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SOME HOPF GALOIS STRUCTURES
ARISING FROM ELEMENTARY ABELIAN p-GROUPS
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(Communicated by Martin Lorenz)

ABSTRACT. Let p be an odd prime, G = Z*, the elementary abelian p-group
of rank m, and let T be the group of principal units of the ring Fp,[x]/(z™*1).
If L/K is a Galois extension with Galois group I, then we show that for p > 5,
the number of Hopf Galois structures on L/K afforded by K-Hopf algebras

2
with associated group G is greater than p°, where s = % —m.

If L/K is a Galois extension of fields with Galois group T', then the action of T’
as automorphisms of L makes L an H-Hopf Galois extension for H = KT'. But as
first systematically observed by Greither and Pareigis [GP87], there may be other
K-Hopf algebras H that act on L making L a Hopf Galois extension. Any such H
has the property that L ® x H = LG for some group G of the same cardinality as
I': we say that H has associated group G. Byott [By96] transformed the problem of
determining Hopf Galois structures on a Galois extension with Galois group I' by
K-Hopf algebras with associated group G, into the problem of finding equivalence
classes of regular embeddings of I" into the holomorph of G, Hol(G) = G x Aut(G),
the normalizer in Perm(G) of the image of G under the left regular representation
of G in Perm(G). For 8, one-to-one homomorphisms from I" to Hol(G), the
equivalence is: 3 ~ (' iff there exists an automorphism 6 of G so that (in Hol(G)),
for all g in G, 3 (g9) = 66(g9)d~ L.

Let £(T', G) denote the set of equivalence classes of regular embeddings of I into
Hol(G).

Let p be an odd prime number and G = Z*, the elementary abelian p-group
of rank m. S. Featherstonhaugh showed [Fe06] that if p > m, then E(T,G) is
nonempty iff G =2 T'. In [Ch05] 8.2] we showed that if p > m, then there exist at
least (p™ — 1)(p™ — p)(p™ — p?) -+ (p™ — p™~2) abelian Hopf algebra structures
on Galois extensions L/K with Galois group I' & G. This paper complements
this work. Here we let G = Z" and let I' be the group of principal units of the
ring Fp[z]/(z™*1). When p > m, then I' 2 G. If L/K is a Galois extension with
Galois group I', then we obtain a lower bound on the cardinality of £(T', G) and
hence on the number of Hopf Galois structures on L/K with associated group G.
In particular, we show that for p > 5 (or if p = 3 and m is sufficiently large), the
cardinality of £(T', G) is greater than p* where s = (m-1* _ m . This result more
than confirms the necessity of the assumption p > m in Featherstonhaugh’s work

Received by the editors February 13, 2006 and, in revised form, August 11, 2006.
2000 Mathematics Subject Classification. Primary 16 W30.

(©2007 American Mathematical Society
Reverts to public domain 28 years from publication

3453

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



3454 LINDSAY N. CHILDS

and further reinforces the remark closing [GP87] that “in the construction of Hopf
Galois extensions there is a certain arbitrariness, in contrast to the classical case
where the Galois group always comes with the field”.

For a survey of work on Hopf Galois extensions prior to 2000, see [Ch00].

1. THE STRUCTURE OF I

As above and for the remainder of the paper, I' is the group 1 + M of principal
units of the finite ring R = F,[z]/(z™*!), a local ring with maximal ideal M
generated by the image in R of the indeterminate . We note that I' is isomorphic
to the group G,,(R) = (M, +g,,) of R-points of the multiplicative formal group
Gy, via the isomorphism ¢ : G,,(R) — 1+ M, given by ¢(a) = 1 + a.

We are interested in the structure of I' as a finite abelian group.

Proposition 1. T is the direct sum of the cyclic groups generated by {1+a" |1 <
r<m,(r,p) =1}.

Proof. Since R has characteristic p, (1 + xs)pk = 1+ 27", Thus the subgroup A
of T generated by {1+ 2"} for all r with 1 <7 < m is the same as that generated
by {1+2" |1 <r <m,(r,p) =1}. Now for any r, if e, satisfies

o1
P <m < p°rr,

then (1 + z") has order p°~. The product of the orders of {1+ 2" | 1 < r <
m, (r,p) = 1} is then Il <, <y, (r,m)=1p°". But that product equals p™. For when
(r,p) = 1, then e, = |S,| is the cardinality of the set

ST’ = {T’,pr,p2lr’ M 7pe7‘717"};

the sets S,. are pairwise disjoint and the union of the S, for (r,p) =land 1 <r <m
is the set {1,2,...,m}. Thus

E |ST‘ = E €r =M,
1<r<m,(r,p)=1 1<r<m,(r,p)=1

and so

1<r<m,(r,p)=1

To show that I' is the direct sum of the cyclic groups generated by 1 + x” for
(r,p) = 1, it suffices to show that A =T

Let f(z) = 1+ a1z + ax? + - - - + ama™ be an arbitrary element of m. We show
that for 1 < r < m there is a product h, of elements of A so that

f(z)=h, (mod z"t!).
For » =1 we have
(1+2)" =14 a1z = f(xr) (mod z?).
Suppose for r > 1 we have h,_q in A so that
hy1=flx)=14+az+ - +a,_12" " (mod z").

