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SOME GENERALIZATIONS OF
THE JACOBSTHAL NUMBERS

Gospava B. Djordjevié

Abstract
The main object of this paper is to introduce and investigate some proper-
ties and relations involving sequences of numbers F, . (r), for m = 2, 3,4, and
r is some real number. These sequences are generalizations of the Jacobsthal
and Jacobsthal Lucas numbers.

1 Introduction

In [1] we considered the following classes of polynomials: J,, ,,(z)-Jacobsthal poly-
nomials, j,, m (x)-Jacobsthal Lucas polynomials, and polynomials F,, ,,,(z) and fy, m ().
These polynomials are given by the following recurrence relations ([1]):

Inm (@) = In_1,m (@) + 22 p_m.m (), (1)
(n>m;n,meN; Jom(x)=0, Jym(z) =1, whenn=1,2,...,m—1);
Jnm () = Jn-1,m () + 2 jn—m,m(T), (2)
(n>m;n,meN; jon(r) =2, jom(@) =1, whenn=1,2,...,m—1);
Fpom (%) = Fom1,m (%) + 20 F—m m (2) + 3, (3)
m>m;n,méeN; Fyp(z) =0, Fym(z) =1, whenn=1,2,...,m—1),
fom (@) = fo1.m (@) + 22 frm.m(z) +5, (4)

(n>myn,meN; fon(r) =0, fum(z)=1, whenn=1,2,...,m—1)

The polynomials J,, 2(x), jn2(z), Fp2(z)
xz = 1 and for a some real number r, by (
numbers {Cy, (r)}:

Cn,m(r) = Cnfl,m(r) + 2C"nfrnm’L(T) + 7, (5)

2010 Mathematics Subject Classifications. 33C45, 33C47.

Key words and Phrases. Jacobsthal numbers; Jacobsthal Lucas numbers.

Received: April 30, 2010

Communicated by Dragan S. Djordjevié¢

Research supported by the Ministry of Science and Technological Development, Republic of
Serbia, grant no. 144003.

and fy, 2(x) are considered in [3]. For
3), we get the following sequences of
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(n>m; n,m eN; Com(r) =0, Com(r)=1, forn=1,2,...,m—1).
Particular cases of these numbers are Jacobsthal numbers J,, and Lucas numbers

Jn, which were investigated by Horadam [4].

In this note we consider the sequences {C,, 3(r)} and {C, 4(r)}. Namely, for
these sequence of numbers we find some interesting relations, which are analogous
to those corresponding to generalized Fibonacci numbers [2].

2 The sequence {C, 3(r)}

For m = 3 in (5), we have

Cnyg(T) = Cn_173(7‘) + QCn_373(7") + r, (6)

(n >3; n € N; Co;),(’l“) =0, 0173(7“) = CQ)?,(T) = 1).

Applying (6), we obtain the first few members of the sequence numbers {C,, 3(r)}:

Cos(r) =0, Ci3(r) =1,
Cys(r) =1, Cs3(r)=1+r,
Cas(r)=3+2r, Cs3(r)=5+3r,
Cos(r)=T+6r, Crs(r)=13+11r,
Cs3(r) =23+ 18r, Cy3(r) =63+ 54r

First of all, we introduce the following operators which will be needed in our
proposed investigation. Hence, I is the identity operator, F; is the ”the coordinate”
operator (i = 1,2,3), F is the shift operator.

Furthermore, we consider the following operators A; for : = 1,2,3, and V;, for
i=1,...,5, as well as operators A?, (i =1,2,3), n € N, and V?, (i =1,...,5),
neN.

Ay =—4I+E +4E,, Al = Y (.“,)(—1)”—i—j4"—iE;’Eg,
Ay =4I+ E1+ By, Aj= ) (‘n.>4"‘i‘jE§E§,

Ay =4I +4E, — By, Aj= Y (Z_",)(—1)j4njE§E§,
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n!
ny _
where (”) = =i = n € N.

