
Applied Mathematics, 2012, 3, 1898-1902 
http://dx.doi.org/10.4236/am.2012.312260 Published Online December 2012 (http://www.SciRP.org/journal/am) 

Some Inequalities of Hermite-Hadamard Type for  
Functions Whose 3rd Derivatives Are P-Convex 

Boyan Xi1, Shuhong Wang1, Feng Qi2 
1College of Mathematics, Inner Mongolia University for Nationalities, Tongliao, China 
2School of Mathematics and Informatics, Henan Polytechnic University, Jiaozuo, China 

Email: baoyintu78@qq.com, baoyintu68@sohu.com; shuhong7682@163.com,  
qifeng618@gmail.com, qifeng618@hotmail.com, qifeng618@qq.com 

 
Received September 30, 2012; revised October 30, 2012; accepted November 7, 2012 

ABSTRACT 

In the paper, the authors establish some new Hermite-Hadamard type inequalities for functions whose 3rd derivatives 
are P-convex. 
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1. Introduction 

The following definition is well known in the literature. 
Definition 1.1. A function  is said to 

be convex if 
:f I   
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           (1.1) 

holds for all  , and 0,x y I   1 . 

In [1], the concept of the so-called -convex func- 
tions was introduced as follows. 

P

Definition 1.2. ([1]) We say that a map  
:f I     belongs to the class  if it is non- 

negative and satisfies 
 P I

      1f x y f x f     y        (1.2) 

for all  , and 0,x y I   1



. 

In [2], S. S. Dragomir proved the following theorems. 
Theorem 1.1. ([2]) Let  be a differen-  :f I  

tiable mapping on I  an ,a bd withI a b  . If  f x   

ex ois conv n  ,a b , then 

     

      

1
d

2

,
8

b

a

f a f b
f x x

b a

b a f a f b






  



        (1.3) 

Theorem 1.2. ([2]) Let be a differen- 
tia

:f I     
ble mapping on I   ith a b . If 
 

and , wa b I  
q

f x  is convex on  ,a b  for 1q  , then 

     

   
1

1 bf a f b
d

2

.
4 2

a

qq q

f x x
b a

f a f bb a




    
 
 


        (1.4) 

Theorem 1.3. ([3], Theorems 2) Let 

be



:f I     

  an absolutely continuous function on I   such that  

  ,f L a b  for , witha b I a b  . If  f x  is 

quasi-convex on  ,a b , then 
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For more information and recent developments on this 
to

pts of various convex functions have indeed 
fo

me new Hermite- 
H

pic, please refer to [4-14] and closely related references 
therein. 

The conce
und important places in contemporary mathematics as 

can be seen in a large number of research articles and 
books devoted to the field these days. 

In this paper, we will establish so
adamard type inequalities for functions whose 3rd de-

rivatives are P-convex. 
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2. A Lemma 

In this section, w

Lemma 2.1. Let  be a three times 
differentiable mapping on

:f I   
 I  and b .  , witha b I a 

If  ,f L a b , thee establish an integral identity. n
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Proof. Integrating by part and changing variable of definite integral yield 
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The proof of Lemma 2.1 is complete. 

3. equalities 

on 

 Hermite-Hadamard’s Type In
for P-Convex Functions 

Theorem 3.1. Let :f I     be differentiable 

I  , , witha b I a  b , and  , .f L a b  If  q
f   

is P -convex on  ,a b  for 1q  , then 
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Proof. Since 
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 (3 ) 

q
f   is a -convex function on P

 ,a b , by Lemma 2.1 and Höld equality, we obtain er’s in
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The proof of Theorem 3.1 is complete. 
Corollary 3.1.1. Under the conditions of Theorem 3.1, if 1q  , we have 
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Theorem 3.2. Let :f I     be differentiable on I  , , wita b I h a b    ,f L a b . If 
q

f , and  is 
P -convex on  ,a b  for 1q  , then 
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 Lemm , Hö nvexity of  on  ,a bProof. From a 2.1 lder’s inequality, and the P -co
q
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Theorem 3.2 is proved. 
Theorem 3.3. Let  be differentiable on:f I     I  , , witha b I a b  , and   , .f L a b  If 

q
f   is 

convex onP -  ,a b  for 1q  , then 
 

         
12 3

11 1
d .

2 24 2 48 4 1

q
qb q q

a

b a b aa b a b q
f x x f f f a f b

b a q

                            
       (2.3) 

 

a 2.1, Hölder’s exity of Proof. From Lemm  inequality, and the P -conv
q

f   on  ,a b , we have 
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Theorem 3.3 is thus proved. 
Theorem 3.4. Let be differentiable on  and   , .f L a b  If 

q
f :f I     I  , , witha b I a b  ,  for 

 is convex on1q  P -  ,a b  and 0 ,r s  3 , then 
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Proof. Using Lemma 2.1, Hölder’s inequality, and the -convexity of 

   

 on  ,a bP
q

f   yields 
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The proof of Theorem 3.4 is complete. 
Corollary 3.3.1. Under the conditions of Theorem 3.4, 
(1) if , then r s
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(2) if 1r s  , then 
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Finally we would like to note that these Hermite-Ha- 

da type ineq  obtained in this paper can be 
ap o the fie ntegral inequalities, approxima- 
tion theory, special means theory, optimization theory, 
information theory, and numerical analysis, as done be- 
fore by a number of mathematicians. 
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