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Abstract: In this paper, by considering higher-order degenerate Bernoulli and Euler polynomials which were
introduced by Carlitz, we investigate some properties of mixed-type of those polynomials. In particular, we give
some identities of mixed-type degenerate special polynomials which are derived from the fermionic integrals on Zp
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1 Introduction

Let p be a fixed odd prime number. Throughout this paper, Zp;Qp and Cp will denote the ring of p-adic integers,
the field of p-adic rational numbers and the completion of the algebraic closure of Qp , respectively. The p-adic
norm j�jp is normalized by jpjp D

1
p

. Let UD .Zp/ be the space of uniformly differentiable functions on Zp . For
f 2 UD .Zp/ , the fermionic p-adic integral on Zp is defined by Kim as

I�1 .f / D

Z
Zp

f .x/ d��1 .x/ D lim
N!1

pN�1X
xD0

f .x/��1

�
x C pNZp

�
D lim
N!1

pN�1X
xD0

f .x/ .�1/N : (1)

Then, by (1), we get

I�1 .f1/ D �I .f /C 2f .0/ ; where f1 .x/ D f .x C 1/ ; .see [9–13]/ : (2)

From (2), we can derive the following integral equation:

I�1 .fn/ D .�1/
n I .f /C 2

n�1X
lD0

.�1/n�1�l f .l/ ; (3)

where fn .x/ D f .x C n/, .n 2 N/.
The bosonic integral on Zp(or p-adic invariant integral on Zp) is defined by Volkenborn as

I0 .f / D

Z
Zp

f .x/ d�0 .x/ D lim
N!1

pN�1X
xD0

f .x/�0

�
x C pNZp

�
D lim
N!1

1

pN

pN�1X
xD0

f .x/ ; (4)

(see [11, 22, 23]). Then, by (4), we get

I0 .f1/ � I0 .f / D f
0 .0/ ; where f 0 .0/ D

df .x/

dx

ˇ̌̌̌
xD0;

(5)
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and

I0 .fn/ � I0 .f / D

n�1X
lD0

f 0 .l/ ; where fn .x/ D f .x C n/ ; .n 2 N/ : (6)

For r 2 N, the higher-order Bernoulli polynomials are given by the generating function as�
t

et � 1

�r
ext D

1X
nD0

B.r/n .x/
tn

nŠ
; .see [1–24]/ : (7)

When x D 0, B.r/n D B
.r/
n .0/ are called the higher-order Bernoulli numbers. For r D 1, Bn .x/ D B

.1/
n .x/ are

called the ordinary Bernoulli polynomials and Bn D B
.1/
n .0/ are called the ordinary Bernoulli numbers. As is well

known, the higher-order Euler polynomials are also defined by the generating function�
2

et C 1

�r
ext D

1X
nD0

E.r/n .x/
tn

nŠ
; .see [9, 10, 13]/ : (8)

When x D 0, E.r/n D E
.r/
n .0/ are called the higher-order Euler numbers. For r D 1, En .x/ D E

.1/
n .x/ are called

the ordinary Euler polynomials and En D E
.1/
n .0/ are called the ordinary Euler numbers. By (7) and (8), we get

B.r/n .x/ D

nX
lD0

 
n

l

!
B
.r/

l
xn�l ; E.r/n .x/ D

nX
lD0

 
n

l

!
E
.r/

n�l
xl ; .see [18]/ : (9)

The Stirling numbers of the second kind are defined by

xn D

nX
lD0

S2 .n; l/ .x/l ; .n � 0/ ; (10)

and the Stirling numbers of the first kind are given by

.x/n D x .x � 1/ � � � .x � nC 1/ D

nX
lD0

S1 .n; l/ x
l ; .n � 0/ ; .see [18]/ : (11)

Now, we consider the analogue of .x/n as follows:

.x/n;� D x .x � �/ � � � .x � .n � 1/ �/ D

nX
lD0

S1 .n; l j �/ x
l ; where � ¤ 0: (12)

Note that lim�!1 S1 .n; l j �/ D S1 .n; l/ ; .n � 0/.
For � ¤ 0, Carlitz considered the degenerate Bernoulli polynomials given by the generating function

t

.1C �t/
1
� � 1

.1C �t/
x
� D

1X
nD0

ˇn .�; x/
tn

nŠ
; .see [3, 9]/ : (13)

When x D 0, ˇn .�/ D ˇn .�; 0/ are called the degenerate Bernoulli numbers. Note that lim�!0 ˇn .�; x/ D
Bn .x/ and lim�!1 ��nˇn .�; �x/ D bn .x/, where bn .x/ are the Bernoulli polynomials of the second kind
given by the generating function

t

log .1C t /
.1C t /x D

1X
nD0

bn .x/
tn

nŠ
; .see [18]/ : (14)