V, = —4I +4E; + 2E; + Es, gyn—imimkyigi g pI R

1,7 ,k
7,+]+k n

Vo =2E; — 41 + 4E; + Ej, 4)rmimimkiyi BT R

Z+J+k n

i+j+k=n

Vi = —4I + E, + 2E, + 4F3, 4)rmimimkoigk i pI EE,

’L+J+k n

Vs = —4I +4E, 4 2E, — 3E3, 4TIk iol (_3)F BI B EY,

V3 = —4I + Ey + 4E5 + 2E;3, < " >(—4)”Hk4j2kE{EgE§,

7.+J+k n

where

n . n!
i k) ik (n—i—j— k)

Applying operators A}, A% and A} to the function f(i,7), (see also [5]), we find
the following functions

g(n, k) =Arf(0,k), n=1,2,3; neN.
Applying VI, (i =1,...,5), to the function f(,7, k), we get
gpf(n,0,m) =V f(0,0,m), p=1,...,5, neN.
We prove the following two statement.

Lemma 2.1. For a nonnegative integer k, the following relation holds
4Ck,3(r) — 4Ck43,3(r) + Crt6,3(r) = Chgas(r). (7)
Proof. Using (6), we get

4C, 3(r) = 4Cy433(r) + Cry6,3(7)

= 2(Cry3,3(r) = Crpa3(r) —7) — 4Cky33(7) + Cras 3(r) +2Ck433(r) +7
= Cry5,3(r) = 2Ck42,3(r) —

= Cryas(r) + 2Ck423(r) + 17— 2Ck123(r) — 17 = Cryas(r).
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Theorem 2.1. Let n € N and k be nonnegative integer. Then the following hold:

Contars(r) = Y (n>( D)4 Oy g k), 3(1); (8)

7

i+j=n
Contak,3(r) ( > "+J4" JC3Z+4J+1¢ 3(7); (9)
i+j=n
Ciant3k,3(r) (z ) n+]4 Cﬁi+3(j+k),(7")§ (10)
it=n »J
n
Cntar,3(r) (z )4 I(=1) Coiagjrry3(r); (11)
itj=n yJ
Cntok,3(r) ( ) I Chivo(j+k),3(T)- (12)
i+j=n

Proof. We apply Ay to f(i,7) = Cuits;,3(r), and obtain

A f(i,j) = —4Cuiy353(r) + Cuizays;z(r) +4Cui135133(r)
= Cuiysjres(r) = E3f(i, ).

Now, (8) follows:

AT f(0,k) = B3"£(0,k) = Z (n) (=1)" 94" Oy 3 ()

= 1,
1+i=n
= C3(k12n),3(1) = Cont3k,3(r).
Applying As to f(i,7) = (—1)"Csi145,3(r), we have
Azf(i,g) = 4(— )iC3i+4j 3(r) +4(=1)"*'Caiy34453(r) — (=1)'Caigajras(r)

(—1)" (4C3i44,3(r) — 4C3i445133(r) — Caizajras(r))
= (=1)'Csipajr63(r) = —E3f(i, 7).

Hence

A3FO0) = D B S0.0) = (1" 3 ([ ) ) s a0)

i+j=n
= (—=1)"Céntar3(r).

It follows that the relation (9) holds.
Again, applying Ay to f(i,j) = (=1)'Csi3;,3(r), we get

Aif(i,5) = —4(=1)"Cei53(r) + (=1)" ' Chit6135,3(r) +4(=1)"Chir3j+3,3(r)
= —(=1)"(4Csi+34,3(r) + Coit6+3;,3(r) — 4C6i135+3,3(7))
= —(=1)'Coitsjr4a3(r) = *E4/3 f(i, ).
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Hence we conclude
ATF(0, k) = (=1)" By (0, k) = (—=1)"Cianyans(r),

Tt follows that the relation (10) is satisfied.
We apply A to f(i,j) = (—1)7Ceit45,3(r), and obtain (11):

Nof(i,j) = 4B, f(i,j),
wherefrom
AL F(0,k) = 4" EP? (0, k) = 4" Cipryan 3(r),

Applying As to f(i,5) = (—1)*Caite;,3(r), we obtain

Aof(iyj) = 4(—1)"Cuiveja(r) + (=1 Cuitarejz(r) + (—1) Cuirejre,3(r)
= (=1)" (4Cuit653(r) — Caitej+4,3(1) + Caivej+6,3(7))
= (—=1)'Cuitejrss(r) = 4E;/2f(i,j)-

Thus, we get (12):

AL F(0,k) = 4" E3"? £(0, k) = 4" Capyon ().

