SOME INEQUALITIES CONCERNING FUNCTIONS
OF EXPONENTIAL TYPE

BY
Q. I. RAHMAN

1. Introduction and statement of results. An entire function f(z) is said to be of
exponential type « if either f(z) is of order 1 and type <« or it is of order <1.
It has been proved by Plancherel and Pélya '[9, p. 124] that if f(x) € LP(—c0, o0)
for some p21, i.e.

(L. [ 1fope ax

exists, then f(x) — 0 as x — +o0. Hence f(z) is bounded on the real axis. In fact,
a more precise statement can be made.

THEOREM A. If f(z) is an entire function of exponential type o and if (1.1) exists,
then

(1.2 e+l s A [ 17 ax) 22022
with
(13) Ay =71 A, =2%pm) t<at (2X<p=g2¥*, k=0,1,2...).

The above theorem is due to J. Korevaar [7] and the bound in (1.2) is known
to be precise for p=2. For example, the function

(1.4 So(z) = const. s_m_:£_zz%z_o) (2o = Xo+io)
satisfies the conditions of the theorem and

1 (e inh 2
1.5 el = g7 { [ 1o axp S22,

In fact, (1.5) holds only if fy(z) is [7, p. 59] a constant multiple of
(z—2,) ! sin a(z —Z,).

The form of the extremal function in the case p=2 suggests that for functions
which are real for real z we should hope to get better estimates at nonreal points.
It is equally clear that for functions which do not vanish in the upper half plane
inequality (1.2) can be refined for points in the lower half plane. We prove
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THEOREM 1. If f(2) is an entire function of exponential type « which is real on the
real axis, and if (1.1) exists, then for 2*<p<2¥*1 k=0,1,2,...

(1.6) [fx+ip)|r £ 2i11 {f:) | /(0P dx} f_z::a (cosh yt)?'2* dt.

In particular, for p=2, we have

(1.7 orrinle < 5o {7 1702 ax} g (22420,

For large values of | y| the right-hand side of (1.7) is asymptotically

A e el g

which is better by a factor of 1/2 than the corresponding asymptotic bound
1 © ezﬂyl
[ v ad o
given by (1.2).

For y=0 the two inequalities (1.2) and (1.6) give the same estimate. This is just
the thing one should expect (see (1.4)). However, if f(z) is nonnegative on the real
axis then the bound can be considerably improved. In fact, we have

THEOREM 2. If f(2) is an entire function of exponential type « which is nonnegative
on the real axis, and if (1.1) exists then for 2*~1<p<2¥ k=0, 1,2,...

a9 WP S 5= 2% [ 1feole dx.
The bound in (1.8) is precise for p=1. The function
1 —_ 2
fi®) = C{ME)_(_Z_"I) . ¢>0,x, real
Z—X;

satisfies the conditions of Theorem 2 and

)l = o= [ 1Al d.

An entire function f(z) of exponential type is said to be asymmetric if it does not
vanish in the upper half plane and A/(m/2)=lim sup,. . log |f(iy)|/y=0. Such
functions have been studied by R. P. Boas, Jr. [2].

THEOREM 3. Let f(z) be an asymmetric entire function of exponential type c.
If f(x) € LP(—o0, o) then for y<0, 2*<p=<2¥+1 k=0, 1,2,...

2k -1¢g

19) Gt € 5 e j (cosh yy ds f ()P .
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1969] FUNCTIONS OF EXPONENTIAL TYPE 283
By applying this result to the function e**f(z) below we obtain the following

THEOREM 3'. Let f(z) be an entire function of exponential type o such that h(m/2)
=a. If f(z) does not vanish in the upper half plane and if (1.1) exists then for y <0,
Qe<pg2*1 k=0,1,2,...

2ka @
(16) kil s 3 [, oshyrp a |, ek s
_ oKy - ®

Asymmetric entire functions were introduced by the consideration [2, p. 94]
that if P(z) is a polynomial of degree n then P(e**) is an entire function f(z) of
exponential type n such that h(—=/2)=n and f(x) is bounded for real x. If P(z)
has no zeros in |z| <1, then f(z) has no zeros in y >0, and moreover (since P(0)#0)
hy(w[2)=0, i.e. f(2) is asymmetric.