Let
hpo1=14aix+ - +a_12" * +bx” (mod z"1).
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Then we set
hy = (L+a")* " h_y = (14 (ar — by)a")hy
=l+az+ - +a_12" " +b2” + (a, — by )z"
= f(x) (mod z"*1).
By induction, f(x) is in A; hence A =T. O
Since e, = 1 for all r iff m < p, we have
Corollary 2. I' = Z iff m < p.
Corollary 3. As abelian groups,

d d d
P%Zplepgx---prs,

o] [3] )

Proof. From the proof of Proposition 1, the element 1 4+ =" has order p°- if and
only if p¢»~1r < m < p®r. Thus dy, the number of subgroups (1 + 2") of order p*,

where

satisfies
dy. = |{r|(r,p) = 1 and p*~'r <m < pFr}|
m m
= {r|(r,p):1andﬁ<r§]ﬁ} .
Now
v = )= [ - [
rl— <r =|—-—|—-|—
oF = ph-1 ph—1 oF |
while
m m m m
ps|l— <ps < ‘Z‘S—<s§—‘
el <<l = |l <5 < )
_m m
=]~ L)
Hence

R ! m

2. Hopr GALOIS STRUCTURES

As noted in the introduction, to find Hopf Galois structures on a Galois extension
L/K of fields with Galois group T', we need to find regular embeddings

B:T — Hol(G) = G x Aut(G)

for G a group of the same cardinality as I'. For o in T, write (o) = (81(0), B2(0))
in G x Aut(G). Then 3 is a regular embedding if B(T') is a regular subgroup of
Hol(G), that is, |G| = |T'| and {51 (0)|c € T} = G.

When G = Z*, we have a 1-1 homomorphism from Hol(G) to G Ly 11(Fp) by
identifying G' with ' and Aut(G) with G L., (F,), and mapping (v, A) in Hol(G)
(withvin G = F*, Ain GLy(Fp)) to the m+1xm-+1 matrix (4 ) in GLy,1(Fp).
Then a subgroup H of Hol(G) is regular if |H| = |G| and {v|(v,A) € H} = G.

(

Proposition 4. There is a reqular subgroup of Hol(G) C G L1
to I'.

F,) isomorphic
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3456 LINDSAY N. CHILDS

Proof. Let X be the m + 1 x m + 1 Jordan block matrix

o1 .- 0 O
o0 -~ 0 O
0 0 0 1
0 0 0 0

Then the map

B+ Fplz]/(z™*) = M1 (Fy)
by (> ity aix’) = > it a; X" is a 1-1 ring homomorphism that restricts to a 1-1
group homomorphism

B:T=14+M — GL+1(F)p)
by B(1+ 3" aiz’) =T+ 3" a;X". Then B(I) is a regular subgroup of Hol(G)
since I + Y 1" a; X" = (4Y), where

A 1 a1 ax -+ am_
(1 0 1 a - am-2
v = _ and A = .
as 0 0 s 1 a1
a o o0 --- 0 1

Evidently, the image of 3 includes all v in F' = G, so §(T') is a regular subgroup
of Hol(G). O

As observed in [ChO5, Section 5], given the regular subgroup S(I') = J of Hol(G),
we obtain |Aut(T")| regular embeddings, namely, embeddings of the form Sa, where
« is an arbitrary element of Aut(I'). Two embeddings Sa and B’ are equivalent
if there exists an element y of Aut(G) = GL,,(F,) in the stabilizer of J so that
conjugation by v takes Sa to Ba’. More precisely, let

Sta(J) = {7 € GL(F,)| (g (1)) J (7; (1)) _ .

If we denote by C(v) the inner automorphism of Hol(G) given by conjugation by
v in Aut(G), then Sa and S’ are equivalent if there exists an element 7 in Sta(J)
so that

C(v)Ba = pa.
Now
S ={B71C(7)BIC(v) € Sta(J)}

is a subgroup of Aut(T"), and the equivalence classes of regular embeddings of T" to
J are in 1-1 correspondence with the right cosets of S in Aut(I"). So the number
of equivalence classes of regular embeddings of I' to J is

|Aut(T")| / |Sta(J)].
In [ChO5, 8.1] it was proved that
|Sta(J)] = p™ —p™ 7"
So we need to compute |Aut(T")|, where

J— dl d2 de
Fpr prz ><...><ch.
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If we write elements of I as column vectors

t
(al,l e aLdl @21 e a27d2 cee Qegl e ae,de) "
with a; in Z,;, then, abbreviating Hom(M, N) by (M, N), we have
) d de ds
(Z,g ,Z,gl) (Z%z?,Zgl) (Z’(}E’ZIZI )
R [ IC
L de d rrd. . de 7de
(Z3, Zy¢) (23, 2p) - (Zpe, Zye)