As a special case, we obtain the following result.

Corollary 2.1. For k =0 the relations (8)-(12) become, respectively:

Cona) = 3 ()0 Canragalr

(2]

i+j=n
n . .
Con,3(r) = Z (z .)(_1)n+]4n_]03i+4j,3(7")§
i+j=n )
n ) .
Canslr) = (z ')(—1)"+J4n_206i+3j,3(7“);
i+j=n »J
C3n,3(7") = (Z »)47‘3(1)j06i+4j,3(7");
i+j=n ]
n .
C3n,3(7“) = (Z ]) 4_1_104146]"3(7“).
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Lemma 2.2. If the sequence {X,,} (n € N) satisfies the following relation

Xn = Xn—2+ 4Xn—3 - 4Xn—6a n > 67

then
I=E?+4E % —4ES.
So,
I=(I")= Z (inj)(_1)n—i—j4n—iE—6n+4i+3j. (13)
i+j=n ’

Also, for nonnegative integers n and k, the sequence {Xen+r} satisfies the following
relation

Xontk = ) <.n.>(—1)"_i_jE4i+3j+k~ (14)

(3
2\

Proof. Applying the identity operator (13) to the sequence {Xg,+x}, we obtain the
relation (14). O

Corollary 2.2. The following relation holds

n IR
Contra(r) = Y ( .>(—1)" AT Crigsjrna(r). (15)
i4j=n "/
Proof. Follows from Lemma 2.1 and Lemma 2.2. O

For k =0 in (15), we get the following result.

Corollary 2.3. For every nonnegative integer n, we get

Cona(r)= Y (.”)(—1)"—i—7‘4"—1’c4i+3j,3(r)_

i+j=n \0J

3  The sequence {C, 4(r)}

From (5), for m = 4, we get the sequence of numbers C,, 4(r) which satisfy the
following recurrence relation

Cra(r) =Cho1,4(r) +2C,_g4(r) + 1, (16)

(n>4;,neN; Cou(r) =0, Chu(r)=1, n=1,2,3.)
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Hence, using (16), we obtain the some initial values of C), 4(r):

Coa(r) =0, Cy a(r
Coua(r) =1, Cs.4
Cua(r)=1+r, Cs
Coa(r)=5+3r, Cralr)=
Csa(r) =9+ Tr, Coa(r) =15+ 12r,
Cho,a(r) =224 19r.

These numbers satisfy the following two statement.

Lemma 3.1. For a positive integer k the following relation holds

4Ck+2’4(7“) - 4Ck’4(?") + 20k+3,4(7") + Ck+9’4(7") = 3Ck+774(7"). (17)
Proof. Using the recurrence relation (16), we get

4Ck12,4(1) — 4Ck a(r) + 2C43.4(r) + Cryoa(r)

= 2(Crt6,4(r) = Crys,a(r) = 1) = 2(Chpaa(r) — Crpsa(r) — 1)
+2Ck43.4(1) + Cryga(r) + 2Cky54(r) + 1

= 2Ck46,4(1) + 4Ck43,4(r) — 2Ckga,4(r) + 7
+Chiy7a(r) +2CK4a4(r) + 7

= 2Ck46,4(7) + Cryr,a(r) + 2(Crg7,a(r) — Crgpa(r) — ) + 21

= 30k+7,4 (T)
O
Theorem 3.1. Let n and k be nonnegative integers. Then the following hold:
30 O _ -1 n—z—j—k4n—j—k2]A . 1
Tntom,4(r) ‘ Z (i,j,k)( ) 1 (18)
i+j+k=n
3" Crntama(r ( ) i Tkynitkoi g, (19)
i+j+k=n v ‘77
3"Crpyoma(r ( ) )ik oIk Ay (20)
i+j+k=n

