauchy sequence in (X, d). By the completeness of X,

there exists z € X such that x,, — z as n — oo.

Next, we show that z is a fixed point of S. By (6) and Proposition 2.1, we have

d(z,82) 3 d(z, Txaps1) + d(Tx241, S2)

= d(Z, x2n+2) + d(SZr Tx2n+1)

j d(Z, x2n+2) + )\,(Z, x2n+1)d(z¢ x2r1+1) + I'L(Z: x2n+1)

d(z, S2)d (X241, To241)

1+ d(Z; x2n+1)
d(x2n+1r SZ)d(Z, Tx2n+1)
1+ d(z,%241)

+ v (2 %2041)
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d(Z; Sz)d(erHl, x2n+2)
1+ d(Z» x2n+1)

:5 d(Z, x2n+2) + )‘(Z: xl)d(zi x2n+1) + M(Z; xl)

(%2141, S2)d (2, X21142)
1+ d(Z: x2n+1)

d
+ )/(Z,x1)

Thus, d(z,Sz) = 0 and hence z = Sz.
We also show that z is a fixed point of T'. By (6), we have

d(z, Tz) 3 d(z, Sx2,) + d(Sx2y, T2)

(%20, Sx24)d(z, T2)
1+ d(xZVn Z)

2 d(z,%2141) + M2, 2)A (K2, Z) + (1 (H25 Z)

d(Z, szn)d(me Ty)
1+ d(x2,,2)

+y (%21, 2)

d(x2mx2n+l)d(z: TZ)
1+ d(x9,,2)

2 d(z,%2141) + Mxo, 2)d (%24, 2) + (%0, 2)

d(zr x2n+1)d(x2m T)’)
1+ d(x2m Z)

+ ¥ (%0,2)

Thus, d(z, Tz) = 0 and hence z = Tz. Therefore, z is a common fixed point of S and 7.
Finally, we show the uniqueness. Suppose that there is z° € X such that z° = Sz’ = T%'.
Then

d(z,z) = d(Sz, Tz)

. o d(z,82)d(Z’, TZ) wd(Z,82)d(z, TZ)
:5 )L(Z,Z )d(Z,Z ) + /L(Z,Z )W + )/(Z,Z )T(Z,Z*)

. Wd(Z,2)d(z,z
:A(z,z)d(z,z)+y(z,z)%

Therefore, we have

d(z,2)

d(z2)| < M(z2)|d(z2)| + 7 (22) 1+dzz)

d(z,z*)|‘
<Mz2)|d(z2)| +7(27)|d(z7)]
<(Mzz) +v(22))|d(=z2)).

Since A(z,2") + y(2,2") <1, we have |d(z,z')| =0. Thus z = 2. O
By setting S = T in Theorem 2.4, we deduce the following corollary.

Corollary 2.5 Let (X,d) be a complete complex valued metric space and T : X — X. If
there exist mappings A, i,y : X x X — [0,1) such that for all x,y € X:
(@) AMTxy) < M, y) and Ax, Ty) < Mx, y),
w(Tx,y) < pux,y) and p(x, Ty) < pu(x,y),
y(Tx,y) < y (%) and y (x, Ty) < y (x,);
(b) A(x%p) + ulx,y) + vy (69) <1
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A T5)d0,T9) | 0, T, T)

1+d(x,) 1+d(x,y) (12)

d(Tx, Ty) 3 A(x,y)d(x,y) + pu(x,y)

Then T has a unique common fixed point.
By choosing y = 0 in Theorem 2.4, we deduce the following corollary.

Corollary 2.6 Let (X,d) be a complete complex valued metric space and S,T : X — X. If
there exist mappings A, u : X X X — [0,1) such that for all x,y € X:
(@) A(TSx,y) < Ax,y) and Ax, STy) < A, y),
w(TSx,y) < plx, y) and ju(x, STy) < ju(, y);
(b) Ax,y) + plx,y) <1;
(©)

(x, Sx)d(y, Ty)

d
d(Sx, T)’) j }\(x»y)d(x’y) + ,u(x,)’) 1+d(x y) (13)

Then S and T have a unique common fixed point.
By choosing i = 0 in Theorem 2.4, we deduce the following corollary.

Corollary 2.7 Let (X,d) be a complete complex valued metric space and S, T : X — X. If
there exist mappings A,y : X x X — [0,1) such that for all x,y € X:
(2) M(TSx,y) < A(x,9) and Mz, ST) < A(x,),
y(TSx,y) < y(x,y) and y (x,STy) < y (x,9);
(b) Alx,y) +y(xy) <1;
(©)

d(y, Sx)d(x, Ty)

1+d(x,y) (14)

d(Sx, Ty) 3 Ax, y)d(x,y) + v (x,9)

Then S and T have a unique common fixed point.