Clearly, P(e*?) is periodic on the real axis with period 2#. As a consequence
P(e*?) cannot belong to LP(—oo, o) for any p= 1. However, (1.9) is trivially satisfied
for such asymmetric entire functions. Since in this case the right-hand side is +o0
and the left-hand side finite, an inequality like (1.9) is of no value. It is more appro-
priate to take norms over (0, 2).

THEOREM 4. Let f(z) be an entire function of exponential type «. If f(z) is periodic
on the real axis with period 2=, and does not vanish in the upper half plane, then for
y<0

1 (sinh 2n+1)y

(L10)  |f(e+iy)|? < (2iﬂ f:" |f(x)|2dx)§ —Srhy—+(2n+l)}

where n is the integral part of «. More generally, for 2<p<2¥+1 k=0,1, 2, ...

(1) e+l s (o j fP dx) 2 (coshupp™, N = [2%]

Since an entire function of exponential type which is periodic on the real axis
with period 27 is necessarily a trigonometric polynomial (Lemma 4) we shall not
prove Theorem 4 but the following more general

THEOREM 4. If the entire function f(z)=>7%. _, a.e'* does not vanish in the upper
half plane, then for y<0, 2*<p<2k+1 k=0,1,2,...

2n N _ 12k
|fx+iy)|? £ (z-l—ﬂfo [f(x)? dx)e“"""”""’“’I > {cosh (N 2M—v)y}P ,

v=-M

N = 2*n, M = 2*m.

Corresponding to Theorem 1, we have:

THEOREM 5. Let f(z) be an entire function of exponential type «. If f(2) is periodic
on the real axis with period 2m and is real for real z, then for 2%<p<2k+1
k=0,1,2,...

1 2n N
A1) sl s (5 [T 10l dx) 3 oshwp®, N = %]
0 v N
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The analogue of Theorem 2 for periodic entire functions is the following:

THEOREM 6. Let f(z) be an entire function of exponential type o. If f(z) is non-
negative on the real axis where it is periodic with period 2=, then for 2¥~1 < p < 2¥,
k=0,1,2,...

(1.13) @k s W5 [l ds) N = vl

The function fy(z)=(C"- _, €'*?)? satisfies the hypotheses of Theorem 6 with
o=2n and for this function equality holds in (1.13) for p=1 and certain x.
The following theorem stands in analogy with Theorem A.

THEOREM 7. If f(2)=2"_ _ . a,e'™® then

e+l = B3 [ 1700l ax}

with

B, = exp {(n—m)y/ 2200 ;’;;‘2)‘”/ 2,

B, = exp {(n—m)py/2) 220 ;{1(::(’;: %;})'fy/z}

@ <ps2 k=0,1,2...).

Thus, in particular, if P(z)=3%_,a,z" is a polynomial of degree n then for
e<p2kt k=0,1,2,...

el [\
max |P() g{ e L IP(e )|vdo} :

or
IP|o = {n2°+1347|P|,
where the norms are taken over |z|=1.

We may take norms over an arbitrary piecewise differentiable curve C and seek
to maximize |P|./||P|, when P varies inside the class of all polynomials of degree
at most n. Here we only consider the case when C is the unit interval —1<x=<1,
and prove:

THEOREM 8. If P(z) is a polynomial of degree n= 1, then for every p>1
1 1/p
(119 |Plo = max [P < Ko [ PO dr)” = KowelP,
-1=x= -1

where K(p) is a constant which depends only on p, but not on P(z) or on n.
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We have a feeling that in (1.14) n%” cannot be replaced by any function of n
tending to co more slowly. For p=2 it is definitely so. Mr. G. Labelle has worked
out the following precise estimate in this case (see also [4, p. 245)).

