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ABSTRACT. In this paper, using Gruss’ and Chebyshev’s inequalities we prove several inequal-
ities involving Taylor’s remainder.
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1. INTRODUCTION AND LEMMA

This paper is a continuation of our paper [4]. Aslin [4], our goal is to prove several integral
inequalities involving Taylor's remainder. Our method is similar to that used in [4]. However,
while in [4] we deduced our inequalities from Steffensen’s inequality, in the present paper we
use Gruss’ and Chebyshev’s inequalities. We are thankful to Professor S.S. Dragomir who
pointed out that Griss’ and Chebyshev’s inequalities were used earlier by G.A. Anastassiou
and S.S. Dragomir [2]/[3] to obtain results on Taylor’s remainder different from but related to
the results of this paper. The main results of this paper are Theprems 2.1jand 3.1.

In what followsn denotes a non-negative integer. We will denoteRy;(c, ) the nth
Taylor’s remainder of functiorf(x) with centere, i.e.

R, f(c,x) = x—szl z —c)f.

Lemma 1.1. Let f be a function defined o, b]. Assume thaf € C™! ([a, b]). Then one has
the representations

b(b— )n+1 1) -
(1.1) /a(n+1) fr (z)de = /Rnfaxd
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and

b _ 4\n+1 b
(1.2) / %f("“)(x)dx:(—l)”“ / Ry, (b, x)dz.

Proof. Observe that:

/b (b o x)n-ﬁ-l f(n+1)(x)dx

(n+1)!
b (b _ x)n-i—l "
- / CERR
h— )t z=b b b— )"
= ) G ) 0= 0 )
b—a)"tt b (h— x)m
— @ e+ [ O s
b—a)"t! b—a)" b(h— x)nt
— _f(n)(a)((n+)1>‘ . f(n—l)(a)( — ) +/a ((n _)1>' fn_1<l’>dl’
—a n+1 —a)" —a b
) e e @ 0P [ s
b nr(k)
- [ w- e >’f] o
a k=0 )
b
= / R, f(a,z)dx.
The proof of [1.P) is similar to the proof df (1.1) and we omit it. O

2. APPLICATIONS OF GRUSS | NEQUALITY

The following inequality is called Gruss’ inequalityi [5]:
Let F'(x) and G(z) be two functions defined and integrable [enb]. Further let

m< F(z) <M and ¢ <G(z)<P
for eachz € [a, b], wherem, M, ¢, ® are constants. Then

/abF(:r)G(:v)d:v— ’ ! /abF(x)dx-/abG(:):)dx b—a

< (M —m)(® - ¢).

—a

Theorem 2.1. Let f(x) be a function defined oja, b] such thatf(x) € C"** ([a,b]) andm <
f0+D(z) < M for eachx € [a, b], wherem and M are constants. Then

b ) (B) — FO)(q _ gy
(2.1) /a R, f(a,x)dx — / <(12+ g)' ( )(b— a)"t| < %(M —m)
and
b ™) (p) — F)(q Q)2
2.2) ‘(—1)%1/& Ry (b, 2)de — L (2+~2f)! @) — yni| < (j:(n +)1)! (M —m)
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Proof. Set F(z) = f(z), G(z) = &2~ Thenm < F(z) < M and0 < G(z) <

(n+1)!
(b(nfr)l), By Griiss’ inequality,
b n+1 b b n+1
(b= )" ) L /(b—x>
S 1 dr — —— (D) (N - A |
[ e = g [ e [ s
b—a (b—a)"t!
< . _
- 4 (n+1)! (M —m)
Using Lemma 1]1, we obtain
b 1 (b—a)"t? (b —a)"*
_ M) () — £ ()] M —m).
[ Rustens) = 2 0 = 1) - S| < G 0 = m)
That proves[(2]1).
To prove ), we sef(z) = f)(z), G(z) = % and continue as in the proof of
2.3). 0

Now we consider the simplest cases of Thedrem 2.1, namely the caseswheror 1.

Corollary 2.2. Let f(z) be a function defined ofa, b] such thatf(z) € C?([a,b]) andm <
f"(z) < M for eachz € [a,b], wherem and M are constants. Then

b 1 ! —CL3
@3 | 1w f@o-o - LOE G ap) < L2y,

6 8
b / "(a —a)3
(2.4) / f(x)dx—f(b)(b—a)—i—M(b—a)2 < (b g ) (M —m),
b a / — f(a —a)?
(2.5) f(az:)alyz;—w(b—a)jLw(b—a)2 < (b 5 ) (M —m)
Proof. To obtain [2.8) and (2]4) we take= 1 in (2.1) and[(2.R) of Theorein 2.1. Taking half
the sum of[(2.3) and (2.4), we obtain (2.5). O
Remark 2.3. Takingn =0in (2.1 g) and|(2.] ) we obtain thatifi < f'(x) < M on|a, b], then

This inequality is Weaker than a modification of lyengar’s inequality due to Agarwal and Dragomir

[1].