Contrma(r) =Y (=1)H4" 782038 Cy g nimya(r), (21
i+j+k=n

where

Ay = Cgiqsjratkrm)a(r), Az = Coitajrshtm)a(r), Az = Coitsjta(htm)a(r).
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Proof. We apply V1 to f(i,7, k) = Coi+310k,4(r), and we get
Vif(i, 4, k) = —4C43j498,4(1) +4C240435498,4(1) + 2C24354+3498,4(T)
+C9i435+0k+9,4(1) = 3C2i 135 49k+7,4(T)
3E,%f(i,j, k)
= 3E,°f(i,j, k)
385" f(i, 5, k).

Hence, we obtain the relation (18) in three ways:

v;’[lf(o, 07 m) = SHEZn/Zf(Oa Oa m) = 3nC2(0+7n/2)+9m,4(r) - 3nC7n+9m,4(7n),
V71Lf(07 0, m) = 3nEgn/3f(O7 0, m) = 3nc3(0+7n/3)+9m,4(r) = C7n+9m,4 (r)7

VTllf(Ov 0, m) = 37LE;H/4f(Oa 0, m) = 3n09(m+7n/9),4(7ﬁ) = 3nC7n+9m,4(r)-

Furthermore, applying Vs to f(i,7,k) = Csi12j+9k,4(r), and using (16), we obtain
the relation (19):

Vaf(i,j, k) —4C5i12j49k,4(r) + 2C3; 43425 49k,4(1) + 4C5i 125424 9%,4(T)

+C5i49549k+9,4(1) = 3C3i4254+9k+7,4(T)
36,/ f(i.j, k)
. T2 e
- 3E2 f(lmja k)
79 b
3E3 f(lvja k)
Applying V3 to f(,j, k) = Coit2j+3k,4(r), we find that

Vsf(i,j, k) = —4Cyi42j+3k,4(1T) + Coirorojrska(r) +4Coi12i+2+3k,4(T)
+2C09;42j+3k+3,4(T)
= 3Coit2j4+3k+7,4(r) = 3E37/3f(i7ja k).
So, we obtain (19):
V5 £(0,0,m) = 3" 5"/ £(0,0,m) = 3"Crpigm.a(r).
Simialrly, applying V4 to f(4, §, k) = Coiy3j+2k,4(r), we obtain (20):
Vaf (i, g, k) = 3B1"° f(i, 5, k).
Hence, the relation (17) follows:
vZf(Ov 07 m) = SnEIn/gf(()? Oa m) = 3n09(0+7n/9)+3-0+2m,4(r) = 3nC7n+2m74(r)'
Finally, applying Vs to f(i, j, k) = C2itsj7x,4(r), we get

Vsf(i, g, k) = —4C43j476,4(1) +4Co40435476,4(1) + 2C24354+34+78,4(T)
—3C243j4+7k+7,4(T)
= —Coisjrrhioa(r) = —E5f(i, j,k),
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wherefrom the relation (21) follows:

V5 £(0,0,m) = (=1)"E3"£(0,0,m) = (~1)"Cons7m.a(r)-

As a special interesting case, we obtain the following result.

Corollary 3.1. For m = 0 the relations (18)—(21) become

n n n—i—j—k n—j— j
3" Craa(r) = Y (z 'k)(_l) TR IR O ana (7);
i+jrh=n \0

3"Crna(r) = Z (n )(‘Dnijk4nik2ic9i+2j+3k,4(7")§

i+j+k=n i,J,k
n n n—i—j— j
3" Craa(r) = Y (z 'k)(_4) T7R24  Cyiyjpanalr);
i+j+k=n 005
n L . .
Cona(r) =Y (l ; k>(1)l+ﬂ4n I=k9I3% Oy njatia(r).
itj+k=n N7
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