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SOME INEQUALITIES FOR FUNCTIONS OF BOUNDED
VARIATION WITH APPLICATIONS TO LANDAU TYPE
RESULTS

S.S. DRAGOMIR

ABSTRACT. Some inequalities for functions of bounded variation that
provide reverses for the inequality between the integral mean and the
p—norm for p € [1,00] are established. Applications related to the
celebrated Landau inequality between the norms of the derivatives of a
function are also pointed out.

1. INTRODUCTION

The following inequality holding on finite intervals is well known.
If f:]a,b] — R is essentially bounded, then f is integrable on [a,b] and

1 b
@) s | £ O] < 17l

where || fllfq,),00 = €55 SuDse(a b |f (£)]-
The corresponding version in terms of p—norms, is the following Holder

type inequality

b
(12) [ 10w <1y, r21,

o
(b—a)l">

2000 Mathematics Subject Classification. Primary 26D15; Secondary 26D10.
Key words and phrases. Functions of bounded variation, Landau type inequalities,
Inequalities for p—norms.
Received: February 13, 2006
23



24 S.S. DRAGOMIR

provided f € Ly, [a,b], where

b :
sy == (/ \f(t)”dt) Rt

In the first part of this paper we point out some reverse inequalities for
(1.1) and (1.2) in the case of functions of bounded variation. These results
are then employed in obtaining some Landau type inequalities.

For the latter, recall that if I = Ry or I = R and if f : I — R is twice
differentiable with f, f” € L, (I), p € [1,00], then f" € L, (I). Moreover,
there exists a constant C), (I) > 0 independent of the function f, such that

(1.3) 17,1 012, 17112,

where ||-||, ; is the p—norm on the interval I.

The investigation of such inequalities was initiated by E. Landau [8] in
1914. He considered the case p = oo and proved that

(1.4) Coo (Ry) =2 and Cy (R) = V2,

are the best constant for which (1.3) holds.

For some classical and recent results related to Landau inequality, see
[1],[4] and [5)-[11]

2. SOME REVERSE INEQUALITIES ON BOUNDED INTERVALS
The following result for functions of bounded variation holds.

Theorem 1. Let f : [a,b] — R be a function of bounded variation on |a,b].

Then
dt‘ + \/

(21) 7 aoe < 5
The multiplicative constant 1 in front of \/a( ) cannot be replaced by a
smaller quantity.

Proof. We apply the following Ostrowski type inequality obtained by the
author in [2] (see also [3
} a+b }

2 @it [0 <|p B ]\/am

for any z € [a,b] . The constant 1 is best possible in the sense that it cannot
be replaced by a smaller quantity.
Taking the supremum in (2.2) over x € [a,b], we get

st s

a+b ‘

1 ‘az—— b
2" b—j ]\/a(f)

< sup
(l b] $€[a7b]

=\ ()
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Now, by the triangle inequality applied for the sup-norm |||, we get
1 b
< - — t)dt dt
Ml = |1 = 525 [ @0at] AL

[ roa Vo

and the inequality (2.1) is proved.
To prove the sharpness of the constant 1, assume that the following in-
equality holds

“b—a

(24) g < o ﬂ+0v
with a C' > 0.
Consider the function fy : [a,b] — R,
0, tela,b)
fo(t) =
1, t=b.

Then fy is of bounded variation on [a, b] and

b b
ollamoe =10 [ Foydt=0 and \/ () =1

For this choice, (2.4) becomes C' > 1, proving the sharpness of the constant.
O

The corresponding result for p—norms, where p > 1, is embodied in the
following theorem.

Theorem 2. Let f : [a,b] — R be a function of bounded variation on |a,b].
Then for p > 1 one has the inequality

/ f dt‘ b—a)r (2p+1_ 1)7 \/Z 5.

(p+1)r

The constant % is best possible in the sense that it cannot be replaced by a
smaller quantity.

(2.5) [1fllapp <

11
P

Proof. Taking the p—norm in (2.2), we deduce
b
<
V. (1) I,

I
[a,b],p
1
atb|1P P
I = /b 1_|_‘m_i dmp p>1
P o |2 b—a ’ =

where
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We observe that

1
a+b P L
< |1 atb _ . 1 ¢ — atb P
I, = = 2 = 2 d
P (/a [2+ b—a 2+ b—a o

:bia [/(12(b—x)pd:v+/;(a:—a)pdm]

1
C(b—a)p (21— 1)
1
2(p+1)r
Using the triangle inequality for the p—norm ||-[|,,, we get

1 b J 1 b J
< - -
,,p_Hf b_a/ oL ab]ﬁHb—a/a rou|
2(p+1)

1
Lo
—a
and the inequality (2.5) is obtained.

(b— a) 2p+1 E
Now, assume that (2.5) holds with a constant D > 0 instead of %, ie.,
(2.6)