The degenerate Euler polynomials are also defined by the generating function

2

.1C �t/
1
� C 1

.1C �t/
x
� D

1X
nD0

En .�; x/
tn

nŠ
; .see [3, 9]/ : (15)

When x D 0, En .�/ D En .�; 0/ are called the degenerate Euler numbers. Note that lim�!0 En .�; x/ D En .x/.
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From (13) and (15), we note that

ˇn .�; x/ D

nX
lD0

 
n

l

!
ˇl .�/ .x/n�l;� ; .n � 0/ ; (16)

and

En .�; x/ D
nX
lD0

 
n

l

!
El .�/ .x/n�l;� ; .n � 0/ : (17)

For r 2 N, the higher-order degenerate Bernoulli polynomials and the higher-order degenerate Euler polynomials
are introduced by Carlitz and are respectively given by 

t

.1C �t/
1
� � 1

!r
.1C �t/

x
� D

1X
nD0

ˇ.r/n .�; x/
tn

nŠ
; (18)

and  
2

.1C �t/
1
� C 1

!r
.1C �t/

x
� D

1X
nD0

E.r/n .�; x/
tn

nŠ
; .see [3, 9]/ : (19)

When x D 0, ˇ.r/n .�/ D ˇ
.r/
n .�; 0/ and E.r/n .�/ D E.r/n .�; 0/ are respectively called the higher-order degenerate

Bernoulli numbers and the higher-order degenerate Euler numbers.
From (18) and (19), we have

ˇ.r/n .�; x/ D

nX
lD0

 
n

l

!
ˇ
.r/

l
.�/ .x/n�l;� ; E.r/n .�; x/ D

nX
lD0

 
n

l

!
E.r/
l
.�/ .x/n�l;� : (20)

The Bernoulli polynomials of the second kind with order r and the Daehee polynomials of order r are respectively
defined by the generating functions�

t

log .1C t /

�r
.1C t /x D

1X
nD0

b.r/n .x/
tn

nŠ
; .see [18]/ : (21)

and �
log .1C t /

t

�r
.1C t /x D

1X
nD0

D.r/n .x/
tn

nŠ
; .see [10, 18]/ : (22)

When x D 0, b.r/n D b
.r/
n .0/ and D.r/n D D

.r/
n .0/ are called the higher-order Bernoulli numbers of the second

kind and the higher-order Daehee numbers.
In this paper, by considering higher-order degenerate Bernoulli and Euler polynomials which were introduced

by Carlitz, we investigate some properties of mixed-type of those polynomials. In particular, we give some identities
of mixed-type degenerate special polynomials which are derived from the fermionic integrals on Zp and the bosonic
integrals on Zp(also called p-adic invariant integrals on Zp).

2 Some identities of mixed-type degenerate polynomials

For � ¤ 0 and t 2 Cp with jt jp < j�j
�1
p p�

1
p�1 , we observe thatZ

Zp

� � �

Z
Zp

.1C �t/
xCx1C���Cxr

� d�0 .x1/ � � � d�0 .xr / D

 
t

.1C �t/
1
� � 1

!r �
log .1C �t/

�t

�r
.1C �t/

x
�

D

 
1X
lD0

ˇ
.r/

l
.�; x/

t l

lŠ

! 
1X
mD0

D.r/m �m
tm

mŠ

!
D

1X
nD0

 
nX
lD0

ˇ
.r/

l
.�; x/D

.r/

n�l
�n�l

nŠ

lŠ .n � l/Š

!
tn

nŠ

D

1X
nD0

 
nX
lD0

 
n

l

!
�n�lˇ

.r/

l
.�; x/D

.r/

n�l

!
tn

nŠ
:

(23)
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It is not difficult to show that�
log .1C �t/

�t

�r
D rŠ

1X
lD0

S1 .l C r; r/ lŠ�
l

.l C r/Š

t l

lŠ
D

1X
lD0

S1 .l C r; r/�
lCr

l

� �l
t l

lŠ
: (24)

Thus, by (24), we get 
t

.1C �t/
1
� � 1

!r �
log .1C �t/

�t

�r
.1C �t/

x
� D

1X
nD0

 
nX
lD0

S1 .l C r; r/�
lCr

r

�  
n

l

!
�lˇ

.r/

n�l
.�; x/

!
tn

nŠ
: (25)

The left hand side of (23) is given byZ
Zp

� � �

Z
Zp

.1C �t/
xCx1C���Cxr

� d�0 .x1/ � � � d�0 .xr / (26)

D

1X
nD0

�n
Z
Zp

� � �

Z
Zp

�
x C x1 C � � � C xr

�

�
n

d�0 .x1/ � � � d�0 .xr /
tn

nŠ

D

1X
nD0

Z
Zp

� � �

Z
Zp

.x1 C � � � C xr C x/n;� d�0 .x1/ � � � d�0 .xr /
tn

nŠ
:

Therefore, by (23), (25) and (26), we obtain the following theorem.