The following result is closely related to Corollary 2.5 with y = 0. The real valued metric

space version of this result is an extension of Dass and Gupta’s result [7].

Theorem 2.8 Let (X,d) be a complete complex valued metric space and T : X — X. If
there exist mappings A, 1 : X X X — [0,1) such that for all x,y € X:
(@) A(Tx,y) < M(x,) and A, Ty) < A(x,9),
w(Tx,y) < u(x,y) and p(x, Ty) < pu(x,);
(b) Alx,9) + plx, ) <1;
(c)

d(y, Ty)[1 + d(x, Tx)]
1+d(x,y)

d(Tx, Ty) S Mx,9)d(x,y) + u(x,y) (15)

Then T has a unique fixed point.

Page 7 of 11
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Proof Let xy € X and the sequence {x,} be defined by

Xpe1 = Ix,, wheren=0,1,2,.... (16)
We show that {x,} is a Cauchy sequence. From (15), we have

AXn1%n42) = d(Txn, 1)

d(xrﬁl’ Txn+1)[1 + d(xn; Txn)]
1+ d(xy, %n41)

j My X1 A K1) + (X X))

(xn+1: xn+2) [1 + d(xm xn+1)]
1+ d®xu, %n01)

d
= M X21) A (X K1) + (K K1)

= A% X4 1) A X K1) + (X X001 A (K15 Xis2).-
It follows from (a) that

d(xnﬂr xn+2) i, )‘-(xm xn+1)d(xm xn+1) + M(xn;xn+l)d(xn+1,xn+2)
,-5 Ao, Xy41)A (K, Xpi1) + M(xO;xn+1)d(xn+lyxn+2)

,5 Mx0, %0)A (K K1) + (X0, %0) A (K11, Xr42)-

Therefore,

|d(xn+l:xn+2)| =< )‘(xO’xO)|d(xmxn+l)| + M(xo’x0)|d(xn+1,xn+2)

’

and hence

|d(xn+ltxn+2)| = }‘(on)o) |d(xrnxn+1)

< , foralln=0,1,2,.... 17)
1- M(x()yx

Let h = 260%0) 1 Then
1-p(x0,%0)

|d(xn+1,xn+2)| < h|d(x,,,x,,+1) , foralln=0,1,2,....

From Lemma 2.3, we have {x,} is a Cauchy sequence in (X, d). By the completeness of X,
there exists z € X such that x, — z as n — co. Next, we show that z is a fixed point of T'.
Then

d(z, Tz) 2 d(z, Txy,) + d(Tx,, Tz)

d(z, Tz)[1 + d(x,, Tx,)]
1+d(z,x,)

d(z, T2)[1 + d(x, 1)
1+d(z,x,)

,j d(Z: er—l) + )‘(xm Z)d(xm Z) + M(xn’ Z)

2 d(z,%11) + Mo, 2)d(%y, 2) + (%0, 2)

Notice that 1(x9,2) € [0,1). Therefore, we get d(z, Tz) =X w(xo,2)d(z, Tz), that is, z = Tz.

Page 80of 11
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Finally, we show the uniqueness. Suppose that there is z° € X such that z" = 7z". Then

d(z, z) = d(Tz, Tz*)

dZ', T2)[1 + d(z, Tz)]

2 Mz2)d(z2) + n(z2) L+ de2)

= Mz2)d(z,2).
Since A(z,z) € [0,1), we have d(z,z’) = 0, that is, z = z. This completes the proof. O

3 Deduced results
3.1 Sintunavarat and Kumam’s results

We deduce the main result of [4] as follows.

Theorem 3.1 ([4, Theorem 3.1]) Let (X, d) be a complete complex valued metric space and
S, T: X — X. If there exist mappings A, E : X — [0,1) such that for all x,y € X:
(i) A(Sx) < A(x) and E(Sx) < E(x);
(i) A(Tx) < A(x) and E(Tx) < E(x);
(iii) (A + B)x) <1;
(iv)

E(x)d(x, Sx)d(y, Ty)

(6 Ty) 3 ARdoy) + —0)

Then S and T have a unique common fixed point.
Proof Define A, : X x X — [0,1) by
A, y)=Ax) and plxy) = E(x), forallx,yeX. (18)

Then forall x,y € X,
(@) M(TSx,y) = A(TSx) < A(Sx) < A(x) = A(x,y) and A(x, STy) = A(x) = A(x,9);
wu(TSx,y) = E(TSx) < E(Sx) < E(x) = u(x,y) and p(x, STy) = E(x) = pulx, y);
(b) A(xy) + ulx,y) = Alx) + E(x) <1;

(©
E(x)d(x, Sx)d(y, Ty)
d(Sx, Ty) 3 Ax)d(x,
(S, Ty) 3 A@)d(,y) + ——— 4(sy)

d(x,Sx)d(y, Ty)
= Alx,)d(x, LY — .