’U»—A

< \/ (f)+ ’

1
1 (b— a) 20+l 1)\ b
T p——— CbIRVITY
(b—a) » (p+1)7 ¢
Consider the function fy : [a,b] — R with a = 0 and b > 1 given by

0, if te€[0,b—1]

t)dt‘+D-

fo(t) =
1, if te(-1,b)

This function is of bounded variation on [a, b] and

b
[ lla0p =1 /f(t)dtzl and \/Z(f):

and then, by (2.6), we deduce

1 by (2041 —1)7
1< -+ D —, b>1,p>1
B e+
giving
1
p+1 _ 1) »
(2.7) Pt <14 Dbk 1)
(p+1)»
Denote )
(2p+1 1);
q:=
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Then
In (2Pt —1) —In(p+1)
Ing = .
p
We observe, by L’Hospital theorem that

nm[mQNJ_D]_hm[mﬂmd—UT

pmo0 p po0 (p)'
oy
_pllf?o o+l _ 1 =n2
and |
1
i [n@+)]_Q
p—00 D
consequently
lim g = 2.
p—00

Taking the limit over p — oo in (2.7), we deduce
b<1+2Db, for b>1

from where we get

2. D> —— 1.
(2.8) > = b>

27

Taking the limit over b — oo in (2.8) we conclude that D > 1, showing that
the constant £ in (2.5) cannot be replaced by a smaller quantity in (2.5). O

3. SOME INEQUALITIES OF LANDAU TYPE ON UNBOUNDED INTERVALS

The following technical lemma will be used in the following (see also [4]).

Lemma 1. Let C,D > 0 and r,u € (0,1]. Consider the function g, :

(0,00) — (0,00) given by

C
(3.1) Gru (N) = Il + DM\,
Define

1

uC\ m+u
Then we have
(3.3) nf grw (V) =g (o) = —— % _cE DT,
)\E(0,00) urt+u . rrtu
Proof. We observe that
rDX"T¢ — Cu

The unique solution of the equation g;.,, (A\) = 0, A € (0,00) is Ag provided

by (3.2).
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The function g, is decreasing on (0, o) and increasing on (Ag, 00). The
global minimum for g,,, on (0, c0) is

C uC\ 7
)\ = _u_ D T~
gru (Yo) ()7 + (rD>
rD
— H_iuCrﬁ»uD'r#»u
u7+ufr7+u
and the equality (3.3) is proved. O

The following particular cases are useful in applications.

Corollary 1. Let C, D > 0.
(i) Forr € (0,1], consider the function g, : (0,00) — (0,00), given by

C
(3.4) gr(N\) = 5\ + DM,
Define
— C r+1
(3.5) )= <D> € (0,00)
Then we have
(3.6) inf g (V) = g () = Lo peh
. in . =g, = r 1,
)\E(0,00) g g 0 rr+u

(ii) Foru € (0,1], consider the function g, : (0,00) — (0,00), given by
C
(3.7) 9u(A) = 13 + DA
Define
1
~ uC\ +u

Then we have

Wt gu (V) = gu (ANo> =

ltuodpats

u1+u

The following result holds.

Theorem 3. Let J be an unbounded subinterval of R and g : J — R a
locally absolutely continuous function on J. If g € Lo (J), the derivative
g : J — R is of locally bounded variation and there exists a constant Vy > 0
and r € (0,1] such that

b
V. (9)
then ¢’ € Loo (J) and one has the inequality
2741 (r +1)

(3.8) <Vjyla—0b" forany a,be J;

” || 'ril V’r+1

(3.9) 19']] ;00 <
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Proof. Applying Theorem 1 for the function f = ¢’ on [a,b] (or [b,al]), we
deduce

(3.10) HQIH[a,b},oo < W + ‘\/Z (4)

for any a,b € J, a # b.
Since ¢/ ()] < 19/l gm0 > 19 ®) — 9 @] < 2gll,c » then by (3.8) and
(3.10) we deduce

2 HgHJ,oo

(3.11) g 0] < =%

+Vilb— a|r
for any a,b € J, a # b.
Fix b € J. Then for any A > 0, there exists an a € J such that A = |b — a].
Consequently, by (3.11), we deduce that
2lg

J,00
4 bt V"
P

(3.12) 19" (b)] <

for any A > 0 and b € J.
Taking the infimum over A € (0,00) in (3.12) and using Corollary 1, we
deduce

r+1 T:—I %
(3.13) 9 )] < == (29l ) VS
rr+i
27 (r 1) e
= S gl v
rr+l

for any b € J. Finally, taking the supremum in (3.13) over b € J, we deduce
the desired result (3.9). O

There are a number of particular cases of interest.