Theorem 2.1. For n � 0, we haveZ
Zp

� � �

Z
Zp

.x1 C � � � C xr C x/n;� d�0 .x1/ � � � d�0 .xr / D

nX
lD0

 
n

l

!
�n�lˇ

.r/

l
.�; x/D

.r/

n�l

D

nX
lD0

 
n

l

!
S1 .l C r; r/�

lCr

r

� �lˇ
.r/

n�l
.�; x/ :

From (12), we note that

.x1 C � � � C xr C x/n;� D

nX
lD0

S1 .n; l j �/ .x1 C � � � C xr C x/
l : (27)

By (2), we easily getZ
Zp

� � �

Z
Zp

e.x1C���CxrCx/td�0 .x1/ � � � d�0 .xr / D

�
t

et � 1

�r
ext D

1X
nD0

B.r/n .x/
tn

nŠ
: (28)

Thus, by (28), we getZ
Zp

� � �

Z
Zp

.x1 C � � � C xr C x/
n d�0 .x1/ � � � d�0 .xr / D B

.r/
n .x/ ; .n � 0/ : (29)

Therefore, by (29), we obtain the following corollary.

Corollary 2.2. For n � 0, we have

nX
lD0

S1 .n; l j �/B
.r/

l
.x/ D

nX
lD0

 
n

l

!
S1 .l C r; r/�

lCr

r

� �lˇ
.r/

n�l
.�; x/ :

From (1), (2) and (3), we can derive the following equation:Z
Zp

� � �

Z
Zp

.1C �t/
x1C���CxrCx

� d��1 .x1/ � � � d��1 .xr / (30)
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D

 
2

.1C �t/
1
� C 1

!r
.1C �t/

x
� D

1X
nD0

E.r/n .�; x/
tn

nŠ
:

Thus, by (30), we getZ
Zp

� � �

Z
Zp

.x C x1 C � � � C xr /n;� d��1 .x1/ � � � d��1 .xr / D E.r/n .�; x/ ; .n � 0/ : (31)

Now, we observe thatZ
Zp

� � �

Z
Zp

e.x1C���CxrCx/td��1 .x1/ � � � d��1 .xr / D

�
2

et C 1

�r
ext D

1X
nD0

E.r/n .x/
tn

nŠ
: (32)

Thus, by (32), we seeZ
Zp

� � �

Z
Zp

.x1 C � � � C xr C x/
n d��1 .x1/ � � � d��1 .xr / D E

.r/
n .x/ ; .n � 0/ : (33)

From (12), we haveZ
Zp

� � �

Z
Zp

.x1 C � � � C xr C x/n;� d��1 .x1/ � � � d��1 .xr / (34)

D

nX
lD0

S1 .n; l j �/

Z
Zp

� � �

Z
Zp

.x C x1 C � � � C xr /
l d��1 .x1/ � � � d��1 .xr / D

nX
lD0

S1 .n; l j �/E
.r/

l
.x/ :

Therefore, by (31) and (34), we obtain the following theorem.

Theorem 2.3. For n � 0, we have

E.r/n .�; x/ D

nX
lD0

S1 .n; l j �/E
.r/

l
.x/ :

By replacing t by 1
�

�
e�t � 1

�
in (13), we get

1X
mD0

ˇ.r/m .�; x/
1

�m

�
e�t � 1

�m 1

mŠ
D

 
1
�

�
e�t � 1

�
et � 1

!r
ext D

 
e�t � 1

�t

!r �
t

et � 1

�r
ext (35)

D

 
1X
lD0

S2 .l C r; r/�
lCr

r

� �l
t l

lŠ

! 
1X
mD0

B.r/m .x/
tm

mŠ

!
D

1X
nD0

 
nX
lD0

S2 .l C r; r/�
lCr

r

�  
n

l

!
�lB

.r/

n�l
.x/

!
tn

nŠ
:

On the other hand,

1X
mD0

ˇ.r/m .�; x/
1

�m

�
e�t � 1

�m 1

mŠ
D

1X
mD0

ˇ.r/m .�; x/
1

�m

1X
nDm

S2 .n;m/
�ntn

nŠ
(36)

D

1X
nD0

 
nX

mD0

ˇ.r/m .�; x/ S2 .n;m/ �
n�m

!
tn

nŠ
:

Therefore, by (35) and (36), we obtain the following theorem.