(%)%, y) + (o6, y)— — d05,3)

By Corollary 2.6, S and T have a unique common fixed point. O

Remark 1 It is worth mentioning that (i) and (ii) of Theorem 3.1 above can be weakened

by the condition

A(TSx) < A(x) and E(TSx) < E(x), forallxeX.

Page9of 11
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3.2 Rouzkard and Imdad’s results
The following corollary is easily obtained from our Theorem 2.4.

Corollary 3.2 Let (X,d) be a complete complex valued metric space and S, T : X — X. If
there exist mappings A, i,y : X — [0,1) such that for all x,y € X:

() MTSx) < Ax), w(TSx) < u(x) and y(TSx) <y (x);

(b) A(x) + pulx) +y () <1;

(©)

d(x, Sx)d(y, Ty) d(y, Sx)d(x, Ty)

=<
d(Sx, Ty) T Mx)d(x,y) + n(x) Tvdwy) y (x) T+ dy) 19)
Then S and T have a unique common fixed point.
Proof Define A, i,y : X x X — [0,1) by
A(x, y) = A(x), plxy) = u(x) and y(xy) =y), forallx,yeX. (20)
Then for all x,y € X,
(2) A(TSx,9) = A(TSx) < A(x) = A(x, ) and A(x, STy) = A(®) = (x,9);
pu(TSx,y) = 1(TSx) < pu(x) = wu(x,y) and w(x, STy) = pu(x) = w(x,y);
y(TSx,y) = y(TSx) < y(x) = y(x,y) and y (x,STy) = y (x) = y (x,9);
(b) A(x,y) + p(x,y) + v (x,9) = Alx) + pu(x) + y(¥) <1;
(©
d(x,Sx)d(y, Ty) d(y, Sx)d(x, Ty)
,Ty) 3 A ) e av,or)ax, 1)y
d(Sx, Ty) 3 Mx)d(a,y) + i) — — Ay v —1- sy)
d(x,Sx)d(y, Ty) d(y, Sx)d(x, Ty)
=A ) d ) J) T 7, N J) T ;7,7 N ¢
(%)%, y) + (o0, y)— — Ay vy — d0y)
By Theorem 2.4, S and T have a unique common fixed point. d

Letting A(-) = A, u(-) = u and y(-) = y in Corollary 3.2 gives the following result proved
by Rouzkard and Imdad in [5].

Corollary 3.3 ([5]) If S and T are self-mappings defined on a complete complex valued
metric space (X, d) satisfying the condition

d(x, Sx)d(y, Ty) d(y, Sx)d(x, Ty)
1+d(x,y) T 1+d(x,y)

d(Sx, Ty) 2 2d(x,y) +

forallx,y € X, where A, , y are nonnegative reals with > + u + y <1, then S and T have a

unique common fixed point.

3.3 Dass and Gupta’s results
Applying the proof of our Theorem 2.8, we can deduce the following result of Dass and

Gupta [7] in the context of real valued metric spaces.
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Theorem 3.4 ([7]) Let (X,d) be a real valued metric space. Let T : X — X be such that
(i)

wd(y, Ty)[1 + d(x, Tx)]
1+d(x,y)

d(Tx, Ty) < rd(x,y) +

forallx,ye X, x>0, u>0,A+u<1,and
(ii) for some x¢ € X, the sequence of iterates {T"(xo)} has a subsequence {T" (x)} with
z = limg_, oo T" (xp).
Then z is a unique fixed point of T .

Proof Define A, 1 : X x X — [0,1) by
Ax,y) =2 and pu(xy)=p, forallx,yeX.

Then the conditions (a), (b) and (c) of Theorem 2.8 are satisfied. Hence, we have {x,,} is a
Cauchy sequence in (X, d). By (ii), the whole sequence x, — z as n — 0. It follows again
from the proof of Theorem 2.8 that z is a unique fixed point of T as desired. g
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