Corollary 2. Assume that g : J — R is such that ¢’ : J — R is locally
absolutely continuous and g € Loo (J). If ¢ € Loo (J), then ¢ € Loo (J)
and

1 1
(3.14) 19'1] 00 < 2V2119015 00 119112 o -

Proof. 1f ¢ € Lo (J), then

for any a,b € J, giving, by (3.11), that

2191l 7,00
(3.15) \deSHLj|+MMum%—M

for any a,b € J, a # b.
Applying Theorem 3 for V; = [|¢"|| ; . and 7 = 1, we deduce (3.14). O

The following result is also of interest.
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Corollary 3. Assume that g : J — R is such that ¢' € L,(J), p > 1. If
g€ Lo (J), then ¢’ € Lo (J) and

2 2 1 p—l
PPl S N = T =
 (p—D)Eipwt

Proof. Using Holder’s inequality, we have

V@) =| [ 1o el <| [ dt\ / Pt V’dt\

<|b—a| Hg HJp p>1, f—i—f 1

(3.16)

for any a,b € J, giving, by (3.11), that

2|lgll; 1
/ ,00 !
(3.17) ‘9 (b)| < W +[b — als Hg HJ,pa
for any a,b € J, a # b.
Applying Theorem 3 for V; = |¢"||;, and r = % = %, we deduce
(3.16). O

The following result also holds.

Theorem 4. Let J be an unbounded subinterval of R and g : J—- R a
locally absolutely continuous function on J. If ¢ € Ly (J), the derivative
g :J — R is of locally bounded variation and there exists a constant Vy > 0
and r € (0,1] such that

b
V. (o)
then ¢’ € Loo (J) and one has the inequality
r+1 H

_r_
r4+1

(3.18) <Vjyla—=0b|" forany a,be J;

r+1 V r+1

(3.19) g’ o

Proof. Since, for any a,b € J,
b
9 (b) — g (a)] < '(s) ds

then, by (3.10) and (3.18), we deduce

S‘/{Lb!g’(S)\dS

g’ ”Jl
/ b <

<lg'll 1

+Vylb—a|

for any a,b € J, a # b.
Using an argument similar to the one in Theorem 3, we deduce (3.19). O

The following particular case also holds.
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Corollary 4. Assume that g : J — R is such that ¢’ : J — R is locally
absolutely continuous and ¢" € Loo (J). If ¢ € L1 (J), then ¢ € Lo (J)
and

/ / % " %
(3.20) 1911700 = 2 M9 13 119”17 -

Corollary 5. Assume that g : J — R is such that ¢’ : J — R is locally
absolutely continuous and g € Ly(J), p > 1. If ¢ € Ly (J), then ¢ €
Ly (J) and
2p _ 1 —1 —1
(3:21) l9'll 100 = gl ol
o (p— )T

We may state the following result as well.

Theorem 5. Let J be an unbounded subinterval of R and g : J — R a locally
absolutely continuous function on J. If ¢ € Lo (J), a > 1, the derivative
g :J — R is of locally bounded variation on J and there ewists a constant
Vy >0 and r € (0,1] such that

(3.22) ’\/

then ¢’ € Loo (J) and one has the inequality

<Vylb—al" forany a,beJ;

ar+1 Va'r+1

ar+1
lo'157

(3.23) Hg,HJ,oo <———=||9

artlyrartl

Proof. By Hélder’s integral inequality, we have

g (b) =g (a)] = s) ds

‘ds

1
<]b—a\l3HgHJ a>1, 54—5:1,

and then, by (3.10) and (3.18), we deduce

1

24 "(b <|b—a\ﬁ—a b—al"V

(3.24) g O] < = bl Vs
9
Wy
Cb—al

for any a,b € J, a # b.
Fix b € J. Then for any A > 0, there exists an a € J such that A = |b — a].
Consequently, by (3.14) we deduce that

(3.25) 19 (b)| < 1 NV

for any A > 0 and b € J.
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Taking the infimum over A € (0,00) in (3.25) and using Lemma 1 for

u = é, we deduce

1
r+1 s e
o 0] < — 2 g 5E v
(l) @ ,r'r+é
6%
— ?;ff + :hr H | ar+1 VOM"+1
aar+1 7404'r+1
for any b € J, giving the desired result (3.23). (]

The following corollary holds.

Corollary 6. Assume that g : J — R is such that g' is locally absolutely
continuous and §" € Loo (J). If ¢ € Lo (J), > 1, then ¢’ € Lo (J) and

Oé+1 « «
(3.26) 19/l se <~ ll0'll5a pol I s

Finally we have

Corollary 7. Assume that g : J — R is such that g' is locally absolutely
continuous and ¢" € L, (J), p> 1. If ¢ € Lo (J), a > 1, then ¢’ € Lo (J)
and

(3.27)

a(p—1)+p sl =0T
1900 = s 5 I
ao—1+p (p — 1) a(p—D+p . palp—D+p
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