Theorem 2.4. For n � 0, we have

nX
lD0

�
n

l

��
lCr

r

�S2 .l C r; r/ �lB.r/n�l .x/ D nX
lD0

ˇ
.r/

l
.�; x/ S2 .n; l/ �

n�l :
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By replacing t by 1
�

�
e�t � 1

�
in (19), we get

1X
mD0

E.r/m .�; x/ ��m
�
e�t � 1

�m 1

mŠ
D

�
2

et C 1

�r
ext D

1X
nD0

E.r/n .x/
tn

nŠ
: (37)

We observe that

1X
mD0

E.r/m .�; x/ ��m
�
e�t � 1

�m 1

mŠ
D

1X
mD0

E.r/m .�; x/ ��m
1X
nDm

S2 .n;m/
�ntn

nŠ
(38)

D

1X
nD0

 
nX

mD0

E.r/m .�; x/ �n�mS2 .n;m/

!
tn

nŠ
:

Thus, by (37) and (38), we get

E.r/n .x/ D

nX
mD0

E.r/m .�; x/ �n�mS2 .n;m/ ; .n;� 0/ : (39)

On the other hand,

1X
nD0

E.r/n .�; x/
tn

nŠ
D

 
2

.1C �t/
1
� C 1

!r
.1C �t/

x
� D

�
2

e
1
�

log.1C�t/ C 1

�r
e
x
�

log.1C�t/ (40)

D

1X
mD0

E.r/m .x/
��m

mŠ
.log .1C �t//m D

1X
mD0

E.r/m .x/
1

�m

1X
nDm

S1 .n;m/
�ntn

nŠ

D

1X
nD0

 
nX

mD0

E.r/m .x/ �n�mS1 .n;m/

!
tn

nŠ
:

By comparing the coefficients on both sides of (40), we get

E.r/n .�; x/ D

nX
mD0

E.r/m .x/ �n�mS1 .n;m/ : (41)

Therefore, by (39) and (41), we obtain the following theorem.

Theorem 2.5. For n � 0, we have

E.r/n .x/ D

nX
mD0

E.r/m .�; x/ �n�mS2 .n;m/ ;

and

E.r/n .�; x/ D

nX
mD0

E.r/n .x/ �n�mS1 .n;m/ :

From (18), we have

1X
nD0

ˇ.r/n .�; x/
tn

nŠ
D

 
t

.1C �t/
1
� � 1

!r
.1C �t/

x
� (42)

D

�
t

e
1
�

log.1C�t/ � 1

�r
e
x
�

log.1C�t/

D

�
�t

log .1C �t/

�r  1
�

log .1C �t/

e
1
�

log.1C�t/ � 1

!r
e
x
�

log.1C�t/

D

 
1X
lD0

b
.r/

l
�l
t l

lŠ

! 
1X
mD0

B.r/m .x/
1

�m
.log .1C �t//m

mŠ

!
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D

 
1X
lD0

b
.r/

l
�l
t l

lŠ

!0@ 1X
mD0

B.r/m .x/
1

�m

1X
jDm

S1 .j;m/ �
j t
j

j Š

1A
D

 
1X
lD0

b
.r/

l
�l
t l

lŠ

!0@ 1X
jD0

0@ jX
mD0

B.r/m .x/ �j�mS1 .j;m/

1A tj

j Š

1A
D

1X
nD0

0@ nX
jD0

0@ jX
mD0

B.r/m .x/ �j�mS1 .j;m/

1A b
.r/

n�j
�n�jnŠ

j Š .n � j /Š

1A tn

nŠ

D

1X
nD0

0@ nX
jD0

 
n

j

!
jX

mD0

B.r/m �n�mS1 .j;m/ b
.r/

n�j

1A tn

nŠ
:

By comparing the coefficients on the both sides of (42), we obtain the following theorem.