3. APPLICATIONS OF CHEBYSHEV’S|NEQUALITY

The following is Chebyshev’s inequality![5]:
Let ', G : [a,b] — R be integrable functions, both increasing or both decreasing. Then

/abF(x)G(x)da: > bia /abF(x)dx . /abG(x)d;v.

If one of the functions is increasing and the other decreasing, then the above inequality is
reversed.

J. Inequal. Pure and Appl. Math4(1) Art. 1, 2003 http://jipam.vu.edu.au/


http://jipam.vu.edu.au/

4 HILLEL GAUCHMAN

Theorem 3.1.Let f(x) be a function defined da, b] such thatf(x) € C™*+Y ([a, b]).
If "+ (z) is increasing orfa, b], then,

f0 () — f"* 0 (a)

(3.1) R e (b— a)™+2
fO () = f)(a) nt1
/Rnfax)dx— (nt2) (b—a)™*
<0,
and
b ™) () — £ (g
(3.2) 0< (—1)<"+1>/a Ry (b, 2)de — L ((7i+§)! (@) _ gyt
fUD (D) — fr D (a) w2
= Aln +1)! (b—a)™.

If f(**+1(2) is decreasing offa, b], then

b () (p) — fn)
(3.3) 0< / R, f(a,z)dx — / ((12 n “2f)‘ (@) (b—a)"™
f0(a) — fD(0) nt2
and
e T e
b M) (p) — f™) (g
< (_1)(n+1)/a Rn,f(b, :c)d:c - f ((Tz—’_g)' ( )(b— a)nJrl
<0.

Proof. SetF(z) = f"*V(z) andG(x) = w Then F(x) is increasing and:(z) de-
creasing orja, b]. Using Chebyshev’s inequality fdr(z) andG(z) and [1.1), we obtain right
inequality in [3.1). Left inequality in(3]1) follows readily fro@ 1), if we take into account
that sincef ™+ (z) is increasing ofia, b], £V (a) < f+)(x) < f+H)(p) for all z € [a, b].

To prove ), sef(z) = f*)(z) andG(x) = % The rest of the proof is the
same as in the proof df (3.1).

The proofs of|[(3.8) and (3.4) are similar to those[of](3.1) (3.2) respectively, and we omit
them. O

We now consider the simplest cases of Thedrerh 3.1, namely the cases wheor 1.
Corollary 3.2. Let f(x) be a function defined oja, b] such thatf(z) € C? ([a, b]). If f"(x)is
increasing ona, b}, then

_fl/( ) f//( )

(3.5) (b—a)®

/f iz — f(a 2f’()+f’()<b_a)

b—a
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(3.6) Ong/f Vdz — F(b) + f(>22f()(b—a)

f// f/l 9

T( —a),
37) / ope - LQEIO JOT@ ) SO0 e
Proof. To obtain [(3.b) anq:@6) we take = 1 in (3.1) and|(3.R) of Theorem 3.1. We obtain
(3.7) taking half the sum of (3.5) and (B.6). O

Remark 3.3. The inequalities similar td (3/5) + (3.7) for the case of decreagitig) can be
obtained substituting- f () instead off () into inequalities[(3]5) { (3] 7).

Remark 3.4. Takingn = 0 in Theorenj 3.1, we obtain that if(z) is increasing ota, b], then
fla)+ f(b) _ f/(b) — f'(a) ) + f(b)
(3.8) ) — 1 (b—a) < b / f(x)de < —————=

Let us comparg (3]8) with the following Hermite-Hadamard'’s |nequcLI|ty [6]:
If f(z)is convex ona,?] (in particular if f'(x) exists and increasing dja, b]), then

f<a+b> = bia/abf(x)dxﬁw_

2

We see that the right inequality in (8.8) is the same as the right Hermite-Hadamard’s inequality.
However, it can be easily proved that the left inequality in|(3.8) is weaker than the left Hermite-
Hadamard'’s inequality.

Remark 3.5. Taking the difference of (3]5) anf (3.6), we obtain thaf'ifz) is increasing on

[a, b], then
OSfOU;f@)_ﬂQ:iW)Sf(@—f(®@_a»

This inequality follows readily if we tak¢’(z) instead off () in (3.8).
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