THEOREM 8'. If P(2) is a polynomial of degree n, then

l 1 1/2
max PG| S @+ )3 [ (PO )

This estimate is sharp but unfortunately the method of proof is limited in scope
so much so that it does not give anything if p is other than 2.

The problem of estimating the coefficients of a polynomial P(z)=>"_, a,z’ in
terms of

l 1 1/p
(ij_lw(x)pdt), pz1

is closely connected with the above. For example a, is nothing but P(0), a, is
P’(0) and g, is 1/»! P*(0). We prove

THEOREM 9. If P(z)=21_, a,2’ is a polynomial of degree n then for 0<v<n,
p>1

1) ol <57 1 {4(1+ ) } {f‘l+1/n |2|Izz+|1)q}1/q{2"' |P(x)|? dx}m

where 1/p+1/q=1and & .y, is the ellipse whose foci lie at + 1 and the sum of whose
semi-axes is 1+1/n.

AN ESTIMATE FOR [g, ,, |dz|/|z]®* V4. The semi-axes of the ellipse &, .y, are

_ 1 _ 2nt+l1
(1.16) A= 1+2(n”+n)’ B = T

We clearly have

J‘ dz < | -4 sin<l>+i.Bcos¢| b
S1eim |zl(v+ 1)q o (A2 cosz ¢+B2 Sln2 ¢)(v+1)q/2

IA

ME___ singdé cos ¢ d¢
44 L (BT cos? ¢)(v+1)q/2+4B f (A —sin? g)0+ D

1 dt 1 dt
- 44 [, Gty 48 | ey

dt dt
< 4A2<v+1>q/2f W+4Bf (Az_l)'(?ﬁ)'q‘/a
Bl—(v+1)q

< 4A2(v+1)c/2 +4Bl—(v+1)a

+Dg-1

=4 {(V-'-_l";q:_l. 20+1)/2 4 I}Bl-(v+ 1)q
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where 4 and B are given by (1.16). There is no doubt that the above estimate can
be considerably improved without any difficulty. The fact that |a,| =O(n*?) is
obvious, but the above estimate gives a kind of an upper bound for |a,|/n** /.

2. Lemmas.

LemMA 1. If g(x) € LP(—o0, ), 1 <p =2, then g(x) has a Fourier transform G(t)
defined by (limit in the L* metric)

.1 G(t) = lim (L9Y(Q2m)~ 172 f-n g(x)e™ dx,

where p~*+q~*=1. The integral of |G(t)|? satisfies the inequality

ey {eno [ soraf” s {en [ e e

(with equality if p=q=2).

For a proof of the above result on Fourier integrals see [10].
DEFINITION. An entire function is said to belong to the class A4 if [8, p. 479]

i
n=1

where the z, are all the zeros of this function. For an entire function f(z) of ex-
ponential type to belong to the class 4, it is necessary and sufficient [1, Theorem
6.3.14] that

Im l
Zn

< o0,

[ 52108 11— ax

is bounded (or bounded above). In particular, an entire function of exponential
type belongs to the class A if it is bounded on the real line.

The following lemma which implies that an entire function of exponential type
o, bounded and nonnegative on the real axis, can be expressed as the square of the
absolute value of a function of exponential type /2 with its zeros in the closed upper
half plane is due to N. I. Ahiezer [8, pp. 437-439].

LEMMA 2. For an entire function f(z) of exponential type o to have the representa-
tion f(z)=$(2)$(z) where ¢(z) is an entire function of exponential type |2 with zeros
in one of the half planes Im z20 or Im z <0, it is necessary and sufficient that f(z)
belong to the class A and be nonnegative on the real axis.