Theorem 2.6. For n � 0, we have

ˇ.r/n .�; x/ D

nX
jD0

 
n

j

!
jX

mD0

B.r/m .x/ �n�mS1 .j;m/ b
.r/

n�j
:

For r; s 2 N, let us consider the degenerate Bernoulli-Euler mixed-type polynomials of order .r; s/ as follows:

ˇE.r;s/n .�; x/ D

Z
Zp

� � �

Z
Zp

E.s/n .�; x C y1 C � � � C yr / d�0 .y1/ � � � d�0 .yr / ; .n � 0/ : (43)

From (43), (20) and Theorem 2.1, we have

ˇE.r;s/n .�; x/ D

Z
Zp

� � �

Z
Zp

E.s/n .�; x C y1 C � � � C yr / d�0 .y1/ � � � d�0 .yr / (44)

D

nX
lD0

 
n

l

!
E.s/
l
.�/

Z
Zp

� � �

Z
Zp

.x C y1 C � � � C yr /n�l;� d�0 .y1/ � � � d�0 .yr /

D

nX
lD0

 
n

l

!
E.s/
l
.�/

n�lX
mD0

 
n � l

m

!
S1 .mC r; r/�

mCr

r

� �mˇ
.r/

n�l�m
.�; x/ :

Therefore, by (44), we obtain the following theorem.

Theorem 2.7. For n � 0, we have

ˇE.r;s/n .�; x/ D

nX
lD0

 
n

l

!
E.s/
l
.�/

n�lX
mD0

 
n � l

m

!
S1 .mC r; r/�

mCr

r

� �mˇ
.r/

n�l�m
.�; x/ :

Remark. The generating function of ˇE.r;s/n .�; x/ is given by

1X
nD0

ˇE.r;s/n .�; x/
tn

nŠ
D

Z
Zp

� � �

Z
Zp

1X
nD0

E.s/n .�; x C y1; : : : ; yr /
tn

nŠ
d�0 .y1/ � � � d�0 .yr / (45)

D

 
2

.1C �t/
1
� C 1

!s Z
Zp

� � �

Z
Zp

.1C �t/
xCy1C���Cyr

� d�0 .y1/ � � � d�0 .yr /

D

 
2

.1C �t/
1
� C 1

!s  
t

.1C �t/
1
� � 1

!r �
log .1C �t/

�t

�r
.1C �t/

x
� :
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By replacing t by 1
�

�
e�t � 1

�
in (45), we get

1X
nD0

ˇE.r;s/n .�; x/
��n

nŠ

�
e�t � 1

�n
D

�
2

et C 1

�s �
t

et � 1

�r
ext D

1X
nD0

 
nX
lD0

 
n

l

!
E
.s/

l
B
.r/

n�l
.x/

!
tn

nŠ
: (46)

On the other hand,
1X
mD0

ˇE.r;s/m .�; x/
��m

mŠ

�
e�t � 1

�m
D

1X
mD0

ˇE.r;s/m .�; x/ ��m
1X
nDm

S2 .n;m/
�ntn

nŠ
(47)

D

1X
nD0

 
nX

mD0

ˇE.r;s/m .�; x/ S2 .n;m/ �
n�m

!
tn

nŠ
:

Therefore, by (46) and (47), we obtain the following theorem.

Theorem 2.8. For n � 0, we have
nX

mD0

ˇE.r;s/m .�; x/ S2 .n;m/ �
n�m

D

nX
mD0

 
n

m

!
E.s/m B.r/n�m .x/ :

For r; s 2 N, let us define the higher-order degenerate Euler-Bernoulli mixed-type polynomials as follows:

Eˇ.r;s/n .�; x/ D

Z
Zp

� � �

Z
Zp

ˇ.s/n .�; y1 C � � � C yr C x/ d��1 .y1/ � � � d��1 .yr / : (48)

Thus, by (20) and (48), we get

Eˇ.r;s/n .�; x/ D

nX
lD0

 
n

l

!
ˇ
.s/

l
.�/

Z
Zp

� � �

Z
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.y1 C � � � C yr C x/n�l;� d��1 .y1/ � � � d��1 .yr / (49)

D

nX
lD0

 
n

l

!
ˇ
.s/

l
.�/ E.r/

n�l
.�; x/ :

The generating function of Eˇ.r;s/n .�; x/ is given by
1X
nD0

Eˇ.r;s/n .�; x/
tn

nŠ
D

Z
Zp

� � �

Z
Zp

1X
nD0

ˇ.s/n .�; y1 C � � � C yr C x/
tn

nŠ
d��1 .y1/ � � � d��1 .yr / (50)

D

 
t

.1C �t/
1
� � 1

!s Z
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� � �

Z
Zp
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y1C���CyrCx
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D

 
t

.1C �t/
1
� � 1

!s  
2

.1C �t/
1
� C 1

!r
.1C �t/

x
� :

From (12), we note that

Eˇ.r;s/n .�; x/ (51)
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!
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Z
Zp

� � �

Z
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l

!
ˇ
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.r/
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Therefore, by (49) and (51), we obtain the following theorem.
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Theorem 2.9. For n � 0, we have
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nX
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n
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!
ˇ
.s/

l
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Remark. From (43), we have
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