Now (Zpr, Zpe) = Zps if r > s, and = p*~"Z,s if r < s, both isomorphisms given
by sending f to f(1). Hence if (Zx ), s denotes r x s matrices with entries in Z,

we have
(Zp)dy,di (Zp)av,as - (Zp)aya.)
End(T) = P(Zp2)ds s (Zp2)dy,ds ' (Zp2)dy,d.
P (Zpe)acas P Zpe)deds o (Zpe)a.a,)

Now an element A of End(T') is an automorphism iff its image in End(T) = Zgl X
Z%2 x ... x Z@ is an automorphism. But the image of End(T') in End(T) is the
ring of block upper triangular matrices, and the invertible elements of the image
of End(T") consists of block upper triangular matrices where the blocks along the
diagonal are invertible matrices. Thus

GLd1 (Zp) (Zp)dl,dg e (Zp)dl,de)
Aut(T) P(Zp2)ds s GLa,(Zp2) - (Zp2)dy.de
PN 2y )dear P Zpe)dias o GLa(Zpe)
Now for [ > k,
(Zp)arear| = (")
and for [ < k,

|(pk_lZpk)dk,dL ‘ = (pl)dldk'

Hence for | < k, the cardinality of the (I, k) block, (Z,)q,.q,, is the same as the
cardinality of the (k,) block, (p*~'Z,x )4, ,4,, and the cardinality of the upper off-
diagonal blocks of Aut(T) is p", where

h:dl(d2+d3+~-~+de)
+2do(dz +dy +--- +de) + -+ -+ (e — 1)de_1de.

Thus if we let gy = |GLq, (Z,+)|, then

|Aut(D)| = g192 - - .. - ge - p*.
To determine g, we have the short exact sequence of groups:

1—1 +p(Zpk)dk)dk — GLdk (Zpk) — GYLd,c (Zp) — 1,
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and so
g = |GLa (Zpr))|
= |I+p(Zp’“)| : ‘GLdk (Zp)|
= p= D (phe — 1)(pe — p)(p¥ —p?) - (P — pL).
Thus we have

Proposition 5. |Aut(T")| = p°q, where

° dk(dk — 1)
_ 2
c=2h+Y (k—1)d} + -
k=1
and
e dg
g=IIIIe -1

k=1m=1

Here is a lower bound on |Aut(T")|:
Proposition 6. Forp > 5 or m > 25, |Aut(T")| > p® where s > %

Proof. Since

for all r < dj, we have
> p(kfl)dierk(dkfl).

9k
So
| Aut(G) |> p*
with
s=2h+Y (k—1)di + Y di(dx —1).
k=1 k=1
Now
m m m
1< |—| <= for k>1.
p* L?’fJ ~ Pk -
Hence for k£ > 1,
m m m
=[] 2[5+ [ 7
S _m 1 m m 1
= ph—1 T ﬁ+pk+1
(p—1)°
=gy m 2
and )
—1
P T LI ) S
p p p

Also, for k > 2,
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Thus, just focusing on the terms in s involving dy and ds, we have

2h Z 2d152 + 4d2$3 Z A,

where
—1)2 -1 —1)2 -1
A= ((ppT)m - 1)((pp2 )m -1+ 4((ppT)m - 2)(%—3)7)1 —1).
Also,
Skt 2 gz 8= (UL
k=1
and

idk(dk —1) > (dy — 1)dy + (dz — 1)ds
k=1

(p—1)7

> 0= (2 m—2)(T;m—l)+(T;m—3)(T;m—2).

Hence
§>A+B+C=a(m-b)?+c,
where (with the aid of Maple 9.0.1),
p® —2p° 4+ 2p* — 2p3 —p2 4+ 4p —2
I ’
5p3(p® +2p — 1)
20p° —p*+p* —p? = 2p+2)
25(=2p° +2p* —2p> —p® +p° +4p - 2)(p* + 4 + 2p* —dp +1)
- 45 —pt+p® —p? — 2p +2)?
For a simple lower bound for s, one can show (with Maple) that the minimum value
of (a(m — b)? +¢) — (517 s
o = 117p5 — 650p° + 835p* — 200p® — 1085p? + 1490p — 5957
4(2p5 — 6p° + 6p* — 6p> — 3p? + 12p — 6)
which is > 0 for p > 5, while if p = 3,
(m—-1)?% _ @(mf@ff@
3 729 109 327
which is > 0 for m > 25. O

b:

c=22

(a(m = b)* +¢) -

Since |Sta(J)] = p™ — p™~1 < p™, we obtain the lower bound stated in the
Introduction:

Theorem 7. For I' the group of principal units of Fp[z]/(z™ 1), the number of

H-Hopf Galois structures on L/K with Galois group T, where H has associated

group G = Z", is > p* where s > (m;1)2 —m ifp>5orm>25.

For specific examples we may of course compute explicitly: if p = 3, m = 10, we
have |Sta(J)| =2-3% and dy = 5,dy = 1,d3 = 1; hence

|Aut(T)| = 3%* - (3° —1)(3% — 3)(3° — 3%)(3° — 3%)(3° —3%) -6 - 18
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and the number of equivalence classes of Hopf Galois structures corresponding to
the regular subgroup J is

328 .2 . 5.11%2. 13 = 368, 488, 392, 004, 133, 406, 720.
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