LemMA 3. If f(z) is an asymmetric entire function of exponential type « and
w(z) = €°*f(2)
then for Im z<0, | f(2)| £ |w(2)|.
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Proof. The function g(z)=f(z)e~'**> has no zeros for y=Im z>0, and h,(=/2)
=af22 h,(—7/2). A theorem of Levin [1, p. 129] states that if g(z) is an entire
function of exponential type having no zeros for y>0 then

hy(0) = lim sup r~*log |g(re®)| = lim sup r~*log |g(re=*)| = h,(—0)

for some 6, 0< 6 <, if and only if |g(z)| =|g(Z)| for y>0. Hence for y>0

If(z)e—iazml g 'f(f)e—laiml.
Replacing z by Z we conclude that for y <0
lf(f)e—ia?./Zl > |f(z)e—iaz/2|

or

F@e] 2 |fiz)eew.
On multiplying both sides by |e!**/2| the lemma follows.
LEMMA 4. Let f(z) be an entire function of exponential type «, periodic on the real
axis with period 2. Then f(2) has the form

@)= ae” n

=-n

I\

o.

Lemma 4 is a well-known result. For a proof see [3].
LeMMA 5 (HAUSDORFF-YOUNG INEQUALITY [11, p. 101]). Let 1 <p=<2. Suppose
that f(t) € L?(0, 27) and

_L 2n —int —_
c,,_zﬂfo fO)e-™dt  (n=0, +1, £2,...).

Then

(3 1) s (& [ vora)”

where g~ 1=1—p~1,

Let I be the unit interval — 1 < x < 1. The function z=4(w+ w~!) maps the com-
plement of I with respect to the extended complex plane conformally into the
exterior of the unit circle |w|=1 in the w-plane. The image in the z-plane of the
circle [w| = R is the ellipse &, whose foci lie at + 1 and the sum of whose semi-axes
is R. With this the following lemma becomes an immediate consequence of a result
due to E. Hille, G. Szegd and J. D. Tamarkin ([6], see Lemma 2.2 and the remark
which follows the proof of the lemma).

LEMMA 6. If P(z) is any polynomial of degree n, then for every p>0

1
f |P@)|?|dz| < 2R+ f |P(x)[? dx.
&r -1
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3. Proofs of the theorems.

3.1. Proof of Theorem 1. The case 1<p=<2. As f(x) € L* (—0, o), f(x) has a
Fourier transform F(t). Since f(z) is of exponential type « the Fourier transform
vanishes [1, pp. 103-107] almost everywhere for |¢| >« and f(z) has the represen-
tation

f@) = @n [ Fe-=a,
F(t)e LY(—«, @), g~*=1—p~1. The function f(z) being real for real z,

F(—1t) = F(1).
Hence

@rpalfeei) s [ IF@ledr

0 @
_ f |F()]e* dr + f \F(t)|e* dt
« 0

= fa |F(—1t)|e-v dt+Ja |F(t)|e*t dt
0 0
= f |F(2)|(e*+e~*) dt

-2 f * |F(¢)| cosh yr dt
V]

< {2 fo ) |F(t)|«dt}”"{2 J; * (cosh yt)? dt}llp
={ J _ IF(1)] dt}m{ f _ (cosh yty? dt}”p

< {@m)iae-t- ,,-1,{ f _: 7P dx}llp{ f (cosh yty? dz}”’
by (2.2). This gives (1.6) for 1 <p <2, namely:
. (e .
G.1) et )P < o { f_w | f(t)lpdt} J (cosh yr)? dt.

The case p>2. Let 2*<p<2**1 k a positive integer. If the entire function f(z)
of exponential type o belongs to L? on the real axis, then the entire function
g(2)={f(2)}* of exponential type 2%« belongs to L” (p'=p/2*) on the real axis,
1<p'<2. By (3.1)

© 2kg
|g(x+iy)|P < L g)|¥ dr (cosh yt)?" dt
27’ - - 2kg

or
© 2kg
e+l s o {7 iropa} [ oshyiy=a,
- - 2¥g

which proves Theorem 1 completely.
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Proof of Theorem 2. By Lemma 2 there exists a function ¢(z) of exponential
type o/2 with zeros in Im z=<0 such that f(z) =#(z)¢(z). In particular,

f(x) = [$(x)|2, —o < x <o
Thus, if f(x) € L?(—c0, ), $<p =1, then ¢(x) € L??(—c0, ), 1 <2p<2. From

Theorem 3’ it follows that for —o0 < x <o

# < 52202 [ 141 ds

or
lf(x)[? < 2% (o) f_: | f(x)|? dx.

This proves Theorem 2 for 4 <p=<1. By applying this special case to the function
{f(2)}* we get the result for 2*-*<p<2* k=1,2,....

Proof of Theorem 3. It is clear that if f(z) is an asymmetric entire function of
exponential type « belonging to L? on the real line, with 1 <p <2, then it has the
representation

0
f@ = @ [ F@esa,
F(t) e LY —«, 0). By Lemma 3 it follows that for y <0

|f(x+iy)| = Hlolx+ip)|+|f(x+iy)[}

< 3(2n —1/2{ f_° |F(t)|e-¥*> dr + f ° |F(f)|e" dt}

0
= (2m)~l2g-valz f |F(¢)| cosh y(e/2+1) dt
or

@m) 2| f(x+iy)| < e"'“’z{ f 0 |F(e)|e dt}”q{ f_o cosh® y(a/2+1) dt}”’

s em@m [ ol axf”

al2 1/p
x {f (cosh yt)? dt}
—-al2

e+ 5 emimamyy=od [ stofe a} ([ oshyoye at”

by (2.2). Hence for y<0and 1<p<2,

or

a/2 ©
S+ i)l s gz erote C Geoshyrpdr [ |flax
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This is (1.9) for 1 <p<2. If 2 <p <2¥*! where k is a positive integer then we may
consider {f(2)}*".

Proof of Theorem 4'. We can write ¢™*f(z) in the form e™*f(z)=P(e**) where
P(z)=3>718 ¢ 2" is a polynomial of degree m+n having no zeros in |z| <1. If

0(z) = z"*"P(1/2)
then the function Q(z)/P(z) is analytic in |z|£1 and |Q(z)/P(z)|=1 for |z|=1.
As a consequence |Q(z)| £ |P(z)| for |z| £1. Since
2"+ Q(1]Z) = P(z)
it follows that |P(z)| £|Q(z)| for |z| = 1. Hence for every y <0
[P(e~¥e")| < ¥{|P(e~ve")|+|Q(e~"e”)[}

m+n m+n
{ z cpe Ve Z e~ mHn-lovgim +n-ko }
k=0
m+n m+n
{z lcle™ + z |k Ie—(m+n k)y}

m+n
= e~ (m+my/2 Z |C’k| cosh(

rn_ k) y.
Consequently, for y<0 and 1 <p<2 we get

max |f(x+iy)lp = e~ —mPY2Z max |e—i((m+n)/2)(9+(y)P(ei(o +w))lp
0sx<2n 0=6<2n
- k)

/g m+n
e'("‘"')’”’z(z |Ck|“)pq Z cosh"(

k=0

IIA

m+n

IA

cosh? (

)y

by Lemma 5
2n n —
= e—(n—m)mll2(2iw J; LfG)]? dx) Z cosh? (n 2m_v)y.

v=-m

e-(n-m)pwz(ziﬂ J; lFx)|P dx)

k=0

This proves Theorem 4’ for 1 <p £2. The case p>2 can be treated as in Theorem 1.
Proof of Theorem 5. Since f(z) is periodic on the real axis with period 2= it
has the representation

f2) = Z ae”,  n=[a].

vV=-n

The fact that it is real valued implies a_,=a,. Hence

n n
Z aveiv(xHy) < Z |av|e—vy

|f(x+ip)| =

n
= |ao| + Z |a,|(e™ " +e)
v=1

n n
= |ao|+2 Z |a,| cosh vy = Z |ay| cosh vy.
v=1 V=
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It follows that if 1 <p <2, then

n rla n
If(x+iy)|"é(2 |av|q) S cosh? vy

vV=-n v=-n

1 2n n
< |[— 4 P
< (Zw.fo || dx) vzncosh vy.
The remaining details of the proof are omitted.

Proof of Theorem 6. By a well-known theorem of Fejér and Riesz the function
f(z) which by Lemma 4 is a trigonometric polynomial of degree n=[e] can be
expressed in the form

fG) = |8@[* (-0 < x <00),

where S(x)=>% b.e'*. The trigonometric polynomial S(x) can be chosen so that
all its zeros are in the closed lower half plane. From Theorem 4’ it follows that
for 1<p=2

5@l s v+ (55 [ 1SCl ).

This gives (1.13) for 4 <p< 1. To obtain the general result we may consider {f(z)}*".
Proof of Theorem 7. The case 1 <p<2. We have

n b4
lfGe+iy)|P = Z a,evE Y
n plg 'n
(32) (3 tap)” 3 e
1 a (n-mpyj2 SiLN (n+m+1)/2) py
< (57 ], Ul de)enmm S EEE S

Hence the theorem is proved for 1<p=2. By making p| 1 in (3.2) we get the
result for p=1. The case p>2 can be dealt with by considering {f(z)}*".

Proof of Theorem 8. It follows from Lemma 6 that if R=1+1/n then for
every p>0

(.3) LR P@)|?)dz| < 2(1+rll)e’ J’ll 1P d.

A theorem of Gabriel [5] states that if I' is any convex closed curve in a complex
z-plane and y any convex curve inside I', and if {(z) is regular inside and on T,
then

(34 [ w@rriazl = G [ tocaeiael

Here p is any number 20 and G an absolute constant.
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Let us denote by C, the circle |z—1|=1/(2(n?+n)). We take &, , 1, as T and the
circle C, as y. From (3.3) and (3.4) we get

3.5) fCl |P@)|?|dz| < 2(1+%)e”61 f_ll PGP dx, p>0

where G, depends ‘on p but not on P(z) or on n.
By Cauchy’s integral formula

P() —-—fc P(z)d

Hence if p>1 then by Holder’s inequality

Pl s - {[ p@rla}{ [ JELL"

where 1/p+1/g=1. We use (3.5) to deduce

1P| < 5 {2(1+5)e6: [ P ax} | 5 |z|d21||«}m

(3.6) = {3 (1+3)ec: [ 1peoP s} a4 e

< Kl(p)nz"’(J._l1 |P(x)|? dx)”p

where K,(p) is a constant which depends only on p but not on P(z) or on n.
Let 1 <a=1. Applying (3.6) to P(az) we get

|P(a)| < Kl(p)nz/p(‘lz J:: PGP dx)”p
x| ot )

1 1/;
< 20K, pyne( [ 1POOlP dx)
-1

Now let us suppose that 0<a=<4. An elementary discussion gives the following
expression for the shortest distance D= D(a) of a from &, y;,:

D@) = gy (1=a > 22 /3

If C, denotes the circle with centre a and radius D then Cauchy’s integral formula
and Hélder’s inequality yield

LOEPANE

1 1/p |dz| 1/q
= E{f IPPlee] {f o)
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where 1/p+1/g=1. On using Gabriel’s result (loc. cit) and (3.3) we get
1 1 1 Ly
(@) <A {2(1 +—)e"G2 f PGP dx}  (2mytiaD-1ip
271' n -1 .
where G, depends on p but not on P(z) or on n. Hence for 0<a=<43

(.9 1P@ < Ka(pye( [ 1POOIP )

Just like G, the constant K,(p) depends only on p.
By considering P(—z) we conclude that (3.7), (3.8) hold also for —1<a< —14,
—3%=a=0 respectively. Hence the desired result follows from (3.7) and (3.8).
Proof of Theorem 9. Using Cauchy’s integral formula and Hélder’s inequality
in succession we get

P‘”’(O) P(z) dz

v+1
|27" &1+1m 2

|dz|
= 2” {J;1+lln IP(Z)l IdZI} {J;1+lln |z|(v+1)q}

p>1, 1/p+ljg=1.

la,| =

Theorem 9 follows if we now use (3.3).
I am thankful to Professor J. Korevaar for suggesting to me the use of the
Hausdorff-Young inequality.
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